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(x2, . . . , xN ) V
v ∈ V q1(x1, v) = q1(x0, v) = 0 (x0, . . . , xN )

C
N+1 q0 + λq1




0 λ 0 . . . 0
λ c1 c2 . . . cN
0

0

c2

cN

M




ci = q0(x1, xi) M (q0 + λq1)|V
det(q0 + λq1)

CC (r + 1)
XC

XC

ω ∈ CC ωq XC

ω ∈ CC CC

CC ω ∈ CC ω
{ωq = 0}

XC

C

CC r ≥ 3

R
r+1 → S2(RN+1)∗

r S2(RN+1)∗

S2(RN+1)∗ D(N)

CR

q̂ 1 ≤ k ≤ N + 1

Dk(N) = {q ∈ S
2(RN+1)∗ corang(q) = k}



q0 ∈ S
2(RN+1)∗ V0 = ker(q0)

U q0 S2(RN+1)∗ Φ : U → S2(V0)
∗

q ∈ U

Φ(q0) = 0; corang(q) = corang(Φ(q));

dq0Φ(q) = q|V ; i−(q) = i−(q0) + i−(Φ(q)).

i−(q)

γ
q0

γ C γ
q0

U q0 S2(RN+1)∗ q ∈ U
q C \ γ q ∈ U

πq Vγ(q)
γ

πq0 |V0
= idV0

Φ(q) = q ◦ πq|V0
.

Dk(N)
k(k + 1)/2 S2(RN+1)∗ 1 ≤ k ≤ N + 1

Dk(N) =
⋃

j≥kDj(N)

Dk+1(N)

D(N) 3
(r+1) r ≥ 3

C R

{
x20 + x21 − 2x22 + x23 = 0
−x20 − x

2
1 + x22 + x23 = 0

{
2x0x1 − 2x22 + x23 = 0
−2x0x1 + x22 + x23 = 0

R

C



C

C̃ ⊂ Sr CR

P r
R

Sr

C̃ = {ω ∈ Sr det(ωq) = 0}

indq : S
r → Z

ωq

ind indq

XR

ind

ind Sr \ C

ind ±1 C

ind(−ω) = N + 1− [ind(ω) + corang(ωq)]

imin = minω∈S2 ind(ω) imax = maxω∈S2 ind(ω) = N +1− imin

ind

XR

PN
R
\XR

L+
R
= {(ω, x) ∈ Sr × PN

R (ω.q)(x) > 0} ⊂ Sr × PN
R .

Sr × PN
R
→ PN

R

L+
R
→ PN

R
\XR

p Sr × PN
R
→ PN

R

x ∈ XR L+
R

L+
R

PN
R
\ XR

L+
R
→ PN

R
\XR x ∈ PN

R
\XR

p−1(x) = {ω ∈ Sr (ω.q)(x) > 0}



Sr

∅ = Ω−1 ⊂ Ω0 ⊂ · · · ⊂ ΩN+1 = Sr

Ωi = {ω ∈ S
r ind(ω) + corang(ωq) ≤ i}

U × [0, 1] → S2(RN+1)∗

(ω, t) 7→ ωqt

U ⊂ Sr qt
t ∈ [0, 1] Lt = {(ω, x) ∈ U ×P

N
R

q̂t(ω)(x) > 0}
L0 L1

L0 L1
Ft

Zt U × PN
R

F0 = id Ft(L0) ⊂ Lt

Gt

G0 = id Gt(L1) ⊂ L1−t

Zt U ×PN
R

Zt = Xt + Yt ω, x) ∈ U ×PN
R

Xt(ω, x)
PN
R

Yt(ω, x) U
Zt

(ω, x, t) ∈ U×PN
R
×[0, 1] ωqt(x) = 0

ωqt(x) > 0
Zt(ω, x) = 0
x 6∈ ker(ωqt) Yt(ω, x) = 0 Xt(ω, x)

PN
R

x
PN
R

ωqt(x + Xt(ω, x)) > 0
x ∈ ker(ωqt) Xt(ω, x) = 0

qt i qt,i(x) 6= 0
qt = (qt,0, . . . , qt,r) Yt(ω, x) qt,i

(t, ω, x) ωqt(x) = 0

F0 = id Ft(L0) ⊂ Lt Gt

G0 = id Gt(L1) ⊂ L1−t F1 ◦ G1 : L1 → L1
G1 ◦ F1 : L0 → L0

L0 L1

q
U ⊂ Sr

Lq(U) = {(ω, x) ∈ U × P
N
R ωq(x) > 0}.

Lq(U) Lq′(U)



q
q′

q q
ω0 ∈ Sr ρ0 > 0

U1 ⊂ U2 diam(U2) < ρ0 Lq(U1) ⊂ Lq(U2)

q
ω0 ∈ S

r ρ0 > 0
q B(ω0, ρ0)

ρ1 < ρ2 ≤ ρ0
B(ω0, ρ1) ⊂ U1 ⊂ U2 ⊂ B(ω0, ρ2) ρ1 ≤ ρ ≤ ρ2

q B(ω0, ρ)
ρ

B(ω0, ρ2)

q = (q0, . . . , qr)
q ω0 ∈ S

r U
ω0 Lq(U)

N − ind(ω0)− corang(ω0q)

ker(ω0q) = {0}
ker(ωq) = {0} ρ > 0

ω ∈ B(ω0, ρ) ker(ωq) = {0}
ρ q

B(ω0, ρ)
ρ

Lq(B(ω0, ρ)) Lq({ω0}) Lq({ω0}) = {x ∈
PN
R

ω0q(x) > 0}
N − ind(ω0) = N − ind(ω0)− corang(ω0q)

ker(ω0q) 6= {0} q
qi

ω0 = (1, 0, . . . , 0) ∈ Sr

q+ ρ > 0 ε > 0
0 < τ < ε qτ = (q0 − τq

+, q1, . . . , qr)
B(ω0, ρ) q+ τ > 0

q0 − τq+

ker(ω0qτ ) = {0} indqτ (ω0) = indq(ω0) + corang(ω0q)
U ω0 Lqτ (U)
N − indq(ω0)− corang(ω0q)

Lq(U) Lqτ (U)

R
N+1

Λi(N) = {q ∈ P(S2(RN+1)∗) λi(Q) 6= λi+1(Q)}



{λi(Q)}0≤i≤N Q q
ξi

Λi(N) q ∈ Λi(N)
R

N+1

λ0(Q), . . . , λi(Q) Ei

R
i+1 // Ei

ξi

��
Λi(N)

γi
ξi

XR (r+1) PN
R

L+
R

Hi+j(L+
R
)

Ei,j
2 = Hp(ΩN−j)

di,N−j
2 : Hi(Ωj)

δ(γj+1)∪
−−−−→ Hi+2(Ωj+1, q̂

−1(Λj+1))→ Hi+2(Ωj+1)

δ H1(q̂−1(Λj+1)) → H2(Ωj+1, q̂
−1(Λj+1))

(Ωj+1, q̂
−1(Λj+1))

βg : L
+
R
→ Sr

L+
R

Ei,j
2 = Hi(Sr,Fj)

Fj U 7→ Hj(β−1g (U))

U ⊂ Sr ω ∈ Sr Fj ω
lim−−−→
ω∈U

Fj(U)

β−1g (U) = Lq(U)

lim−−−→
ω∈U

F j(U) = Hj
(
P

N−ind(ω)−corang(ωq)
R

)
.

ω ∈ Sr
Z2

j ≤ N − ind(ω) − corang(ωq)
ω ∈ ΩN−j ω 6∈ ΩN−j

Ei,j
2 = Hi(ΩN−j)



Ωi

XR (r + 1)
PN
R

XR

χ(XR) =
1

2

(
1 + (−1)N+1

)
+

N∑

j=0

(−1)j+1χ(Ωj).

(PN
R
, XR)

χ(XR) = χ(PN
R )− (−1)Nχ(PN

R \XR)

PN
R
\ XR

Ei,j
2

χ(PN
R \XR) =

N∑

j=0

(−1)j+Nχ(Ωj).

Ωi {ω ∈ Sr ind(ω) ≤ i}

E0,j
2 = Er,j

2 = Z2 j < imin

Ei,j
2 = 0 j < imin 1 ≤ i ≤ r − 1

Ei,j
2 = 0 imin ≤ j < imax i ≥ r

Ei,j
2 = 0 j ≥ imax

Ei,j
2 = Hi(ΩN−j)

j < imin N − j > N − imin = imax − 1

Ωimax
= Sr ⊂ ΩN−j ⊂ Sr



Z2

Z2

0

0

0

0

0

0

Z2

Z2

0

0

0

q = imin

q = imax

p = 0 p = r
p

q

∗
Ωi 6= Sr

(r + 1)
PN
R

(r + 1) PN
R

imin = imax r ≤ N+1
2

Hi(L+
R
) = Hi(PR\XR)

Hi(L+
R
) = 0 i > N

L+
R

r + imin − 1 = r +
N + 1

2
.

PN
R
\XR

ℓ(XR)

ℓ(XR)
Hp(XR)→ Hp(P

N
R
)

Hp(XR) → Hp(P
N
R
)

p ≤ ℓ(XR)

q
µ = min{N−+1, N++1} > 0 N−+1, N++1

Hi(Q)→ Hi(P
N
R )



Q ⊂ PN
R

q(x) = 0
0 ≤ i ≤ µ− 1

q −q
Q µ = N− + 1

Hi(Pµ−1
R

)→ Hi(Q) 0 ≤ i ≤ µ− 1

π : Q→ PN−

R

SN+

π∗ : Hi(Pµ−1
R

)→ Hi(Q) 0 ≤ i ≤
µ−1 H Q ⊂ PN

C
x

H1(Pµ−1
R

)
π∗(t) = [HR]

∗ [HR]
∗ ∈ H1(QR) [HR] ∈ HN−2(QR)

([HR]
∗)i =

π∗(ti) 0 ≤ i ≤ µ− 1 i ≥ µ

XR (r + 1)
PN
R

imin ℓ(XR)
imin 6= imax

imin − r ≤ ℓ(XR) < imin

q0, . . . , qr
XR ω ∈ Sr ind(ω.q) = imin

Q ω.q = 0
QR ⊂ PN

R

Hi(Q)→ Hi(P
N
R )

0 ≤ i ≤ imin − 1

Hi(XR)→ Hi(P
N
R )

i ≥ imin ℓ(XR) < imin

(XR, P
N
R
)

→ HN−i−1(L+
R
)→ Hi(XR)→ Hi(P

N
R )→ HN−i(L+

R
)→

HN−i(L+
R
) = 0



Z2

Z2

0

0

0

0

0

0

Z2

Z2

0

0

0

q = imin

q = imax

p = 0 p = r
p

q

∗
Ωi 6= Sr HN−i(L+

R
) = 0 N−i ≥ imax+r−1

i ≤ N + 1− r − imax = imin − r

XR (r + 1)
PN
R

XR imin 6= imax

ℓ(XR) ≥

⌊
dim(XR)

2

⌋
=

⌊
N − r − 1

2

⌋

⌊x⌋ x

X (r+1)

Hi(XC)→ Hi(P
N
C )

i < dim(XC) = N − r − 1 i =
dim(XC)

→ Hi(P
N
C )

ϕi
→ Hi(P

N
C , XC)→ Hi−1(XC)→ Hi−1(P

N
C )

ϕi−1

→

0→ kerϕi → Hi(P
N
C )

ϕi
−→ Hi(P

N
C , XC)→ Hi−1(XC)→ kerϕi−1 → 0.

dimH∗(P
N
C , XC) = dimH∗(P

N
C ) + dimH∗(XC)− 2 dimkerϕ∗

≤ dimH∗(P
N
C ) + dimH∗(XC)− 2

(⌊
N − r − 1

2

⌋
+ 1

)

ℓ(XR)

dimH∗(P
N
R , XR) = dimH∗(P

N
R ) + dimH∗(XR)− 2 (ℓ(XR) + 1)



PN
R

XR

ℓ(XR) ≥

⌊
N − r − 1

2

⌋

XR (r + 1)
(r+ 1)

(M − r + 1)

∑

i≥0
dim(Hi(QR;Z2)) ≥

∑

i≥0
dim(Hi(QC;Z2))− 2(r − 1)

XR (r+1)

imin >
⌊
dim(XR)

2

⌋
=

⌊
N−r−1

2

⌋

(r + 1)

XR (r+1)
PN
R

r ≤ N+1
2

p

q

imin

0

r0

Z2

Z2

0

0

0

0

. . .

. . .

. . .

0

0

0

Z2

Z2

0

ξ : L+
R
→ Sr

PN
R
\XR



ℓ(XR)
(r + 1)

r ξ
wr(ξ) ∈ Hr(Sr,Z2) wr(ξ) = 0 ℓ(XR) = N−1

2

ℓ(XR) =
N−1
2 − r

(XR, P
N
R
)

Hi(XR)→ Hi(P
N
R )→ Hi(PR, XR)

ℓ(XR)

HN−i(PN
R )→ HN−i(PN

R \XR) ∼= HN−i(L+
R
)

t H1(PN
R
)

tN−i HN−i(PN
R
)

tN−i p∗(tN−i) p : L+
R
→ PN

R

ℓ(XR) = imin − 1 p∗(timin) = 0
p∗(timin) = wr(ξ)

(r + 1)

XR (r+1) PN
R

r = N+1
2 wr(ξ) 6= 0

XR r < N+1
2

1 wr(ξ) = 0

bi(XR) = 1 0 ≤ i ≤
N − 3

2
− r

bi(XR) = 2
N − 1

2
− r ≤ i ≤

N − 1

2

bi(XR) = 1
N + 1

2
≤ i ≤ N − r − 1

2 wr(ξ) 6= 0

bi(XR) = 1 0 ≤ i ≤
N − 1

2
− r

bi(XR) = 0
N + 1

2
− r ≤ i ≤

N − 3

2

bi(XR) = 1
N − 1

2
≤ i ≤ N − r − 1



L+
R

ℓ(XR)

p

q

imin

0

r0

Z2

Z2

0

0

0

0

. . .

. . .

. . .

0

0

0

Z2

Z2

0

L+
R

dimHi(L+
R
) = 1 0 ≤ i ≤ r − 1

dimHi(L+
R
) = 2 r ≤ i ≤

N − 1

2

dimHi(L+
R
) = 1

N + 1

2
≤ i ≤

N − 1

2
+ r

(XR, P
N
R
)

ℓ(XR) i < ℓ(XR)

0→ HN−i−1(L+
R
)→ Hi(XR)→ Hi(P

N
R )→ 0

i = ℓ(XR)

0→ Hℓ(XR)+1(P
N
R )→ HN−ℓ(XR)−1(L+

R
)→ Hℓ(XR)(XR)→ Hℓ(XR)(P

N
R )→ 0

i > ℓ(XR)

0→ Hi+1(P
N
R )→ HN−i−1(L+

R
)→ Hi(XR)→ 0

XR

bi(XR) = dimHN−i−1(L+
R
) + 1 0 ≤ i < ℓ(XR)

bi(XR) = dimHN−i−1(L+
R
) i = ℓ(XR)

bi(XR) = dimHN−i−1(L+
R
)− 1 ℓ(XR) < i ≤ N − r − 1

r = (N + 1)/2
HN (L+

R
) 1



H0(XR) → H0(P
N
R
)

ℓ(XR) < 0
wr(ξ) 6= 0

(r+1) PN
R

N =
3 r = 1

{
x20 − x

2
1 + x22 − x

2
3 = 0

2x0x1 + 2x2x3 = 0
.

P 3
R

S1



q0, q1 C
CC ⊂ P 1

C

XR

Ωi Ω̃i = {ω ∈ Sr ind(ω) ≤ i}
Ω̃i

Hp(Ωi)
1 N ≥ 2

0 ≤ p ≤ 1

Z2

Z2

Z2

Z2

q = imin

q = imax

p = 0 p = 1
p

q



L+
R

PN
R
\XR

q0, q1 XR

PN
R

XR

imin < (N − 1)/2

bi(XR) = 1 i ≤ imin − 2

bimin−1(XR) = dimH0(Ωimin
)

bi(XR) = dimH0(Ωi+1)− 1 imin ≤ i ≤ imax − 3

bimax−2(XR) = dimH0(Ωimax−1)

bi(XR) = 1 imax − 1 ≤ i ≤ N − 2

imin = (N − 1)/2 = imax − 2 N
XR

bi(XR) = 1 i ≤ imin − 2

bimin−1(XR) = dimH0(Ωimin
)

bimin
(XR) = dimH0(Ωimin+1)

bi(XR) = 1 imin + 1 ≤ i ≤ N − 2

imin = N/2 = imax − 1 N
XR

bi(XR) = 1 i ≤ imin − 2

bimin−1(XR) = dimH0(Ωimin
) + 1

bi(XR) = 1 imin ≤ i ≤ N − 2

Hi(L+
R
)

r = 1

ℓ(XR) = imin − 1

ℓ(XR)
Hi(XR) → Hi(P

N
R
)

(XR, P
N
R
)

→ HN−i−1(L+
R
)→ Hi(XR)→ Hi(P

N
R )→ HN−i(L+

R
)→

HN−i−1(L+
R
) HN−i(L+

R
)

Hi(XR) Hi(P
N
R
)



Z2

Z2

Z2

Z2

q = imin

q = imax

p = 0 p = 1
p

q

N − i − 1 ≥ imax
i ≤ N−1−imax = imin−2

Hi(XR) = Z2 i ≤ imin − 2

Himin−1(XR)

0→ Himin
(PN

R )→ HN−imin(L+
R
)→ Himin−1(XR)→

→ Himin−1(P
N
R )→ 0

Himin
(XR) → Himin

(PN
R
)

imin > ℓ(XR)
Himin−1(XR)→ Himin−1(P

N
R
)

bimin−1(XR) = dimHN−imin(L+
R
) = dimH0(Ωimin

)

i > ℓ(XR)

0→ Hi+1(P
N
R )→ HN−i−1(L+

R
)→ Hi(XR)→ 0

i > imin − 1

bi(XR) = dimHN−i−1(L+
R
)− 1

L+
R

dimHN−i−1(L+
R
) = 2 dimHN−i−1(L+

R
) Ωj 6= S1

imin < (N − 1)/2
bi(XR) =

1 i ≤ imin − 2 bi(XR) =
1 imax − 1 ≤ i ≤ N − 2
bimin−1(XR) = dimH0(Ωimin

)
bi(XR) imin − 1 ≤ i ≤ imax − 2 i 6= imax − 2

bi(XR) = dimHN−i−1(L+
R
)− 1 = dimH0(Ωi+1)− 1



i = imax − 2

bimax−2(XR) = dimHimin(L+
R
)− 1

= dimH0(Ωimax−1) + dimH1(Ωimax
)− 1

= dimH0(Ωimax−1)

PN
R

{
q1(x) = a0x0

2 + · · ·+ aNxN
2 = 0

q2(x) = b0x0
2 + · · ·+ bNxN

2 = 0

XR Ai =
(
ai

bi

)
∈ R

2

S = {Ai, i = 0, . . . , N}
R
2

(H1) :

(
R
2 [Ai, Aj ]

S

)

XR N−2

R
2 (H1)

(H1)
R
2 (H1)

XR

(H1)

m
m1, . . . ,mk m = m1+ · · ·+mk

k
0 0 = 0



N +1 (H1)
N + 1

(H1)
R
2

(H1) S
A,B ∈ R

2 S
S A ∼S B A ∼ B

C ∈ S A B C

S = {A,C1, C2, C3}

O

A

C1

C2

C3B

B′

A ∼ B A 6∼ B′ O ∈ [AB′C2]

S
k k S

S
k

(q1, q2)
R

N+1 (q1, q2) S =
{B0, . . . BN} (q1, q2) (A1, A2, . . . , Ak)

R
2 k

k = 2ℓ+ 1
k > 1 Ai Ai+1 j = i+ ℓ+1

k j O Ai Ai+1

Aj R
2

k > 1 A1, Ak

Aℓ+1



O [A1, Ak, Aℓ+1] i = 1, . . . , ℓ
As(i) O [Ai, Ai+1, As(i)]
s(i) i

s(i) [ℓ + 2, k]
ℓ ≤ k−ℓ−1 i = ℓ+1, . . . , k−1

ℓ ≥ k − ℓ − 1 k = 2ℓ + 1
s(i) s(i) = i+ ℓ+ 1

N+1

N + 1 =
k∑

i=1

Ni Ni = ♯ {C ∈ S C ∼ Ai}

A1 Ak S

(2k+1) Ai

(2k + 1)

(q1, q2)
R

N+1

q1(x) =
m∑

i=1

aixi
2 +

m+M∑

i=m+1

2xixi+M ;

q2(x) =
m∑

i=1

bixi
2 +

m+M∑

i=m+1

(βi(xi
2 − xi+M

2) + 2αixixi+M ) .

M = N−m+1
2

ai, bi
αi, βi

(q1, q2)
q1 Q1, Q2

q1, q2 R
N+1

(q1, q2) Q1
−1Q2

C

Q1
−1Q2 C

N+1 q1 q2

q1(x) =

N+1∑

i=1

aizi
2 , q2(x) =

N+1∑

i=1

bizi
2 .



q1 q2 Q1
−1Q2

e ē
(z1, z2)

λq1 + µq2(z1e+ z2ē) = (λa+ µb)z1
2 + (λā+ µb̄)z2

2

a b z1e+ z2ē
z2 = z̄1

z1 = u+ iv, a = a1 + ia2, b = b1 + ib2.

λq1 + µq2(z1e+ z̄1ē) = 2(λa+ µb)(u2 − v2) + 4(λa2 + µb2)uv

b/a = α+ iβ a = −i/2

λq1 + µq2(z1e+ z̄1ē) = µβ(u2 − v2) + 2(λ+ µα)uv

PN
R

m m N + 1 m ≡ N + 1( 2)

q1 q2 R
N+1

(q1, q2)

λq1 + µq2(x) =(λa1 + µb1)x
2
1 + (λa2 + µb2)x

2
2 + · · ·+ (λam + µbm)x

2
m+

+
m+M∑

i=m+1

[
(λαi + µβi)(xi + ıxi+M )2 + (λᾱi + µβ̄i)(xi − ıxi+M )2

]

M = N−m+1
2 ai, bi ∈ R β−1j αj 6∈ R

(λa1 + µb1)x
2
1 + (λa2 + µb2)x

2
2 + · · ·+ (λam + µbm)x

2
m.

m m
q1

q2
m ≤ N + 1
m N + 1



m
m CR ⊂ P 1

R

0
S1 S1

m = m1 + · · · +mk mi

•
O

•

•

•
•

•

•
imin

imin + 1

imin + 2

imin + 3

imin + 2

imin + 3

imin + 4 = imax

6
6 = 3 + 2 + 1

q1 q2 R
N+1

(q1, q2)

λq1 + µq2(x) =(λa1 + µb1)x
2
1 + (λa2 + µb2)x

2
2 + · · ·+ (λam + µbm)x

2
m+

+

m+M∑

i=m+1

[
(λαi + µβi)(xi + ıxi+M )2 + (λᾱi + µβ̄i)(xi − ıxi+M )2

]



(λ, µ) ∈ S1 M = N−m+1
2 ai, bi ∈ R β−1j αj 6∈ R

c > 0

det(λq1 + µq2) = 2c
m∏

i=1

(λai + µbi).

m+M∏

i=m+1

|λαi + µβi|
2

= 2c
m∏

i=1

(λai + µbi).A

A

C

f1 : R
2 −→ S1

(a, b) 7−→
(

b√
a2+b2

, −a√
a2+b2

)

f2 : R
2 −→ S1

(a, b) 7−→
(

−b√
a2+b2

, a√
a2+b2

)

Ai = (ai, bi) ∈ R
2 C̃

ω ∈ S1 ind(ω.q) = imin S1

ω
1 f1

1 f2
Ai, Aj

Ai ∼ Aj

Ai Aj

Aℓ f1(Aℓ) f1(Ai) f1(Aj)
Ai Aj Aℓ

•
f1(Ai)

•
f1(Aj)

i

i+ 1

i+ 2

Aℓ f1(Aℓ) f1(Ai) f1(Aj)
Aℓ f2(Aℓ)

f1(Ai) f1(Aj)
R
2 [AiAjAℓ]



XR PN
R

i =
⌊
N
2

⌋

N b0(Ωimin
) = m

N b0(Ωimin
) + b0(Ωimin+1) = m

m C ⊂ P 1
R

N
i =

⌊
N
2

⌋
i + i = N + 1

C̃ 2m

dimH0(Ωimin
) = m

N
i =

⌊
N
2

⌋
i + i = N + 1

C̃
i +1 i +2

i
i +1
Ωimin+1

Ωimin
S1 2m

dimH0(Ωimin
) + dimH0(Ωimin+1) = m

XR PN
R

N ≥ 3
XR

imin =

⌊
N

2

⌋
m = N + 1

m C ⊂ P 1
R

N = 2k
XR 1

bk−1(XR) = 2k + 2 N = 2k + 1 XR

1 bk−1(XR) = bk(XR) = k + 1

N N

1 N

N−2∑

i=0

bi(XR) = N − 1 + b0(Ωimin
)



dimH0(Ωimin
) = m

N−2∑

i=1

bi(XC) = 2N

N − 1 +m = 2n m = N + 1
dimH0(Ωimin

) =
m = N + 1

2 N

N−2∑

i=0

bi(XR) = N − 3 + b0(Ωimin
) + b0(Ωimin+1)

b0(Ωimin
) + b0(Ωimin+1) = m

N−2∑

i=1

bi(XC) = 2(N − 1)

N−3+m = 2N−2 m = N+1
b0(Ωimin

)+b0(Ωimin+1) =
m = N + 1 b0(Ωimin+1) = b0(Ωimin

)

XR

PN
R

XC

bi(XR) = hi,N−2−i(XC).

XR PN
R

N

N ≥ 3

2⌊
N
4 ⌋−1 +

1

N + 1

∑

m|N+1

2

m

ϕ(m)2
N+1

2m
−1



ϕ(m)

XR ⊂ PN
R

imin =

⌊
N

2

⌋
m = N + 1

m C ⊂ P 1
R

N

1 N
imax = imin+1

1
m 1

m = N +1

N + 1 = 1 + · · ·+ 1︸ ︷︷ ︸
N+1

2 N
imax = imin +2

1 2
m = N + 1

1 2 N + 1
1

2
⌊
N+1
2

⌋

imin =
⌊
N
2

⌋

1
N+1 8 = 2+2+2+1+1

P 7
R

8 = 2+1+2+1+2

•
O

•

•

•
••

•

•

•
imin

imin + 1

imin + 2

imin + 1
imin + 2

imin + 1

imin

imin + 1

imin + 2 = imax

P 7
R



N + 1
2

N+1
2

#k

k N = 2k+ 1

#1 = 1, #2 = 2, #3 = 2, #4 = 4, #5 = 5, #6 = 9, #7 = 12, #8 = 23,

#9 = 34, #10 = 63, #11 = 102, #12 = 190.

#k ≥ 2⌊
k
2 ⌋−1 +

2k−1

k + 1
.





q0, q1, q2
ω ∈ P 2

R

ωq = ω0q0 + ω1q1 + ω2q2

C det(ωq) = 0

C d
d

CR

CC

x ∈ PN
R

C x
C

16

(P 2
R
, CR) C

d



P 2
R

P 2
R

P 2
R

P 2
R

σ σ′

σ ≺ σ′

σ σ′

σ0 m

σ0 ≺ σ1 ≺ · · · ≺ σm−1 ≺ σm

0
p

C n

CR

C d ℓ



CR

1− (−1)d

2
≤ ℓ ≤

(d− 1)(d− 2)

2
+ 1

d ℓ
d ℓ

d ≥ 3 d ≤ 2

C d ≥ 3 CR

ℓ = (d−1)(d−2)
2 + 2

ℓ − 1 C1, . . . , Cℓ−1 Cℓ

i 1 ℓ−1 pi ∈ Ci q1, . . . , qd−3 ∈ Cℓ

d− 2 d(d−1)
2 > ℓ+ d− 4

D d− 2 pi qi CR

DR c

c ≥ 2(ℓ− 1) + d− 3 = (d− 1)(d− 2) + 2 + d− 3 > d(d− 2)

ℓ ≤ (d−1)(d−2)
2 + 1

1−(−1)d
2 ≤ ℓ

g = (d−1)(d−2)
2

g+1

d = 2k

p− n ≡ k2 ( 8)

CR CC

CC ⊂ P 2
C

: P 2
C
→ P 2

C
CR

CC (CC, )
CR CC



CC \ CR C

CR CR

C
CR

C C
D = CC \ CR 2g + 2

CC χ(D) = 2 − 2g
D̃

1

χ(D̃) = 2− 2g + 2(g + 1) = 4

2

CR CC

CR CR

Π+ Π−



Λ+ Λ−

C d ℓ

2(Π+ −Π−) = ℓ−
d2

4

C d ℓ

Λ+ − Λ− + 2(Π+ −Π−) = ℓ−
d2 − 1

4

m

M+ M−

C

Π+ −Π− = n− 2(m+M+ −M−)

Ci C

Π+Ci
= Ci

Π−Ci
= Ci

mCi
=

{
1 Ci

0

M+
Ci
= Ci

M−
Ci
= Ci



2k

2k + 1

Π+Ci
−Π−Ci

=

{
1− 2(mCi

+M−
Ci
−M+

Ci
) Ci

−2(M−
Ci
−M+

Ci
) Ci

2(mCi
+M−

Ci
−M+

Ci
)

m+M+ −M− ≡ 0 ( 2)

q0, q1, q2 PN
R

C C CR 6=
∅ imin 6= 0

Ωi Ω̃i

Ω̃i

Hp(Ωi)
L+
R

L+
R
=

{
(ω, x) ∈ S2 × PN

R (ωq)(x) > 0
}

Ep,q
2 = Hp(ΩN−q)

Ωi = {ω ∈ S2 (ωq) ≤ i}
ωq



Z2 Z2

Z2 Z2

p

q

imin

imax

∗ Hi(Ωj)

dp,N−q
2 : Hp(Ωq)

δ(γq+1)∪
−→ Hp+2(Ωq+1, π

−1(Λq+1)) −→ Hp+2(Ωq+1)

δ H1(π−1(Λq+1))→ H2(Ωq+1, π
−1(Λq+1))

(Ωq+1, π
−1(Λq+1))

d0,N−q
2 : H0(Ωq)→ H2(Ωq+1)

q ≥ imax−1
q > imax−1 H2(Ωq+1, π

−1(Λq+1))
π−1(Λq+1) =

Ωq+1 = S2 π−1(Λq+1)
Ωq+1

d0,imin

2 : H0(Ωimax−1)→ H2(S2)

d2



ℓ(XR)

d2

imin < imax−1 d2
ℓ(XR) = imin − 1

ℓ(XR) =
imin − 2

XR imin < imax − 2
bimin−1(XR) =

bimax−3(XR)
ε1 d2 ε1 = 0 d2

ε1 = 1 ε2 = 0 ℓ(XR) = imin− 1 ε2 = 1
imin − 2 ≤ ℓ(XR) < imin

ε1 = ε2
(PN

R
, XR)

0→ Himin
(PN

R )→ Himax−1(PN
R \XR)→ Himin−1(XR)→ Himin−1(P

N
R )

ℓ(XR) < imin Himin
(XR)→

Himin
(PN

R
)

bimin−1(XR) = dimHimax−1(PN
R \XR)− 1 + (1− ε2)

= dimH0(Ωimin
) + dimH1(Ωimin+1)− ε2

(PN
R
, XR)

0→ Himax−2(P
N
R )→ Himin+1(PN

R \XR)→ Himax−3(XR)→ 0

imax − 3 ≥ imin > ℓ(XR)

bimax−3(XR) = dimHimin+1(PN
R \XR)− 1

= dimH0(Ωimax−2) + dimH1(Ωimax−1) + 1− ε1 − 1

= dimH1(Ωimin+1) + 1 + dimH0(Ωimin
)− 1− ε1

= dimH1(Ωimin+1) + dimH0(Ωimin
)− ε1

ε1 = ε2 imin = imax − 2 N > 3

bimin−2(XR) = bimax−2(XR) N > 3
imin = 1

bimin−2(XR) = dimHimax(PN
R \XR) + 1− ε2

= dimH1(Ωimin
) + 1− ε2



bimax−2(XR) = dimHimin(PN
R \XR)− 1

= dimH0(Ωimax−1) + 1− ε1 − 1

= dimH1(Ωimin
) + 1− ε1

ε1 = ε2 imin = imax−2 N = 3
ℓ(XR) = imin − 1 = 0 H3(LR)

b1(XR) = 0 XR 0

imin = imax−1

d2
ℓ(XR) = imin − 2

imin = imax − 1 d2
ℓ(XR) = imin − 2

(PN
R
, XR)

Hi(XR)→ Hi(P
N
R
)

Hi(P
N
R
) → Hi(P

N
R
, XR)

HN−i(PN
R )→ HN−i(PN

R \XR) ∼= HN−i(L+
R
)

x ∈ H1(PN
R
)

xN−i

p∗(xN−i) p : L+
R
→ PN

R

Hi(XR)→ Hi(P
N
R
) p∗(xN−i) = 0

p∗(xN−(imin−1)) = p∗(ximax) 6= 0

L+
R
|Ωimin

→ Ωimin
.

Himax(L+
R
) = H1(Ωimin

) = Himax(L+
R
|Ωimin

)
ξimax−1

S2

p∗(ximax)
ξimax−1 p∗(ximax) = w1(ξimax−1)

d2

p∗(ximax) = w1(ξimax−1) 6= 0 ℓ(XR) = imin − 2

PN
R



q0, q1, q2 XR

PN
R

ε
d2 ε = 0 d2 i < i − 2

bi(XR) = 1, i < i − 2 i > i − 2;

bi −2(XR) = b1(Ωi ) + 1− ε;

bi −1(XR) = b0(Ωi ) + b1(Ωi +1)− ε;

bi(XR) = b0(Ωi+1) + b1(Ωi+2)− 1, i ≤ i ≤ i − 4;

bi −3(XR) = b0(Ωi −2) + b1(Ωi −1)− ε;

bi −2(XR) = b0(Ωi −1)− ε.

i = i − 2

bi(XR) = 1, i < i − 2 i > i ;

bi −2(XR) = b1(Ωi ) + 1− ε;

bi −1(XR) = b0(Ωi ) + b1(Ωi +1) + 1− 2ε;

bi (XR) = b0(Ωi −1)− ε.

i = i − 1 ℓ(XR) = imin − 1

bi(XR) = 1, i < i − 2 i > i − 1;

bi −2(XR) = b1(Ωi ) + 2;

bi −1(XR) = b0(Ωi ) + 1.

i = i − 1 ℓ(XR) = imin − 2

bi(XR) = 1, i < i − 2 i > i − 1;

bi −2(XR) = b1(Ωi ) + 1− ε;

bi −1(XR) = b0(Ωi )− ε.

imin 6=
imax (PN

R
, XR)

→ HN−i−1(PN
R \XR)→ Hi(XR)→ Hi(P

N
R )→ HN−i(PN

R \XR)→

i N − i > i + 1 i < i − 2
HN−i−1(PN

R
\XR) HN−i(PN

R
\XR)

bi(XR) = 1 i < i − 2

i ≥ i Hi(XR) → Hi(P
N
R
)

ℓ(XR)
(PN

R
, XR)

0→ Hi+1(P
N
R )→ HN−i−1(PN

R \XR)→ Hi(XR)→ 0



bi(XR) = dimHN−i−1(PN
R \XR)− 1

i ≥ imax−1 dimHN−i−1(PN
R
\XR) = 2 bi(XR) = 1

imin < imax − 2

bi(XR) =





b0(Ωimax−1)− ε i = imax − 2
b0(Ωimax−2) + b1(Ωimax−1)− ε i = imax − 3
b0(Ωi+1) + b1(Ωi+2)− 1 imin ≤ i ≤ imax − 4

imin = imax − 2

bimax−2(XR) = b0(Ωimax−1)− ε

bimin−1(XR) bimin−2(XR) imin < imax − 1
ℓ(XR) = imin− 1 ε = 0

(PN
R
, XR)

0→ Himin
(PN

R )→ Himax−1(PN
R \XR)→ Himin−1(XR)→ Himin−1(P

N
R )

bimin−1(XR) = bimax−1(P
N
R \XR)− 1 + (1− ε)

=

{
b0(Ωimin

) + b1(Ωimin+1)− ε imin < imax − 2
b0(Ωimin

) + b1(Ωimin+1) + 1− 2ε imin = imax − 2

Himin−1(XR)→ Himin−1(P
N
R )→ Himax(PN

R \XR)→ Himin−2(XR)→

→ Himin−2(P
N
R )→ 0

bimin−2(XR) = bimax
(PN

R \XR) + 1− ε

= b1(Ωimin
) + 1− ε

imin = imax−1 bimin−2(XR)
bimin−1(XR) ℓ(XR) = imin − 1

d2

bimin−2(XR) = b0(Ωimin
) + 1

bimin−1(XR) = b1(Ωimin
) + 2

ℓ(XR) = imin − 2 d2

bimin−2(XR) = b0(Ωimin
)− ε

bimin−1(XR) = b1(Ωimin
) + 1− ε



N > 3
N = 3 imin = imax − 2 = 1

XR 0

b0(XR) bimin−1(XR)

CR ℓ i ≤ i − 2

∑

i≥0
bi(XR) =

(

i −1
∑

i=i

b0(Ωi) + b1(Ωi)

)

+ 4(i − ε)−N − 1

i −1
∑

i=i

b0(Ωi) + b1(Ωi) =

{

2ℓ
2ℓ+ 1

i = i − 1 = k N = 2k

∑

i≥0
bi(XR) = 2ℓ+ 2k − 2(1 + ε)ν

ν = 0 ℓ(XR) = imin − 1 ν = 1

PN
R

N = 2k + 1
XR 2k − 2

XR PN
R

XR

i = k

⌊

N − 3

2

⌋

≤ ℓ(XR) < i



⌊x⌋
i ≤

⌊
N+1
2

⌋
N = 2k + 1

k − 1 < i ≤ k + 1

i = k + 1 i = i

XR PN
R

XR

i = k

XR

i = k i = i − 2
∑

i≥0
bi(XR) = 2ℓ+ 2k − 4ε− 2

ε d2 ℓ

∑

i≥0
bi(XC) = hk−1,k−1(XC) + 2hk−2,k(XC) + 2k − 2

= 3k2 + 3k + 2 + k(k − 1) + 2k − 2

= 4k2 + 4k

XR

2ℓ+ 2k − 4ε− 2 = 4k2 + 4k

ℓ = 2k2 + k + 1 + 2ε

=
2k(2k + 1)

2
+ 1 + 2ε = g + 1 + 2ε

ℓ ≤ g + 1 ℓ = g + 1 ε = 0

PN
R

N = 2k XR

2k − 3

XR PN
R

XR

i = k − 1 i = k



⌊
N − 3

2

⌋
≤ ℓ(XR) < i

⌊x⌋
i ≤

⌊
N+1
2

⌋
N = 2k

k − 2 < i ≤ k

i = k − 1 i = k

XR PN
R

XR

i = k − 1
d2

i = k
d2

(M−1) i = k
d2 ℓ(XR) = imin − 2

(M−2) i = k
ℓ(XR) = imin − 1

XR

i = k − 1 i = k
i = k − 1 i < i − 2

∑

i≥0
bi(XR) = 2ℓ+ 2k − 4ε− 4

ε d2 ℓ

∑

i≥0
bi(XC) = 2hk−2,k−1(XC) + 2k − 2

= 4k2 − 2k − 2 + 2k − 2

= 4k2 − 4

XR

2ℓ+ 2k − 4ε− 4 = 4k2 − 4

ℓ = 2k2 − k + 2ε

=
2k(2k − 1)

2
+ 2ε = g + 2ε



ℓ + 1 ≤ g + 1

ℓ = g ε = 0

i = k
i = i − 1 ∑

i≥0
bi(XR) = 2ℓ+ 2k − 2(1 + ε)ν

ε d2 ℓ
ν = 0 ℓ(XR) = imin − 1

∑

i≥0
bi(XC) = 4k2 − 4

XR

2ℓ+ 2k − 2(1 + ε)ν = 4k2 − 4

ℓ = 2k2 − k − 2 + (1 + ε)ν

=
2k(2k − 1)

2
− 2 + (1 + ε)ν = g − 2 + (1 + ε)ν

(ε, ν)
(1, 1) (0, 1) (0, 0) ε = 1 ν = 1 ℓ = g ε = 0
ν = 1 ℓ = g − 1 ν = 0 ℓ = g − 2

C g θ
CC θ

θ⊗2 = KC KC

Σ(C) Σ C
h0(C, θ)



dimH0(C, θ) > 0

(C, θ) C
d θ CC

d

d
(C, 12 (d−3)H) H

d ≡ ±1 8
d ≡ ±3 8

C g
H0(C,KC) 1 CC

ι : H1(C,Z) −→ H0(C,KC)
∨

γ 7−→ ι(γ)(ω) =
∫
γ
ω

Λ 2g H0(C,KC)
∨

Jac(C) = H0(C,KC)
∨/Λ

g CC

Pic0(C)
2 2

Jac2(C)

Jac2(C) ∼= H1(C,Z2)

H1(C,Z)×H1(C,Z) −→ H2(C,Z) ∼= Z

H1(C,Z) ∼= Z
2g

α1, . . . , αg, β1, . . . , βg ω1, . . . , ωg

1 CC

∫

αi

ωj = δi,j

τi,j =

∫

βi

ωj

τ = (τi,j) τ = Re(τ)+
ıIm(τ)

tτ = τ, Im(τ) > 0



C
g CC (ε, δ) ∈ Z

g
2

θ

[
ε
δ

]
(z, τ) =

∑

r∈Zg

exp

[
ıπ

(
t
(r +

1

2
ε)τ(r +

1

2
ε) + 2

t
(z +

1

2
δ)(r +

1

2
ε)

)]

θ

[
ε
δ

]
(−z, τ) = exp(ıπ tεδ) θ

[
ε
δ

]
(z, τ)

CC −→ C

P 7−→ θ

[
ε
δ

]
(u(P ), τ)

u(P ) =
(∫ P

P0
ω1, . . . ,

∫ P

P0
ωg

)
∈ C

g P0

θ

[
ε
δ

]
(0, τ) = 0

d ≡ ±1 8

τ
(C, θ) C

d θ CC

(C, θ) θ
d

(C, θ)

θ CC L 2
θ ⊗ L

qθ : Jac2(C) −→ Z2

L 7−→ h0(C, θ ⊗ L)− h0(C, θ)

qθ



θ 7→ qθ
C

Jac2(C)

Jac2(C) ∼= H1(C,Z2)
qθ

H1(C,Z2) u1, . . . , ug, v1, . . . , vg
H1(C,Z2)

qθ(ui) = αi, qθ(vj) = βj

(α, β) ∈ Z
g
2

Arf(qθ) =
tαβ 2

Z2 q
q′ H1(C,Z2)

〈., .〉 v ∈ H1(C,Z2)
u ∈ H1(C,Z2)

q′(u)− q(u) = 〈v, u〉

q′ = q + v
H1(C,Z2)

q′ = q+v q′

Arf(q′) = Arf(q) + q(v)

q0

q = q0 + v q0(v) = 0

C g
22g CC 2g−1(2g+1) 2g−1(2g−1)

C g θ CC

s θ
ŝ = s ⊗ s θ ⊗ θ = KC 1 CC

K∗C
TC τ TC
τ(ŝ) 1 CC

ŝ
τ Ω ⊂ CC

τ
γ c ∈ H1(C;Z2) γ : S1 → CC \ Ω

p ∈ S1 Tγ(p)C \ {0} γ(p)



0 S1 = {(x, y) ∈ R
2 x2+y2 = 1} (1, 0) ∈ S1

γ′(p) τ(γ(p)) S1

f : S1 → S1

n = deg(f) (τ, γ) = n 2

H1(C;Z2) → Z2

c 7→ τ γ

γ c ∈ H1(C;Z2) (τ, γ)
γ τ s

θ
H1(C;Z2) → Z2

c 7→ θ c

C g θ CC

c ∈ H1(C;Z2)

qθ(c) = θ c + 1 2

(C, ) : CC → CC

c : Σ → Σ
ΣR

θ
τ : θ → θ

θ
τ //

��

θ

��
CC

// CC

θR → CR

C0, . . . , Cr CR

ε = (ε0, . . . , εr) ∈ Z
r+1
2 εi = 0

θR Ci εi

ε0 + ε1 + · · ·+ εr ≡ g + 1 ( 2)

ε0 (ε1, . . . , εr)
Ci CR

pi ∈ Ci γi p0 pi γi ⊂ CC C0
Ci Gi = γi ∪ (γi)

δ = (δ1, . . . , δr) ∈ Z
r
2 δi = qθ([Gi]) [Gi] Gi

H1(C,Z2)
θ CR



ω θ Ω = ω ⊗ ω
C

Ω CR

θ qθ

qθ([Ci]) ≡ εi + 1 ( 2)

[Ci] Ci H1(C,Z2)
Gi qθ([Gi]) = 1
Gi C0, Ci

qθ(c) = (θ, c) + 1
c ∈ H1(C,Z2)

(θ, [Ci]) = εi
Gi C0, Ci

(θ, [Gi]) = 0

C

δi = 0 Ci

θ
conj∗ : H1(C,Z2)→ H1(C,Z2) C

([Ci], [Gi])
H1(C,Z2)




Ik 0 0 0 0 0
0 0 Is 0 0 0
0 Is 0 0 0 0
0 0 0 Ik 0 0
0 0 0 0 0 Is
0 0 0 0 Is 0




C




Ik 0 0 0 0 0 0 0
0 0 Is 0 0 0 0 0
0 Is 0 0 0 0 0 0
0 0 0 1 0 0 0 1
0 0 0 0 Ik 0 0 0
0 0 0 0 0 0 Is 0
0 0 0 0 0 Is 0 0
0 0 0 0 0 0 0 1




,




Ik 0 0 0 0 0 0 0 0 0
0 0 Is 0 0 0 0 0 0 0
0 Is 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 Ik 0 0 0 0
0 0 0 0 0 0 0 Is 0 0
0 0 0 0 0 0 Is 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1






([Ci], [Gi])

C1

C2

C3

G1

G2

G3

C0

H1(C,Z2)

qθ H1(C,Z2) conj∗
c ∈ H1(C,Z2) qθ(c) = qθ(conj∗(c))

CR = ∅

C
r ≥ 1 (ε, δ) ∈ (Zr−1

2 )2

θ

qθ([Ci]) ≡ εi + 1 ( 2)

qθ([Gi]) = δi

C
C qθ

(qθ) =

r∑

i=1

δi(1 + εi)

C
r g k = (g+1− r)/2

H1(C,Z2)

([C1], . . . , [Cr], X1, . . . , Xk, X
c
1 , . . . , X

c
k, [G1], . . . , [Gr], Y1, . . . , Yk, Y

c
1 , . . . , Y

c
k )

Xc
i = conj∗(Xi) Y c

i = conj∗(Yi)
C



Z2

[C1], . . . , [Cr] [G1], . . . , [Gr])
qθ

qθ([Ci]) ≡ εi + 1 ( 2)

qθ([Gi]) = δi

θ

Xi Xc
i Yi Y c

i

qθ(Xi) = qθ(X
c
i )

qθ(Yi) = qθ(Y
c
i )

qθ(Xi) qθ(Yi)

Arf(qθ) =

r−1∑

i=1

qθ([Ci])qθ([Gi]) +

k∑

i=1

[qθ(Xi)qθ(Yi) + qθ(X
c
i )qθ(Y

c
i )]

=

r−1∑

i=1

(1 + εi)δi + 2

k∑

i=1

qθ(Xi)qθ(Yi)

=
r−1∑

i=1

(1 + εi)δi.

g r
g r

k = (g − r)/2 H1(C,Z2)

([Ci], Xj , X
c
j , X, [Gi], Yj , Y

c
j , Y )1≤i≤r−1

1≤j≤k

Xc
i = conj∗(Xi) Y c

i = conj∗(Yi) conj∗(X) = X conj∗(Y ) = X + Y
([C1], . . . , [Cr], [G1], . . . , [Gr])

qθ

qθ(Xi) = qθ(X
c
i )

qθ(Yi) = qθ(Y
c
i )

qθ(conj∗(Y )) = qθ(Y +X) = qθ(Y )

qθ(conj∗(X)) = qθ(X)

qθ(Y +
X) = qθ(Y )

qθ(X) = 〈X,Y 〉 = 1



qθ(Xi) qθ(Yi) qθ(Y )

Arf(qθ) =

r−1∑

i=1

qθ([Ci])qθ([Gi]) +
k∑

i=1

[qθ(Xi)qθ(Yi) + qθ(X
c
i )qθ(Y

c
i )]

+ qθ(X)qθ(Y )

=

r−1∑

i=1

(1 + εi)δi + 2

k∑

i=1

qθ(Xi)qθ(Yi) + qθ(Y )

=
r−1∑

i=1

(1 + εi)δi + qθ(Y ).

qθ(Y )
(ε, δ) ∈ (Z2

r−1)2

q0, q1, q2 C
d CC

K CC ω ∈ CC ker(ωq)
1

L = K(d − 1) L2 = OC(d − 1) H0(C,L(−1)) = 0
θ = L(−1) C

A(x) m x ∈ P 2
C

(m− 1) A(x) F (x)ℓ detA(x)
F (x)ℓ+1

p F (x)p det(A(x))
adj(A(x))

F (x)ℓ det(adj(A(x)))
F (x)ℓm

det(adj(A(x))) = [det(A(x))]m−1

F (x) [det(A(x))]m−1

p(m− 1) ℓm

p(m− 1) ≥ ℓm ⇒ p ≥
m

m− 1
ℓ

p p ≥ ℓ + 1
det(A(x)) F (x)ℓ+1



θ dimH0(C, θ) = 0
C d

(q0, q1, q2)
C θ

φ11, . . . , φ1d
H0(C, θ(1)) = H0(C,L) v11 = φ211, . . . , v1d = φ11φ1d ∈ H0(C,L2)

L2 = OC(d − 1)
H0(P 2

C
,OP 2

C

(d− 1)) → H0(C,OC(d− 1))
v1i d − 1

U(x0, x1, x2) = 0 C {v1i = 0}
i ≥ 2 C {v11 = 0}

vij w11ij d−1 d−2

v1iv1j = v11vij − Uw11ij

vij = vji
V (x) = (vij) d x ∈ CR

d−1
dimH0(C, θ) = 0

r V (x) U(x)r−1

V (x) x ∈ CR

detV (x) Ud−1 deg(detV (x)) = d(d−1) = degUd−1

c ∈ R

detV (x) = cU(x)d−1

d− 1 U(x)d−2

M(x) =
1

U(x)d−2
adjV (x)

M(x) detM(x) = cd−1U(x)
adjM(x) = cd−2V (x)

d2



d2

q0, q1, q2 PN
R

CR

P 2
R
\CR r
N D1, . . . , Dr

i Di

≺
Ci Di S2 → P 2

R

D′i, D
′′
i Ci

Γ′i,Γ
′′
i Γ′i ⊂ ∂D′i

Γ′′i ⊂ ∂D′′i E′i ξm−1 D′i m
D′i E′′i ξN−m

D′′i Mi j ∈ {1, 2, . . . , r} j 6= i Cj ⊂ ∂Di

j ∈ Mi Mi,j k ∈ {1, . . . , r}
Cj ≺ Ck

i ∈ {1, . . . , r} j ∈Mi

ω1(E
′
i)[Γ

′
j ] = ε(Cj) +

∑

k∈Mi,j

ε(Ck)

ω1(E
′′
i )[Γ

′′
j ] = ε(Cj) +

∑

k∈Mi,j

ε(Ck)

ε(Ck) K ε(Ck) = 0
K Ck

i ∈ {1, . . . , r}
j ∈ Mi p(Cj) = p

Cj ≺ Ck1
≺ Ck2

≺ · · · ≺ Ckp

p p(Cj) = 0

Γ′j

D′i Γ′i



Mi,j = ∅ E′j
D′j

E′i|Γ′
j
= E′j

∣∣
Γ′
j

⊕ K|Γ′
j
, E′j

∣∣
Γ′
j

= E′i|Γ′
j
⊕ K|Γ′

j

E′j ω1(E
′
i)[Γ

′
j ] =

ε(Cj) p(Cj) = 0
j ∈ Mi p(Cj) ≤ ρ j ∈ Mi

p(Cj) = ρ+ 1 Mj = {k1, . . . , ka}

Γ′j

Γ′k1

Γ′ka

Γ′i

D′j

p(Ck1
) ≤ ρ . . . p(Cka

) ≤ ρ

ω1(E
′
j)[Γ

′
k1
] = ε(Ck1

) +
∑

k∈Mi,k1

ε(Ck)

ω1(E
′
j)[Γ

′
ka
] = ε(Cka

) +
∑

k∈Mi,ka

ε(Ck)

E′j D′j

ω1(E
′
j)[Γ

′
j ] =

a∑

m=1

ω1(E
′
j)[Γ

′
km
] =

∑

k∈Mi,j

ε(Ck)

E′i|Γ′
j
= E′j

∣∣
Γ′
j

⊕ K|Γ′
j
, E′j

∣∣
Γ′
j

= E′i|Γ′
j
⊕ K|Γ′

j

ω1(E
′
i)[Γ

′
j ] = ω1(E

′
j)[Γ

′
j ] + ε(Ck)

q0, q1, q2 CR

d2
i ∈ {1, . . . , r} D′i D′′i

i j ∈Mi

ε(Cj) +
∑

k∈Mi,j

ε(Ck) = 0



d2
ξimax−1

d2 : H
0(Ωimax−1)

δ(γimax )∪ // H2(Ωimax
, π−1(Λimax

)) // H2(Ωimax
)

δ : H1(π−1(Λimax
)) → H2(Ωi , π−1(Λimax

)
(Ωi , π−1(Λimax

))

d2 = 0⇔ δ(γi ) = 0⇔ γi = 0

H1(π−1(Λimax
)) =

(⊕
H1(D′i)

)
⊕
(⊕

H1(D′′i )
)

D′i D′′i
i γi = 0

ξimax−1 D′i D′′i
H1(D′i) =

⊕
j∈Mi

H1(Γ′i)
ξimax−1 D′i

j ∈Mi

ω1(E
′
i)[Γ

′
j ] = 0

d2
K θ

K K
θ K

θ ε = (ε0, . . . , εr)
Ci CR

ε(Ci) = εi Ci

ε(Ci) = εi + 1 Ci

C0
qθ

εi K Ci

CR

CR

S2

CR



= i

i− 1

i− 1

= i

i+ 1

i− 1

q0, q1, q2 CR

q0, q1, q2 XR

PN
R

N = 2k + 1 k ≥ 2
imin > 1

χ(XR) = (1 + (−1)k) + (−1)k−1(2p− 2n)

2 < imin <
imax − 2

χ(XR) =

N∑

j=0

(−1)j+1χ(Ωj).

j < imin Ωj = ∅ j ≥ imax Ωj = S2



imin + imax = N + 1

χ(XR) = (1 + (−1)imin−1) +
imax−1∑

j=imin

(−1)j+1χ(Ωj),

χ(XR) = (1 + (−1)imin−1) +
imax∑

i=imin

(−1)i(b0(Ωi−1) + b1(Ωi)).

i− k

imax∑

i=imin

(−1)i(b0(Ωi−1) + b1(Ωi)) = (−1)k−1(2p− 2n− 1− (−1)k−imin).

(−1)

p − n
VR PN

R

s N − s m1, . . . ,ms VC

σ(VC)

σN
s (m1, . . . ,ms)

σN
s (m1, . . . ,ms) =

{
1, s = 0;
m1.m2 . . .ms, 0 < s = N ;

σN
s (m1, . . . ,ms) = msσ

N−1
s−1 (m1, . . . ,ms−1)−

ms∑

µ=1

σN
s (m1, . . . ,ms−1, µ, µ− 1),

0 < s < N.

σ(VC) = σN
s (m1, . . . ,ms)

σ2k+13 (2, 2, 2) = (1 + (−1)k) + (−1)k−12(k + 1)2.

VR 2k

VR

χ(VR) ≡ σ(VC) (16).

VR

χ(VR) ≡ σ(VC)± 2 (16).



VR m1 . . .ms ≡ 0 (8)
Hk(VR,Z2) → Hk(P

N
R
,Z2)

χ(VR) ≡ ±σ(VC) (16).

2k

p− n ≡ k2 (8).

2k

p− n ≡ k2 ± 1 (8).

C 2k

imin = imax− 2
XR

d2
d2

Hk(XR,Z2)→ Hk(P
N
R
,Z2)

ℓ(XR)

χ(XR) ≡ ±σ(XC) (16).

p− n ≡ k2 (8).

C

imin = imax − 2 d2
XR

χ(XR) ≡ σ(XC)± 2 (16),

p− n ≡ k2 ± 1 (8).

VR 2k

|χ(VR)− 1| ≤ hk,k(VC)− 1.



2k

−
3

2
k(k − 1) ≤ p− n ≤

3

2
k(k − 1) + 1.

C 2k

XR 2(k − 2)

|χ(XR)− 1| =
∣∣(1 + (−1)k) + (−1)k−1(2p− 2n)− 1

∣∣
= |1− (2p− 2n)|

≤ hk−2,k−2(XC)− 1

≤ 3k2 − 3k + 2.

PN
R

N = 2k + 1
XR 2k − 2

(C, θ) 2k + 2

2k
Ci 2m+ 1

εi +
∑

j∈M̃i

εj = 0

M̃i = {j ∈ {1, . . . , g} Cj ≺ Ci Cj 2m+ 2}



(C, θ)
imin = k

S2 \ C̃
0 k + 1 0

k k + 2

1
k + 1

1
0

2k + 1
2k

d2
i ∈ {1, . . . , g} Di

imax j ∈Mi

εj +
∑

k∈Mi,j

εk = 0

εi



C N + 1 N = 2k + 1 XR

PN
R

C

θ C
C (C0, . . . , Cg)

C δ = (δ1, . . . , δg) ε = (ε1, . . . , εg)
Z
g
2

δi = 0 Ci

ε = 0
d2

a = δi = 1

2

(qθ) =

g∑

i=1

δi(1 + εi)

(qθ) = a (2)

a
(δ, ε)

a Cj

2k

δj = 0

2k

δj = 1

Cj

Cj

(qθ) = a + 1 (2)

a Cj 1
δj = 1 Ck 2

εj εk
εj = εk = 1



1
δj = 1 εj = 0

εk = 0

δj = 1 εj = 1

εk = 1

εi
d2

a Ck 2
3

1
δj = 0

δk = 0

δj = 0

δk = 1

a a
a

εk εj Cj Ck

δj = 0

1 a
m

m a

PN
R

N = 2k XR

2k − 3

imin = k − 1

εi imin = k



d2 imin = k
i εi = 0

2k + 1

θ imin = k εi = 0 i

C N + 1 N = 2k XR

PN
R

C

C

i = k

i εi = 0

εi = 1 i





P 3
R

P 4
R

Q1, Q2, Q3 PN
R

C̃ det(λ1Q1+λ2Q2+λ3Q3) = 0
Qi

Qi



(Q1(t), Q2(t), Q3(t))

(Q1, Q2, Q3)

0

C (1 : 0 : 0)

C
N+1

Q1 + λQ2 + µQ3 =

(
λb00 + µc00

tBλ,µ

Bλ,µ Cλ,µ

)

Bλ,µ Q2 Q3 Cλ,µ

λ µ Mλ,µ

(1 : 0 : 0) b00 = c00 = 0

Q1 + λQ2 + µQ3 =




λb00 + µc00 λb01 + µc01
λb01 + µc01 λb11 + µc11

tBλ,µ

Bλ,µ Cλ,µ




Bλ,µ Q2 Q3 Cλ,µ

λ = µ = 0 Mλ,µ

det(Mλ,µ) =det
(
Aλ,µ −

tBλ,µCλ,µ
−1Bλ,µ

)
× det(Cλ,µ)

Aλ,µ 2 (λbij +
µcij)0≤i,j≤1 λ = µ =



0 2

det(Mλ,µ) =det(C0,0)×
[
λ2(b00b11 − b

2
01) + µ2(c00c11 − c

2
01) + λµ(b00c11+

+ c00b11 − 2b01c01) +
]

∆ = (b00c11 + c00b11 − 2b01c01)
2 − 4(b00b11 − b201)(c00c11 − c201)

∆ 6= 0

x y λ µ xe1 + ye2 e1, e2

t
(xe1 + ye2)Mλ,µ(xe1 + ye2) = 0

λ (x2b00 + y2b11 + 2xyb01)︸ ︷︷ ︸
P1(x,y)

+µ (x2c00 + y2c11 + 2xyc01)︸ ︷︷ ︸
P2(x,y)

= 0

∆
P1 P2 ∆ = 0

(Q1(t), Q2(t), Q3(t))

t



CC

π : C̃C → CC CC

ωC CC U
CC 1 τ π−1(U) ⊂ C̃C

Pi,+ Pi,−
Pi CC

Pi,+
τ + Pi,−

τ = 0.

CC CC

F OC

HomOC
(F , ωC)

Θ(CC) CC

CC

θ CC

dimH0(CC, θ) ≡ 0 (2) θ
dimH0(CC, θ) ≡ 1 (2) θ

dimH0(CC, θ) = 0

q = (q0, q1, q2)
PN
R

CC

R
N+1 M ∈ MN+1(OP 2

R

(1))

ON+1
C (−1)

M
−→ ON+1

C

EC

0→ EC → ON+1
C (d− 1)

M
−→ ON+1

C (d)

EC

dimH0(EC(−1)) = 0

EC



EC
∼= Hom(EC , ωC(2))

EC(−1)

CC θ
dimH0(CC, θ) = 0 M ∈

MN+1(OP 2
C

(1))
CC θ

M

CC
tAMA A ∈ ON+1(C)

M θℓ = θ∗ ⊗ ωC

dimH0(CC, θ(1)) = dimH0(CC, θ
ℓ(1)) = N + 1.

H0(CC, θ(1)) = 〈e1, . . . , eN+1〉
H0(CC, θ

ℓ(1)) = 〈eℓ1, . . . , e
ℓ
N+1〉 θ(1) θℓ(1)

(H0(θ(1)), H0(θℓ(1))) −→ H0(ωC(2)) ≈ H0(OC(N)).

V (x) Vi,j
(ei, e

ℓ
j) V (x)

L
L ⋔ C = {pt1, . . . , ptN+1}

div(ei) ≥
∑

j 6=i

ptj 6≥ pti, div(eℓi) ≥
∑

j 6=i

ptj 6≥ pti.

k i 6= j
Vi,j |ptk = 0 deg(Vi,j) ≥ N + 1
Vi,j P 2

C
N

i 6= j Vi,j |L = 0
i Vi,i|pti 6= 0 Vi,i|L 6= 0 V (x)

L
M

V (x) 2
CC

adj(V (x)) fN−1 f(x) C
M = adj(V (x))/fN−1

θ θ θℓ



M
M

CC

(CC, conj)
CC

F CC Fconj
∼= F Fconj

CC U ⊂ CC

F conj(U) ⊂ CC

(CC, conj) θ

M ∈ MN+1(OP 2
R

(1))

CC = {detM = 0} θ
M

f(x, y)

H = {(x, y) ∈ C
2 f(x, y) = 0} ⊂ C

2

(0, 0)
g(x, y; t) t ∈ C

µ µ

g(x, y; 0) = f(x, y)

g(0, 0; t) = 0

g ti t = (t1, . . . , tµ)
C{x, y}/( ∂

∂x
f, ∂

∂y
f)



Bη τ > 0
∂Bη

Ht = {(x, y) ∈ C
2 g(x, y; t) = 0}, ||t|| < τ.

Dτ C
µ 0 τ

X = {(x, y; t) ∈ Bη ×Dτ g(x, y; t) = 0}

p : X → Dτ (x, y; t) 7→ t
H = H0

∆ = {t ∈ Dτ p−1(t) } p
F = p−1(t0) t0 ∈ Dτ \∆

H π1(Dτ \∆)
H1(F ;Z2) = Z

µ
2

Γ

Γ = Im
(
π1(Dτ \∆)→ Aut(H1(F ;Z2))

)

H

Ti : H1(F ;Z2) → H1(F ;Z2)
x 7→ x+ 〈x, ξi〉ξi

ξi H1(F ;Z2)
〈., .〉

(Q1, Q2, Q3) PN
R

XR

C = {(x : y : z) ∈ P 2
C det(xQ1 + yQ2 + zQ3) = 0}

(0, 0, 1)
C

Ct = {(x : y : z) ∈ P
2
C det(xQ1(t) + yQ2(t) + zQ3(t)) = 0}

C0 = C θt
(Q1(t), Q2(t), Q3(t)) t

G(x, y, z; t) = det(xQ1(t) + yQ2(t) + zQ3(t))
F (x, y, z) = det(xQ1 + yQ2 + zQ3)

(iii)



(Q1(t), Q2(t), Q3(t))
t = 0

|t| < η
(ut, vt) Ct

(0 : 0 : 1) ∈ P 2
C

f(ut, vt) = t2

f(u, v) = F (1, u, v)

t

(0 : 0 : 1) ∈ P 2
C

Ct det(Q1(t)+
λQ2(t) + µQ3(t)) = 0 t ∈] − η, η] η

(Q1(t) + λQ2(t) + µQ3(t))




a00(t) + λb00(t) + µc00(t) a01(t) + λb01(t) + µc01(t)
a01(t) + λb01(t) + µc01(t) a11(t) + λb11(t) + µc11(t)

tBλ,µ(t)

Bλ,µ(t) Cλ,µ(t) +A


 .

Mλ,µ(t) Mλ,µ(0) = Mλ,µ

t, λ µ

det(Mλ,µ(t)) =t
2(a00a11 − a

2
01) + λ2(b00b11 − b

2
01) + µ2(c00c11 − c

2
01)

+λµ(b00c11 + c00b11 − 2b01c01) + tλ(a00b11 + b00a11 − 2a01b01)

+tµ(a00c11 + c00a11 − 2a01c01) +

t
∆

∆ = (b00c11 − b11c00)
2 + 4(b00c01 − b01c00)(b11c01 − b01c11)

t
Ct f(ut, vt) = t2

f t

t
G(x, y, z; t) = G(x, y, z;−t) |t| < η

{f((1− λ)ut + λu0, (1− λ)vt + λv0) = t2}

∆ t
{f(ut, vt) = t2}

{f(u0, v0) = t2}



{f(u0, v0) = t}

C1 C2 C0

C → T ⊂ C

Ct0 = C0 Ct1 = C1 Ct2 = C2 γ T t1 t2

t1
t0

t2

γ

γ̄

Ct1 = C1 Ct2 = C2

C1 C2
γ

C0
γ

C0
Γ H1(C,Z2)

CC C → T
CC

E(T ) = {(Cτ ,F) τ ∈ T F ∈ Θ(Cτ )}

(Cτ ,F) ∈ E(T ) 7→ τ ∈ T
Cτ

2

τ = 0



τ = 0 τ

θ1

θ2

θs

θ′1

θ′s

θ′2

p : C →
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Arnaud TOMASINI

Intersections maximales de
quadriques réelles

Résumé
La géométrie algébrique réelle est dans sa définition la plus simple, l'étude des ensembles de
solutions  d'un  système  d'équations  polynomiales  à  coefficients  réelles.  Dans  cette  vaste
thématique, on se concentre sur les intersections de quadriques où déjà le cas de trois quadriques
reste  largement  ouvert.  Notre  sujet  peut  être  résumé comme l'étude topologique  des variétés
algébriques  réelles  et  l'interaction  entre  leur  topologie  d'une  part  et  leur  déformations  et
dégénérations d'autre part, un problème issu du 16ième problème de Hilbert et enrichi par des
développements récents.Au cours de cette thèse, nous allons nous focaliser sur les intersections
maximales de quadriques réelles et en particulier démonter l'existence de telles intersections en
utilisant des développements issus des recherches effectuées depuis la fin des années 80. Dans le
cas d'intersections de trois quadriques, nous allons mettre en évidence le lien très étroits entre ces
intersections d'une part et les courbes planes d'autre part, et démontrer que l'étude des M-courbes
(une  des  problématiques  du  16ième problème de  Hilbert)  peut  se  faire  à  travers  l'étude  des
intersections maximales. Nous utiliserons ensuite les résultats sur les courbes planes nodales afin
de déterminer dans certains cas les classes de déformations d'intersections de trois quadriques
réelles. 

Mots clés     : Formes quadratiques, nombres de Betti, courbes planes, 16ème problème de Hilbert, classes de

déformation.

Résumé en anglais
Real algebraic geometry is in its simplest definition, the study of sets of solutions of a system of
polynomial equations with real coefficients. In this theme, we focus on the intersections of quadrics
where already the case of three quadrics remains wide open. Our subject can be summarized as
the topological study of real algebraic varieties and interaction between their topology on the one
hand and their deformations and degenerations on the other hand, a problem coming from the 16th
Hilbert problem and enriched by recent developments. In this thesis, we will focus on maximum
intersections  of  real  quadrics  and  particularly  prove  the  existence  of  such  intersections  using
research developments made since the late 80. In the case of intersections of three quadrics, we
will point the very close link between the intersections on the one hand and on the other plane
curves, and show that the study of M-curves (one of the problems of the 16th Hilbert problem) may
be done through the study of maximum intersections. Next, we will use the study on nodal plane
curves to determine in some cases deformation classes of intersections of three real quadrics.

Quadratic forms, Betti numbers, plane curves, Hilbert 16th problem, deformation classes.


