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ÔÓÙÚ�ÒØ �ØÖ� ÑÓ��Ð�×��×º ��ÔÙ�× ÕÙ�ÐÕÙ�× �ÒÒ��×¸ ��× Ñ�Ø�Ó��× �� ØÝÔ� ��¹
Ð�Ö��Ò ��×ÓÒØ�ÒÙ� ´��µ ÓÒØ �Ø� ��Ú�ÐÓÔÔ��×º ��× Ñ�Ø�Ó��× Ô�ÖÑ�ØØ�ÒØ ��
Ö�ÔÖ�×�ÒØ�Ö �Ò�Ñ�ÒØ Ð�× ×ØÖÙØÙÖ�× ×�ÑÙÐ��× �Ø Ó�Ö�ÒØ ÙÒ� �ÓÒÒ� ÔÖ��×�ÓÒ
��× �ÐÙÐ×º Æ��ÒÑÓ�Ò×¸ Ð� Ó�Ø �� �× Ñ�Ø�Ó��× �Ò Ø�ÑÔ× �Ø Ñ�ÑÓ�Ö� �×Ø
�ÑÔÓÖØ�ÒØº À�ÙÖ�Ù×�Ñ�ÒØ¸ Ð� Ñ�Ø�Ó�� �� ×� ÔÖ�Ø� ���Ò � Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒº

�Ù ÓÙÖ× �� �ØØ� Ø��×�¸ ÙÒ� Ñ�Ø�Ó�� �� Ô�Ö�ÐÐ�Ð� � �Ø� ��Ú�ÐÓÔÔ��º ��× ØÖ�¹
Ú�ÙÜ ÓÒØ �Ø� ���ØÙ�× ��Ò× Ð� ��Ö� �Ù ÔÖÓ��Ø �Ê��Ì ´��Ð�Ö��Ò Ê�×ÓÐÙØ�ÓÒ
�ÓÖ �Ð�ØÖÓÑ��ÒØ� �ÔÔÐ��Ø�ÓÒ× �Ò Ì�Ñ� �ÓÑ��Òµ �Ò�Ò� Ô�Ö ���»�Ë»Å¹
ÊÁË ��Ò× Ð� ��Ö� �³ÙÒ ÔÖÓ��Ø �³�ÒÒÓÚ�Ø�ÓÒ �Ù�Ð� Ê�ÈÁ�º ÆÓÙ× ÒÓÙ× ��×ÓÒ×
×ÙÖ ��× ØÖ�Ú�ÙÜ ���ØÙ�× � Ð³ÇÆ�Ê� �Ø ÁÆÊÁ� �Ý�ÒØ ÓÒ�Ù�Ø � Ð� Ö��Ø�ÓÒ
�³ÙÒ ÐÓ����Ð �� Ö���Ö�� �ÑÔÐ�Ñ�ÒØ�ÒØ Ð� Ñ�Ø�Ó�� �� �Ø �ÔÔ�Ð� ��Ñ��º
Ä� ÔÖÓ��Ø �Ê��Ì � ÔÓÙÖ �ÙØ Ð� Ö��Ö�ØÙÖ� �Ù ÐÓ����Ð �Ø ×ÓÒ ÓÔØ�Ñ�×�Ø�ÓÒ¸ �Ò
ÚÙ� �³ÙÒ� ÓÑÑ�Ö��Ð�×�Ø�ÓÒ �ÙØÙÖ�º Ä� Ö��Ö�ØÙÖ� �� Ð� Ñ�Ø�Ó�� Ô�××� Ô�Ö
Ð� Ñ�×� �Ò ÔÐ�� �³ÙÒ �ÒÚ�ÖÓÒÒ�Ñ�ÒØ �� ×�ÑÙÐ�Ø�ÓÒ Ö�ÔÓ×�ÒØ ×ÙÖ ��× ÓÙØ�Ð×
�� ÔÖ�¹ �Ø ÔÓ×Ø¹ØÖ��Ø�Ñ�ÒØ ���ÔØ�×¸ ��Ò×� ÕÙ³� Ð� Ú�Ð���Ø�ÓÒ �� Ð³ÓÙØ�Ð ÔÖÓ�Ù�Øº
��Ò× � Ñ�ÒÙ×Ö�Ø¸ ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ× ÔÖ�Ò�Ô�Ð�Ñ�ÒØ � Ð³ÓÔØ�Ñ�×�Ø�ÓÒ ��
Ð� Ñ�Ø�Ó�� ×ÙÖ ÙÒ ÓÙ ÔÐÙ×��ÙÖ× �ÈÍº Ä�× �ÖØ�× �Ö�Ô��ÕÙ�× Ö��ÒØ�× ´��Ö�¹
Ô�� ÈÖÓ�××�Ò� ÍÒ�Ø×�µ ×ÓÒØ �Ò ���Ø �� ÔÐÙ× �Ò ÔÐÙ× ÙØ�Ð�×��× ÔÓÙÖ Ð� �ÐÙÐ
×��ÒØ��ÕÙ�º ÆÓÙ× �ÚÓÒ× �Ó�×� ÇÔ�Ò�Ä ÓÑÑ� �ÒÚ�ÖÓÒÒ�Ñ�ÒØ �� ÔÖÓ�Ö�Ñ¹
Ñ�Ø�ÓÒ ÔÓÙÖ Ð�× �ÈÍ �Ø Ð�× ÔÖÓ�××�ÙÖ× ÑÙÐØ�Ó�ÙÖ×º Ä�× ÓÑÑÙÒ��Ø�ÓÒ×
�ÒØÖ� �ÈÍ ×�ÖÓÒØ �××ÙÖ��× Ô�Ö Ð� ���Ð�ÓØ��ÕÙ� ÅÈÁ ´�Å�××��� È�××�Ò� ÁÒ¹
Ø�Ö����µº

¿



Ä� ��Ô�ØÖ� ½ �� �ØØ� Ø��×� �×Ø ÓÒ×�Ö� � Ð� ÔÖ�×�ÒØ�Ø�ÓÒ ��× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐ ��Ò×� ÕÙ³� Ð³�ÒØÖÓ�ÙØ�ÓÒ �³ÙÒ� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�º ��ØØ� ÓÖ¹
Ö�Ø�ÓÒ �� ��Ú�Ö��Ò� Ò� ×�Ö� Ô�× ÙØ�Ð�×�� ��Ò× Ð� ×Ù�Ø� �� �ØØ� Ø��×�¸ Ñ��× �ÐÐ�
Ô�ÖÑ�Ø �³�Ö�Ö� ��× �ÕÙ�Ø�ÓÒ× ÙÒ Ô�Ù ÔÐÙ× ��Ò�Ö�Ð�×º Ä�× ×Ý×Ø�Ñ�× �³�ÕÙ�¹
Ø�ÓÒ× �ÙÜ ��Ö�Ú��× Ô�ÖØ��ÐÐ�× Ó�Ø�ÒÙ× ×ÓÒØ �Ò ���Ø ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ×Ý×Ø�Ñ�
��Ø �� �Ö���Ö��×º ÆÓÙ× Ö�ÔÔ�ÐÓÒ× ����Ö�ÒØ× Ö�×ÙÐØ�Ø× Ð�××�ÕÙ�× ×ÙÖ � ØÝÔ�
�� ×Ý×Ø�Ñ�¸ ÒÓØ�ÑÑ�ÒØ ��× ÓÒ��Ø�ÓÒ× �××ÙÖ�ÒØ Ð³�Ü�×Ø�Ò� �Ø Ð³ÙÒ��Ø� �� Ð�
×ÓÐÙØ�ÓÒ ÔÓÖØ�ÒØ ×ÙÖ Ð�× ÓÒ��Ø�ÓÒ× Ð�Ñ�Ø�×º ÆÓÙ× �Ø��Ð�××ÓÒ× ���Ð�Ñ�ÒØ ��×
ÔÖÓÔÖ��Ø�× Ú�Ö����× Ô�Ö Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� Ð� ×ÓÐÙØ�ÓÒ¸ Ñ�ØØ�ÒØ ��Ò×� �Ò ÐÙ¹
Ñ��Ö� Ð³�ÒØ�Ö�Ø �� Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��× ��ÑÔ× Ô�Ö ��× �ÓÒØ�ÓÒ× ��×ÓÒØ�ÒÙ�×º
�Ò�Ò¸ ÒÓÙ× ��Ö�ÚÓÒ× ÙÒ ÑÓ��Ð� �� ÓÙ��× ��×ÓÖ��ÒØ�× Ô�ÖÑ�ØØ�ÒØ �� ×�¹
ÑÙÐ�Ö ÙÒ �ÓÑ��Ò� �Ò�Ò�¸ Ð�× Ô�Ö��ØÐÝ Ñ�Ø��� Ð�Ý�Ö× ´ÈÅÄµ¸ ÕÙ� ÐÙ� �Ù××�
��Ñ�Ø ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ �� ØÝÔ� ×Ý×Ø�Ñ� �� �Ö���Ö��×º ÆÓÙ× Ñ�ØØÓÒ× ��Ò×�
�Ò �Ú���Ò� Ð³�ÒØ�Ö�Ø � ��×ÔÓ×�Ö �³ÙÒ ×ÓÐÚ�ÙÖ �� ÔÓÙÖ ×Ý×Ø�Ñ� �� �Ö���Ö��×
��Ò�Ö�ÕÙ�º

Ä³�Ö�ØÙÖ� ×ÓÙ× �ÓÖÑ� ��Ò�Ö�ÕÙ� Ô�ÖÑ�Ø �� Ñ�ØØÖ� �Ò ÔÐ�� ÙÒ� Ñ�Ø�Ó�� ��
Ö�×ÓÐÙØ�ÓÒ ÔÓÙÚ�ÒØ ×³�ÔÔÐ�ÕÙ�Ö � ����Ö�ÒØ× ×Ý×Ø�Ñ�× �� ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒº
��Ò× Ð� ��Ô�ØÖ� ¾¸ ÒÓÙ× �Ø��Ð�××ÓÒ× ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� �Ù ×Ý×Ø�Ñ� ��
�Ö���Ö��× ���×�ÒØ �ÒØ�ÖÚ�Ò�Ö ÙÒ� ×ÓÐÙØ�ÓÒ �Ø ��× �ÓÒØ�ÓÒ× Ø�×Ø× ��×ÓÒØ�ÒÙ�×¸
�ÔÔ�Ð��× �ÓÖÑÙÐ�Ø�ÓÒ ��º ��Ò× �ØØ� �Ö�ØÙÖ� �ÔÔ�Ö��Ø ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ�
×ÙÖ Ð�× ×ÙÖ���× �� ��×ÓÒØ�ÒÙ�Ø�º ÆÓÙ× �Ó�×�××ÓÒ× �� �³ÙØ�Ð�×�Ö ÙÒ �ÙÜ ���Ò¹
ØÖ� �Ø ��×ÙØÓÒ× �Ö��Ú�Ñ�ÒØ Ð�× Ö��×ÓÒ× �� � �Ó�Üº ÆÓÙ× ÔÖ�×�ÒØÓÒ× �Ò×Ù�Ø�
ÙÒ� ��×Ö�Ø�×�Ø�ÓÒ �� �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ ×ÙÖ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ� ��×ØÖÙØÙÖ�
�Ø �ÓÒÒÓÒ× ÙÒ� ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� �Ù ×��Ñ� ��Ò×� ÕÙ³ÙÒ� ÔÖ�ÙÚ� �� ×�
ÓÒÚ�Ö��Ò�º ÆÓÙ× �ØÙ��ÓÒ× ���Ð�Ñ�ÒØ Ð� Ð�Ñ�Ø� �� Ú�Ð���Ø� ��Ò× Ð� �ÓÑ��Ò�
�Ö�ÕÙ�ÒØ��Ð �� �ØØ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ò �Ø��Ð�××�ÒØ ÙÒ� ÐÓ� �Ò � λ ×ÙÖ ��Ü � ×�Ñ�¹
Ð��Ö� � �ÐÐ� ÓÒÒÙ� �Ò ��Ì�º ÈÓÙÖ �Ò�Ö¸ ÒÓÙ× ���Ò�××ÓÒ× ����Ö�ÒØ× ÑÓ��Ð�×
Ô�Ý×�ÕÙ�× Ñ�× ×ÓÙ× Ð� �ÓÖÑ� �� ÓÒ��Ø�ÓÒ× Ð�Ñ�Ø�× Ú�Ö���ÒØ Ð�× ÓÒ��Ø�ÓÒ×
�³�Ü�×Ø�Ò� �Ø �³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ �Ø �� ×Ø���Ð�Ø� �Ù ×��Ñ�º

Ä� Ñ�Ø�Ó�� �� Ô�ÖÑ�Ø Ð� ÔÖ�×� �Ò ÓÑÔØ� �Ò� ��× ×ØÖÙØÙÖ�× ×�ÑÙÐ��×¸
Ñ��× �Ù ÔÖ�Ü �³ÙÒ ÓÙÔ �� �ÐÙÐ �ÑÔÓÖØ�ÒØº ��Ò �� Ô�ÐÐ��Ö �Ø �ÒÓÒÚ�Ò��ÒØ¸
ÒÓÙ× �ÚÓÒ× �ÑÔÐ�Ñ�ÒØ� ÙÒ �Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� �� �ØØ� Ñ�Ø�Ó�� �Ò ÙØ�Ð�×�ÒØ
Ð�× ���Ð�ÓØ��ÕÙ�× ÇÔ�Ò�Ä �Ø ÅÈÁº ��Ò× Ð� ��Ô�ØÖ� �¸ ÒÓÙ× ��Ö�ÚÓÒ× ØÓÙØ
�³��ÓÖ� Ð�× ×Ô����Ø�× �� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÇÔ�Ò�Ä ×ÙÖ ÔÖÓ�××�ÙÖ �Ö�Ô��ÕÙ�
´�ÈÍµº ÈÙ�× ÒÓÙ× ��Ö�ÚÓÒ× ÙÒ� Ú�Ö×�ÓÒ ��Ò�Ö�ÕÙ� �Ø ÙÒ� Ú�Ö×�ÓÒ ÓÔØ�Ñ�×��
×ÙÖ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ� �� Ð³�Ð�ÓÖ�Ø�Ñ� �� �ÐÙÐº Ä³ÙØ�Ð�×�Ø�ÓÒ �� � ØÝÔ� ��
Ô�Ö�Ô��Ö�ÕÙ� �ÒØÖÓ�Ù�Ø ÙÒ� Ð�Ñ�Ø�Ø�ÓÒ �� Ð� Ø��ÐÐ� ��× �× ÔÓÙÚ�ÒØ �ØÖ� ØÖ��Ø�×¸
�Ò ���Ø Ð� Ñ�ÑÓ�Ö� �³ÙÒ �ÈÍ �×Ø �� Ð³ÓÖ�Ö� �� ÕÙ�ÐÕÙ�× ����ÓØ�Ø×º ÆÓÙ×
Ô�Ö�ÐÐ�Ð�×ÓÒ× �ÓÒ Ð�× �ÐÙÐ× ×ÙÖ ÔÐÙ×��ÙÖ× �ÈÍ �Ö�� � Ð� ���Ð�ÓØ��ÕÙ�
ÅÈÁº ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× Ñ�ØØÓÒ× �Ò ÔÐ�� ÙÒ� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ
×ÝÒ�ÖÓÒ� ��× �ÐÙÐ×º ��ÐÐ�¹�¸ Ò� ×� Ö�Ú�Ð�ÒØ Ô�× ÓÔØ�Ñ�Ð�¸ ÒÓÙ× ÓÒ�Ù�Ö�
� �×ÝÒ�ÖÓÒ�×�Ö Ð�× �ÐÙÐ× �Ø ÓÑÑÙÒ��Ø�ÓÒ×º Æ��ÒÑÓ�Ò×¸ �ØØ� ÔÖ�Ñ��Ö�

�



�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ Ô�ÖÑ�Ø �³���ØÙ�Ö Ð� ×�ÑÙÐ�Ø�ÓÒ �� ×ØÖÙØÙÖ�× ÓÑÔÐ�Ü�×º

����Ö�ÒØ× �× Ø�×Ø× ÓÒØ �Ø� Ñ�× �Ò ÔÐ�� ��Ò �� Ú�Ð���Ö Ð� ×��Ñ� �� Ô�Ö�ÐÐ�Ð�
Ö�×ÓÐÚ�ÒØ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº Ä� ��Ô�ØÖ� � Ö��ÖÓÙÔ� Ð� ��×Ö�ÔØ�ÓÒ �Ø
Ð�× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× ��Ò× �ÒÕ �× Ø�×Ø×º Ä� ÔÖ�Ñ��Ö �× Ø�×Ø ÒÓÙ× Ô�ÖÑ�Ø
�� Ú�Ð���Ö Ð³�Ð�ÓÖ�Ø�Ñ� �Ò Ú�Ö���ÒØ ×ÓÒ ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �Ø �³�×Ø�Ñ�Ö Ð�
���Ò �� Ø�ÑÔ× �� � Ð³ÓÔØ�Ñ�×�Ø�ÓÒ �� Ð³�Ð�ÓÖ�Ø�Ñ�º ��Ò× Ð� ×�ÓÒ� �× Ø�×Ø¸
ÒÓÙ× ��Ö�ÓÒ× � �×Ø�Ñ�Ö ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ Ð� Ð�Ñ�Ø� �Ö�ÕÙ�ÒØ��ÐÐ� �� Ú�Ð���Ø�
�� Ð� Ñ�Ø�Ó�� ÔÓÙÖ ÙÒ Ñ��ÐÐ��� �� Ô�× �Ü�º Ä�× ØÖÓ�× �× Ø�×Ø× ×Ù�Ú�ÒØ× �ÓÒØ
Ô�ÖØ�� ��× Ø�×Ø× �� Ú�Ð���Ø�ÓÒ× ÙØ�Ð�×�× ��Ò× Ð� ÔÖÓ��Ø �Ê��Ìº Ä� ÔÖ�Ñ��Ö ��
�× Ø�×Ø× ÓÒ×�×Ø� �Ò Ð� ×�ÑÙÐ�Ø�ÓÒ �³ÙÒ� Ð��Ò� Ñ�ÖÓÖÙ��Ò �Ø ÒÓØ�ÑÑ�ÒØ Ð�
�ÐÙÐ �� Ð³�ÑÔ���Ò� �� Ð� Ð��Ò�º ÆÓÙ× ��Ö�ÓÒ× ÒÓØ�ÑÑ�ÒØ � Ñ�ØØÖ� �Ò
�Ú�ÒØ Ð� ÔÖ��×�ÓÒ �� Ð³�ÑÔ���Ò� �ÐÙÐ�� �Ò ÓÑÔ�Ö�ÒØ Ð�× Ö�×ÙÐØ�Ø× � �ÙÜ
Ó�Ø�ÒÙ× �Ú� ÙÒ� Ñ�Ø�Ó�� ��Ì�º ��Ò× Ð� ×�ÓÒ� �× Ø�×Ø¸ ÒÓÙ× ×�ÑÙÐÓÒ×
ÙÒ� �ÒØ�ÒÒ� ÓÖÒ�Ø ×�ØÓÖ�Ð� �Ø �ÐÙÐÓÒ× ×ÓÒ ����Ö�ÑÑ� �� Ö�ÝÓÒÒ�Ñ�ÒØ
��Ò×� ÕÙ� ×ÓÒ Ö�ÔÔÓÖØ �³ÓÒ�� ×Ø�Ø�ÓÒÒ��Ö� ´ÊÇËµº �Ò�Ò¸ Ð� ØÖÓ�×��Ñ� �× Ø�×Ø
� ÔÓÙÖ �ÙØ �� ÕÙ�ÒØ���Ö Ð³����Ø� �� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÅÈÁ ×ÝÒ�ÖÓÒ�º ÆÓÙ×
×�ÑÙÐÓÒ× ÔÓÙÖ �Ð� ÙÒ Ñ�××�Ð� ��Ò�Ö�ÕÙ� ´��Æ��µº Ä�× Ö�×ÙÐØ�Ø× �Ù �ÐÙÐ
×ÓÒØ ÓÑÔ�Ö�× �Ú� �ÙÜ Ó�Ø�ÒÙ× Ô�Ö Ð� Ñ�Ø�Ó�� ��Ì� �Ø ��× Ö�×ÙÐØ�Ø×
�ÜÔ�Ö�Ñ�ÒØ�ÙÜº �� �× Ø�×Ø ÑÓÒØÖ� ���Ð�Ñ�ÒØ ÕÙ� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÅÈÁ
Ò³�ØØ��ÒØ Ô�× Ð�× Ô�Ö�ÓÖÑ�Ò�× ÓÔØ�Ñ�Ð�×º

��Ò �³�Ñ�Ð�ÓÖ�Ö Ð�× Ô�Ö�ÓÖÑ�Ò�× �Ø �� Ñ�ØØÖ� �Ò ÔÐ�� �ÖØ��Ò�× �ÓÒØ�ÓÒ¹
Ò�Ð�Ø�×¸ ÒÓÙ× ���Ò�××ÓÒ× ��Ò× Ð� ��Ô�ØÖ� � ÙÒ� ×�ÓÒ�� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ��
Ð� Ñ�Ø�Ó�� �� Ô�Ö�ÐÐ�Ð�º ��ØØ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ×³�ÔÔÙ�� ×ÙÖ ÙÒ� Ö�Ô�ÖØ�Ø�ÓÒ
��× Ñ��ÐÐ�× �Ò ÞÓÒ�× �ÓÑÓ��Ò�× ×ÙÖ Ð�×ÕÙ�ÐÐ�× ×ÓÒØ �ÔÔÐ�ÕÙ�× ��× ��ÖÒ�Ð× ´ÔÖÓ¹
�Ö�ÑÑ�× �Ü�ÙØ�× Ô�Ö Ð� �ÈÍµ �� �ÐÙÐ× ×Ô���ÕÙ�Ñ�ÒØ ÓÔØ�Ñ�×�×º �� ÔÐÙ×¸
�ØØ� ×ØÖÙØÙÖ� �� �ÓÒÒ��× Ô�ÖÑ�Ø �� Ñ�ØØÖ� �Ò ÔÐ�� ÙÒ ÑÓ��Ð� �� Ö�ÓÖ�
ÒÓÒ ÓÒ�ÓÖÑ� �ÒØÖ� ÞÓÒ�× �Ò �ÔÔÐ�ÕÙ�ÒØ ×ÙÖ Ð�× �ÒØ�Ö���× ��× ØÖ��Ø�Ñ�ÒØ×
×Ô���ÕÙ�×º �� Ð� Ñ�Ñ� Ñ�Ò��Ö�¸ �ØØ� ×ØÖÙØÙÖ� Ô�ÖÑ�Ø �³�×ÝÒ�ÖÓÒ�×�Ö Ð�×
�ÐÙÐ× �Ø Ð�× ØÖ�Ò×��ÖØ× �� �ÓÒÒ��×º ÈÓÙÖ �Ð�¸ ÒÓÙ× ���Ò�××ÓÒ× ��× Ø���×
ÓÑÔÓ×�ÒØ Ð� ×Ù�Ø� �� �ÐÙÐ× �Ø ØÖ�Ò×��ÖØ× ÔÖ�×�ÒØ× ��Ò× Ð³�Ú�Ò�� �³ÙÒ Ô�×
�� Ø�ÑÔ×º ��× Ø���× �ÓÖÑ�ÒØ ÙÒ �Ö�Ô�� ÓÖ��ÒØ� ÕÙ� ÒÓÙ× ��Ö�ÚÓÒ× �Ù ÑÓÝ�Ò
�³�Ú�Ò�Ñ�ÒØ× ÇÔ�Ò�Äº Ä� Ð�Ò�Ñ�ÒØ �Ò Ô�Ö�ÐÐ�Ð� �� �× Ø���× Ô�ÖÑ�Ø �ÐÓÖ×
Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× �ÐÙÐ× �Ø Ð�× Ð��Ò× �� ��Ô�Ò��Ò�× ��Ö�Ø× Ô�Ö Ð�× �Ú�¹
Ò�Ñ�ÒØ× ÇÔ�Ò�Ä �××ÙÖ�ÒØ Ð� Ú�Ð���Ø� ��× �ÐÙÐ×º

��Ò× Ð� ��Ô�ØÖ� �¸ ÒÓÙ× Ú�Ð��ÓÒ× �ØØ� ×�ÓÒ�� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒº ��ØØ� Ú�Ð�¹
��Ø�ÓÒ �×Ø ���Ø� �Ù ÑÓÝ�Ò �� Ø�×Ø× ÔÓÙÖ Ð�×ÕÙ�Ð× ÒÓÙ× ÓÒÒ��××ÓÒ× Ð� ×ÓÐÙØ�ÓÒ
�Ü�Ø� � ÕÙ� ÒÓÙ× Ô�ÖÑ�Ø �� Ú�Ð���Ö ×�ÑÔÐ�Ñ�ÒØ Ð�× �ÐÙÐ×º �³��ÓÖ� ÒÓÙ×
���ØÙÓÒ× ÙÒ Ø�×Ø ÔÓÖØ�ÒØ ×ÙÖ Ð� ÔÖ�×� �Ò ÓÑÔØ� ��× ÒÓÒ¹ÓÒ�ÓÖÑ�Ø�×º ÆÓÙ×
�ÐÙÐÓÒ× Ð³ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó�� �Ú� ����Ö�ÒØ× ���Ö�× �³�Ô¹
ÔÖÓÜ�Ñ�Ø�ÓÒ ÓÒ×Ø�ÒØ× �Ø ÒÓÒ ÓÒ×Ø�ÒØ×º ��Ò× ÙÒ ×�ÓÒ� �× Ø�×Ø¸ ÒÓÙ× �×Ø�¹
ÑÓÒ× Ð³��Ð�Ö�Ø�ÓÒ Ó�Ø�ÒÙ� �Ò Ô�Ö�ÐÐ�Ð�×�ÒØ �� Ñ�Ò��Ö� �×ÝÒ�ÖÓÒ� Ð�× �ÐÙÐ×

�



×ÙÖ ÔÐÙ×��ÙÖ× Ô�Ö�Ô��Ö�ÕÙ�× ÇÔ�Ò�Äº ÆÓÙ× ÓÑÔ�ÖÓÒ× � Ö�×ÙÐØ�Ø �Ú� Ð³�¹
�Ð�Ö�Ø�ÓÒ Ñ�Ü�Ñ�Ð� �Ø Ð³��Ð�Ö�Ø�ÓÒ �� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ×ÝÒ�ÖÓÒ�º ÆÓÙ×
ÔÓÙÚÓÒ× ��Ò×� Ñ�ØØÖ� �Ò �Ú���Ò� Ð� ���Ò �� Ô�Ö�ÓÖÑ�Ò� Ó�Ø�ÒÙ �Ø ÓÒ×Ø�¹
ØÓÒ× ÕÙ� Ð³��Ð�Ö�Ø�ÓÒ �×Ø ÔÖÓ�� �� Ð� Ú�Ð�ÙÖ Ñ�Ü�Ñ�Ð�º

Ä�× ��ÙÜ ��ÖÒ��Ö× ��Ô�ØÖ�× ×ÓÒØ ÓÒ×�Ö�× � ��ÙÜ �ØÙ��×¸ Ö�Ð�Ø�Ú�Ñ�ÒØ �Ò��¹
Ô�Ò��ÒØ�× �Ù Ö�×Ø� �� Ð� Ø��×�¸ ×ÙÖ ��× ÔÖÓ�Ð�Ñ�Ø�ÕÙ�× �� ÓÙÔÐ���× ��»�Ð×
ÓÒ�ÙØ�ÙÖ×º

�� ÒÓÑ�Ö�Ù×�× Ñ�Ø�Ó��× ÒÙÑ�Ö�ÕÙ�× ÔÓÙÖ ÓÙÔÐ�Ö ÙÒ ×ÓÐÚ�ÙÖ �� ��ÑÔ×
�Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× �Ú� ÙÒ ÑÓ��Ð� �� �Ð× ÓÒ�ÙØ�ÙÖ× ÓÒØ �Ø� ��Ú�ÐÓÔÔ��×º
�� ØÝÔ� �� ÓÙÔÐ���× �×Ø �Ö�ÕÙ�ÒØ �Ò ��Ì�¸ ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� �¿�℄ �Ø �¿¼℄º
�Ò �� �Ø ÚÓÐÙÑ�× �Ò�×¸ ����Ö�ÒØ× ØÖ�Ú�ÙÜ ÓÒØ �Ø� Ñ�Ò�× ÔÓÙÖ ���Ò�Ö ��×
ÑÓ��Ð�× ×�Ñ�Ð��Ö�×¸ ÚÓ�Ö ���¸ �¾¸ ¿�℄º ��Ò× Ð� ��Ô�ØÖ� �¸ ÒÓÙ× ÓÑÑ�Ò�ÓÒ×
Ô�Ö ÔÖ�×�ÒØ�Ö Ð� ÔÖ�Ò�Ô� ��× Ñ�Ø�Ó��× �� ÓÙÔÐ��� ��× ��ÑÔ× �Ð�ØÖÓÑ�¹
�Ò�Ø�ÕÙ�× �Ú� ÙÒ� ×ÓÙÖ� �� ÓÙÖ�ÒØ Ð�Ò��ÕÙ�¸ ��Ò×� ÕÙ� Ð� ���ÙÐØ� �� Ö�¹
ÔÖ�×�ÒØ�Ø�ÓÒ ��× ��ÑÔ× Ö�ÝÓÒÒ�× Ô�Ö ÙÒ� Ø�ÐÐ� ×ÓÙÖ�º �Ù ÚÓ�×�Ò��� �Ù �Ð¸
Ð�× ��ÑÔ× ×ÓÒØ �Ò ��Ò�Ö�Ð ×�Ò�ÙÐ��Ö×¸ � ÕÙ� �ÒØ�Ö��Ø ÙÒ� �ÓÒÒ� ÔÖ��×�ÓÒ ��
Ð� Ñ�Ø�Ó�� ��¸ Ñ�Ñ� �³ÓÖ�Ö� �Ð�Ú�¸ � �Ù×� �Ù Ô��ÒÓÑ�Ò� �³Ó×�ÐÐ�Ø�ÓÒ× ��
����×º ÆÓÙ× ÔÖ�×�ÒØÓÒ×¸ ��Ò× ÙÒ �× ØÖ�× ×�ÑÔÐ���¸ ÙÒ� Ø��Ò�ÕÙ� ÔÓÙÖ �Ð�Ñ�¹
Ò�Ö Ð� ×�Ò�ÙÐ�Ö�Ø� �Ù� �Ù �Ðº ÉÙ�ÐÕÙ�× �ÜÔ�Ö��Ò�× ÒÙÑ�Ö�ÕÙ�× ½� Ú��ÒÒ�ÒØ
�Ù×Ø���Ö Ð³�ÔÔÖÓ��º

Ä� ��ÖÒ��Ö ��Ô�ØÖ� ´��Ô�ØÖ� ½¼µ ��Ö�Ø ÙÒ� �ØÙ�� Ö��Ð�×�� �Ù ���ÙØ �� Ð�
Ø��×�º ÁÐ ×³���Ø �� �ÐÙÐ�Ö Ð�× Ñ�ØÖ��× �� �Ô��Ø�Ò� �Ø �³�Ò�ÙØ�Ò� �³ÙÒ�
×�Ø�ÓÒ �� ��Ð�×º ��× Ñ�ØÖ��× �ÒØ�ÖÚ��ÒÒ�ÒØ ��Ò× Ð� ÑÓ��Ð� ��× Ð��Ò�× ��
ØÖ�Ò×Ñ�××�ÓÒ× ÕÙ� Ô�ÖÑ�Ø �� ×�ÑÙÐ�Ö Ð� ÔÖÓÔ���Ø�ÓÒ �Ù ÓÙÖ�ÒØ �Ø �� Ð� ��Ö��
��Ò× Ð�× ��Ð�×º Ä³�ØÙ�� � ÓÒ×�×Ø� � ��Ð�Ö�Ö Ð� �ÐÙÐ ��× Ñ�ØÖ��× ×ÙÖ �ÈÍ
�Ù ÑÓÝ�Ò �� Ð� ���Ð�ÓØ��ÕÙ� ÇÔ�Ò�Äº Ä³�Ð�ÓÖ�Ø�Ñ� Ò��××�Ø� Ð� �ÐÙÐ ��
Ð³�ÒÚ�Ö×�ÓÒ �³ÙÒ� Ñ�ØÖ�� ÔÐ��Ò�º �³�×Ø ÔÖ�Ò�Ô�Ð�Ñ�ÒØ �ØØ� �ÒÚ�Ö×�ÓÒ¸ ���Ø�
Ô�Ö Ð³�Ð�ÓÖ�Ø�Ñ� �Ù Ô�ÚÓØ �� ��Ù××¸ ÕÙ� ÒÓÙ× �ÚÓÒ× ÓÔØ�Ñ�×��º ��× ØÖ�Ú�ÙÜ
ÓÒØ Ô�ÖÑ�× �³ÓÔØ�Ñ�×�Ö ÙÒ Ó�� �� Ð��Ò�× �� ØÖ�Ò×Ñ�××�ÓÒ �Ö�Ø � Ð³ÇÆ�Ê�º

ÆÓÙ× Ø�ÖÑ�ÒÓÒ× � Ñ�ÒÙ×Ö�Ø Ô�Ö ÙÒ� ÓÒÐÙ×�ÓÒ ��Ò�Ö�Ð� Ö�ÔÖ�Ò�ÒØ Ð�× ���¹
��Ö�ÒØ× Ö�×ÙÐØ�Ø× ÔÖ�×�ÒØ�×º ÆÓÙ× �ÓÒÒÓÒ× Ð�× ÓÙÚ�ÖØÙÖ�× �Ø Ô�Ö×Ô�Ø�Ú�× ��Ò×
Ð� ×Ù�Ø� �� �× ØÖ�Ú�ÙÜº

�



�������� �

�ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ

��Ò× � ÔÖ�Ñ��Ö ��Ô�ØÖ�¸ ÒÓÙ× �ÓÒÒ�ÖÓÒ× Ð�× �ÓÖÑÙÐ�Ø�ÓÒ× �� ��ÙÜ ×Ý×Ø�Ñ�×
�� ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒ � Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ø Ð�× �ÕÙ�Ø�ÓÒ× �� Å�Ü¹
Û�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�º ��× ��ÙÜ ×Ý×Ø�Ñ�× Ö���××�ÒØ Ð� ÔÖÓÔ�¹
��Ø�ÓÒ ��× ÓÒ��× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× �Ø Ô�ÖÑ�ØØ�ÒØ �� ÑÓ��Ð�×�Ö ÙÒ �Ö�Ò�
ÒÓÑ�Ö� �� ÓÒ��ÙÖ�Ø�ÓÒ×º Ä� ×Ý×Ø�Ñ� �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò� �ÒØÖÓ�Ù�Ø
ÙÒ ÓÙÔÐ��� ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ú� ÙÒ ×Ý×Ø�Ñ� �ÒÒ�Ü� Ô�ÖÑ�ØØ�ÒØ
�� Ö��Ù�Ö� Ð�× �ÖÖ�ÙÖ× �Ù�× �Ù ÒÓÒ¹Ö�×Ô�Ø ��× ÓÒ��Ø�ÓÒ× �� ��Ú�Ö��Ò� ��×
��ÑÔ× ´´½º¾� Ô��� ×Ù�Ú�ÒØ�µ �Ø ´½º¾� Ô��� ×Ù�Ú�ÒØ�µµº ÆÓÙ× �Ö�ÖÓÒ× �Ò×Ù�Ø�
�× ��ÙÜ ×Ý×Ø�Ñ�× ×ÓÙ× ÙÒ� �ÓÖÑ� ÓÑÑÙÒ�¸ �ÐÐ� �³ÙÒ ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ�
×ÝÑ�ØÖ�ÕÙ� Ð�Ò���Ö� �Ù ÔÖ�Ñ��Ö ÓÖ�Ö� ÓÙ ×Ý×Ø�Ñ� �� �Ö���Ö��×º �� ÒÓÑ�Ö�ÙÜ
Ö�×ÙÐØ�Ø× Ð�××�ÕÙ�× ×ÓÒØ ÓÒÒÙ× ÔÓÙÖ � ØÝÔ� �� ×Ý×Ø�Ñ�×º ÆÓÙ× �Ü�Ñ�Ò�ÖÓÒ×
�Ò×Ù�Ø� Ð�× ��×ÓÒØ�ÒÙ�Ø�× ÔÓ××��Ð�× ��× ×ÓÐÙØ�ÓÒ× �� �× ×Ý×Ø�Ñ�×º �Ò�Ò¸ ÒÓÙ×
ÔÖ�×�ÒØ�ÖÓÒ× ÙÒ� Ø��Ò�ÕÙ� Ô�ÖÑ�ØØ�ÒØ �� Ö�×ÓÙ�Ö� ÙÒ ÔÖÓ�Ð�Ñ� �Ò �ÓÑ��Ò�
�Ò�Ò� Ô�Ö Ð³��ÓÙØ � Ð� Ô�Ö�Ô��Ö�� �Ù �ÓÑ��Ò� �� �ÐÙÐ �� ÓÙ��× ��×ÓÖ��ÒØ�×
�ÔÔ�Ð��× È�Ö��ØÐÝ Å�Ø��� Ä�Ý�Ö× ´ÈÅÄµº ÆÓÙ× Ú�ÖÖÓÒ× �ÐÓÖ× ÕÙ� ��Ò× Ð�×
ÈÅÄ¸ Ð� ×Ý×Ø�Ñ� Ó�Ø�ÒÙ Ô�ÙØ ���Ð�Ñ�ÒØ �ØÖ� �Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ×Ý×¹
Ø�Ñ� �� �Ö���Ö��×º ��Ð� ÑÓØ�Ú�Ö� Ð� Ñ�×� �Ò ÔÐ�� �³ÙÒ� Ñ�Ø�Ó�� ��Ò�Ö�Ð� ��
Ö�×ÓÐÙØ�ÓÒº ÆÓÙ× ÔÓÙÖÖÓÒ× �ÐÓÖ× ���Ò ×�Ö Ö�×ÓÙ�Ö� Ð�× ×Ý×Ø�Ñ�× ��Ö�Ø× ��Ò×
� ��Ô�ØÖ�¸ Ñ��× �Ù××� ØÓÙØ ×Ý×Ø�Ñ� ÔÓÙÚ�ÒØ �ØÖ� �Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ
×Ý×Ø�Ñ� �� �Ö���Ö��×º

½º½ Ä�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ

Ä�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ×ÓÒØ Ð³�ÙÚÖ� �Ù Ô�Ý×���Ò �Ó××��× Â�Ñ�× �Ð�Ö�
Å�ÜÛ�ÐÐº ��ÐÐ�×¹� ��Ö�Ú�ÒØ Ð�× ÔÖÓÔ���Ø�ÓÒ× ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�×
��Ò× ÙÒ Ñ�Ð��Ù ÕÙ�ÐÓÒÕÙ�º ü Ð� �Ò �Ù �Á�� ×��Ð�¸ Å�ÜÛ�ÐÐ ×³�×Ø ��×� ×ÙÖ

�



Ð�× ØÖ�Ú�ÙÜ ÓÒ�ÖÒ�ÒØ Ð³�Ð�ØÖ��Ø�¸ Ð� Ñ��Ò�Ø�×Ñ� �Ø Ð³�Ò�ÙØ�ÓÒ �Ø Ð�× �
ÙÒ����× �Ò ÙÒ ×Ý×Ø�Ñ� �³�ÕÙ�Ø�ÓÒ× ���×�ÒØ �ÒØ�ÖÚ�Ò�Ö Ð�× ��ÑÔ× �Ð�ØÖ�ÕÙ�
�Ø Ñ��Ò�Ø�ÕÙ�º ��× ØÖ�Ú�ÙÜ �ÙÖ�ÒØ ÔÓÙÖ×Ù�Ú�× Ô�Ö À��Ú�×��� ÕÙ� �ÒØÖÓ�Ù�×�Ø
Ð³�Ö�ØÙÖ� ×ÓÙ× �ÓÖÑ� �³�ÕÙ�Ø�ÓÒ× �ÙÜ ��Ö�Ú��× Ô�ÖØ��ÐÐ�× ��× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐº ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× ÔÖ�×�ÒØÓÒ× Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ
�Ò Ñ�Ð��Ù Ð�Ò���Ö�º ÆÓÙ× �ÓÒÒ�ÖÓÒ× �Ò×Ù�Ø� ÙÒ� ÑÓ����Ø�ÓÒ ��× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐ �ÒØÖÓ�Ù�×�ÒØ ÙÒ� ÓÖÖ�Ø�ÓÒ �� Ð� ��Ú�Ö��Ò� ��× ��ÑÔ× �Ð�ØÖ�ÕÙ�
�Ø Ñ��Ò�Ø�ÕÙ�º

½º½º½ �ÓÖÑÙÐ�Ø�ÓÒ

�ÓÑÑ�Ò�ÓÒ× Ô�Ö ���Ò�Ö ÕÙ�ÐÕÙ�× ÒÓØ�Ø�ÓÒ× ÕÙ� ÒÓÙ× ×�ÖÓÒØ ÙØ�Ð�× ØÓÙØ �Ù
ÐÓÒ� �� � Ñ�ÒÙ×Ö�Øº ËÓ��ÒØ E : R3 → R

3 �Ø H : R3 → R
3 Ð�× ��ÑÔ×

�Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ�º ËÓ�Ø J : R3 → R
3 Ð� ÓÙÖ�ÒØ �Ð�ØÖ�ÕÙ�º ÆÓØÓÒ×

Ð�× Ô�Ö�Ñ�ØÖ�× ÓÒ×Ø�ØÙØ��× ��× Ñ�Ø�Ö��ÙÜ Ô�Ö ε¸ µ¸ σ �Ø σ⋆ Ö�ÔÖ�×�ÒØ�ÒØ
Ö�×Ô�Ø�Ú�Ñ�ÒØ Ð� Ô�ÖÑ�ØØ�Ú�Ø�¸ Ð� Ô�ÖÑ����Ð�Ø� �Ø Ð�× ÓÒ�ÙØ�Ú�Ø�× �Ð�ØÖ�ÕÙ�
�Ø Ñ��Ò�Ø�ÕÙ� �Ù Ñ�Ð��Ùº

ÆÓÙ× ÒÓØ�ÖÓÒ× ���Ð�Ñ�ÒØ ÙÒ ÔÓ�ÒØ �� Ð³�×Ô�� x = (x1, x2, x3) �Ø ∂i Ð� ��Ö�Ú��
Ô�ÖØ��ÐÐ� ×Ù�Ú�ÒØ xiº �� ÔÐÙ×¸ ÒÓØÓÒ× ∇ Ð³ÓÔ�Ö�Ø�ÙÖ �Ö����ÒØº

�Ú� �× ÒÓØ�Ø�ÓÒ×¸ �Ò Ø�Ò�ÒØ ÓÑÔØ� ��× �ÕÙ�Ø�ÓÒ× ÓÒ×Ø�ØÙØ�Ú�× ��× Ñ�Ð��ÙÜ
Ð�Ò���Ö�×¸ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ×³�Ö�Ú�ÒØ

∂tεE + σE −∇× H = −J , ´½º½�µ

∂tµH + σ⋆H +∇× E = 0. ´½º½�µ

Ä³�ÕÙ�Ø�ÓÒ ´½º½�µ �×Ø �ÔÔ�Ð�� �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¹�ÑÔ�Ö� �Ø Ð³�ÕÙ�Ø�ÓÒ
´½º½�µ �×Ø �ÔÔ�Ð�� �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¹��Ö���Ýº

ü �× ��ÙÜ �ÕÙ�Ø�ÓÒ× ×³��ÓÙØ�ÒØ ��× ÓÒ��Ø�ÓÒ× ×ÙÖ Ð�× ��Ú�Ö��Ò�× ��× ��ÑÔ×
�Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× �ÜÔÖ�Ñ��× Ô�Ö Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¹��Ù×× ´½º¾�µ �Ø
Å�ÜÛ�ÐÐ¹Ì�ÓÑ×ÓÒ ´½º¾�µ Ó� ρ : R3 → R �×Ø Ð� ��Ò×�Ø� �� ��Ö�� �Ð�ØÖ�ÕÙ� �

∇ · εE = ρ, ´½º¾�µ

∇ · µH = 0. ´½º¾�µ

�



ÈÖÓÔÓ×�Ø�ÓÒ ½º ÄÓÖ×ÕÙ� Ð�× ��Ö��× �Ø ÓÙÖ�ÒØ× Ú�Ö���ÒØ Ð³�ÕÙ�Ø�ÓÒ �� ÓÒ×�Ö¹
Ú�Ø�ÓÒ �� Ð� ��Ö��

∂tρ+∇ · (J + σE ) = 0, ´½º¿µ

×� Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¹��Ù×× ´½º¾� Ô��� �¹ÓÒØÖ�µ �Ø Å�ÜÛ�ÐÐ¹Ì�ÓÑ×ÓÒ
´½º¾� Ô��� ÔÖ����ÒØ�µ ×ÓÒØ Ú�Ö����× � Ð³�Ò×Ø�ÒØ �Ò�Ø��Ð¸ �ÐÓÖ× �ÐÐ�× Ð� ×ÓÒØ �
ØÓÙ× Ð�× �Ò×Ø�ÒØ×º

��ÑÓÒ×ØÖ�Ø�ÓÒº ËÙÔÔÓ×ÓÒ× ÕÙ� Ð� ��Ö�� �Ø Ð� ÓÙÖ�ÒØ ×Ó��ÒØ Ð��× Ô�Ö Ð³�ÕÙ�¹
Ø�ÓÒ �� ÓÒ×�ÖÚ�Ø�ÓÒ �� Ð� ��Ö�� ´½º¿µº �ÐÓÖ×¸ �Ò �ÔÔÐ�ÕÙ�ÒØ Ð³ÓÔ�Ö�Ø�ÙÖ ��
��Ú�Ö��Ò� �ÙÜ �ÕÙ�Ø�ÓÒ× ´ ½º½� Ô��� �¹ÓÒØÖ�µ �Ø ´ ½º½� Ô��� ÔÖ����ÒØ�µ¸
ÒÓÙ× Ó�Ø�ÒÓÒ×

∂t∇ · εE = −σE −∇ · J = ∂tρ,

∂t∇ · µH = −σ⋆H .
´½º�µ

ÔÙ�×ÕÙ� Ð� ��Ú�Ö��Ò� �³ÙÒ ÖÓØ�Ø�ÓÒÒ�Ð �×Ø ÒÙÐÐ�º

�Ò ��ÓÙØ�ÒØ �ÙÜ �ÕÙ�Ø�ÓÒ× ����Ö�ÒØ��ÐÐ�× ÔÖ����ÒØ�× Ð�× ÓÒ��Ø�ÓÒ× �Ò�Ø��Ð�×

∇ · εE (x, 0) = ρ(x, 0),

∇ · µH (x, 0) = 0.
´½º�µ

ÒÓÙ× Ó�Ø�ÒÓÒ× Ð� Ö�×ÙÐØ�Ø Ö���Ö��º

��Ò×�¸ ÙÒ� ×ÓÐÙØ�ÓÒ ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ Ú�Ö���ÒØ Ð�× ÓÒ��Ø�ÓÒ× �� ��¹
Ú�Ö��Ò� ´½º¾ Ô��� �¹ÓÒØÖ�µ � Ð³�Ò×Ø�ÒØ �Ò�Ø��Ð¸ Ð�× Ú�Ö��� � ��ÕÙ� �Ò×Ø�ÒØº
ÁÐ Ò³�×Ø �ÐÓÖ× ÔÐÙ× Ò��××��Ö� �� ÓÒ×���Ö�Ö �ÜÔÐ��Ø�Ñ�ÒØ �× Ö�Ð�Ø�ÓÒ×º ÌÓÙØ�¹
�Ó�×¸ Ð�× ÓÒ��Ø�ÓÒ× �� ��Ú�Ö��Ò� ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× Ò� ×ÓÒØ �Ò
��Ò�Ö�Ð Ô�× Ú�Ö����× Ô�Ö ÙÒ� ×ÓÐÙØ�ÓÒ �ÔÔÖÓ���º �Ò Ø�ÑÔ× ÐÓÒ�¸ Ð�× �ÖÖ�ÙÖ×
�� ��Ú�Ö��Ò� ÓÒØ Ø�Ò��Ò� � ×³�ÑÔÐ���Öº �� ØÝÔ� �³�ÖÖ�ÙÖ× Ô�ÙØ ÒÓØ�ÑÑ�ÒØ
×ÙÖÚ�Ò�Ö �Ò ÔÖ�×�Ò� �� ×ÓÙÖ�× �� ÓÙÖ�ÒØ ×Ù��ÐÐÙÐ��Ö�×¸ Ô�Ö �Ü�ÑÔÐ� ��×
Ô�ÖØ�ÙÐ�× ÓÙ ��× �Ð×º ÆÓÙ× ÔÖ�×�ÒØÓÒ× Ñ��ÒØ�Ò�ÒØ ÙÒ� ÑÓ����Ø�ÓÒ ��× �ÕÙ�¹
Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸ ÓÒ�Ù� ÔÓÙÖ ��Ñ�ÒÙ�Ö ×ÙÖ Ð� ÔÐ�Ò ÒÙÑ�Ö�ÕÙ� Ð�× �ÖÖ�ÙÖ× ��
��Ú�Ö��Ò�º

Ê�Ñ�ÖÕÙ� ½º ÆÓÙ× Ò� Ö�×ÓÙ�ÖÓÒ× Ô�× ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�Ü¹
Û�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò� ��Ò× �ØØ� Ø��×�º ��Ð� ÔÓÙÖÖ� ���Ö� Ð³Ó���Ø

�



�� �ÙØÙÖ× ØÖ�Ú�ÙÜº �� ×Ý×Ø�Ñ� �×Ø ÔÖ�×�ÒØ� ��Ò× Ð� �ÙØ �� �Ù×Ø���Ö Ð� ��Ò�Ö��Ø�
�Ù ×��Ñ� ÕÙ� ÒÓÙ× �ÒØÖÓ�Ù�ÖÓÒ× ��Ò× Ð�× ��Ô�ØÖ�× ×Ù�Ú�ÒØ×º

½º½º¾ ÍÒ� Ú�Ö��ÒØ� � Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�

��Ò �³Ó�Ø�Ò�Ö ÙÒ� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ� Ú�Ö���ÒØ Ð�× ÓÒ��Ø�ÓÒ× �� ��Ú�Ö��Ò�
´½º¾ Ô��� �µ¸ ÒÓÙ× ÔÓÙÚÓÒ× ÓÙÔÐ�Ö Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ � ÙÒ ×Ý×Ø�Ñ�
�ÒÒ�Ü� Ú�Ö��� Ô�Ö ��ÙÜ ��ÑÔ× ×�Ð��Ö�× λe �Ø λhº ��ØØ� Ø��Ò�ÕÙ� � �Ø�
�ÒØÖÓ�Ù�Ø� ��Ò× ��¿℄ ÔÓÙÖ ��× ÔÖÓ�Ð�Ñ�× �� ÓÙÔÐ��� �ÒØÖ� Ð�× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐ �Ø ÎÐ�×ÓÚ¸ �Ø �ØÙ���� Ô�Ö ����Ö�ÒØ× �ÙØ�ÙÖ× �¾�¸ ½¾℄ �Ø ���Ð�Ñ�ÒØ
�Ø�Ò�Ù � Ð� Ñ��Ò�ØÓ�Ý�ÖÓ�ÝÒ�Ñ�ÕÙ� ��½℄º ÆÓÙ× ÓÒ×���Ö�ÖÓÒ× �� Ð� �× �³ÙÒ�
ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò� ÔÙÖ�Ñ�ÒØ �ÝÔ�Ö�ÓÐ�ÕÙ� ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº

�Ú� Ð� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�¸ Ð� ×Ý×Ø�Ñ� ´½º½ Ô��� �µ ��Ú��ÒØ

∂tεE + σE −∇× H + χ∇(ελe) = −J ,

∂tµH + σ⋆H +∇× E + χ∇(µλh) = 0,

∂tελe + χ∇ · (εE ) = χρ,

∂tµλh + χ∇ · (µH ) = 0.

´½º�µ

Ä� Ô�Ö�Ñ�ØÖ� χ �×Ø ÙÒ� ÓÒ×Ø�ÒØ� ÔÓ×�Ø�Ú�º ��Ò× Ð� �× Ó� � Ô�Ö�Ñ�ØÖ� �×Ø
ÒÙÐ¸ Ð�× ��ÙÜ ×Ý×Ø�Ñ�× Ò� ×ÓÒØ ÔÐÙ× ÓÙÔÐ�× �Ø ÒÓÙ× Ö�ØÖÓÙÚÓÒ× Ð�× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐ Ð�××�ÕÙ�×º ÄÓÖ×ÕÙ� χ > 0¸ Ð� ÒÓÙÚ��Ù ×Ý×Ø�Ñ� �×Ø ÙÒ� �ÜØ�Ò×�ÓÒ �Ù
×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐº �Ò ���Ø¸ ÐÓÖ×ÕÙ� λe �Ø λh ×ÓÒØ ÒÙÐ×¸ Ð� ×Ý×Ø�Ñ� Ô�ÖÑ�Ø
�� Ö�ØÖÓÙÚ�Ö � Ð� �Ó�× Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¹�ÑÔ�Ö� ´½º½�µ¸ Å�ÜÛ�ÐÐ¹
��Ö���Ý ´½º½�µ¸ Ñ��× �Ù××� ´½º¾�µ �Ø ´½º¾�µº Ä³�ÒØ�Ö�Ø �� � ÒÓÙÚ��Ù ×Ý×Ø�Ñ�
�³�ÕÙ�Ø�ÓÒ× �×Ø ÕÙ� Ð�× �ÖÖ�ÙÖ× �� ��Ú�Ö��Ò� ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�×
×ÓÒØ ØÖ�Ò×ÔÓÖØ��× �ÓÖ× �Ù �ÓÑ��Ò� �� �ÐÙÐ � ÙÒ� Ú�Ø�××� χ Ô�Ö Ð�× ��ÑÔ×
×�Ð��Ö�× �ÒÒ�Ü�× λe �Ø λhº

Ä�× ��ÙÜ ×Ý×Ø�Ñ�× ÕÙ� ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ�× Ô�ÙÚ�ÒØ �ØÖ� Ñ�× ×ÓÙ× ÙÒ� �ÓÖÑ�
ÓÑÑÙÒ�¸ �ÐÐ� �³ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×º Ä�× ��ÙÜ ÔÖÓ���Ò�× ×�Ø�ÓÒ×
×�ÖÓÒØ ÓÒ×�Ö��× � Ð³�Ö�ØÙÖ� ×ÓÙ× �ØØ� �ÓÖÑ�º ÆÓÙ× ÙØ�Ð�×�ÖÓÒ× �Ò×Ù�Ø� �ØØ�
�Ö�ØÙÖ� ÔÓÙÖ �Ø��Ð�Ö Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ� ´��µº Ä³�ÒØ�Ö�Ø ��
�ØØ� �ÔÔÖÓ�� �×Ø �� ÔÓÙÚÓ�Ö ���ÔØ�Ö Ð�× ØÖ�Ú�ÙÜ ���ØÙ�× ×ÙÖ Ð� Ñ�Ø�Ó��
�� � �³�ÙØÖ�× ×Ý×Ø�Ñ�× �� ÐÓ� �� ÓÒ×�ÖÚ�Ø�ÓÒ �Ò Ð�× �Ö�Ú�ÒØ ×ÓÙ× Ð� �ÓÖÑ�
�³ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×º

½¼



½º¾ Å�×� ×ÓÙ× �ÓÖÑ� �³ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×

Ä³Ó���Ø�� �� �ØØ� Ø��×� �×Ø �� ��Ú�ÐÓÔÔ�Ö ÙÒ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ���� �³ÙÒ
×ÓÐÚ�ÙÖ Å�ÜÛ�ÐÐ ��º �ÓÑÑ� ÒÓÙ× Ð� Ú�ÖÖÓÒ×¸ � ��Ú�ÐÓÔÔ�Ñ�ÒØ �×Ø Ø��¹
Ò�ÕÙ�º ÁÐ �×Ø �ÓÒ �ÑÔÓÖØ�ÒØ �� ×³�××ÙÖ�Ö �� Ð� ÔÓ××���Ð�Ø� �ÙØÙÖ� �� ��Ò�¹
Ö�Ð�×�Ö � ØÖ�Ú��Ð � �³�ÙØÖ�× �ÔÔÐ��Ø�ÓÒ× Ô�Ý×�ÕÙ�×¸ ÓÑÑ� Ð³�Ð�ØÖÓÑ��Ò�¹
Ø�×Ñ� ÒÓÒ¹Ð�Ò���Ö� ÓÙ �ÖØ��Ò× ÑÓ��Ð�× �� ÔÐ�×Ñ�×º ÆÓÙ× �ÐÐÓÒ× �ÓÒ ÓÑ¹
Ñ�Ò�Ö Ô�Ö �Ö�Ö� Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸ ÓÙ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ
�Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�¸ ×ÓÙ× Ð� �ÓÖÑ� Ñ�Ø��Ñ�Ø�ÕÙ� �××�Þ ��Ò�Ö�Ð�
�³ÙÒ ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ�º Ä�× ��Ú�ÐÓÔÔ�Ñ�ÒØ× �Ò�ÓÖÑ�Ø�ÕÙ�× ×�ÖÓÒØ �ÓÒ¸
�Ú� ��× ÑÓ����Ø�ÓÒ× Ñ�Ò�ÙÖ�×¸ �ÔÔÐ���Ð�× � ØÓÙØ ×Ý×Ø�Ñ� �� �ØØ� �ÓÖÑ�º
ÌÓÙØ �³��ÓÖ�¸ Ö�Ñ�ÖÕÙÓÒ× ÕÙ� Ð³ÓÒ Ô�ÙØ �Ö�Ö� Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ
´½º½ Ô��� �µ �Ø Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �××Ó���× � ÙÒ� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö¹
��Ò� ´½º� Ô��� �¹ÓÒØÖ�µ ×ÓÙ× Ð� �ÓÖÑ�

∂tAtW + ΣW +
3�

i=1

∂iAiW = S . ´½º�µ

��Ò× Ð� ×Ù�Ø�¸ ÒÓÙ× ÙØ�Ð�×�ÖÓÒ× Ð� ÓÒÚ�ÒØ�ÓÒ �� ×ÓÑÑ�Ø�ÓÒ ��× �Ò���× Ö�Ô�¹
Ø�×¸ �º�º ÒÓÙ× ÒÓØ�ÖÓÒ× ∂iAi =

�3
i=1 ∂iAiº

�ÓÒÒÓÒ× �ÐÓÖ× Ð� ���Ò�Ø�ÓÒ �³ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��× �ÒØÖÓ�Ù�Ø� ��Ò× �¾�℄
�Ø �½�℄º

���Ò�Ø�ÓÒ ½º Ë� Ð� Ñ�ØÖ�� A = Aini �×Ø ×ÝÑ�ØÖ�ÕÙ� ÔÓÙÖ ØÓÙØ� ��Ö�Ø�ÓÒ n
�Ø ×� At �×Ø ×ÝÑ�ØÖ�ÕÙ� ���Ò�� ÔÓ×�Ø�Ú�¸ �ÐÓÖ× Ð� ×Ý×Ø�Ñ� ÔÖ����ÒØ �×Ø �ÔÔ�Ð�
×Ý×Ø�Ñ� �� �Ö���Ö��×º

½º¾º½ �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ

��Ò× Ð� �× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ´½º½�µ ´½º½�µ¸ Ð� Ú�Ø�ÙÖ �ÒÓÒÒÙ W =
(E ,H )T �×Ø Ð� Ú�Ø�ÙÖ ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�×º

Ä�× Ñ�ØÖ��× At¸ Σ¸ A1¸ A2¸ A3 ×� ���Ù�×�ÒØ ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ø

½½



Ú�Ð�ÒØ

At =











ε 0 0 0 0 0
0 ε 0 0 0 0
0 0 ε 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ











, ´½º�µ

Σ =











σ 0 0 0 0 0
0 σ 0 0 0 0
0 0 σ 0 0 0
0 0 0 σ⋆ 0 0
0 0 0 0 σ⋆ 0
0 0 0 0 0 σ⋆











, ´½º�µ

A1 =











0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 −1 0
0 0 0 0 0 0
0 0 −1 0 0 0
0 1 0 0 0 0











, ´½º½¼µ

A2 =











0 0 0 0 0 −1
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0











, ´½º½½µ

A3 =











0 0 0 0 1 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0











. ´½º½¾µ

ÆÓÙ× ÓÒ×Ø�ØÓÒ× ÕÙ� Ð�× Ñ�ØÖ��× Ai ×ÓÒØ ×ÝÑ�ØÖ�ÕÙ�× �Ø ÕÙ� At �×Ø ×ÝÑ�¹
ØÖ�ÕÙ� ´�Ø Ñ�Ñ� ����ÓÒ�Ð�µ ���Ò�� ÔÓ×�Ø�Ú�º Ä� ×Ý×Ø�Ñ� ��Ò×� �Ö�Ø �×Ø �ÓÒ
ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×º ÁÐ �×Ø Ð�××�ÕÙ� �� ÑÓÒØÖ�Ö¸ �� Ñ�Ò��Ö� ��Ò�Ö�Ð�¸

½¾



ÕÙ³ÙÒ Ø�Ð ×Ý×Ø�Ñ� �×Ø �ÝÔ�Ö�ÓÐ�ÕÙ�¸ ³�×Ø¹�¹��Ö� ÕÙ� At−1Aini �×Ø ����ÓÒ�Ð�¹
×��Ð� �Ú� ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× Ö��ÐÐ�×¸ ÔÓÙÖ ØÓÙØ� ��Ö�Ø�ÓÒ n ∈ R

3 �¾�℄º

�Ò ���Ø¸ ÔÙ�×ÕÙ� At �×Ø ×ÝÑ�ØÖ�ÕÙ� ���Ò�� ÔÓ×�Ø�Ú�¸ �Ð �Ü�×Ø� ÙÒ� Ñ�ØÖ��
D0 ����ÓÒ�Ð� Ö��ÐÐ� �Ø ÙÒ� Ñ�ØÖ�� P0 ÙÒ�Ø��Ö� ´P−1

0 = P T
0 µ Ø�ÐÐ�× ÕÙ� At =

P0
TD0P0º ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× ���Ò�Ö

√
At = P0

T
�

D0P0. ´½º½¿µ

�� ÔÐÙ×¸ ÔÙ�×ÕÙ� Aini �×Ø ×ÝÑ�ØÖ�ÕÙ�¸ �Ð �Ü�×Ø� ÙÒ� D ����ÓÒ�Ð� Ö��ÐÐ� �Ø ÙÒ�
Ñ�ØÖ�� P ÙÒ�Ø��Ö� Ø�ÐÐ�× ÕÙ� Aini = P TDP º �ÐÓÖ×¸

√
AtAt−1Aini

√
At =

√
At

−1Aini

√
At

= (
√
AtP )−1D(

√
AtP ).

´½º½�µ

�ÓÒ At−1Aini �×Ø ���Ò ����ÓÒ�Ð�×��Ð� �Ú� ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× Ö��ÐÐ�×º

��Ò× ÒÓØÖ� �×¸ �Ð �×Ø �Ù××� ÔÓ××��Ð� �� Ñ�Ò�Ö ��Ö�Ø�Ñ�ÒØ Ð� �ÐÙÐº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º ËÓ�Ø c Ð� Ú�Ø�××� �� Ð� ÐÙÑ��Ö�

c = (εµ)−
1
2 . ´½º½�µ

Ä� Ñ�ØÖ�� At−1Aini �×Ø ����ÓÒ�Ð�×��Ð� ÔÓÙÖ ØÓÙØ Ú�Ø�ÙÖ n �Ø ×�× Ú�Ð�ÙÖ×
ÔÖÓÔÖ�× ×ÓÒØ 0¸ −|n|c �Ø |n|c ��ÙÒ� �� ÑÙÐØ�ÔÐ��Ø� ��ÙÜº

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ÔÓÐÝÒ�Ñ� �Ö�Ø�Ö�×Ø�ÕÙ� �� At−1Aini Ú�ÙØ

P (X) = X2

�

X2 − |n|2
εµ

�

. ´½º½�µ

�Ø �ÓÒ¸ ÔÙ�×ÕÙ� Ð� �Ð�Ö�Ø� �� Ð� ÐÙÑ��Ö� Ú�ÙØ c = (εµ)−
1
2 ¸ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×

�� At−1Aini ×ÓÒØ 0¸ −|n|c �Ø |n|c ��ÙÒ� �� ÑÙÐØ�ÔÐ��Ø� ��ÙÜº

Ä�× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× �××Ó��× � Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� 0 ×ÓÒØ

(n1, n2, n3, 0, 0, 0) �Ø

(0, 0, 0, n1, n2, n3).
´½º½�µ

½¿



Ä�× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× �××Ó��× � Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� −|n|c ×ÓÒØ

(cn3, 0,−cn1,−
n1n2

|n|ε ,
n2
1 + n2

3

|n|ε ,−n3n2

|n|ε ) �Ø

(0, cn3,−cn2,−
n2
2 + n2

3

|n|ε ,
n1n2

|n|ε ,
n1n3

|n|ε ).

´½º½�µ

Ä�× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× �××Ó��× � Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� |n|c ×ÓÒØ

(cn3, 0,−cn1,
n1n2

|n|ε ,−n2
1 + n2

3

|n|ε ,
n2n3

|n|ε ) �Ø

(0, cn3,−cn2,
n2
2 + n2

3

|n|ε ,−n1n2

|n|ε ,−n1n3

|n|ε ).

´½º½�µ

��× Ú�Ø�ÙÖ× �ÓÖÑ�ÒØ ÙÒ� ��×� �� R
6¸ ��Ò×� Ð� Ñ�ØÖ�� At−1Aini �×Ø ����Ó¹

Ò�Ð�×��Ð�º

½º¾º¾ �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�

��Ò× Ð� �× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò� ´½º�µ¸ Ð�
Ú�Ø�ÙÖ ��× �ÒÓÒÒÙ�× �×Ø Ð� Ú�Ø�ÙÖ W = (E ,H ,λh,λe)

T º ��Ò× � �×¸ Ð�×
Ñ�ØÖ��× At¸ Σ¸ A1¸ A2¸ A3 ×³�Ö�Ú�ÒØ

At =















ε 0 0 0 0 0 0 0
0 ε 0 0 0 0 0 0
0 0 ε 0 0 0 0 0
0 0 0 µ 0 0 0 0
0 0 0 0 µ 0 0 0
0 0 0 0 0 µ 0 0
0 0 0 0 0 0 ε 0
0 0 0 0 0 0 0 µ















, ´½º¾¼µ

½�



Σ =















σ 0 0 0 0 0 0 0
0 σ 0 0 0 0 0 0
0 0 σ 0 0 0 0 0
0 0 0 σ⋆ 0 0 0 0
0 0 0 0 σ⋆ 0 0 0
0 0 0 0 0 σ⋆ 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0















, ´½º¾½µ

A1 =















0 0 0 0 0 0 χε 0
0 0 0 0 0 1 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 χµ
0 0 1 0 0 0 0 0
0 −1 0 0 0 0 0 0
χε 0 0 0 0 0 0 0
0 0 0 χµ 0 0 0 0















, ´½º¾¾µ

A2 =















0 0 0 0 0 −1 0 0
0 0 0 0 0 0 χε 0
0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 χµ
1 0 0 0 0 0 0 0
0 χε 0 0 0 0 0 0
0 0 0 0 χµ 0 0 0















, ´½º¾¿µ

A3 =















0 0 0 0 1 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 0 0 χε 0
0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 χµ
0 0 χε 0 0 0 0 0
0 0 0 0 0 χµ 0 0















. ´½º¾�µ

�³�×Ø ���Ò ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×º ÁÐ �×Ø �ÓÒ �ÝÔ�Ö�ÓÐ�ÕÙ�¸ ×�ÐÓÒ Ð� Ø��ÓÖ��
��Ò�Ö�Ð�º Ä� �ÐÙÐ ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �Ø ��× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× Ô�ÙØ �ØÖ� Ñ�Ò�
�Ò�ÐÝØ�ÕÙ�Ñ�ÒØ �

½�



ÈÖÓÔÓ×�Ø�ÓÒ ¿º Ä� Ñ�ØÖ�� At−1Aini �×Ø ����ÓÒ�Ð�×��Ð� ÔÓÙÖ ØÓÙØ Ú�Ø�ÙÖ n
�Ø ×�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×ÓÒØ −|n|c¸ |n|c¸ −|n|χ¸ |n|χ ��ÙÒ� �� ÑÙÐØ�ÔÐ��Ø�
¾º Ä�× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× �××Ó��× � Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� −|n|c ×ÓÒØ

�

n3, 0,−n1,−
�

ε

µ

n1n2

|n| ,−
�

ε

µ

n2
1 + n2

3

|n| ,−
�

ε

µ

n2n3

|n| , 0, 0

�

´½º¾�µ

�Ø

�

0, n3,−n2,−
�

ε

µ

n2
2 + n2

3

|n| ,

�
ε

µ

n1n2

|n| ,

�
ε

µ

n1n3

|n| , 0, 0

�

. ´½º¾�µ

Ä�× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× �××Ó��× � Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� |n|c ×ÓÒØ

�

n3, 0,−n1,

�
ε

µ

n1n2

|n| ,−
�

ε

µ

n2
1 + n2

3

|n| ,

�
ε

µ

n2n3

|n| , 0, 0

�

´½º¾�µ

�Ø

�

0, n3,−n2,

�
ε

µ

n2
2 + n2

3

|n| ,−
�

ε

µ

n1n2

|n| ,−
�

ε

µ

n1n3

|n| , 0, 0

�

. ´½º¾�µ

Ä�× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× �××Ó��× � Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� −|n|χ ×ÓÒØ

(n1, n2, n3, 0, 0, 0,−|n|, 0) ´½º¾�µ

�Ø

(0, 0, 0, n1, n2, n3, 0,−|n|) . ´½º¿¼µ

Ä�× Ú�Ø�ÙÖ× ÔÖÓÔÖ�× �××Ó��× � Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� |n|χ ×ÓÒØ

(n1, n2, n3, 0, 0, 0, |n|, 0) ´½º¿½µ

�Ø

(0, 0, 0, n1, n2, n3, 0, |n|) . ´½º¿¾µ

½�



ÆÓÙ× ÓÒ×Ø�ØÓÒ× ÕÙ� ��Ò× � ×Ý×Ø�Ñ� ÑÓ����¸ Ð� Ú�Ð�ÙÖ ÔÖÓÔÖ� ÒÙÐÐ� � ��×¹
Ô�ÖÙº �³�×Ø �ØØ� ÔÖÓÔÖ��Ø� ÕÙ� �××ÙÖ� ÕÙ� Ð�× �ÖÖ�ÙÖ× �� ��Ú�Ö��Ò� ×�ÖÓÒØ
ØÖ�Ò×ÔÓÖØ��× Ú�Ö× Ð� �ÓÖ� �Ù Ð��Ù �� � ×Ø��Ò�Ö � ��Ò× Ð� �ÓÑ��Ò� �� �ÐÙÐº

½º¿ �ÓÒ��Ø�ÓÒ �� ×�ÙØ

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �Ü�Ñ�Ò�Ö Ð�× ÔÓ××��Ð�× ��×ÓÒØ�ÒÙ�Ø�× �ÔÔ�Ö��××�ÒØ
��Ò× Ð�× ×ÓÐÙØ�ÓÒ× ��× ��ÙÜ ×Ý×Ø�Ñ�× �� ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒ ÔÖ�×�ÒØ�× ÔÖ�¹
���ÑÑ�ÒØº Ä�× ��×ÓÒØ�ÒÙ�Ø�× �ÔÔ�Ö��××�ÒØ ��Ò× ÙÒ� ×ÓÐÙØ�ÓÒ �³ÙÒ ×Ý×Ø�Ñ�
�ÝÔ�Ö�ÓÐ�ÕÙ� Ú�Ö���ÒØ Ð�× ÓÒ��Ø�ÓÒ× �� ×�ÙØ �� Ê�Ò��Ò�¹ÀÙ�ÓÒ�ÓØ ���℄º �Ô¹
ÔÐ�ÕÙÓÒ× �× ÓÒ��Ø�ÓÒ× �ÙÜ �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº ÈÓÙÖ �Ð�¸ ÓÒ×���ÖÓÒ×
ÙÒ� ×ÙÖ��� ×Ô�Ø�Ó¹Ø�ÑÔÓÖ�ÐÐ� D ⊂ R

4 Ö��ÙÐ��Ö� ÓÖ��ÒØ�� Ô�Ö ÙÒ� ÒÓÖÑ�Ð�
ÒÓØ�� N = (nt, n)

T º Ä� Ú�Ø�ÙÖ n ∈ R
3 �×Ø Ð� Ô�ÖØ�� ×Ô�Ø��Ð� �� Ð� ÒÓÖÑ�Ð�

�Ø nt ∈ R �×Ø Ð� Ô�ÖØ�� Ø�ÑÔÓÖ�ÐÐ� �� Ð� ÒÓÖÑ�Ð�º Ë� Ð� Ô�ÖØ�� ×Ô�Ø��Ð� n �×Ø
ÙÒ Ú�Ø�ÙÖ ÙÒ�Ø��Ö�¸ ³�×Ø � ��Ö� ×� |n| = 1¸ �ÐÓÖ× nt = −u Ó� u �×Ø Ð� Ú�Ø�××�
�� Ð� ��×ÓÒØ�ÒÙ�Ø� ��Ò× ×� ��Ö�Ø�ÓÒ ÒÓÖÑ�Ð�º

Ä� ��×ÓÒØ�ÒÙ�Ø� ×�Ô�Ö� R
4 �Ò ��ÙÜ ÓÙÚ�ÖØ× ΩL �Ø ΩRº ÆÓÙ× ×ÙÔÔÓ×ÓÒ× ÕÙ�

n �×Ø ÓÖ��ÒØ�� �� L Ú�Ö× Rº ËÓ�Ø �ÐÓÖ× W ×ÓÐÙØ�ÓÒ ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸
ÔÖ�×�ÒØ�ÒØ ÙÒ� ��×ÓÒØ�ÒÙ�Ø� ×ÙÖ Ð� ×ÙÖ��� Dº ��Ò× Ð�× ��ÙÜ ÓÙÚ�ÖØ× ΩL �Ø
ΩR¸ W �×Ø ×ÓÐÙØ�ÓÒ C1 ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº �ÐÐ� Ú�Ö��� Ð� ÓÒ��Ø�ÓÒ ��
Ê�Ò��Ò�¹ÀÙ�ÓÒ�ÓØ ×ÙÖ Ð� ��×ÓÒØ�ÒÙ�Ø�º ÆÓØÓÒ× WL¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ WR¸ Ð�×
��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× Ö�×ØÖ��ÒØ× � ΩL¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ ΩRº �� Ð� Ñ�Ñ�
Ñ�Ò��Ö� Ð�× Ô�Ö�Ñ�ØÖ�× Ô�Ý×�ÕÙ�× ��× Ñ�Ð��ÙÜ �ÒØÓÙÖ�ÒØ D ×ÓÒØ ÒÓØ�× �Ú�
ÙÒ �Ò��� L ÓÙ Rº

ÈÖÓÔÓ×�Ø�ÓÒ �º Ä� Ö�Ð�Ø�ÓÒ �� Ê�Ò��Ò�¹ÀÙ�ÓÒ�ÓØ �×Ø ×�Ø�×���Ø� ×ÙÖ Ð� ��×¹
ÓÒØ�ÒÙ�Ø� ×� �Ø ×�ÙÐ�Ñ�ÒØ ×�

nt(At
LWL −At

RWR) + ((Aini)LWL − (Aini)RWR) = 0. ´½º¿¿µ

�Ò �ÔÔÐ�ÕÙ�ÒØ �ØØ� Ö�Ð�Ø�ÓÒ �ÙÜ �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸ ÒÓÙ× ���Ù�×ÓÒ× Ð�
ÔÖÓÔÖ��Ø� ×Ù�Ú�ÒØ�º

ÈÖÓÔÓ×�Ø�ÓÒ �º �� Ô�ÖØ �Ø �³�ÙØÖ� �� Ð� ��×ÓÒØ�ÒÙ�Ø�¸ Ð�× ��ÑÔ× Ú�Ö���ÒØ

u(εLEL − εRER) = n× (HR − HL),

u(µLHL − µRHR) = n× (EL − ER),
´½º¿�µ

Ó� u �×Ø Ð� Ú�Ø�××� �� Ð� ��×ÓÒØ�ÒÙ�Ø�º

½�



ÈÓÙÖ Ñ��ÙÜ ×�ØÙ�Ö �ØØ� ÓÒ��Ø�ÓÒ �Ù ÔÓ�ÒØ �� ÚÙ� Ô�Ý×�ÕÙ�¸ ×ÙÔÔÓ×ÓÒ× ��Ò×
ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ× ÕÙ� Ð� Ñ�Ð��Ù ���Ð�ØÖ�ÕÙ� �×Ø �ÓÑÓ��Ò�¸ �º�º εL = εR = ε
�Ø µL = µR = µº �ÐÓÖ×¸

u

�
EL − ER

HL − HR

�

=

�
0 −1

εn×
1
µn× 0

��
EL − ER

HL − HR

�

. ´½º¿�µ

Ä� Ú�Ø�ÙÖ (EL − ER,HL − HR)
T �×Ø �ÓÒ Ú�Ø�ÙÖ ÔÖÓÔÖ� �××Ó�� � Ð� Ú�Ð�ÙÖ

ÔÖÓÔÖ� u �� Ð� Ñ�ØÖ�� �ÔÔ�Ö��××�ÒØ ��Ò× Ð³�ÕÙ�Ø�ÓÒ ÔÖ����ÒØ�º

Ä�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� �ØØ� Ñ�ØÖ�� ×ÓÒØ −c = −(εµ)−
1
2 ¸ ¼ �Ø c = (εµ)−

1
2 ¸

��ÙÒ� �� ÑÙÐØ�ÔÐ��Ø� ��ÙÜº

��Ò× Ð� �× Ó� u = ±c¸ Ð� ��×ÓÒØ�ÒÙ�Ø� ×� ÔÖÓÔ��� � Ð� Ú�Ø�××� �� Ð� ÐÙÑ��Ö�º
�� ØÝÔ� �� ��×ÓÒØ�ÒÙ�Ø� �ÔÔ�Ö��Ø ��Ò× Ð� �× Ó� Ð� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð� �×Ø
��×ÓÒØ�ÒÙ� ÓÙ ÔÓÙÖ ��× ×ÓÙÖ�× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× �� ØÝÔ� Ñ�×ÙÖ� �� ��Ö�º
ÁÐ �×Ø �ÐÓÖ× ���Ò ÓÒÒÙ ÕÙ� Ð�× Ñ�Ø�Ó��× �³ÓÖ�Ö� �Ð�Ú� ÓÒØ �Ù Ñ�Ð � Ö�ÔÖÓ�Ù�Ö�
ÓÖÖ�Ø�Ñ�ÒØ �× ×ÓÐÙØ�ÓÒ× ´Ó×�ÐÐ�Ø�ÓÒ× �� ����×µº Ä� Ñ�Ø�Ó�� �� ×³��Ö�××�
ÔÐÙØ�Ø � ��× �× Ó� Ð�× ×ÓÐÙØ�ÓÒ× Ò� ÔÖ�×�ÒØ�ÒØ Ô�× � ØÝÔ� �� ×�Ò�ÙÐ�Ö�Ø�×º �Ò
ÔÖ�Ø�ÕÙ�¸ �× ��ÙÜ �× �� ��ÙÖ� Ò� ×� ÔÖ�×�ÒØ�ÖÓÒØ Ô�×¸ ÔÙ�×ÕÙ� Ô�Ý×�ÕÙ�Ñ�ÒØ
� ØÝÔ� �� ��×ÓÒØ�ÒÙ�Ø� Ò³�ÔÔ�Ö��Ø Ô�×º

��Ò× Ð� �× Ó� Ð� ��×ÓÒØ�ÒÙ�Ø� �×Ø �Ü�¸ Ð³���Ð�Ø� Ó�Ø�ÒÙ� ×� Ö��Ù�Ø � ÙÒ�
ÓÒ��Ø�ÓÒ �� ÓÒØ�ÒÙ�Ø� ��× ��ÑÔ× Ø�Ò��ÒØ× � Dº ÁÐ Ò³�×Ø �ÓÒ Ô�× ÔÓ××��Ð�
�³Ó�×�ÖÚ�Ö ��× ×ÓÐÙØ�ÓÒ× ��×ÓÒØ�ÒÙ�× ×�Ù� ×� Ð� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð� �×Ø �ÐÐ�¹Ñ�Ñ�
��×ÓÒØ�ÒÙ�º ü Ð³�Ò×Ø�ÒØ �Ò�Ø��Ð¸ Ð�× ÓÒ��Ø�ÓÒ× �� ��Ú�Ö��Ò� ´½º¾�µ �Ø ´½º¾�µ
Ö��Ù�×�ÒØ Ð�× ÔÓ××���Ð�Ø�× �³Ó�×�ÖÚ�Ö ���Ø�Ú�Ñ�ÒØ ��× ×ÓÐÙØ�ÓÒ× ��×ÓÒØ�ÒÙ�×º
Ë� Ð� ��Ö�� ρ �×Ø �××�Þ Ö��ÙÐ��Ö� Ô�Ö �Ü�ÑÔÐ�¸ �Ð� �ÑÔÓ×� ÕÙ� Ð�× ×�ÙØ× ��×
ÓÑÔÓ×�ÒØ�× ÒÓÖÑ�Ð�× �� E �Ø H ×ÓÒØ ÒÙÐ× � Ð³�Ò×Ø�ÒØ �Ò�Ø��Ðº ü ØÓÙ× Ð�×
Ø�ÑÔ×¸ Ð�× ��ÑÔ× Ò� Ô�ÙÚ�ÒØ �ÓÒ Ô�× ÔÖ�×�ÒØ�Ö �� ×�ÙØ× Ø�Ò��ÒØ��Ð× ÓÙ
ÒÓÖÑ�ÙÜº È�Ö ÓÒ×�ÕÙ�ÒØ¸ �Ð× Ò� Ô�ÙÚ�ÒØ ÕÙ³�ØÖ� ÓÒØ�ÒÙ×º

��Ò× Ð� �× Ó� Ð�× Ô�Ö�Ñ�ØÖ�× �Ù Ñ�Ð��Ù ×ÓÒØ ��×ÓÒØ�ÒÙ×¸ Ð� ×�ØÙ�Ø�ÓÒ �×Ø
����Ö�ÒØ�º ü Ð³�Ò×Ø�ÒØ �Ò�Ø��Ð¸ ÒÓÙ× �ÚÓÒ×

εRER · n− εLEL · n = 0,

µRHR · n− µLHL · n = 0.

È�Ö ÓÒ×�ÕÙ�ÒØ¸ Ð� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð� �×Ø �ÓÖ�Ñ�ÒØ ��×ÓÒØ�ÒÙ� �Ù Ò�Ú��Ù ��×
��Ò��Ñ�ÒØ× �� Ñ�Ø�Ö��ÙÜ ε �Ø µº

ÆÓÙ× �ÖÖ�ÚÓÒ× � Ð� ÓÒÐÙ×�ÓÒ ÕÙ� ÔÓÙÖ ��× Ñ�Ø�Ö��ÙÜ �Ò�ÓÑÓ��Ò�×¸ ×ÙÖ ÙÒ�
��×ÓÒØ�ÒÙ�Ø� �Ü�¸ Ð�× ��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ� Ø�Ò��ÒØ× � Ð� ��×ÓÒ¹

½�



Ø�ÒÙ�Ø� ×ÓÒØ ÓÒØ�ÒÙ× �Ø Ð�ÙÖ× ÓÑÔÓ×�ÒØ�× ÒÓÖÑ�Ð�× ÔÖ�×�ÒØ�ÒØ �ÓÖ�Ñ�ÒØ
ÙÒ� ��×ÓÒØ�ÒÙ�Ø�º �� ØÝÔ� �� ��×ÓÒØ�ÒÙ�Ø� �ÔÔ�Ö��Ø �ÙÜ �ÒØ�Ö���× �ÒØÖ�
Ñ�Ø�Ö��ÙÜ ÔÖ�×�ÒØ�ÒØ ��× Ô�Ö�Ñ�ØÖ�× Ô�Ý×�ÕÙ�× ����Ö�ÒØ×º ÍÒ �Ú�ÒØ��� ��
Ð� Ñ�Ø�Ó�� �� ÓÑÔ�Ö�� � �³�ÙØÖ�× Ñ�Ø�Ó��× �×Ø �� ÔÓÙÚÓ�Ö ÔÖ�Ò�Ö� �Ò
ÓÑÔØ� Ò�ØÙÖ�ÐÐ�Ñ�ÒØ �× ��×ÓÒØ�ÒÙ�Ø�× �Ü�×º

ÁÒØ�Ö�××ÓÒ×¹ÒÓÙ× Ñ��ÒØ�Ò�ÒØ¸ � Ð� Ö�Ð�Ø�ÓÒ �� Ê�Ò��Ò�¹ÀÙ�ÓÒ�ÓØ �ÔÔÐ�ÕÙ��
�ÙÜ �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�º �ÓÑÑ� ��Ò× Ð�
�× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ×�Ò× ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�¸ ÒÓÙ× ÔÓÙÚÓÒ×
�ØÙ���Ö Ð�× ÔÓ××��Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� Ð� ×ÓÐÙØ�ÓÒ �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ÓÒ��Ø�ÓÒ
�� Ê�Ò��Ò�¹ÀÙ�ÓÒ�ÓØº ��Ò× � �×¸ �Ð� ÓÒ�Ù�Ø � Ð� ÔÖÓÔÖ��Ø� ×Ù�Ú�ÒØ�º

ÈÖÓÔÓ×�Ø�ÓÒ �º �� Ô�ÖØ �Ø �³�ÙØÖ� ��× ��×ÓÒØ�ÒÙ�Ø�× ¸ Ð�× ��ÑÔ× Ú�Ö���ÒØ

u(εLEL − εRER) = n× (HR − HL) + χn(εLλeL − εRλeR),

u(µLHL − µRHR) = n× (EL − ER) + χn(µLλhL − µRλhR),

u(εLλeL − εRλeR) = χn · (εRER − εLEL),

u(µLλhL − µRλhR) = χn · (µRHR − µLHL)

´½º¿�µ

Ó� u �×Ø Ð� Ú�Ø�××� �� Ð� ��×ÓÒØ�ÒÙ�Ø�º

�Ò Ñ�Ò�ÒØ Ð� Ñ�Ñ� �Ò�ÐÝ×� ÕÙ� ÔÓÙÖ Ð� �× Å�ÜÛ�ÐÐ¸ ��Ò× ÙÒ Ñ�Ð��Ù �ÓÑÓ¹
��Ò� Ð�× ��×ÓÒØ�ÒÙ�Ø�× ×� ÔÖÓÔ���ÒØ ×Ó�Ø � Ð� Ú�Ø�××� �� Ð� ÐÙÑ��Ö� c ×Ó�Ø � Ð�
Ú�Ø�××� χº ÁÐ Ò³Ý � ÔÐÙ× �� ÔÓ××���Ð�Ø� �� ��×ÓÒØ�ÒÙ�Ø� �Ü�¸ �Ö Ð� ×Ý×Ø�Ñ� Ò³�
ÔÐÙ× �� Ú�Ð�ÙÖ ÔÖÓÔÖ� ÒÙÐÐ�º

�Ò ÔÖ�×�Ò� �³ÙÒ� ��×ÓÒØ�ÒÙ�Ø� �Ü� �� ���Ð�ØÖ�ÕÙ�×¸ Ð�× ��ÑÔ× Ú�Ö���ÒØ

n× (HR − HL) + χn(εLλeL − εRλeR) = 0,

n× (EL − ER) + χn(µLλhL − µRλhR) = 0,

χn · (εRER − εLEL) = 0,

χn · (µRHR − µLHl) = 0.

´½º¿�µ

ÄÓÖ×ÕÙ� λe = λh = 0 ÒÓÙ× Ö�ØÖÓÙÚÓÒ× Ð�× Ñ�Ñ�× ÓÒ��Ø�ÓÒ× �� ×�ÙØ ÕÙ�
ÔÓÙÖ Ð� ×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ¸ �Ú� ÔÖ�×� �Ò ÓÑÔØ� �� Ð� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð�º
Ä³�Ú�ÒØ��� �� �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ �×Ø �� Ñ��ÒØ�Ò�Ö ÙÒ� �ÓÒÒ� ÔÖ��×�ÓÒ ��×
ÓÒ��Ø�ÓÒ× �� ��Ú�Ö��Ò� ��× ��ÑÔ×¸ Ñ�Ñ� ÔÓÙÖ ��× Ø�ÑÔ× ÐÓÒ�× �Ø ÔÓÙÖ
��× Ø�ÖÑ�× ×ÓÙÖ�× �××�Þ Ö����×º

ÆÓÙ× Ú�ÒÓÒ× �� Ñ�ØØÖ� �Ò �Ú���Ò� ÕÙ� Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ÓÒ×Ø�¹
ØÙ�ÒØ ÙÒ �× Ô�ÖØ�ÙÐ��Ö �� ×Ý×Ø�Ñ� �� ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒº ÆÓÙ× �ÚÓÒ× �Ù××�
ÔÖ�×�ÒØ� ÙÒ� Ú�Ö��ÒØ� �Ù ×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ¸ Ð� ÑÓ��Ð� �� Å�ÜÛ�ÐÐ �Ú�
ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�¸ ÕÙ� ÔÖ�×�ÒØ� ��× �Ö�Ø�Ö�×Ø�ÕÙ�× �ÒØ�Ö�××�ÒØ�× ÔÓÙÖ

½�



Ð�× �ÔÔÐ��Ø�ÓÒ× ÒÙÑ�Ö�ÕÙ�×º ÁÐ ×�Ö� �ÓÒ �ÑÔÓÖØ�ÒØ ��Ò× Ð� ×Ù�Ø� �� �ØØ�
Ø��×� �� ÔÖÓÔÓ×�Ö ��× Ñ�Ø�Ó��× ÒÙÑ�Ö�ÕÙ�× �Ý�ÒØ ÙÒ� �ÖØ��Ò� ��Ò�Ö�Ð�Ø�
ÔÓÙÖ ÔÓÙÚÓ�Ö ÔÖ�Ò�Ö� �Ò ÓÑÔØ� ��Ú�Ö× ØÝÔ�× �� ×Ý×Ø�Ñ�× �³��Èº

Ê�Ñ�ÖÕÙ� ¾º ÆÓÙ× Ò³�ÚÓÒ× Ô�× ÔÖÓ�Ö�ÑÑ� Ð� Ö�×ÓÐÙØ�ÓÒ ��× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�¸ �Ð� ÔÓÙÖÖ� ���Ö� Ð³Ó���Ø �� �ÙØÙÖ× ØÖ�¹
Ú�ÙÜº

ÆÓÙ× Ø�ÖÑ�ÒÓÒ× � ��Ô�ØÖ� �³�ÒØÖÓ�ÙØ�ÓÒ ��× ÑÓ��Ð�× Ô�Ö Ð� ÔÖ�×�ÒØ�Ø�ÓÒ
�³ÙÒ� Ø��Ò�ÕÙ� �� ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ØÖ�Ò×Ô�Ö�ÒØ�× �ÙÜ �ÖÓÒØ��Ö�× �Ù
�ÓÑ��Ò� �� �ÐÙÐº �Ò ���Ø¸ ��Ò× �� ÒÓÑ�Ö�Ù×�× �ÔÔÐ��Ø�ÓÒ×¸ Ð� �ÓÑ��Ò�
�� ×�ÑÙÐ�Ø�ÓÒ �×Ø �Ò�Ò�º ÁÐ �×Ø �ÓÒ �Ò��×Ô�Ò×��Ð� �³�ÔÔÐ�ÕÙ�Ö ��× ÓÒ��Ø�ÓÒ×
�ÖØ����ÐÐ�× ×ÙÖ ÙÒ �ÓÑ��Ò� �� �ÐÙÐ �ÓÖÒ�º ��Ò× Ð� Ñ�×ÙÖ� �Ù ÔÓ××��Ð�¸ �×
ÓÒ��Ø�ÓÒ× �Ó�Ú�ÒØ �××ÙÖ�Ö ÕÙ� Ð� ×ÓÐÙØ�ÓÒ �ÐÙÐ�� ×Ó�Ø ÔÖÓ�� �� Ð� ×ÓÐÙ¹
Ø�ÓÒ �Ò �ÓÑ��Ò� �Ò�Ò�º ÇÒ Ô�ÖÐ� �ÐÓÖ× �� ÓÒ��Ø�ÓÒ× ØÖ�Ò×Ô�Ö�ÒØ�×º �Ò ½���¸
��Ö�Ò��Ö �¿℄ � ÔÙ�Ð�� ÙÒ� Ñ�Ø�Ó�� Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ ���� ÔÓÙÖ �××ÙÖ�Ö Ð�
ØÖ�Ò×Ô�Ö�Ò� �� Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×º ��ØØ� Ñ�Ø�Ó�� �×Ø ��×�� ×ÙÖ Ð�
ÓÒ×ØÖÙØ�ÓÒ �� ÓÙ��× �� Ñ�Ø�Ö��ÙÜ �Ø��× ÕÙ� ��×ÓÖ��ÒØ Ð�× ÓÒ��× ×�Ò× Ð�×
Ö�����Öº ��× Ñ�Ø�Ö��ÙÜ ÓÒØ �Ø� ��ÔØ�×�× È�Ö��ØÐÝ Å�Ø��� Ä�Ý�Ö× ´ÈÅÄµº
Ä� Ñ�Ø�Ó�� � �Ò×Ù�Ø� �Ø� �Ø�Ò�Ù� �Ø �Ò�ÐÝ×�� Ø��ÓÖ�ÕÙ�Ñ�ÒØ ��Ò× ÙÒ� Ú�×Ø�
Ð�ØØ�Ö�ØÙÖ� ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� ���¸ �½¸ �¾¸ ��¸ ��¸ ��¸ �½¸ ¾�¸ ¾¿℄ºµ ½ ÆÓÙ× �ÐÐÓÒ×
ÚÓ�Ö ÕÙ� Ð� ÑÓ��Ð� ÈÅÄ �×Ø ÐÙ� �Ù××� ÙÒ� �ÜØ�Ò×�ÓÒ �Ù ÑÓ��Ð� �� Å�ÜÛ�ÐÐ
Ù×Ù�Ð¸ ��Ò× Ð�ÕÙ�Ð Ð� ÒÓÑ�Ö� �³�ÒÓÒÒÙ�× �×Ø ÑÙÐØ�ÔÐ�� Ô�Ö ��ÙÜº ÁÐ �Ò Ö�×ÙÐ¹
Ø�Ö� ÙÒ ÒÓÙÚ��Ù ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ�º �³�×Ø ÙÒ �Ö�ÙÑ�ÒØ ×ÙÔÔÐ�Ñ�ÒØ��Ö�
�Ò ��Ú�ÙÖ �� ÒÓØÖ� ×ØÖ�Ø���� �� ��Ú�ÐÓÔÔ�Ñ�ÒØ �� Ñ�Ø�Ó��× ÒÙÑ�Ö�ÕÙ�× ��Ò�¹
Ö�Ð�× �Ø ����× ÔÓÙÖ �ÔÔÖÓ��Ö Ð�× ×Ý×Ø�Ñ�× �ÝÔ�Ö�ÓÐ�ÕÙ�×¸ �Ø Ô�× ×�ÙÐ�Ñ�ÒØ
Ð� ×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ ×Ø�Ò��Ö�º

½º� ÍÒ� ÓÒ��Ø�ÓÒ Ð�Ñ�Ø� ��×ÓÖ��ÒØ�¸ Ð�× È�Ö��ØÐÝ
Å�Ø��� Ä�Ý�Ö×

ÆÓÙ× ÔÖ�×�ÒØÓÒ× �Ö��Ú�Ñ�ÒØ Ð� ÔÖ�Ò�Ô� �� ÓÒ×ØÖÙØ�ÓÒ �Ù ÑÓ��Ð� ÈÅÄº ÁÐ
�×Ø ÔÐÙ× ×�ÑÔÐ� �³�Ø��Ð�Ö Ð� ÑÓ��Ð� �ÔÖ�× ÙÒ� ØÖ�Ò×�ÓÖÑ�� �� �ÓÙÖ��Ö¹Ä�ÔÐ��
�Ò Ø�ÑÔ×º ÆÓÙ× ÓÒ×���ÖÓÒ× �ÓÒ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ��ÖÑÓÒ�ÕÙ�×
´½º¿� Ô��� ×Ù�Ú�ÒØ�µ ��Ò× ÙÒ Ô�Ú� �ÖÓ�Ø Ω = [x1Ñ�Ò, x

1
Ñ�Ü] × [x2Ñ�Ò, x

2
Ñ�Ü] ×

[x3Ñ�Ò, x
3
Ñ�Ü] �ÒÐÙ× ��Ò× R

3º ÁÐ �×Ø ÔÓ××��Ð� �³�Ø��Ð�Ö ��× ÑÓ��Ð�× ÈÅÄ ÔÓÙÖ
��× �ÓÑ��Ò�× �� �ÓÖÑ�× ÔÐÙ× ÓÑÔÐ�Ü�×º ÎÓ�Ö Ô�Ö �Ü�ÑÔÐ� ���℄º ÆÓÙ× �ÐÐÓÒ×

½º Ä�× ÈÅÄ ÓÒØ �Ù ���ÙÓÙÔ �� ×Ù�× � Ð� Ô�Ô��Ö ÓÖ���Ò�Ð �� ��Ö�Ò��Ö �×Ø �Ø� ÔÐÙ×
�� �¼¼¼ �Ó�× ��Ò× �ÓÓ�Ð� Ë�ÓÐ�Öº ü Ø�ØÖ� �� ÓÑÔ�Ö��×ÓÒ¸ Ð³�ÖØ�Ð� ÓÖ���Ò�Ð ×ÙÖ Ð� ��Ì ��
�ÓÓÐ�Ý �Ø ÌÙ��Ý �×Ø �Ø� �ÒÚ�ÖÓÒ ½½¼¼¼ �Ó�×ººº

¾¼



�ÒØÓÙÖ�Ö Ω �� ÓÙ��× ÈÅÄº ��Ò× Ω¸ �ÔÖ�× ØÖ�Ò×�ÓÖÑ�� �� Ä�ÔÐ�� �Ò Ø�ÑÔ×¸
Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ��Ú��ÒÒ�ÒØ

pεE −∇× H = 0,

pµH +∇× E = 0.
´½º¿�µ

Ó� p = iω + α �×Ø ÙÒ ÒÓÑ�Ö� ÓÑÔÐ�Ü� �Ú� α ≥ 0 �Ø ω Ð� ÔÙÐ×�Ø�ÓÒº

ü Ð³�ÜØ�Ö��ÙÖ �� Ω¸ Ð�× ÓÙ��× ÈÅÄ ÓÖÖ�×ÔÓÒ��ÒØ �ÓÖÑ�ÐÐ�Ñ�ÒØ � ÙÒ ��Ò¹
��Ñ�ÒØ �� Ú�Ö���Ð�× ÓÑÔÐ�Ü�×º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÒÓÙ× �ÐÐÓÒ× �ÒØÖÓ�Ù�Ö� ��
ÒÓÙÚ�ÐÐ�× Ú�Ö���Ð�× x̂ = (x̂1, x̂2, x̂3) ∈ C

3 �Ø �ÐÐÓÒ× �Ö�Ö� Ð�× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐ ��Ò× �× ÒÓÙÚ�ÐÐ�× Ú�Ö���Ð�×º Å�Ø��Ñ�Ø�ÕÙ�Ñ�ÒØ¸ �ØØ� Ñ�Ò�ÔÙÐ�¹
Ø�ÓÒ Ô�ÙØ ×�Ñ�Ð�Ö �××�Þ Ó×�� � Æ��ÒÑÓ�Ò×¸ �Ð �×Ø ÔÓ××��Ð� �� Ð� �Ù×Ø���Ö Ø��ÓÖ�¹
ÕÙ�Ñ�ÒØ �Ö�� � ��× ÓÙØ�Ð× �Ú�Ò�× �� ��ÓÑ�ØÖ�� ����Ö�ÒØ��ÐÐ� ×ÙÖ ��× Ú�Ö��Ø�×
ÓÑÔÐ�Ü�×º ÎÓ�Ö Ô�Ö �Ü�ÑÔÐ� ��½℄¸ ���℄ ÓÙ ���℄º

Ä� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð�× ×³�Ö�Ø

x̂1 = x1 +
1

p

� x1

0
σ1(s)ds,

x̂2 = x2 +
1

p

� x2

0
σ2(s)ds,

x̂3 = x3 +
1

p

� x3

0
σ3(s)ds.

´½º¿�µ

Ä�× Ô�Ö�Ñ�ØÖ�× σ1,σ2,σ3 ×ÓÒØ �ÓÑÓ��Ò�× � ��× ÓÒ�ÙØ�Ú�Ø�×¸ ÒÓÙ× Ð�× �Ô¹
Ô�ÐÐ�ÖÓÒ× ÓÒ�ÙØ�Ú�Ø�× �Ø�Ú�×º ÇÒ ×ÙÔÔÓ×� ÕÙ� �× ÓÒ�ÙØ�Ú�Ø�× ×ÓÒØ ÒÙÐÐ�×
��Ò× Ωº ÆÓÙ× �ÓÒÒ�ÖÓÒ× �Ò ´½º�¿ Ô��� ¾�µ ÙÒ �Ó�Ü ÔÓ××��Ð� ÔÓÙÖ �× ����¹
Ö�ÒØ× Ô�Ö�Ñ�ØÖ�×º ÆÓØÓÒ× τ Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� ��Ö�Ø ÔÖ����ÑÑ�ÒØº
Ê�Ñ�ÖÕÙÓÒ× ÕÙ� ×� Ñ�ØÖ�� ��Ó���ÒÒ� τ ′ �×Ø ����ÓÒ�Ð�º

ÆÓÙ× Ö�ÑÔÐ��ÓÒ× Ð� ×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ ÓÖ���Ò�Ð ´½º¿�µ Ô�Ö Ð� ×Ý×Ø�Ñ� ��
Å�ÜÛ�ÐÐ �Ú� Ð�× ��Ö�Ú��× �ÓÖÑ�ÐÐ�× ÓÑÔÐ�Ü�×º

pεÊ − ∇̂× Ĥ = 0, ´½º�¼�µ

pµĤ + ∇̂× Ê = 0. ´½º�¼�µ

¾½



ÁÐ �×Ø �ÑÔÓÖØ�ÒØ �� ×ÓÙÐ��Ò�Ö ÕÙ� ÒÓÙ× Ò� Ô�ÖØÓÒ× Ô�× ��× �ÕÙ�Ø�ÓÒ× �� Å�Ü¹
Û�ÐÐ �Ò �ÓÑ��Ò� �Ò�Ò�¸ Ñ��× ��Ð �Ø ���Ò ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ÑÓ�����×
Ô�Ö Ð�× ÓÙ��× ÈÅÄº Ä³���� �ÓÒ��Ñ�ÒØ�Ð� �×Ø �� Ô�××�Ö �� ���ÓÒ Ö��ÙÐ��Ö�
�Ù Ñ�Ð��Ù ×�Ò× ��×ÓÖÔØ�ÓÒ �Ù Ñ�Ð��Ù ÈÅÄ¸ � ÕÙ� �ÑÔÐ�ÕÙ� ÙÒ� ÔÖÓ�Ö�××�ÓÒ
Ö��ÙÐ��Ö� ��× Ô�Ö�Ñ�ØÖ�× �³��×ÓÖÔØ�ÓÒ σ ��Ò× Ð�× ÈÅÄº ÍÒ �Ö�ÙÑ�ÒØ ��
ØÝÔ� ��Ú�ÐÓÔÔ�Ñ�ÒØ �� Ì�ÝÐÓÖ¸ ÓÙ ��Ú�ÐÓÔÔ�Ñ�ÒØ �Ò�ÐÝØ�ÕÙ�¸ Ô�ÖÑ�Ø �ÐÓÖ×
�� ÓÒÐÙÖ� ÕÙ� �Ù×ÕÙ³� ÙÒ �ÖØ��Ò ÓÖ�Ö�¸ Ð� ×ÓÐÙØ�ÓÒ �ÐÙÐ�� �×Ø ���Ò Ð�
Ö�×ØÖ�Ø�ÓÒ � ÙÒ �ÓÑ��Ò� �ÓÖÒ� �� Ð� ×ÓÐÙØ�ÓÒ �Ò Ñ�Ð��Ù Ð��Ö�º

�Ò �ÜÔÖ�Ñ�ÒØ Ð�× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Ú�Ø�ÓÒ× ´�ÓÖÑ�Ð×µ � Ó����ÒØ× ÓÑÔÐ�Ü�×
∂̂1¸ ∂̂2¸ ∂̂3 �Ù ÑÓÝ�Ò ��× ÓÔ�Ö�Ø�ÙÖ× �� ��Ö�Ú�Ø�ÓÒ ∂1¸ ∂2¸ ∂3¸ ÒÓÙ× ÓÒ×Ø�ØÓÒ×
ÕÙ� � ÒÓÙÚ��Ù ×Ý×Ø�Ñ� Ó�Ò��� �Ú� Ð� ×Ý×Ø�Ñ� ÓÖ���Ò�Ð ×ÙÖ Ωº

ÈÓ×ÓÒ×

s1 = x1 +
1

p
σ1(x

1),

s2 = x2 +
1

p
σ2(x

2),

s3 = x3 +
1

p
σ3(x

3).

´½º�½µ

ÆÓÙ× ���ØÙÓÒ× Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð�× �ÓÖÑ�Ð ∂̂1 = 1
s1
∂1¸ ∂̂2 = 1

s2
∂2 �Ø

∂̂3 =
1
s3
∂3º

��Ò×�¸ ÒÓÙ× Ó�Ø�ÒÓÒ× Ð³�ÜÔÖ�××�ÓÒ �Ù ÖÓØ�Ø�ÓÒÒ�Ð �³ÙÒ ��ÑÔ E

∇̂× E = ��
�
τ−1
�
τ ′T∇× (τ ′TE). ´½º�¾µ

�Ò �Ò��Ø�ÒØ �× �ÓÖÑÙÐ�× ��Ò× Ð� ×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ ÓÑÔÐ�Ü�¸ ÒÓÙ× Ó�Ø�¹
ÒÓÒ× Ð� ×Ý×Ø�Ñ� Ô�ÖØÙÖ��

pε�� (τ)τ ′−1T
τ ′−1T

Ẽ −∇× H̃ = 0

pµ�� (τ)τ ′−1T
τ ′−1T

H̃ +∇× Ẽ = 0
´½º�¿µ

Ó� Ẽ = τ ′TE �Ø H̃ = τ ′TH º

��Ò× Ω¸ Ð� ×Ý×Ø�Ñ� ´½º�¿µ Ó�Ò��� �Ú� Ð� ×Ý×Ø�Ñ� ÓÖ���Ò�Ðº

¾¾



Ä� Ñ�ØÖ�� �� (τ)τ ′−1T τ ′−1T �×Ø ÙÒ� Ñ�ØÖ�� ����ÓÒ�Ð� ×³�ÜÔÖ�Ñ�ÒØ Ô�Ö

�� (τ)τ ′−1T
τ ′−1T

= ����

�
s2s3
s1

,
s1s3
s2

,
s1s2
s3

�

. ´½º��µ

���Ò�××ÓÒ× �ÐÓÖ× Ð�× Ñ�ØÖ��× S1¸ S2 �Ø S3 Ô�Ö

S1 = ����(σ1,σ2,σ3,σ1,σ2,σ3),

S2 = ����(σ2,σ3,σ1,σ2,σ3,σ1),

S3 = ����(σ3,σ1,σ2,σ3,σ1,σ2).

´½º��µ

�Ø Ð�× Ñ�ØÖ��× �Ø N1¸ N2 �Ø N3 Ô�Ö

N1 = ����(s1, s2, s3, s1, s2, s3) = I +
1

p
S1,

N2 = ����(s2, s3, s1, s2, s3, s1) = I +
1

p
S2,

N3 = ����(s3, s1, s2, s3, s1, s2) = I +
1

p
S3.

´½º��µ

ÆÓÙ× ÔÓÙÚÓÒ× �Ù××� �Ö�Ö� Ð� ×Ý×Ø�Ñ� ´½º�¿ Ô��� ÔÖ����ÒØ�µ ×ÓÙ× Ð� �ÓÖÑ�

pAtN−1
1 N2N3W +Ai∂iW = 0, ´½º��µ

At �Ø�ÒØ Ð� Ñ�ØÖ�� ����ÓÒ�Ð� ���Ò�� Ô�Ö At = ����(ε0, ε0, ε0, µ0, µ0, µ0)º

ÁÐ ×³���Ø Ñ��ÒØ�Ò�ÒØ¸ Ô�Ö ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �� Ä�ÔÐ�� �ÒÚ�Ö×� �� Ö�Ð�¹
Ú�Ö �ÐÓÖ× �Ò Ø�ÑÔ× � ×Ý×Ø�Ñ�º ÈÓÙÖ �Ð� ÒÓÙ× ��ÓÑÔÓ×ÓÒ× Ð� Ñ�ØÖ��
pN−1

1 N2N3 �Ò �Ð�Ñ�ÒØ ×�ÑÔÐ�º

pN−1
1 N2N3 = (pI + S1)

−1 (pI + S2) (pI + S3)

= pI +A+R1 (pI + C)−1 R2.
´½º��µ

¾¿



Ä�× Ñ�ØÖ��× �ÔÔ�Ö��××�ÒØ ��Ò× �ØØ� �ÓÖÑÙÐ� ×ÓÒØ �ÓÒÒ��× Ô�Ö

A = ����(σ2 + σ2 − σ1,σ1 + σ3 − σ2,σ1 + σ2 − σ3,

σ3 + σ2 − σ1,σ1 + σ3 − σ2,σ1 + σ2 − σ3),

C = ���� (σ1,σ2,σ3,σ1,σ2,σ3) ,

R1 = ���� (σ1 − σ2,σ3 − σ2,σ2 − σ3,σ1 − σ2,σ3 − σ2,σ2 − σ3) ,

R2 = ���� (σ1 − σ3,σ1 − σ2,σ1 − σ3,σ1 − σ3,σ1 − σ2,σ1 − σ3) .

´½º��µ

Ë� ÒÓÙ× �ÔÔÐ�ÕÙÓÒ× ÙÒ� ØÖ�Ò×�ÓÖÑ�� �� Ä�ÔÐ�� �ÒÚ�Ö×� �Ù ×Ý×Ø�Ñ� ´½º��µ
ÒÓÙ× ØÓÑ�ÓÒ× ×ÙÖ ÙÒ ×Ý×Ø�Ñ� �ÒØ��ÖÓ¹����Ö�ÒØ��Ð �Ò Ø�ÑÔ×º ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ×
�ÓÒ ÙÒ� Ú�Ö���Ð� �ÒØ�ÖÑ�����Ö� V ÔÓÙÖ ÒÓÙ× Ö�Ñ�Ò�Ö � ÙÒ ×Ý×Ø�Ñ� �³��È
�Ò �×Ô��¹Ø�ÑÔ×º

Ä� ×Ý×Ø�Ñ� Ö�Ð�Ú� �Ò Ø�ÑÔ× ��Ú��ÒØ

At∂tW +AAtW +R1AtV + ∂iAiW = 0,

∂tV + CV −R2W = 0.
´½º�¼µ

Ä� ×Ý×Ø�Ñ� ´½º�¼µ �×Ø ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×º �Ò ���Ø¸ ÔÓ×ÓÒ×

W = (W ,V )T ,

At =

�
g′At 0
0 g′I

�

,

R =

�
AAt R1At

−R2 C

�

,

Ai
∂i =

�
Ai∂i 0
0 0

�

.

´½º�½µ

�ÐÓÖ×¸ Ð� ×Ý×Ø�Ñ� ´½º�¼µ ×³�Ö�Ø ×ÓÙ× Ð� �ÓÖÑ�

At∂tW +RW + ∂iAi
W = 0. ´½º�¾µ

Ä�× ÓÒ�ÙØ�Ú�Ø�× ×ÓÒØ �ÓÒÒ��× Ô�Ö Ð� �ÓÖÑÙÐ� ×Ù�Ú�ÒØ� ���×�ÒØ �ÒØ�ÖÚ�Ò�Ö Ð�
ÔÖÓ�ÓÒ��ÙÖ ��× ÈÅÄ δÑ�Ü �Ø ÙÒ Ô�Ö�Ñ�ØÖ� �ÒØ��Ö m ���Ò�××�ÒØ Ð� ÖÓ�××�Ò�

¾�



��× ÓÒ�ÙØ�Ú�Ø�×

σi(x
i) = σÑ�Ü

�
δi(x

i)

δÑ�Ü

�m

´½º�¿µ

Ó� δi(x
i) �×Ø Ð� ��×Ø�Ò� �� xi �Ù �ÓÑ��Ò� Å�ÜÛ�ÐÐ ×Ó�Ø

δi(x
i) =

�

Ñ�Ò(xiÑ�Ò − xi, xi − xiÑ�Ü) ¸ ×� xi ≤ xiÑ�Ò ÓÙ xi ≥ xiÑ�Ü,

0 ¸ ×�ÒÓÒº
´½º��µ

�� �Ó�Ü �ÑÔÐ�ÕÙ� ÙÒ� �ÖØ��Ò� Ö��ÙÐ�Ö�Ø� �� Ð³��×ÓÖÔØ�ÓÒ ÈÅÄº �ÓÑÑ� ����
�ÜÔÐ�ÕÙ�� ÔÐÙ× ��ÙØ¸ �ØØ� Ö��ÙÐ�Ö�Ø� �×Ø �ÑÔÓÖØ�ÒØ� ÔÓÙÖ �××ÙÖ�Ö Ð� � ØÖ�Ò×¹
Ô�Ö�Ò� � ��× ÈÅÄº

�ÓÒÐÙ×�ÓÒ

�Ò ÓÒÐÙ×�ÓÒ¸ ��Ò× � ��Ô�ØÖ� �³�ÒØÖÓ�ÙØ�ÓÒ¸ ÒÓÙ× �ÚÓÒ× �³��ÓÖ� Ö�ÔÔ�Ð�
Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº ÆÓÙ× �ÚÓÒ× ÑÓÒØÖ� ÕÙ³�ÐÐ�× ÓÒ×Ø�ØÙ�ÒØ ÙÒ ×Ý×Ø�Ñ�
�ÝÔ�Ö�ÓÐ�ÕÙ� �� �Ö���Ö��×º �Ò ØÓÙØ� Ö��Ù�ÙÖ¸ Ð� ÑÓ��Ð� �� Å�ÜÛ�ÐÐ Ò³�×Ø Ô�×
ÓÒ×Ø�ØÙ� ÕÙ� �³ÙÒ ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ� ×ÙÖ Ð� ��ÑÔ �Ð�ØÖ�ÕÙ� �Ø Ð� ��ÑÔ
Ñ��Ò�Ø�ÕÙ�º ÁÐ ÓÒØ��ÒØ �Ù××� ÙÒ� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð� ×ÙÖ Ð� ��Ú�Ö��Ò� �� �×
��ÑÔ×º

ÆÓÙ× �ÚÓÒ× �ÐÓÖ× �ÒØÖÓ�Ù�Ø ÙÒ� �ÜØ�Ò×�ÓÒ �Ù ÑÓ��Ð� �� Å�ÜÛ�ÐÐ¸ Ð� ÑÓ��Ð�
�� Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò� �� ��¿℄º �³�×Ø �ÒÓÖ� ÙÒ ×Ý×Ø�Ñ�
�ÝÔ�Ö�ÓÐ�ÕÙ�º ÁÐ �×Ø ÔÐÙ× ���Ð� � �ÔÔÖÓ��Ö ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ¸ �Ö �Ð Ô�ÖÑ�Ø ��
Ñ��ÒØ�Ò�Ö �Ù ÓÙÖ× �Ù Ø�ÑÔ× Ð�× ÓÒ��Ø�ÓÒ× ×ÙÖ Ð�× ��Ú�Ö��Ò�× ��× ��ÑÔ×º
�� ÑÓ��Ð� �×Ø ���Ð�Ñ�ÒØ ÓÑÔ�Ø��Ð� �Ú� Ð�× Ö�Ð�Ø�ÓÒ× �� ×�ÙØ× Ô�Ý×�ÕÙ�× �Ù
×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ Ð�××�ÕÙ�º

ÆÓÙ× �ÚÓÒ× �Ò�Ò Ö�ÔÔ�Ð� ÓÑÑ�ÒØ ÓÒ×ØÖÙ�Ö� ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×
ØÖ�Ò×Ô�Ö�ÒØ�× �Ù ÑÓÝ�Ò ��× ÓÙ��× ÈÅÄ �� ��Ö�Ò��Öº ü Ð³�ÒØ�Ö��ÙÖ ��×
ÓÙ��× ��×ÓÖ��ÒØ�×¸ Ð� ÑÓ��Ð� �Ð�ØÖÓÑ��Ò�Ø�ÕÙ� Ó�Ø�ÒÙ ×� ÔÖ�×�ÒØ� �ÒÓÖ�
×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ�º

��× ØÖÓ�× ÑÓ��Ð�× ÓÒØ ��ÙÒ Ð�ÙÖ Ð���Ø�Ñ�Ø� ��Ò× Ð� ×�ÑÙÐ�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� ��
ÒÓÑ�Ö�ÙÜ ×Ý×Ø�Ñ�× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�×º ÁÐ �×Ø �ÓÒ �ÑÔÓÖØ�ÒØ �� ÓÒ×ØÖÙ�Ö�
��× Ñ�Ø�Ó��× ÒÙÑ�Ö�ÕÙ�× ��Ò �� Ð�× �ÔÔÖÓ��Ö ����Ñ�ÒØº ÆÓÙ× �ÒØÖÓ�Ù�¹
ÖÓÒ× �ÓÒ ��Ò× Ð� ��Ô�ØÖ� ×Ù�Ú�ÒØ ÙÒ� Ñ�Ø�Ó�� ��Ò�Ö�Ð� �� Ö�×ÓÐÙØ�ÓÒ ��×

¾�



×Ý×Ø�Ñ�× �ÝÔ�Ö�ÓÐ�ÕÙ�× � Ð� Ñ�Ø�Ó�� �� ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ�º ��ØØ� Ñ�Ø�Ó��
�×Ø Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ ���ÔØ�� � Ð� Ö�×ÓÐÙØ�ÓÒ �� ��ÑÔ× Ö��ÙÐ��Ö× ÔÖ�×�ÒØ�ÒØ
��× ��×ÓÒØ�ÒÙ�Ø�× ×ÙÖ ��× �ÒØ�Ö���× ×Ø�Ø�ÓÒÒ��Ö�×º

¾�



�������� �

�ÓÖÑÙÐ�Ø�ÓÒ ��Ð�Ö��Ò
��×ÓÒØ�ÒÙ�

ÆÓÙ× �ÚÓÒ× �ÒØÖÓ�Ù�Ø �Ù ��Ô�ØÖ� ÔÖ����ÒØ ÔÐÙ×��ÙÖ× ÑÓ��Ð�× �³��È ÙØ�Ð�×
ÔÓÙÖ Ð³�Ð�ØÖÓÑ��Ò�Ø�×Ñ�º ��× ÑÓ��Ð�× ÓÒØ Ð� �Ö�Ø�Ö�×Ø�ÕÙ� ÓÑÑÙÒ� ��
×� Ñ�ØØÖ� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ� �Ù ÔÖ�Ñ��Ö ÓÖ�Ö�º ÆÓÙ×
�ÐÐÓÒ× �ÓÒ �ÒØÖÓ�Ù�Ö� ��Ò× � ��Ô�ØÖ� ÙÒ� Ñ�Ø�Ó�� ÒÙÑ�Ö�ÕÙ� ÔÓÙÖ �ÔÔÖÓ¹
��Ö � ØÝÔ� �� ×Ý×Ø�Ñ�×º ��ØØ� Ñ�Ø�Ó�� �×Ø ��×�� ×ÙÖ ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð�
�Ù ÔÖÓ�Ð�Ñ� �³�ÚÓÐÙØ�ÓÒ ÕÙ� ÒÓÙ× �ÐÐÓÒ× �³��ÓÖ� �ÒØÖÓ�Ù�Ö�º ÆÓÙ× ÔÓÙÖÖÓÒ×
��Ò×� ØÖ��Ø�Ö �Ú� Ð� Ñ�Ñ� Ó�� ÔÐÙ×��ÙÖ× ÑÓ��Ð�× ����Ö�ÒØ×º �Ú�ÒØ �³�ÒØÖÓ¹
�Ù�Ö� Ð� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð�¸ ÒÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö Ö�ÔÔ�Ð�Ö �� ���ÓÒ ØÖ�×
Ö�Ô��� Ð� Ø��ÓÖ�� �� Ä�Ü¹È��ÐÐ�Ô× ��¼¸ �¼℄ ÕÙ� Ô�ÖÑ�Ø �� ��Ø�ÖÑ�Ò�Ö Ð�× ÓÒ��¹
Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ÔÓÙÖ Ð�×ÕÙ�ÐÐ�×¸ Ð� ÔÖÓ�Ð�Ñ� �³�ÚÓÐÙØ�ÓÒ ´½º� Ô��� ½½µ �×Ø
���Ò ÔÓ×�º ÈÙ�× ÒÓÙ× �Ò ���Ù�ÖÓÒ× ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø� ��×�� ×ÙÖ
ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÔÓÐÝÒÓÑ��Ð� �� Ð� ×ÓÐÙØ�ÓÒ � ��ÕÙ� �Ò×Ø�ÒØº �Ò�Ò¸ ÒÓÙ×
�ÓÒÒ�ÖÓÒ× ÙÒ� ÔÖ�ÙÚ� �� Ð� ÓÒÚ�Ö��Ò� �� �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø�º

¾º½ ��Ò�Ö�Ð�Ø�× ×ÙÖ Ð�× ×Ý×Ø�Ñ�× �� �Ö���Ö��×

��Ò× Ð�× �× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ø ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ú�
ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò�¸ Ð� ×Ý×Ø�Ñ� Ó�Ø�ÒÙ �×Ø �ÓÒ ���Ò ÙÒ ×Ý×Ø�Ñ� ��
�Ö���Ö��×º Ä� Ø��ÓÖ�� ��Ò�Ö�Ð�¸ �ÓÒØ ÒÓÙ× �ÐÐÓÒ× Ö�ÔÔ�Ð�Ö ÕÙ�ÐÕÙ�× Ö�×ÙÐØ�Ø×
ÙØ�Ð�×¸ ×³�ÔÔÐ�ÕÙ� ���Ð�Ñ�ÒØ � �³�ÙØÖ�× ×Ý×Ø�Ñ�× ÙØ�Ð�× �Ò Ô�Ý×�ÕÙ�º

ÈÓÙÖ ÕÙ� Ð� ÔÖÓ�Ð�Ñ� �³�ÚÓÐÙØ�ÓÒ ×Ó�Ø ���Ò ÔÓ×� ��Ò× ÙÒ �ÓÑ��Ò� ×Ô�Ø�Ó¹

¾�



Ø�ÑÔÓÖ�Ð Ω× [0, T ] ¸ �Ð ��ÙØ ÐÙ� ���Ó�Ò�Ö� ÙÒ� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð�

W (x, 0) = W0(x), x ∈ Ω, ´¾º½µ

�Ø ��× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×º ÆÓÙ× ÓÒ×���Ö�ÖÓÒ× ��× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×
ÐÓ�Ð�× �Ø Ð�Ò���Ö�×º �Ò ÙÒ ÔÓ�ÒØ �� Ð� �ÖÓÒØ��Ö� x ∈ ∂Ω Ð� ÓÒ��Ø�ÓÒ �ÙÜ
Ð�Ñ�Ø�× �×Ø ��Ö�Ø� Ô�Ö Ð� �ÓÒÒ�� �³ÙÒ �×Ô�� Ú�ØÓÖ��Ð Vb(x) �Ø Ð� ÓÒ��Ø�ÓÒ
×³�Ö�Ö�

W (x) ∈ Vb(x). ´¾º¾µ

Ä� ÔÖÓ�Ð�Ñ� �� ��Ù�Ý �××Ó�� �Ù ×Ý×Ø�Ñ� ´½º� Ô��� ½½µ ×³�Ö�Ø �ÐÓÖ×

∂tAtW + ΣW +

3�

i=1

∂iAiW = S ¸ ×ÙÖ Ω× [0, T ],

W (x) ∈ Vb(x)¸ ×ÙÖ ∂Ω× [0, T ],

W (x, 0) = W0(x)¸ ×ÙÖ Ω.

´¾º¿µ

Ä³�×Ô�� Ú�ØÓÖ��Ð Vb(x) �Ó�Ø �ØÖ� �Ó�×� �� Ñ�Ò��Ö� � ��Ö�ÒØ�Ö Ð³�Ü�×Ø�Ò� �Ø
Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒº �Ú�ÒØ �� �ÓÒÒ�Ö ÙÒ Ø��ÓÖ�Ñ� �××ÙÖ�ÒØ �× ÔÖÓÔÖ��Ø�×¸
���Ò�××ÓÒ× ÙÒ� �Ò�Ö��� �××Ó��� � Ð� ×ÓÐÙØ�ÓÒ �Ù ×Ý×Ø�Ñ� ´¾º¿µº

���Ò�Ø�ÓÒ ¾º Ä³�Ò�Ö��� E �××Ó��� �ÙÜ ��ÑÔ× W � ÙÒ �Ò×Ø�ÒØ t �×Ø ���Ò��
Ô�Ö Ð³�ÒØ��Ö�Ð�

E =

�

Ω

1

2
W · AtW dx. ´¾º�µ

ËÙÔÔÓ×ÓÒ× ÔÓÙÖ ×�ÑÔÐ���Ö ÕÙ� Σ = 0 �Ø S = 0º �Ò ÑÙÐØ�ÔÐ��ÒØ ´¾º¿µ Ô�Ö W
�Ø �Ò �ÒØ��Ö�ÒØ Ô�Ö Ô�ÖØ��¸ ÒÓÙ× Ó�Ø�ÒÓÒ× Ð� ��Ð�Ò �³�Ò�Ö���

∂tE = −
�

∂Ω

1

2
AiniW · W ds. ´¾º�µ

��Ò× Ð� �× �³ÙÒ ×�ÓÒ� Ñ�Ñ�Ö� ÒÙÐ¸ Ð� ��ÖÓ�××�Ò� �� Ð³�Ò�Ö��� �Ù ÓÙÖ× �Ù
Ø�ÑÔ× �××ÙÖ� Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒº ÆÓÙ× Ó�Ø�ÒÓÒ× �ÓÒ Ð� Ö�×ÙÐØ�Ø ×Ù�Ú�ÒØ �

Ì��ÓÖ�Ñ� ½º Ë�
∀W ∈ Vb,AiniW · W ≥ 0 ´¾º�µ

�ÐÓÖ× Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �ÙÜ Ð�Ñ�Ø�× ´¾º¿µ �×Ø ÙÒ�ÕÙ�º

¾�



Ä³�Ü�×Ø�Ò� �� Ð� ×ÓÐÙØ�ÓÒ �×Ø ÙÒ ÔÖÓ�Ð�Ñ� Ñ�Ø��Ñ�Ø�ÕÙ�Ñ�ÒØ ���ÙÓÙÔ ÔÐÙ×
��Ð��Øº Ä�× ÓÒ��Ø�ÓÒ× �³�Ü�×Ø�Ò� ÓÒØ �³��ÓÖ� �Ø� �Ò�ÐÝ×��× Ô�Ö Ä�Ü �Ø È��¹
Ð�Ô× ��¼℄º Ä�× Ö�×ÙÐØ�Ø× ÔÖ�Ð�Ñ�Ò��Ö�× �� Ä�Ü �Ø È��Ð�Ô× ÓÒØ �Ò×Ù�Ø� �Ø� �Ø�Ò¹
�Ù× Ô�Ö Ê�Ù� ��¼℄º ÎÓ�Ö �Ù××� �¿½¸ �¸ ��℄ ÆÓÙ× Ò� Ö�ÔÖ�Ò�ÖÓÒ× Ô�× �×
�ØÙ��× ��º Å��×¸ �Ò ×��Ñ�Ø�×�ÒØ � Ð³�ÜØÖ�Ñ�¸ Ð³�Ü�×Ø�Ò� �� Ð� ×ÓÐÙØ�ÓÒ ��
´¾º¿ Ô��� ÔÖ����ÒØ�µ �×Ø �××ÙÖ�� Ô�Ö Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ �³ÙÒ ÔÖÓ�Ð�Ñ�
���Ó�ÒØ �Ú� ÓÒ��Ø�ÓÒ �Ò�Ð� ÕÙ� ×³�Ö�Ø �

−∂tAtW +ΣTW −
3�

i=1

∂iAiW = 0¸ ×ÙÖ Ω× [0, T ],

W (x) ∈ V #
b (x)¸ ×ÙÖ ∂Ω× [0, T ],

W (x, T ) = WT (x)¸ ×ÙÖ Ω.

´¾º�µ

�� ÔÖÓ�Ð�Ñ� ���Ó�ÒØ �×Ø �××Ó�� � ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ���Ó�ÒØ� W ∈ V #
b

�Ú� V #
b = (AiniVb)

⊥¸ �º�º

∀W ∈ Vb,∀W # ∈ V #
b ,AiniW · W # = 0. ´¾º�µ

��ØØ� ÓÒ��Ø�ÓÒ �ÑÔÐ�ÕÙ� ÕÙ� Ð� ��Ñ�Ò×�ÓÒ �� Ð³�×Ô�� Vb �Ó�Ø �ØÖ� ���Ð�
�Ù ÒÓÑ�Ö� �� Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ÔÓ×�Ø�Ú�× ÓÙ ÒÙÐÐ�× �� Aini �Ò ÓÑÔØ�ÒØ Ð�ÙÖ
ÑÙÐØ�ÔÐ��Ø�º ÆÓÙ× ×ÓÑÑ�× �ÓÒ �Ñ�Ò�× � �ÒØÖÓ�Ù�Ö� Ð�× ���Ò�Ø�ÓÒ× ×Ù�Ú�ÒØ�×
��× Ô�ÖØ��× ÔÓ×�Ø�Ú�× �Ø Ò���Ø�Ú�× �� Ainiº

���Ò�Ø�ÓÒ ¿º ËÓ�Ø M ÙÒ� Ñ�ØÖ�� �ÖÖ�� Ö��ÐÐ� �Ø ����ÓÒ�Ð�×��Ð� ×ÙÖ Rº ËÓ�Ø
P ÙÒ� Ñ�ØÖ�� �ÒÚ�Ö×��Ð� �Ø N ÙÒ� Ñ�ØÖ�� ����ÓÒ�Ð� Ø�ÐÐ�× ÕÙ�M = P−1NP º
ÆÓØÓÒ× |N | Ð� Ñ�ØÖ�� ÓÒØ�Ò�ÒØ Ð�× Ú�Ð�ÙÖ× ��×ÓÐÙ�× ��× Ø�ÖÑ�× �� N º Ä�
Ô�ÖØ�� ÔÓ×�Ø�Ú� �� M ÒÓØ�� M+ �×Ø ���Ò�� Ô�Ö

M+ =
1

2
P−1 (N + |N |)P. ´¾º�µ

Ä� Ô�ÖØ�� Ò���Ø�Ú� �� M ÒÓØ�� M− �×Ø ���Ò�� Ô�Ö

M− =
1

2
P−1 (N − |N |)P. ´¾º½¼µ

�Ò �³�ÙØÖ�× Ø�ÖÑ�× ÒÓÙ× Ó�Ø�ÒÓÒ× Ð� Ö�×ÙÐØ�Ø ×Ù�Ú�ÒØ

Ì��ÓÖ�Ñ� ¾º Ä� ÔÖÓ�Ð�Ñ� �ÙÜ Ð�Ñ�Ø�× ´¾º¿ Ô��� �¹ÓÒØÖ�µ ��Ñ�Ø ÙÒ� ×ÓÐÙ¹
Ø�ÓÒ ÙÒ�ÕÙ� ×� �Ø ×�ÙÐ�Ñ�ÒØ ×�¸ �Ò ØÓÙØ ÔÓ�ÒØ �Ù �ÓÖ�¸

∀W ∈ Vb,AiniW · W ≥ 0 ´¾º½½µ

�Ø
dim(Vb) = dim(ker(Ain−

i )). ´¾º½¾µ

¾�



ÈÓÙÖ ÕÙ� Ð� ÔÖÓ�Ð�Ñ� �³�ÚÓÐÙØ�ÓÒ ×Ó�Ø ���Ò ÔÓ×�¸ �Ð ��ÙØ �ÓÒ ÕÙ� Ð�× ÓÒ��¹
Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× Ú�Ö���ÒØ � Ð� �Ó�× Ð� ÓÒ��Ø�ÓÒ �� ��××�Ô�Ø�ÓÒ ´¾º½½µ �Ø Ð�
ÓÒ��Ø�ÓÒ �� Ñ�Ü�Ñ�Ð�Ø� ´¾º½¾µº

Ê�Ñ�ÖÕÙ� ¿º ��Ò× Ð� �× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸ Ð� Ñ�ØÖ�� Aini ��
Ø��ÐÐ� 6 × 6 � ÕÙ�ØÖ� Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ÔÓ×�Ø�Ú�× ÓÙ ÒÙÐÐ�×º Ä� ÓÒ��Ø�ÓÒ ��
Ñ�Ü�Ñ�Ð�Ø� �ÑÔÐ�ÕÙ� ÕÙ³�Ð Ò³�×Ø Ô�× ÔÓ××��Ð� �³�ÔÔÐ�ÕÙ�Ö ÔÐÙ× �� ��ÙÜ ÓÒ��¹
Ø�ÓÒ× ×ÙÖ Ð�× ��ÑÔ× � Ð� Ð�Ñ�Ø� �Ù �ÓÑ��Ò�º Ä� ×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ �Ú�
ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò� Ô�ÖÑ�Ø �³�ÔÔÐ�ÕÙ�Ö �Ù ×Ý×Ø�Ñ� ÙÒ� ÔÐÙ× �Ö�Ò�� Ú�¹
Ö��Ø� �� ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×¸ �Ö �ÙÙÒ� �� ×�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× Ò� ×³�ÒÒÙÐ�º

¾º¾ �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� �Ù ÔÖÓ�Ð�Ñ� �³�ÚÓÐÙØ�ÓÒ

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× �ÐÐÓÒ× ÓÒ×ØÖÙ�Ö� � Ô�ÖØ�Ö �³ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×
´¾º¿ Ô��� ¾�µ ���Ò ÔÓ×� ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� �� ØÝÔ� ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ�
�Ù ÔÖÓ�Ð�Ñ� �³�ÚÓÐÙØ�ÓÒº Ä� ÔÖÓ�Ð�Ñ� �×Ø ���Ò ÔÓ×� ×� Ð�× ÓÒ��Ø�ÓÒ× �ÙÜ
Ð�Ñ�Ø�× Ú�Ö���ÒØ Ð�× ÓÒ��Ø�ÓÒ× �� Ä�Ü¹È��Ð�Ô× ´Ø��ÓÖ�Ñ� ¾µº ÆÓÙ× Ú�ÖÖÓÒ×
ÕÙ� Ð� ÓÒ��Ø�ÓÒ �� Ä�Ü¹È��Ð�ÔÔ× ×� ØÖ��Ù�Ø ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� Ô�Ö
ÙÒ �Ó�Ü �� �ÙÜ ÒÙÑ�Ö�ÕÙ� �ÖÓÒØ��Ö� Ú�Ö���ÒØ ��× ÔÖÓÔÖ��Ø�× ØÖ�× ÔÖ��×�× ��
��××�Ô�Ø�ÓÒ �Ø �� Ñ�Ü�Ñ�Ð�Ø�º

ËÓ�Ø Ω ÙÒ ÓÙÚ�ÖØ �� R
3º ËÓ�Ø W ÙÒ� ×ÓÐÙØ�ÓÒ �Ù ×Ý×Ø�Ñ� �� ÐÓ�× �� ÓÒ×�Ö¹

Ú�Ø�ÓÒ ´¾º¿ Ô��� ¾�µº

ËÓ�Ø ��× ÓÙÚ�ÖØ× (Ωk)k=1,...,K Ø�Ð× ÕÙ� ×ÙÖ ��ÙÒ �³�ÙÜ Ð�× Ô�Ö�Ñ�ØÖ�× Ô�Ý¹
×�ÕÙ�× �Ù Ñ�Ð��Ù ×Ó��ÒØ ÓÒ×Ø�ÒØ× �Ø

K�

k=1

Ωk = Ω �Ø ∀k �= k′,Ωk ∩ Ωk′ = ∅. ´¾º½¿µ

ÆÓÙ× �ÚÓÒ× ÚÙ �Ù ��Ô�ØÖ� ÔÖ����ÒØ ÕÙ� Ð�× ��×ÓÒØ�ÒÙ�Ø�× ×Ø�Ø�ÓÒÒ��Ö�× ��
Ð� ×ÓÐÙØ�ÓÒ ÚÓÒØ Ó�Ò���Ö �Ú� Ð�× ��×ÓÒØ�ÒÙ�Ø�× ��× Ñ�Ø�Ö��ÙÜ ���Ð�ØÖ�ÕÙ�×º
Ä� ×ÓÐÙØ�ÓÒ �� ´¾º¿ Ô��� ¾�µ ��Ñ�Ø �ÓÒ ��× ��×ÓÒØ�ÒÙ�Ø�× ÙÒ�ÕÙ�Ñ�ÒØ ×ÙÖ
Ð³ÙÒ�ÓÒ ��× �ÖÓÒØ��Ö�× �� Ωkº

ÆÓÙ× ��ÓÙØÓÒ× �ÐÓÖ× ��× ��×ÓÒØ�ÒÙ�Ø�× �Ø�Ú�× � Ð� ×ÓÐÙØ�ÓÒ W º ÈÓÙÖ �Ð�
ÒÓÙ× ���Ò�××ÓÒ× ÙÒ �Ò×�Ñ�Ð� �³ÓÙÚ�ÖØ× M = (Li)i=1,...,N �ÒÐÙ× ��Ò× Ω Ø�Ð×
ÕÙ�

�

i=1

NLi = Ω �Ø ∀i,∃k, Li ⊂ Ωk. ´¾º½�µ

¿¼



�Ò Ô�ÖØ�ÙÐ��Ö¸ Ð³ÙÒ�ÓÒ ��× �ÖÓÒØ��Ö�× ��× Ωk �×Ø �ÒÐÙ×� ��Ò× Ð³ÙÒ�ÓÒ ��×
�ÖÓÒØ��Ö�× ��× Li

K�

k=1

∂Ωk ⊂
N�

i=1

∂Li. ´¾º½�µ

��Ò×�¸ Ð� ×ÓÐÙØ�ÓÒ W ��Ñ�Ø ÔÓØ�ÒØ��ÐÐ�Ñ�ÒØ ��× ��×ÓÒØ�ÒÙ�Ø�× ×ÙÖ Ð³ÙÒ�ÓÒ ��×
�ÖÓÒØ��Ö�× ��× Li ÕÙ� ÒÓÙ× ÒÓØ�ÖÓÒ×

D =

N�

i=1

∂Li. ´¾º½�µ

Ä�× ÓÙÚ�ÖØ× Li �ÓÙ�ÖÓÒØ ÔÐÙ× Ø�Ö� Ð� Ö�Ð� �³�Ð�Ñ�ÒØ× �� Ñ��ÐÐ���º ÆÓÙ× ÚÓÝÓÒ×
�� Ð� Ò��××�Ø�Ö �� ���Ö� Ó�Ò���Ö Ð�× ���× ��× �Ð�Ñ�ÒØ× �� Ñ��ÐÐ��� �Ú� Ð�×
��×ÓÒØ�ÒÙ�Ø�× �Ü�× �� Ð� ×ÓÐÙØ�ÓÒ¸ �º�º �Ú� Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� Ñ�Ø�Ö��ÙÜº
Ä� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �³�ÚÓÐÙØ�ÓÒ �×Ø �ÐÓÖ× ÓÒØ�ÒÙ� ×ÙÖ

C =
N�

i=1

Li. ´¾º½�µ

�Ò �³�ÙØÖ�× Ø�ÖÑ�×¸ ÒÓÙ× ×ÙÔÔÓ×ÓÒ× ÕÙ� Ð� ��ÑÔ �� Ú�Ø�ÙÖ W (x, t) �×Ø
ÓÒØ�ÒÙÑ�ÒØ ����Ö�ÒØ���Ð� Ô�Ö Ö�ÔÔÓÖØ �Ù Ø�ÑÔ× �Ø ÕÙ� ×� Ö�×ØÖ�Ø�ÓÒ � Li

�×Ø ÓÒØ�ÒÙÑ�ÒØ ����Ö�ÒØ���Ð� Ô�Ö Ö�ÔÔÓÖØ � Ð� Ú�Ö���Ð� ×Ô�Ø��Ð� ×ÙÖ ��ÕÙ�
�Ò×�Ñ�Ð� L̄iº

�Ò ÔÖ�Ø�ÕÙ�¸ ��× ��×ÓÒØ�ÒÙ�Ø�× �Ò Ø�ÑÔ× ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�×
�ÔÔ�Ö��ØÖ���ÒØ ×� Ð� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð� �×Ø ��×ÓÒØ�ÒÙ� ÓÙ ×� ÙÒ� ×ÓÙÖ� �Ð�¹
ØÖÓÑ��Ò�Ø�ÕÙ� � ÙÒ� �ÓÖÑ� Ø�ÑÔÓÖ�ÐÐ� �� ØÝÔ� Ñ�×ÙÖ� �� ��Ö�º ÍÒ� Ø�ÐÐ�
��×ÓÒØ�ÒÙ�Ø� �×Ø ����Ð� � Ö�ÔÖ�×�ÒØ�Ö ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ¸ �Ö ÙÒ ×��Ò�Ð Ø�ÑÔÓ¹
Ö�Ð ��×ÓÒØ�ÒÙ � ÙÒ ×Ô�ØÖ� �Ö�ÕÙ�ÒØ��Ð �Ò�Ò�º ��Ò× Ð� ×�Ø�ÓÒ �º¾¸ ÒÓÙ× ÒÓÙ×
�ÒØ�Ö�××�ÖÓÒ× ÔÐÙ× �Ò ��Ø��Ð �ÙÜ Ð�Ñ�Ø�× �� Ú�Ð���Ø� �Ö�ÕÙ�ÒØ��ÐÐ� �� Ð� Ñ�Ø�Ó��
�� �³ÓÖ�Ö� �Ð�Ú�º

��× ��×ÓÒØ�ÒÙ�Ø�× ×Ô�Ø��Ð�× �ÔÔ�Ö��××�ÒØ �ÙÜ �ÒØ�Ö���× �ÒØÖ� Ñ�Ø�Ö��ÙÜ ��¹
�Ð�ØÖ�ÕÙ�×º ��× ��×ÓÒØ�ÒÙ�Ø�× ×ÓÒØ �Ü�× ��Ò× Ð³�×Ô�� �Ø Ð�× ��ÑÔ× �Ð�¹
ØÖÓÑ��Ò�Ø�ÕÙ�× Ý ÔÖ�×�ÒØ�ÒØ ÙÒ� ÓÑÔÓ×�ÒØ� ÒÓÖÑ�Ð� ��×ÓÒØ�ÒÙ�º ��Ò×�¸ �Ò
×ÙÔÔÓ×�ÒØ ÕÙ� Ð�× �ÒØ�Ö���× �ÒØÖ� Ñ�Ø�Ö��ÙÜ Ó�Ò���ÒØ �Ú� ��× �ÖÓÒØ��Ö�×
�³ÓÙÚ�ÖØ× L¸ ÒÓÙ× ÔÓÙÚÓÒ× ÓÖÖ�Ø�Ñ�ÒØ ÔÖ�Ò�Ö� �Ò ÓÑÔØ� �× ��×ÓÒØ�ÒÙ�¹
Ø�×º

¿½



ÆÓÙ× ÙØ�Ð�×ÓÒ× Ð� ÒÓØ�Ø�ÓÒ < f,ψ > ÔÓÙÖ Ð� ÖÓ��Ø ��×ØÖ��ÙØ�ÓÒÒ�Ð �³ÙÒ�
��×ØÖ��ÙØ�ÓÒ f ∈ D′(Ω) �Ø �³ÙÒ� �ÓÒØ�ÓÒ Ø�×Ø ψ ∈ D(Ω)º Ê�ÔÔ�ÐÓÒ× ÕÙ� ��Ò×
Ð� �× Ó� f ∈ L1

ÐÓ �ÐÓÖ× � ÖÓ��Ø Ú�Ö���

< f,ψ >=

�

Ω
fψdx. ´¾º½�µ

�³�ÙØÖ� Ô�ÖØ¸ Ð� ��Ö�Ú�� Ô�ÖØ��ÐÐ� ∂i �� f �Ù ×�Ò× ��× ��×ØÖ��ÙØ�ÓÒ× �×Ø ���Ò��
Ô�Ö

< ∂if,ψ >:= − < f, ∂iψ > . ´¾º½�µ

ËÓ�Ø �Ù××� ÙÒ� Ñ�ØÖ�� M ���Ò�� ×ÙÖ Ð� �ÓÖ� �� ∂Ω ÕÙ� Ô�ÖÑ�Ø �³�ÔÔÐ�ÕÙ�Ö
Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×º ��ØØ� Ñ�ØÖ�� �×Ø Ø�ÐÐ� ÕÙ�

��ÖM = Vb ´¾º¾¼µ

´ÚÓ�Ö ´¾º¾ Ô��� ¾�µµ ÔÓÙÖ ÕÙ�

MW = 0 ⇔ W ∈ Vb. ´¾º¾½µ

ËÙÔÔÓ×ÓÒ× �ÐÓÖ× ÕÙ� ÒÓÙ× ��Ö�ÓÒ× ÙÒ� ×ÓÐÙØ�ÓÒ W (x, t) �� ´¾º¿ Ô��� ¾�µ
�Ù ×�Ò× ��× ��×ØÖ��ÙØ�ÓÒ×º ��Ò �� ×�ÑÔÐ���Ö Ð³�ÜÔÓ×�¸ ÒÓÙ× ×ÙÔÔÓ×�ÖÓÒ× ÕÙ�
Ð� Ñ�ØÖ�� At �×Ø ���Ð� � Ð³���ÒØ�Ø� º ÆÓÙ× �ÚÓÒ× �ÐÓÖ×

∀ψ ∈ C1(Ω), < ∂tW ,ψ > + < Ai∂iW ,ψ > +

�

∂Ω
MW ψds = 0. ´¾º¾¾µ

W �×Ø ��×ÓÒØ�ÒÙ� ×ÙÖ D \∂Ωº ��Ò×� �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� �ÓÖÑÙÐ� ��× ×�ÙØ× ´ÚÓ�Ö
���℄µ ¸ ÒÓÙ× ÔÓÙÚÓÒ× �Ö�Ö� Ð³�ÕÙ�Ø�ÓÒ ÔÖ����ÒØ� ×ÓÙ× Ð� �ÓÖÑ�

∀ψ ∈ C1(Ω),

�

Ω
∂tW ψdx+

�

C
Ai∂iW ψdx+

�

D\∂Ω
Aini(WR − WL)ψds +

�

∂Ω
MW ψds = 0. ´¾º¾¿µ

¿¾



L �Ø R Ö�ÔÖ�×�ÒØ�ÒØ Ð�× ÓÙÚ�ÖØ× ×�ØÙ�× �� ��ÕÙ� �Ø� �� Dº D �×Ø ÓÖ��ÒØ��
�� Ø�ÐÐ� ×ÓÖØ� ÕÙ� Ð� Ú�Ø�ÙÖ ÒÓÖÑ�Ð ÙÒ�Ø��Ö� � D¸ ÒÓØ� n¸ ×Ó�Ø ÓÖ��ÒØ� �� L
Ú�Ö× Rº Ä�× ��ÑÔ× WL �Ø WR ×ÓÒØ Ð�× Ú�Ð�ÙÖ× ×ÙÖ D ��× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ
�� ��ÙÒ ��× ��ÙÜ �Ø�× L �Ø Rº

Å��ÒØ�Ò�ÒØ ÕÙ� ÒÓÙ× �ÚÓÒ× �Ø��Ð� ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� �××Ó��� �Ù ÔÖÓ¹
�Ð�Ñ� ´¾º¿ Ô��� ¾�µ¸ ÒÓÙ× ÔÓÙÚÓÒ× �Ò ���Ù�Ö� ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ��Ð�Ö��Ò ��×¹
ÓÒØ�ÒÙ�º

¾º¿ �ÓÖÑÙÐ�Ø�ÓÒ ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ�

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �Ø�Ò�Ö� Ð� �ÓÖÑÙÐ�Ø�ÓÒ ´¾º¾¿ Ô��� ÔÖ����ÒØ�µ � ��×
�ÓÒØ�ÓÒ× Ø�×Ø× ÔÓÙÚ�ÒØ ���Ð�Ñ�ÒØ ÔÖ�×�ÒØ�Ö ÙÒ� ��×ÓÒØ�ÒÙ�Ø� ×ÙÖ Ð�× �ÒØ�Ö¹
���× �ÒØÖ� ÓÙÚ�ÖØ× �Ø �Ý�ÒØ Ð� Ñ�Ñ� Ö��ÙÐ�Ö�Ø� ÕÙ� Ð� ×ÓÐÙØ�ÓÒº ÈÓÙÖ �Ð�¸
ÒÓÙ× �ÒØÖÓ�Ù�×ÓÒ× ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ�¸ ��Ô�Ò��ÒØ ��× �Ø�Ø× WL �Ø WR ��Ò ��
�ÓÒÒ�Ö ÙÒ ×�Ò× � Ð³�ÒØ��Ö�Ð� ×ÙÖ D \ ∂Ω ÔÙ�×ÕÙ� Ð�× �ÓÒØ�ÓÒ× Ø�×Ø× Ý ×ÓÒØ
Ñ��ÒØ�Ò�ÒØ ��×ÓÒØ�ÒÙ�×º

ÈÙ�×ÕÙ� Ð� ×Ý×Ø�Ñ� �� ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒ ´¾º¿ Ô��� ¾�µ �×Ø �ÝÔ�Ö�ÓÐ�ÕÙ�¸ Ð�
Ñ�ØÖ�� Aini �×Ø ����ÓÒ�Ð�×��Ð� ��Ò× Rº ËÓ��ÒØ Ain+

i �Ø Ain−
i Ð�× Ñ�ØÖ��×

Ö�××�Ñ�Ð�ÒØ Ö�×Ô�Ø�Ú�Ñ�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ÔÓ×�Ø�Ú�× �Ø Ò���Ø�Ú�× �� Ð�
Ñ�ØÖ�� Aini �ÓÒÒ�� ��Ò× Ð� ���Ò�Ø�ÓÒ ¿º

��Ò× Ð� �× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸ Ð� Ñ�ØÖ�� Aini Ú�ÙØ

Aini =

�
0 −n×
n× 0

�

Ó� n× =





0 −n3 n2

n3 0 −n1

−n2 n1 0



 . ´¾º¾�µ

Ä�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� �ØØ� Ñ�ØÖ�� ×ÓÒØ |n|2¸ −|n|2 �Ø ¼º Ä�× Ñ�ØÖ��× Ain+
i

�Ø Ain−
i Ú�Ð�ÒØ

Ain+
i =

1

2

�
−n× (n×) −n×

n× −n× (n×)

�

´¾º¾�µ

�Ø

Ain−
i =

1

2

�
n× (n×) −n×

n× n× (n×)

�

. ´¾º¾�µ

�Ò ×ÙÔÔÓ×�ÒØ Ð� Ú�Ø�ÙÖ n ÙÒ�Ø��Ö�º

¿¿



ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ× �ÐÓÖ× �× Ñ�ØÖ��× ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� ¾́º¾¿ Ô��� ¿¾µ
�Ø Ó�Ø�ÒÓÒ×

�

Ω
∂tW ψdx+

�

C
Ai∂iW ψdx+

�

D\∂Ω
Ain−

i (WR − WL)ψL +Ain+
i (WR − WL)ψRds+

�

∂Ω
MWLψLds = 0, ´¾º¾�µ

ÔÓÙÖ ØÓÙØ� �ÓÒØ�ÓÒ Ø�×Ø ψ¸ �Ú�ÒØÙ�ÐÐ�Ñ�ÒØ ��×ÓÒØ�ÒÙ� ×ÙÖ D ´ÚÓ�Ö ���℄µº
ÁÐ �×Ø �ÑÔÓÖØ�ÒØ �� Ö�Ñ�ÖÕÙ�Ö �� ÕÙ� �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� Ò³� ÔÐÙ× ��
×�Ò× ��Ò× Ð³�×Ô�� ��× ��×ØÖ��ÙØ�ÓÒ× D(Ω) ÔÙ�×ÕÙ� Ð�× �ÓÒØ�ÓÒ× Ø�×Ø× ×ÓÒØ
Ñ��ÒØ�Ò�ÒØ ��×ÓÒØ�ÒÙ�×º ��ØØ� �ÓÖÑÙÐ�Ø�ÓÒ � �Ù ×�Ò× Ô�Ö �Ü�ÑÔÐ� ÐÓÖ×ÕÙ�
W �×Ø �� Ð�××� C1 ×ÙÖ ØÓÙØ� �ÐÐÙÐ� L �Ù Ñ��ÐÐ��� Mº ÆÓÙ× ÔÓÙÚÓÒ× �ÓÒ
�ÒØÖÓ�Ù�Ö� Ð³�×Ô�� �� �ÓÒØ�ÓÒ× ×Ù�Ú�ÒØ �

H = {f ∈ L2(Ω),∀L ∈ M, f|L ∈ C1(L)}. ´¾º¾�µ

ÆÓÙ× ��Ö�ÓÒ× �ÐÓÖ× Ð� ×ÓÐÙØ�ÓÒ W �� ¾́º¾�µ ��Ò× C1([0, T ],Hm)¸ �Ú� Hm =
H× · · · × Hº

ÄÓÖ×ÕÙ� Ð�× �ÓÒØ�ÓÒ× Ø�×Ø× ×³�ÒÒÙÐ�ÒØ �Ò ���ÓÖ× �� Ð³����Ö�Ò� �³ÙÒ ÓÙÚ�ÖØ
L �� M¸ Ð� �ÓÖÑÙÐ�Ø�ÓÒ �� ´¾º¾�µ ��Ú��ÒØ

�

L
∂tW ψdx+

�

L
Ai∂iW ψdx+

�

∂L\∂Ω
Ain−

i (WR − WL)ψLds+

�

∂L∩∂Ω
MWLψLds = 0. ´¾º¾�µ

�Ò �ÔÔÐ�ÕÙ�ÒØ Ð� �ÓÖÑÙÐ� �� �Ö��Ò

�

L
∇ϕψ = −

�

L
∇ψϕ+

�

∂L
nϕψ, ´¾º¿¼µ

Ð³�ÕÙ�Ø�ÓÒ ÔÖ����ÒØ� ��Ú��ÒØ

¿�



�

L
∂tW ψdx−

�

L
Ai∂iψW dx+

�

∂L\∂Ω

�
Ain+

i WL +Ain−
i WR

�
ψLds+

�

∂Ω
(Aini +M)WLψLds = 0. ´¾º¿½µ

ÆÓÙ× �ÒØÖÓ�Ù�×ÓÒ× �ÐÓÖ× Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ�

F (WL,WR, n) = Ain+
i WL +Ain−

i WR ´¾º¿¾µ

�Ø Ð� �ÙÜ �� �ÓÖ�

Fb(W , n) = (Aini +M)W . ´¾º¿¿µ

Ä� �ÙÜ ÒÙÑ�Ö�ÕÙ� �×Ø ÙÒ �ÙÜ ���ÒØÖ�¸ �Ð �×Ø ÔÓ××��Ð� �� �Ó�×�Ö �³�ÙØÖ�×
�ÙÜ ÒÙÑ�Ö�ÕÙ�×¸ ÒÓÙ× �ÓÒÒ�ÖÓÒ× Ô�Ö Ð� ×Ù�Ø� ÕÙ�ÐÕÙ�× �Ü�ÑÔÐ�× �� �ÙÜ ÓÙ¹
Ö�ÑÑ�ÒØ ÙØ�Ð�×�×º ÆÓÙ× �ÚÓÒ× �Ó�×� � �ÙÜ¸ �Ö �Ð �ÒØÖÓ�Ù�Ø ÙÒ� ��××�Ô�Ø�ÓÒ
ÒÙÑ�Ö�ÕÙ�¸ ÕÙ� �Ñ�Ð�ÓÖ� Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� ´ÚÓ�Ö �½�¸ ½½¸ ¿¿℄µº

ÆÓÙ× Ó�Ø�ÒÓÒ× �Ò�Ð�Ñ�ÒØ¸ Ð� �ÓÖÑÙÐ�Ø�ÓÒ �� �� ÒÓØÖ� ÔÖÓ�Ð�Ñ� �

ØÖÓÙÚ�Ö W ∈ C1([0, T ],Hm) ¸ Ø�ÐÐ� ÕÙ�

∀L ∈ M,∀ψ ∈ C1(L),
�

L
∂tW ψdx−

�

L
F (W ,W ,∇ψ)dx+

�

∂L\∂Ω
F (WL,WR, n)ψLds+

�

∂L∩∂Ω
Fb(WL, n)ψLds = 0.

´¾º¿�µ

�Ò ��ÓÙØ�ÒØ � �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ ÙÒ �Ø�Ø �Ò�Ø��Ð W (0) = W0¸ Ð� ÔÖÓ�Ð�Ñ�
�³�ÚÓÐÙØ�ÓÒ ��Ò×� ÔÓ×� ��Ñ�Ø �Ò ÔÖ�Ò�Ô� ÙÒ� ×ÓÐÙØ�ÓÒ ÙÒ�ÕÙ�º

ÆÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� Ð� �ÓÖÑ�Ð�×Ñ� �� �Ú� ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ� ���ÒØÖ�
´¾º¿¾µº Å��× Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� F Ô�ÙØ �ØÖ� �Ó�×� �� ����Ö�ÒØ�× Ñ�Ò��Ö�×
�½�¸ ½½¸ ¿¿℄º ÈÓÙÖ Ó�Ø�Ò�Ö ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÓÒÚ�Ö��ÒØ� Ú�Ö× Ð� �ÓÒÒ� ×Ó¹
ÐÙØ�ÓÒ¸ � �ÙÜ �Ó�Ø Ú�Ö���Ö Ð�× ÔÖÓÔÖ��Ø�× �� ÓÒ×�×Ø�Ò�

F (W ,W , n) = AiniW ´¾º¿�µ

¿�



�Ø �� ÓÒ×�ÖÚ�Ø�ÓÒ

F (WL,WR,−n) = −F (WR,WL, n). ´¾º¿�µ

��Ò× Ð� �× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸ ÒÓÙ× ÔÓÙÚÓÒ× ���Ò�Ö ÙÒ� ��Ñ�ÐÐ�
�� �ÙÜ ÒÙÑ�Ö�ÕÙ�× ÔÐÙ× ��Ò�Ö�ÙÜ¸ ÕÙ� ��Ö�ÒØ�××�ÒØ Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�
ÒÙÑ�Ö�ÕÙ�º

ÍÒ Ø�Ð �ÙÜ Ô�ÙØ ×³�ÜÔÖ�Ñ�Ö �Ò �ÓÒØ�ÓÒ �³ÙÒ Ô�Ö�Ñ�ØÖ� α ≥ 0 ´ÚÓ�Ö �½�¸ ¿¿℄µ

Fα(WL,WR, n) =

�
−1

2n× (HL + HR) + αn× (n× (ER − EL))
1
2n× (EL + ER) + αn × (n × (HR − HL))

�

. ´¾º¿�µ

Ä� Ô�Ö�Ñ�ØÖ� α ���Ò�Ø Ð� ���ÒØÖ��� �Ù �ÙÜ ÒÙÑ�Ö�ÕÙ� �Ø Ð� ��××�Ô�Ø�ÓÒ
�� Ð³�Ò�Ö��� ÕÙ³�Ð �Ò�Ù�Øº ÆÓÙ× ÔÓÙÚÓÒ× �Ø�Ö ��ÙÜ �ÙÜ ×Ô���ÕÙ�×¸ Ð� �ÙÜ
���ÒØÖ� Ó�Ø�ÒÙ �Ò ÔÖ�Ò�ÒØ α = 1

2 �Ø Ð� �ÙÜ �ÒØÖ� �Ò ÔÖ�Ò�ÒØ α = 0º

Ä� ���ÒØÖ��� �Ù �ÙÜ Ô�ÖÑ�Ø �� ×Ø���Ð�×�Ö Ð� ×��Ñ� ��Ò× �ÖØ��Ò× �× ��
��ÙÖ� �Ø �ÑÔ��� Ð³�ÔÔ�Ö�Ø�ÓÒ �³ÓÒ��× Ô�Ö�×�Ø�×º ÎÓ�Ö �Ù××� � � ×Ù��Ø Ð�×
ØÖ�Ú�ÙÜ �� À�×Ø��Ú�Ò �¿�℄ ÓÙ �� ��×Ø�Ð¸ �Ó��Ò �Ø �ÙÖÙ�� �½½℄º

Ä� ���ÒØÖ��� �� �× �ÙÜ Ò³�ÒØ�ÖÚ��ÒØ ÕÙ� ×ÙÖ Ð�× Ô�ÖØ��× ��× ��ÑÔ× Ø�Ò��ÒØ�×
� nº ÁÐ �×Ø ���Ð�Ñ�ÒØ ÔÓ××��Ð� �� ���Ò�Ö ÙÒ �ÙÜ �ÒØÖ��Ò�ÒØ ÙÒ ���ÒØÖ���
�� ��ÑÔ× ÓÐ�Ò���Ö� � nº È�Ö �Ü�ÑÔÐ�¸ ÒÓÙ× ÔÓÙÚÓÒ× ÓÒ×���Ö�Ö Ð� �ÙÜ ��
ÊÙ×�ÒÓÚ¸ ÕÙ� �ÒØÖÓ�Ù�Ø �ÒÓÖ� ÔÐÙ× �� ×Ø���Ð�Ø� ��Ò× Ð� ×��Ñ�º �� �ÙÜ¸ ØÖ�×
��××�Ô�Ø��¸ �×Ø � Ö�×�ÖÚ�Ö �ÙÜ ×�ØÙ�Ø�ÓÒ× Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ Ô�Ø�ÓÐÓ��ÕÙ�× �

FÊÙ×�ÒÓÚ(WL,WR, n) =

�
1
2n× (EL + ER) +

1
2α(EL − ER)

−1
2n× (HL + HR) +

1
2α(HL − HR)

�

. ´¾º¿�µ

¾º� ËØ���Ð�Ø� �Ø ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×

��Ò× � ÕÙ� ÔÖ����¸ ÒÓÙ× �ÚÓÒ× �ÒØÖÓ�Ù�Ø ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ �� �³ÙÒ ×Ý×Ø�Ñ�
�� �Ö���Ö��×º �� ×Ý×Ø�Ñ� �×Ø ��ÖÑ� Ô�Ö ÙÒ� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð� �Ø ��× ÓÒ��¹
Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×º ��Ò× Ð� ×�Ø�ÓÒ ¾º½ Ô��� ¾�¸ ÒÓÙ× �ÚÓÒ× �ÓÒÒ� ÙÒ Ö�×ÙÐØ�Ø
��Ö�ÒØ�××�ÒØ Ð³�Ü�×Ø�Ò� �Ø Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ �Ù ×Ý×Ø�Ñ� �� �Ö���Ö��×
´¾º¿ Ô��� ¾�µº ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÒÓÙ× �ÒØ�Ö�××�Ö � Ð� ×Ø���Ð�Ø� �� Ð� Ñ�¹
Ø�Ó�� �� ¾́º¿� Ô��� ¿�µº ÆÓÙ× Ó�Ø��Ò�ÖÓÒ× ÙÒ� ÔÖÓÔÖ��Ø� ��Ú�ÒØ �ØÖ� Ú�Ö����
Ô�Ö Ð� Ñ�ØÖ�� ��× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×º

¿�



ÈÐ��ÓÒ×¹ÒÓÙ× ��Ò× Ð� �× Ó� �ÙÙÒ� ×ÓÙÖ� �³�Ò�Ö��� Ò³�×Ø ÔÐ��� ��Ò× Ð�
�ÓÑ��Ò�º Ä� Ñ�Ø�Ó�� ×�Ö� ×Ø��Ð� ×� Ð³�Ò�Ö��� �Ù ×Ý×Ø�Ñ� ��ÖÓ�Ø �Ù ÓÙÖ× �Ù
Ø�ÑÔ×º ��Ò �³�ÐÐ���Ö Ð�× �Ö�ØÙÖ�×¸ ×ÙÔÔÓ×ÓÒ×¸ ×�Ò× Ô�ÖØ� �� ��Ò�Ö�Ð�Ø�¸ ÕÙ�
Ð� Ñ�ØÖ�� At �×Ø ���Ð� � Ð³���ÒØ�Ø�º ��Ò× Ð� ���Ò�Ø�ÓÒ ¾¸ ÒÓÙ× �ÚÓÒ× �ÓÒÒ�
ÙÒ� �Ò�Ö��� �××Ó��� � Ð� ×ÓÐÙØ�ÓÒ W ×³�Ö�Ú�ÒØ

∂tE =

�

Ω
∂tW · W dx. ´¾º¿�µ

�Ò ÔÖ�Ò�ÒØ ψ = W ��Ò× ´¾º¾� Ô��� ¿�µ¸ ÒÓÙ× ÔÓÙÚÓÒ× �ÜÔÖ�Ñ�Ö Ð� ��Ö�Ú��
�� Ð³�Ò�Ö���

�

Ω
∂tW · W dx = −

�

C

�
Ai∂iW

�
· W dx−

�

∂Ω
(MWL) · WLds−

�

D\∂Ω

�
Ain−

i (WR − WL)
�
· WL +

�
Ain+

i (WR − WL)
�
· WRds.

´¾º�¼µ

ÆÓÙ× ÔÓÙÚÓÒ× �Ö�Ö�

�

C

�
Ai∂iW

�
· W dx =

�

C

1

2
∂i
��
AiW

�
· W
�
dx

=

�

D

1

2

�
AiniWL

�
· WLds−

�

D∩Ω

1

2

�
AiniWR

�
· WRds

= −
�

D∩Ω

1

2

�
Aini(WR − WL)

�
· WLds−

�

D∩Ω

1

2

�
Aini(WR − WL)

�
· WRds+

�

∂Ω

1

2

�
AiniWL

�
· WLds.

´¾º�½µ

�� ÔÐÙ×¸

�

D∩Ω

1

2

�
Aini(WR − WL)

�
· WLds−

�

D∩Ω

�
Ain−

i (WR − WL)
�
· WLds

=

�

D∩Ω

1

2

�
|Aini|(WR − WL)

�
· WLds

´¾º�¾µ

¿�



�Ø

�

D∩Ω

1

2

�
Aini(WR − WL)

�
· WRds −

�

D∩Ω

�
Ain+

i (WR − WL)
�
· WRds

= −
�

D∩Ω

1

2

�
|Aini|(WR − WL)

�
· WRds

´¾º�¿µ

Ó� |Aini| = Ain+
i −Ain−

i �×Ø ÙÒ� Ñ�ØÖ�� �ÓÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× ×ÓÒØ ��×
Ö��Ð× ÔÓ×�Ø��×º

��Ò×�¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ� �ÜÔÖ�××�ÓÒ �� Ð³�ÚÓÐÙØ�ÓÒ �� Ð³�Ò�Ö��� Ò� ���×�ÒØ
�ÒØ�ÖÚ�Ò�Ö ÕÙ� ��× �ÒØ��Ö�Ð�× ×ÙÖ���ÕÙ�×º

�

Ω
∂tW · W dx = −

�

D∩Ω

1

2

�
|Aini|(WR − WL)

�
· (WR − WL)ds

−
�

∂Ω

��
1

2
Aini +M

�

WL

�

· WLds.

´¾º��µ

��ØØ� �ÜÔÖ�××�ÓÒ �� Ð³�Ò�Ö��� ÒÓÙ× Ô�ÖÑ�Ø �ÐÓÖ× �³�ÒÓÒ�Ö ÙÒ Ø��ÓÖ�Ñ� �ÓÒ¹
Ò�ÒØ ÙÒ� ÓÒ��Ø�ÓÒ ×Ù�×�ÒØ� �� ×Ø���Ð�Ø� ÔÓÖØ�ÒØ ×ÙÖ Ð�× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�¹
Ñ�Ø�×º

Ì��ÓÖ�Ñ� ¿º Ä³�Ò�Ö��� �Ù ×Ý×Ø�Ñ� E ��ÖÓ�Ø ×� Ð� Ñ�ØÖ��
1

2
Aini +M ´¾º��µ

�×Ø ÔÓ×�Ø�Ú�º

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ��Ö�Ú�� �Ò Ø�ÑÔ× �� Ð³�Ò�Ö��� Ú�Ö���

∂tE = −
�

D∩Ω

1

2

�
|Aini|(WR − WL)

�
· (WR − WL)ds

−
�

∂Ω

��
1

2
Aini +M

�

WL

�

· WLds.

´¾º��µ

�Ø �ÓÒ¸ ÔÙ�×ÕÙ� Ð� Ñ�ØÖ�� |Aini| �×Ø ÙÒ� Ñ�ØÖ�� ÔÓ×�Ø�Ú�¸ ×� Ð� Ñ�ØÖ��
1
2Aini +M �×Ø �Ù××� ÔÓ×�Ø�Ú�¸ Ð³�ÒØ��Ö�Ð�

�

∂Ω

��
1

2
Aini +M

�

WL

�

· WLds. ´¾º��µ

¿�



�×Ø ÔÓ×�Ø�Ú� ÔÓÙÖ ØÓÙØ W ∈ Hm
h º

��Ò× � �× Ð� ��Ö�Ú�� �� E �×Ø Ò���Ø�Ú� �Ø �ÓÒ E ��ÖÓ�Øº

Ê�Ñ�ÖÕÙ� �º ��ØØ� ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� ÔÓÖØ� ×ÙÖ Ð³�ÜÔÖ�××�ÓÒ ��× ÓÒ��¹
Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ÙØ�Ð�×��× ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��º �Ò Ô�ÖØ�ÙÐ��Ö¸ � Ø��Ó¹
Ö�Ñ� ÒÓÙ× Ô�ÖÑ�ØØÖ� �� ���Ù�Ö� �³ÙÒ� ÓÒ��Ø�ÓÒ � Ô�Ý×�ÕÙ� �¸ Ð� ´ÓÙ Ð�×µ
Ñ�ØÖ�� M Ð� Ö�ÔÖ�×�ÒØ�ÒØ �Ø ��Ö�ÒØ�××�ÒØ Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� �Ò ��ÓÙ¹
Ð�ÒØº

Ê�Ñ�ÖÕÙÓÒ× ���Ð�Ñ�ÒØ ÕÙ� ×� Ð� ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� �×Ø Ú�Ö����¸ �ÐÓÖ× Ð�
Ø��ÓÖ�Ñ� ½ �××ÙÖ�ÒØ Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ �×Ø Ú�Ö���º

�Ò ���Ø¸ ÔÓÙÖ W ∈ ker(M)¸

0 ≤ (
1

2
Aini +M)W · W =

1

2
AiniW · W . ´¾º��µ

�ÓÒÐÙ×�ÓÒ �

ÆÓÙ× �ÚÓÒ× ���Ù�Ø �� Ð� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� �Ù ÔÖÓ�Ð�Ñ� ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ��¹
Ð�Ö��Ò ��×ÓÒØ�ÒÙ�º ��ØØ� �ÓÖÑÙÐ�Ø�ÓÒ ���Ø �ÒØ�ÖÚ�Ò�Ö ÙÒ �ÙÜ ÕÙ� ÒÓÙ× �ÚÓÒ×
�Ó�×� ��××�Ô�Ø��º Ä� ��××�Ô�Ø�ÓÒ �Ù �ÙÜ Ô�ÖÑ�Ø �� ×Ø���Ð�×�Ö Ð� ×��Ñ� �Ø Ð�¹
Ñ�Ø� Ð³�ÔÔ�Ö�Ø�ÓÒ �³Ó×�ÐÐ�Ø�ÓÒ× ��Ò× Ð� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ�º ��ØØ� �ÓÖÑÙÐ�Ø�ÓÒ
×³�ÔÔÙ�� ×ÙÖ ÙÒ� Ô�ÖØ�Ø�ÓÒ �� Ð³�×Ô�� �Ò ÓÙÚ�ÖØ× ×ÙÖ Ð�×ÕÙ�Ð× Ð� ×ÓÐÙØ�ÓÒ �×Ø
Ö��ÙÐ��Ö�º ËÙÖ Ð�× �ÓÖ�× �� �× ÓÙÚ�ÖØ×¸ Ð� ×ÓÐÙØ�ÓÒ Ô�ÙØ ÔÖ�×�ÒØ�Ö ��× ��×ÓÒ¹
Ø�ÒÙ�Ø�×º �Ò ���×�ÒØ Ó�Ò���Ö Ð�× �ÓÖ�× ��× ÓÙÚ�ÖØ× �Ú� Ð�× ��×ÓÒØ�ÒÙ�Ø�× ��
Ô�Ö�Ñ�ØÖ�× Ô�Ý×�ÕÙ�×¸ ÒÓÙ× ×ÓÑÑ�× �Ò Ñ�×ÙÖ� �� Ö�ÔÖ�×�ÒØ�Ö ÓÖÖ�Ø�Ñ�ÒØ
Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� ��ÑÔ× Ý �ÔÔ�Ö��××�ÒØº ÆÓÙ× �ÚÓÒ× �Ò�Ò �ÓÒÒ� ÙÒ�
ÓÒ��Ø�ÓÒ ×Ù�×�ÒØ� �� ×Ø���Ð�Ø� ÔÓÖØ�ÒØ ×ÙÖ Ð�× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ��×Ö�Ø�×�Ö Ð� ×ÓÐÙØ�ÓÒ ×Ù�Ú�ÒØ Ð�× Ú�Ö���Ð�× �³�×Ô��
ÔÓÙÖ Ó�Ø�Ò�Ö ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø�º ÆÓÙ× �ÓÒÒ�ÖÓÒ× �Ò×Ù�Ø� ÙÒ�
ÔÖ�ÙÚ� �� ÓÒÚ�Ö��Ò� �Ù ×��Ñ� ��Ò×� Ó�Ø�ÒÙº

¾º� �ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø�

��Ò× Ð�× ×�Ø�ÓÒ× ÔÖ����ÒØ�×¸ ÒÓÙ× �ÚÓÒ× �ÒØÖÓ�Ù�Ø Ð� �ÓÖÑÙÐ�Ø�ÓÒ �� ¾́º¿� Ô��� ¿�µ
�³ÙÒ ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ� ½́º� Ô��� ½½µº ÆÓÙ× �Ú�ÓÒ× ×ÙÔÔÓ×� ÕÙ� Ð� ×ÓÐÙØ�ÓÒ
W �� � ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ� �Ø��Ø ��Ò× C1([0, T ],Hm) ´ÚÓ�Ö ¾́º¾� Ô��� ¿�µµº

¿�



ËÙÔÔÓ×ÓÒ× Ñ��ÒØ�Ò�ÒØ ÕÙ� ÒÓÙ× �ÚÓÒ× ÓÒ×ØÖÙ�Ø ÙÒ Ñ��ÐÐ��� M �� Ω �ÓÒØ Ð�×
�ÓÖ�× ��× Ñ��ÐÐ�× ÓÖÖ�×ÔÓÒ��ÒØ �Ü�Ø�Ñ�ÒØ �ÙÜ ��×ÓÒØ�ÒÙ�Ø�× ×Ø�Ø�ÓÒÒ��Ö�×
�� Ð� ×ÓÐÙØ�ÓÒ �Ü�Ø�º ÆÓÙ× �ÔÔÖÓÜ�ÑÓÒ× �ÐÓÖ× Ð� ×ÓÐÙØ�ÓÒ W �Ù ×Ý×Ø�Ñ�
´½º� Ô��� ½½µ Ô�Ö ÙÒ� ×ÓÐÙØ�ÓÒ ��×Ö�Ø� W �ÓÒØ Ð�× ÓÑÔÓ×�ÒØ�× � ��ÕÙ�
�Ò×Ø�ÒØ t ×ÓÒØ ÔÓÐÝÒÓÑ��Ð�× ��Ò× ��ÕÙ� Ñ��ÐÐ�º ËÙÔÔÓ×ÓÒ× �� ÔÐÙ× ÕÙ� Ð� ×Ó¹
ÐÙØ�ÓÒ ×Ó�Ø �ÔÔÖÓÜ�Ñ�� ��Ò× ��ÕÙ� Ñ��ÐÐ� Ô�Ö ��× �ÓÒØ�ÓÒ× ÔÓÐÝÒÓÑ��Ð�× ��
���Ö� d �ÓÖÑ�ÒØ ÙÒ �×Ô�� Ú�ØÓÖ��Ð �� ���Ö� M �Ò��Ò�Ö� Ô�Ö (ψL

i )i=0,...,M−1º
È�Ö �Ü�ÑÔÐ�¸ �ØØ� ��×� ÔÓÙÖÖ��Ø �ØÖ� ÓÒ×Ø�ØÙ�� �� ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð× ��
ÔÓÐÝÒ�Ñ�× �� ���Ö� �Ù ÔÐÙ× d¸ ÒÓÙ× ��Ö�ÖÓÒ× ÔÐÙ× ÐÓ�Ò ÙÒ Ø�Ð �×Ô�� �³�Ô¹
ÔÖÓÜ�Ñ�Ø�ÓÒº ÆÓØÓÒ× �ÐÓÖ× �Ø �×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ

Hh = Ú�Ø{ψL
i , L ∈ M, i = 0 . . .M − 1}. ´¾º��µ

Ä� Ô�Ö�Ñ�ØÖ� h Ö�ÔÖ�×�ÒØ� ÙÒ Ô�Ö�Ñ�ØÖ� �� �Ò�××� �Ù Ñ��ÐÐ���¸ Ô�Ö �Ü�ÑÔÐ�
Ð� ���Ñ�ØÖ� Ñ�Ü�Ñ�Ð ��× Ñ��ÐÐ�×º Ä�× �ÓÒØ�ÓÒ× ψL

i ×ÓÒØ ÒÙÐÐ�× �Ò ���ÓÖ× �� Ð�
Ñ��ÐÐ� Lº �ÐÐ�× ÓÒ×Ø�ØÙ�ÒØ ÙÒ� ��×� �� ��Ñ�Ò×�ÓÒ �Ò�� �� �ÓÒØ�ÓÒ× ���Ò��×
×ÙÖ Lº

ËÙÖ Ð� Ñ��ÐÐ� L¸ ÒÓÙ× �ÚÓÒ×

W (x, t) ≃ W (x, t) =

M−1�

j=0

Wj(t)ψ
L
j (x), x ∈ L. ´¾º�¼µ

Ä� ÔÖÓ�Ð�Ñ� ×�Ñ�¹��×Ö�Ø ×³�Ö�Ø ÓÑÑ� ×Ù�Øº

ÌÖÓÙÚ�Ö W ∈ C1([0, T ],Hh) Ø�ÐÐ� ÕÙ�

∀L ∈ M,∀ψ ∈ Hh, ×ÙÔÔ(ψ) ⊂ L,
�

L
∂tWψdx−

�

L
F (W,W,∇ψ)dx+

�

∂L\∂Ω
F (WL,WR, n)ψLds+

�

∂Ω
Fb(WL, n)ψLds = 0.

´¾º�½µ

�ÓÒÒ��××�ÒØ W � ÙÒ �Ò×Ø�ÒØ t¸ Ð� ÔÖÓ�Ð�Ñ� ´¾º�½µ Ô�ÖÑ�Ø �� �ÐÙÐ�Ö ×�
��Ö�Ú�� �Ò Ø�ÑÔ× � � Ñ�Ñ� �Ò×Ø�ÒØº

�¼



¾º� �ÓÒÚ�Ö��Ò� �Ù ×��Ñ� ×�Ñ�¹��×Ö�Ø

ÆÓÙ× �ÚÓÒ× Ñ��ÒØ�Ò�ÒØ � ÒÓØÖ� ��×ÔÓ×�Ø�ÓÒ ÙÒ �×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ø ÙÒ�
�ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø� �� ÒÓØÖ� ÔÖÓ�Ð�Ñ� �� ��Ô�ÖØº ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�¹
Ò�ÒØ ��ÑÓÒØÖ�Ö Ð� ÓÒÚ�Ö��Ò� �� Ð� ×ÓÐÙØ�ÓÒ �� ´¾º�½µ Ú�Ö× Ð� ×ÓÐÙØ�ÓÒ �Ù
ÔÖÓ�Ð�Ñ� ÓÒØ�ÒÙ ´¾º¿ Ô��� ¾�µ ÔÓÙÖ ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ö����Ø�Ú�º
��ØØ� ��ÑÓÒ×ØÖ�Ø�ÓÒ �×Ø Ø�Ö�� �� �¿�℄ �Ø ���℄º

�ÓÒ×���ÖÓÒ× ÙÒ� ��×Ö�Ø�×�Ø�ÓÒ �� Ω �ÓÖÑ�� �³ÓÙÚ�ÖØ (Li)i=1,...,N ��ÙÜ � ��ÙÜ
��×�Ó�ÒØ× �Ø Ø�Ð× ÕÙ�

�N
i=1 Li = Ωº ËÙÔÔÓ×ÓÒ× ÓÒ×ØÖÙ�Ø Ð³�×Ô�� �³�ÔÔÖÓÜ�Ñ�¹

Ø�ÓÒ Hh ´¾º�� Ô��� �¹ÓÒØÖ�µ �ÓÖÑ� �� �ÓÒØ�ÓÒ× ÔÓÐÝÒÓÑ��Ð�× Ô�Ö ÑÓÖ��ÙÜ
�� ���Ö� �Ù ÔÐÙ× dº

ËÓ�Ø �ÐÓÖ× h Ð� ���Ñ�ØÖ� Ñ�Ü�Ñ�Ð ��× ÓÙÚ�ÖØ× (Li)i=1,...,N �Ø ÒÓØÓÒ× Dh =
∪∂Liº �ÓÑÑ� ÔÖ����ÑÑ�ÒØ¸ Ð³�Ò×�Ñ�Ð� ��× ��×ÓÒØ�ÒÙ�Ø�× �� Ð� ×ÓÐÙØ�ÓÒ
��×Ö�Ø� Dh �×Ø ÑÙÒ� �³ÙÒ Ú�Ø�ÙÖ ÒÓÖÑ�Ð ÙÒ�Ø��Ö� nº �� Ú�Ø�ÙÖ �×Ø ÓÖ��ÒØ�
Ú�Ö× Ð³�ÜØ�Ö��ÙÖ �� Ω ×ÙÖ Ð³�ÒØ�Ö×�Ø�ÓÒ ∂Ω ∩Dhº

ÆÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ× �Ù ÔÖÓ�Ð�Ñ� ��×Ö�Ø ¾́º�½µ ��Ò× Ð� �× Ó� ÙÒ� ÓÒ��Ø�ÓÒ
�ÙÜ Ð�Ñ�Ø�× Ö����Ø�Ú�¸ Ö�ÔÖ�×�ÒØ�� Ô�Ö Ð� Ñ�ØÖ��

M = −Ain−
i , ´¾º�¾µ

�×Ø �ÔÔÐ�ÕÙ�� ×ÙÖ ØÓÙØ Ð� �ÓÖ� �Ù �ÓÑ��Ò� �� �ÐÙÐº ��ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�¹
Ñ�Ø�× ×�Ö� ÔÖ�×�ÒØ�� ��Ò× Ð� ×�Ø�ÓÒ ¿º� Ô��� �� �Ø ÓÖÖ�×ÔÓÒ� � Ð³�ÔÔÐ��Ø�ÓÒ
�Ù �ÙÜ �� �ÓÖ�

Fb(W,n) = (Aini +M)W = Ain+
i W. ´¾º�¿µ

��Ò× �ØØ� ×�ØÙ�Ø�ÓÒ¸ ÒÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× �ÒÓÒ�Ö Ð� Ø��ÓÖ�Ñ� ×Ù�Ú�ÒØº

Ì��ÓÖ�Ñ� �º Ä� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� ×�Ñ�¹��×Ö�Ø ´¾º�½ Ô��� ÔÖ����ÒØ�µ
ÓÒÚ�Ö�� Ú�Ö× Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� ÓÒØ�ÒÙ ´¾º¿ Ô��� ¾�µ ÐÓÖ×ÕÙ� h Ø�Ò�
Ú�Ö× Þ�ÖÓº

�Ú�ÒØ �� ��ÑÓÒØÖ�Ö � Ø��ÓÖ�Ñ�¸ ���Ò�××ÓÒ× Ð� �ÓÖÑ� ��Ð�Ò���Ö� B ���Ò�� ×ÙÖ

�½



Hm
h ×Hm

h � Ú�Ð�ÙÖ ��Ò× R

B(ϕ,ψ) =

�

Ω
Ai∂iϕ · ψ

+

�

Dh∩Ω
Ain−

i (ϕR − ϕL) · ψL

+

�

Dh∩Ω
Ain+

i (ϕR − ϕL) · ψR

+

�

∂Ω
−Ain−

i ϕL · ψL.

´¾º��µ

B �×Ø ÙÒ� �ÓÖÑ� ��Ð�Ò���Ö� ´�Ò ��Ò�Ö�Ð ÒÓÒ ×ÝÑ�ØÖ�ÕÙ�µ ÔÓ×�Ø�Ú� �Ø �Ò ÔÓ×�ÒØ
ϕR = ψR = 0 ×ÙÖ Ð� �ÓÖ� �� Ω

B(ϕ,ϕ) =
1

2

�

Dh

|Aini|(ϕR − ϕL) · (ϕR − ϕL). ´¾º��µ

Ä� �ÓÖÑÙÐ�Ø�ÓÒ �Ù ÔÖÓ�Ð�Ñ� ��×Ö�Ø Ô�ÙØ �ØÖ� Ñ�×� ×ÓÙ× Ð� �ÓÖÑ� � ØÖÓÙÚ�Ö
W ��Ò× C1([0, T ],Hm

h ) Ø�Ð ÕÙ� ÔÓÙÖ ØÓÙØ ψh ��Ò× C1([0, T ],Hm
h )

�

Ω
∂tW · ψh +B(W,ψh) = 0,

�

Ω
W (x, 0) · ψh =

�

Ω
W0 · ψh.

´¾º��µ

Ä� �ÓÖÑÙÐ�Ø�ÓÒ �×Ø �ÕÙ�Ú�Ð�ÒØ� � �ÐÐ� ÔÖ�×�ÒØ�� �Ò ´¾º�½ Ô��� ÔÖ����ÒØ�µ¸
Ñ��× �Ð �×Ø ÔÐÙ× ÔÖ�Ø�ÕÙ� ÔÓÙÖ Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� ÓÒ×���Ö�Ö ��× �ÓÒØ�ÓÒ×
Ø�×Ø× ψh Ú�ØÓÖ��ÐÐ�× ÔÐÙØ�Ø ÕÙ� ×�Ð��Ö�×º

ÆÓÙ× ÔÓÙÚÓÒ× ���Ð�Ñ�ÒØ Ñ�ØØÖ� Ð� ÔÖÓ�Ð�Ñ� ÓÒØ�ÒÙ ×ÓÙ× Ð� �ÓÖÑ� �

�

Ω
∂tW · ψ +B(W ,ψ) = 0,

�

Ω
W (x, 0) · ψ =

�

Ω
W0 · ψ.

´¾º��µ

��Ò �� ��ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� �� ÓÒÚ�Ö��Ò�¸ ÒÓÙ× ÙØ�Ð�×�ÖÓÒ× Ð� Ö�×ÙÐØ�Ø
×Ù�Ú�ÒØº

�¾



Ä�ÑÑ� ½º ÁÐ �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� ÔÓ×�Ø�Ú� λ Ø�ÐÐ� ÕÙ� ÔÓÙÖ ØÓÙØ ϕ �Ø ψ
�ÔÔ�ÖØ�Ò�ÒØ � L2(Dh)¸

�
�
�
�

1

2

�

Dh

Ainiϕ · ψ
�
�
�
�
≤ λB(ϕ,ϕ)1/2||ψ||L2(Dh). ´¾º��µ

��ÑÓÒ×ØÖ�Ø�ÓÒº Ä³�Ò���Ð�Ø� �� ��Ù�Ý¹Ë�Û�ÖØÞ �ÓÒÒ� Ð� Ñ��ÓÖ�Ø�ÓÒ

�
�
�
�

1

2

�

Dh

Ainiϕ · ψ
�
�
�
�
≤ 1

2

��

Dh

Ainiϕ · Ainiϕ

�1/2

||ψ||L2(Dh). ´¾º��µ

�� ÔÐÙ×¸ ÔÙ�×ÕÙ� Aini �×Ø ×ÝÑ�ØÖ�ÕÙ�¸ �ÐÐ� �×Ø ����ÓÒ�Ð�×��Ð� �Ò ��×� ÓÖØ�Ó¹
ÒÓÖÑ��¸ �º�º Aini = PΛP−1 �Ú� P ÙÒ� Ñ�ØÖ�� ÙÒ�Ø��Ö� �Ø Λ ÙÒ� Ñ�ØÖ��
����ÓÒ�Ð�º

�ÐÓÖ×¸

�

Dh

Ainiϕ · Ainiϕ =

�

Dh

PΛP−1ϕ · PΛP−1ϕ

=

�

Dh

Λ2P−1ϕ · P−1ϕ

≤ |λ|
�

Dh

|Λ|P−1ϕ · P−1ϕ

= λ

�

Dh

|Aini|ϕ · ϕ = λB(ϕ,ϕ).

´¾º�¼µ

λ ��×��Ò� Ð� ÔÐÙ× �Ö�Ò�� Ú�Ð�ÙÖ ÔÖÓÔÖ� �� Aini �Ò Ú�Ð�ÙÖ ��×ÓÐÙ�º ��ØØ� Ú�Ð�ÙÖ
ÔÖÓÔÖ� �×Ø ÓÒ×Ø�ÒØ�¸ ��Ò× Ð� �× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ¸ �ÐÐ�¹� Ú�ÙØ Ð�
Ú�Ø�××� �� Ð� ÐÙÑ��Ö�º

ÆÓÙ× ÔÓÙÚÓÒ× Ñ��ÒØ�Ò�ÒØ ��ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� �º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÆÓØÓÒ× V = Hm Ð³�×Ô�� �� �ÓÒØ�ÓÒ× ��Ò× Ð�ÕÙ�Ð ÒÓÙ× ��Ö¹
�ÓÒ× Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� ÓÒØ�ÒÙ �Ø Vh = Hm

h Ð³�×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ
×Ô�Ø��Ð� �� Ð� ×ÓÐÙØ�ÓÒº

�¿



ÆÓØÓÒ× p Ð� ÔÖÓ��Ø�ÓÒ L2 ×ÙÖ Ð³�×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ Vh ���Ò�� Ô�Ö

p(W )(x, t) =

M−1�

i=0

W (τL(x̂i), t)ψ
L
i (x)¸ ÔÓÙÖ x ∈ L. ´¾º�½µ

ÆÓØÓÒ× Δ = p(W )−W ∈ V¸ Ð³��ÖØ �ÒØÖ� Ð� ×ÓÐÙØ�ÓÒ ÓÒØ�ÒÙ� �Ø ×� ÔÖÓ��Ø�ÓÒ
×ÙÖ Vh¸ �ØΔh = p(W )−W ∈ Vh¸ Ð³��ÖØ �ÒØÖ� Ð� ÔÖÓ��Ø�ÓÒ �� W �Ø Ð� ×ÓÐÙØ�ÓÒ
��×Ö�Ø�º

Ê�Ñ�ÖÕÙÓÒ× ÕÙ� Ð�× ��ÖØ× Δ �Ø Δh Ú�Ö���ÒØ

�

Ω
Δ ·Δh =

�

Ω
Δ · Ai∂iΔh =

�

Ω
Δ · ∂tΔh = 0 ´¾º�¾µ

ÔÙ�×ÕÙ� Δh¸ Ai∂iΔh �Ø ∂tΔh �ÔÔ�ÖØ��ÒÒ�ÒØ �Ù××� � Vh �Ø Ô�Ö ���Ò�Ø�ÓÒ ��
Ð� ÔÖÓ��Ø�ÓÒ L2º ��Ò×�

0 = ∂t

�

Ω
Δ ·Δh =

�

Ω
Δ · ∂tΔh +

�

Ω
Δh · ∂tΔ =

�

Ω
Δh · ∂tΔ. ´¾º�¿µ

�Ò ×ÓÙ×ØÖ�Ý�ÒØ Ð� ÔÖÓ�Ð�Ñ� ��×Ö�Ø �Ù ÔÖÓ�Ð�Ñ� ÓÒØ�ÒÙ �Ò ÔÖ�Ò�ÒØ Ð� Ñ�Ñ�
�ÓÒØ�ÓÒ �� ��×� φh ∈ Vh¸ ÒÓÙ× Ó�Ø�ÒÓÒ×

�

Ω
∂t(W −W ) · φh +B(W −W,φh) = 0. ´¾º��µ

ÈÙ�×¸ �Ò ÔÖ�Ò�ÒØ ÓÑÑ� �ÓÒØ�ÓÒ Ø�×Ø Δh¸ ÒÓÙ× Ó�Ø�ÒÓÒ×

�

Ω
∂tΔh ·Δh +B(Δh,Δh) =

�

Ω
∂tΔ ·Δh +B(Δ,Δh) = B(Δ,Δh). ´¾º��µ

Ä� �ÓÖÑ� ��Ð�Ò���Ö� B �×Ø ÔÓ×�Ø�Ú� ¸ Ñ��× ÒÓÒ ×ÝÑ�ØÖ�ÕÙ�¸ � ÕÙ� �ÒØ�Ö��Ø
�³�ÔÔÐ�ÕÙ�Ö ��Ö�Ø�Ñ�ÒØ Ð³�Ò���Ð�Ø� �� ��Ù�Ý¹Ë�Û�ÖØÞº ÆÓÙ× ��ÚÓÒ× �ÓÒ

��



�×Ø�Ñ�Ö Ð� Ô�ÖØ�� �ÒØ�×ÝÑ�ØÖ�ÕÙ� �� Bº

1

2
(B(ϕ,ψ) −B(ψ,ϕ)) =

1

2

�

Ω
Ai∂iϕ · ψ − 1

2

�

Ω
Ai∂iψ · ϕ

+
1

2

�

Dh

Ain−
i (ϕR − ϕL) · ψL +

1

2

�

Dh

Ain+
i (ϕR − ϕL) · ψR

− 1

2

�

Dh

Ain−
i (ψR − ψL) · ϕL − 1

2

�

Dh

Ain+
i (ψR − ψL) · ϕR

= −
�

Ω
Ai∂iϕ · ψ

+
1

2

�

Dh

Ain−
i (ϕR − ϕL) · ψL +

1

2

�

Dh

Ain+
i (ϕR − ϕL) · ψR

− 1

2

�

Dh

Ain−
i (ψR − ψL) · ϕL − 1

2

�

Dh

Ain+
i (ψR − ψL) · ϕR

+
1

2

�

Dh

AiniψL · ϕL − 1

2

�

Dh

AiniψR · ϕR

= −
�

Ω
Ai∂iϕ · ψ +

1

2

�

Dh

Aini(ϕL + ϕR) · (ψL − ψR)

´¾º��µ

�Ò �ÔÔÐ�ÕÙ�ÒØ Ð³�Ò���Ð�Ø� ØÖ��Ò�ÙÐ��Ö� �Ø Ð³�Ò���Ð�Ø� �� ��Ù�Ý¹Ë�Û�ÖØÞ¸ ÒÓÙ×
Ó�Ø�ÒÓÒ× �ÐÓÖ× Ð� Ñ��ÓÖ�Ø�ÓÒ

B(Δ,Δh) ≤ B(Δ,Δ)1/2B(Δh,Δh)
1/2+

�
�
�
�

1

2

�

Dh

Aini(ΔL +ΔR) · (ΔhL −ΔhR)

�
�
�
�
.

´¾º��µ

ÈÙ�× �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� Ð�ÑÑ� ½¸ ÒÓÙ× Ó�Ø�ÒÓÒ×

B(Δ,Δh) ≤ B(Δh,Δh)
1/2
�

B(Δ,Δ)1/2 + λ||Δ||L2(Dh)

�

. ´¾º��µ

�� ÔÐÙ×¸ ÒÓÙ× ��×ÔÓ×ÓÒ× ��× �×Ø�Ñ�Ø�ÓÒ× �� ÔÖÓ��Ø�ÓÒ ×Ù�Ú�ÒØ�× ��½℄ ÕÙ�
Ô�ÖÑ�ØØ�ÒØ �� Ñ�×ÙÖ�Ö Ð³��ÖØ �ÒØÖ� W �Ø ×ÓÒ ÔÖÓ��Ø� L2 ×ÙÖ Ð³�×Ô�� �³�Ô¹
ÔÖÓÜ�Ñ�Ø�ÓÒ ×Ô�Ø��Ð�º

||Δ||L2(Ω) ≤ Chd+1||W ||d+1,m

||Δ||L2(Dh) ≤ Chd+1/2||W ||d+1,m

´¾º��µ

��



Ó� C �×Ø ÙÒ� ÓÒ×Ø�ÒØ� Ò� ��Ô�Ò��ÒØ ÕÙ� �� Ωº Ê�ÔÔ�ÐÓÒ× ÕÙ� h �×Ø Ð�
���Ñ�ØÖ� Ñ�Ü�Ñ�Ð ��× Ñ��ÐÐ�× �Ù Ñ��ÐÐ���º Ä� ÒÓÖÑ� ||W ||d+1,m �×Ø ÙÒ�
ÒÓÖÑ� �� ËÓ�ÓÐ�Ú ½ Ô�Ö ÑÓÖ��ÙÜ �

||W ||d+1,m =

N−1�

i=0

||W ||Hd+1(Li). ´¾º�¼µ

��ØØ� �×Ø�Ñ�Ø�ÓÒ �×Ø Ú�Ð��Ð� � ÓÒ��Ø�ÓÒ ÕÙ� Ð�× Ñ��ÐÐ�× Ò� ×³�Ø�Ö�ÒØ Ô�×
ÐÓÖ×ÕÙ� h Ø�Ò� Ú�Ö× ¼º �³�×Ø Ð� �× Ô�Ö �Ü�ÑÔÐ�¸ ×� ÔÓÙÖ Ð� Ô�××��� � Ð�
Ð�Ñ�Ø� ×ÙÖ h¸ ÓÒ ÓÒ×���Ö� ��× Ö��Ò�Ñ�ÒØ× ÙÒ��ÓÖÑ�× �³ÙÒ Ñ��ÐÐ��� �Ü� �Ò�¹
Ø��Ð�Ñ�ÒØº

ÆÓÙ× Ó�Ø�ÒÓÒ× ��Ò×� Ð� Ñ��ÓÖ�Ø�ÓÒ¸

1

2

�

Ω
Δh ·Δh +B(Δh,Δh) ≤ CB(Δh,Δh)

1/2hd+1/2||W ||d+1,m. ´¾º�½µ

�Ò �ÔÔÐ�ÕÙ�ÒØ Ð³�Ò���Ð�Ø� ×Ù�Ú�ÒØ� �Ú� α2 = 1
C

∀α �= 0, ab ≤ α2a2

2
+

b2

2α2
´¾º�¾µ

�Ø �Ò �ÒØ��Ö�ÒØ �� t = 0 � T ¸ ÒÓÙ× Ó�Ø�ÒÓÒ× �Ò�Ð�Ñ�ÒØ

�

||p(W )−W ||2
L2Ω

+

� T

0
B(p(W )−W,p(W )−W )dt

≤ Chd+1/2

�
� T

0
||W ||2d+1,mdt.

´¾º�¿µ

�� ÔÐÙ×¸ ÔÙ�×ÕÙ� W −W = Δh −Δ �Ø Δ = O(hd+1)¸ ÒÓÙ× Ó�Ø�ÒÓÒ×

�

||W −W ||2
L2Ω

≤ Chd+1/2

�
� T

0
||W ||2d+1,mdt. ´¾º��µ

½º Ä� ÒÓÖÑ� �� ËÓÐ�ÓÐ�Ú �×Ø ���Ò�� Ô�Ö ||W ||2
Hd+1(Li)

=

�
|α|≤d+1 ||D

αW ||2L2 º

��



Ê�Ñ�ÖÕÙ� �º �Ò ���Ø¸ Ð³�Ò���Ð�Ø� ´¾º�¿ Ô��� �¹ÓÒØÖ�µ �×Ø ÔÐÙ× ÔÖ��×� ÔÙ�×¹
ÕÙ³�ÐÐ� ÓÑÔÖ�Ò� ÙÒ ÓÒØÖ�Ð� ��× ��×ÓÒØ�ÒÙ�Ø�× ×ÙÖ Ð�× �ÒØ�Ö���× �ÒØÖ� Ñ��ÐÐ�×º
�� ÓÒØÖ�Ð� ÑÓÒØÖ� ÕÙ³�Ò ÙÒ �ÖØ��Ò ×�Ò×¸ Ð� ×�ÙØ �� AiniW ×ÙÖ Ð³�Ò×�Ñ�Ð�
��× ��×ÓÒØ�ÒÙ�Ø�× Dh Ø�Ò� Ú�Ö× Þ�ÖÓ �Ò ÒÓÖÑ� L2(Dh) ÐÓÖ×ÕÙ� h Ø�Ò� Ú�Ö×
Þ�ÖÓº �ÓÑÑ� Ð� ÐÓÒ�Ù�ÙÖ �� Ð³�Ò×�Ñ�Ð� Dh Ø�Ò� Ú�Ö× Ð³�Ò�Ò�¸ � ÓÒØÖ�Ð� �×Ø
�××�Þ �ÓÖØº ��Ò× Ð� �× �� Ð³ÙØ�Ð�×�Ø�ÓÒ �³ÙÒ �ÙÜ �ÒØÖ�¸ � Ø�ÖÑ� �� ÓÒØÖ�Ð�
Ò³�×Ø Ô�× ÔÖ�×�ÒØ ��Ò× �ØØ� �×Ø�Ñ�Ø�ÓÒº ��Ð� �ÜÔÐ�ÕÙ� ÔÓÙÖÕÙÓ� �Ú� Ð� �ÙÜ
�ÒØÖ�¸ Ð�× Ô��ÒÓÑ�Ò�× �³Ó×�ÐÐ�Ø�ÓÒ× �� ����× ×ÓÒØ �Ò ��Ò�Ö�Ð ÔÐÙ× �ÑÔÓÖ¹
Ø�ÒØ×º

�ÓÒÐÙ×�ÓÒ

�Ò ÓÒÐÙ×�ÓÒ¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� ��Ò× � ��Ô�ØÖ� ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ��Ð�Ö¹
��Ò ��×ÓÒØ�ÒÙ� ÔÓÙÚ�ÒØ �ØÖ� �ÔÔÐ�ÕÙ�� � ��Ú�Ö× ØÝÔ� �� ×Ý×Ø�Ñ�× �� �Ö��¹
�Ö��×º ��Ò× �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ �ÒØ�ÖÚ��ÒØ ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ�º ÆÓÙ× �ÚÓÒ×
�Ó�×� ÙÒ �ÙÜ ���ÒØÖ� �ÒØÖÓ�Ù�×�ÒØ ÙÒ� ��××�Ô�Ø�ÓÒ �Ø Ô�ÖÑ�ØØ�ÒØ �� ×Ø���¹
Ð�×�Ö Ð� ×��Ñ�º ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ �ÓÒÒ� ÙÒ� ÔÖÓÔÖ��Ø� ×³�ÔÔÐ�ÕÙ�ÒØ �ÙÜ
ÓÒ��Ø�ÓÒ× Ð�Ñ�Ø�× Ô�ÖÑ�ØØ�ÒØ �³�××ÙÖ�Ö Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�º

ÆÓÙ× �ÚÓÒ× ���Ù�Ø �� �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ �� ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø� �Ø
�Ò �ÚÓÒ× ��ÑÓÒØÖ� Ð� ÓÒÚ�Ö��Ò� �Ò ÙÒ� ÒÓÖÑ� ÔÐÙ× �ÓÖØ� ÕÙ� Ð� ÒÓÖÑ� L2

ÕÙ� Ö�Ò� ÓÑÔØ� �³ÙÒ ÓÒØÖ�Ð� ��× ��×ÓÒØ�ÒÙ�Ø�× �� Ð� ×ÓÐÙØ�ÓÒº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �ÔÔÐ�ÕÙ�Ö Ð� ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� �Ù Ø��ÓÖ�Ñ� ¿
��Ò ÓÒ×ØÖÙ�Ö� ����Ö�ÒØ�× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× �××Ó���× �ÙÜ �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐº

��



��



�������� �

ÅÓ��Ð�× Ô�Ý×�ÕÙ�×

Ä�× ��Ô�ØÖ�× ÔÖ����ÒØ× ÓÒØ Ô�ÖÑ�× �� Ñ�ØØÖ� �Ò ÔÐ�� ÙÒ ×��Ñ� �� ×�Ñ�¹
��×Ö�Øº ÆÓÙ× �ÚÓÒ× �ÐÓÖ× ��ÑÓÒØÖ� Ð� ÓÒÚ�Ö��Ò� �� � ×��Ñ�º ÆÓÙ× �ÚÓÒ×
���Ð�Ñ�ÒØ �ÒÓÒ� Ð� Ø��ÓÖ�Ñ� ¿ Ô��� ¿� ÕÙ� �××ÙÖ� Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�
ÐÓÖ×ÕÙ� Ð�× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× �××ÙÖ�ÒØ Ð� ��ÖÓ�××�Ò� �� Ð³�Ò�Ö��� �×¹
×Ó��� � Ð� ×ÓÐÙØ�ÓÒº ÆÓÙ× ��×ÔÓ×ÓÒ× ���Ð�Ñ�ÒØ �Ù Ø��ÓÖ�Ñ� ¾ Ô��� ¾� ÕÙ�
�××ÙÖ� Ð³�Ü�×Ø�Ò� �Ø Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒº

È�ÖØ�ÒØ �� �× ÔÖÓÔÖ��Ø�×¸ ÒÓÙ× ��Ö�ÖÓÒ× �ÐÓÖ× ����Ö�ÒØ�× ÓÒ��Ø�ÓÒ× �ÙÜ
Ð�Ñ�Ø�× �Ø ×ÙÖ���ÕÙ�× ÔÓÙÚ�ÒØ �ØÖ� �ÔÔÐ�ÕÙ��× �Ò ÓÒ×�ÖÚ�ÒØ Ð� ×Ø���Ð�Ø� �Ù
×��Ñ� ��Ò× Ð� �× �³ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº ÍÒ� �ØÙ��
��× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ��Ñ�××��Ð�× ÔÓÙÖ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �×Ø ���Ø�
��Ò× ��℄ �Ø ÔÓÙÖ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�Ø�ÓÒ �� ��Ú�Ö��Ò� ��Ò×
�¾�℄º

¿º½ �ÓÒ��Ø�ÓÒ �� ÓÒ�ÙØ�ÙÖ �Ð�ØÖ�ÕÙ� Ô�Ö���Ø

��ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ö�ÔÖ�×�ÒØ� Ð� ÔÖ�×�Ò� �³ÙÒ ÓÒ�ÙØ�ÙÖ Ô�Ö���Ø
´È��µ ×ÙÖ Ð� �ÓÖ� �Ù �ÓÑ��Ò� �� �ÐÙÐº È�Ý×�ÕÙ�Ñ�ÒØ¸ �ØØ� ÓÒ��Ø�ÓÒ �×Ø
�ÓÒÒ�� Ô�Ö

n× E = 0, ´¿º½µ

Ó� n �×Ø Ð� Ú�Ø�ÙÖ ÒÓÖÑ�Ð ÙÒ�Ø��Ö� ×ÓÖØ�ÒØ �××Ó�� �Ù �ÓÖ� �Ù �ÓÑ��Ò� ��
�ÐÙÐº

��



ËÓ�Ø M Ð� Ñ�ØÖ�� �××Ó��� � �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×º Ä� ÒÓÝ�Ù �� M �×Ø

Ð³�Ò×�Ñ�Ð�
�

W = (E ,H )T , n × E = 0
�

º Ä� ÓÒ��Ø�ÓÒ �³�Ü�×Ø�Ò� ¾́º½¾ Ô��� ¾�µ

�� Ð� ×ÓÐÙØ�ÓÒ �ÑÔÓ×� ÕÙ� �Ø �Ò×�Ñ�Ð� ×Ó�Ø �� ��Ñ�Ò×�ÓÒ ���Ð� � �¸ � ÕÙ�
�×Ø Ð� �× ��º Ä³�ÒÒÙÐ�Ø�ÓÒ �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� Ø�Ò��ÒØ ×� ÓÑÔÓ×� �� ��ÙÜ
ÓÒØÖ��ÒØ�× ��Ò× ÙÒ �×Ô�� �� ��Ñ�Ò×�ÓÒ �º

ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× ���Ò�Ö ÙÒ� Ñ�ØÖ�� M ��Ò�Ö�ÕÙ�

M =

�
an× (n×) + bn× 0
cn× (n×) + dn× 0

�

´¿º¾µ

Ó� a, b, c, d ×ÓÒØ ��× Ö��Ð× ÒÓÒ ØÓÙ× ÒÙÐ×º

ÈÓÙÖ ÙÒ� Ø�ÐÐ� Ñ�ØÖ�� M ¸ Ð� ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� �Ù Ø��ÓÖ�Ñ� ¿ Ô��� ¿�
Ö�ÕÙ��ÖØ Ð� ÔÓ×�Ø�Ú�Ø� �� Ð� Ñ�ØÖ�� 1

2Aini +M ¸ �º�º

0 ≤
�

∂Ω

��
1

2
Aini +M

�

WL

�

· WLds

=

�

∂Ω

1

2
(−(n× H ) · E + (n× E ) · H ) ds

+

�

∂Ω
(an× (n× E ) + bn× E ) · E ds

+

�

∂Ω
(cn× (n× H ) + dn × H ) · E ds

=

�

∂Ω
(1 + d) (n× E ) · H ds

+

�

∂Ω
c (n× (n× H )) · E ds

+

�

∂Ω
a (n× (n× E )) · E ds.

´¿º¿µ

ÍÒ� ÓÒ��Ø�ÓÒ ×Ù�×�ÒØ� ÔÓÙÖ ÕÙ� �ØØ� �Ò���Ð�Ø� ×Ó�Ø ÚÖ��� �×Ø

∀E ,∀H ,

(1 + d)(n × E ) · H ≥ 0,

c (n× (n× H )) · E ≥ 0,

a (n× (n× E )) · E ≥ 0.

´¿º�µ

��ØØ� ÓÒ��Ø�ÓÒ �×Ø Ö��Ð�×�� ×� d = −1¸ c = 0 �Ø a ≤ 0º Ä� Ñ�ØÖ�� M ×³�Ö�Ø

�¼



�ÐÓÖ×

M =

�
an× (n×) + bn× 0

−n× 0

�

. ´¿º�µ

�Ú� �× Ú�Ð�ÙÖ×¸ Ð� ÓÒ��Ø�ÓÒ �� ÔÓ×�Ø�Ú�Ø� ×³�Ö�Ø

0 ≤
�

∂Ω
a (n× (n× E )) · E ds. ´¿º�µ

��Ò×�¸ Ð� Ô�Ö�Ñ�ØÖ� a ÓÒ��Ø�ÓÒÒ� Ð� ��××�Ô�Ø�ÓÒ �ÒØÖÓ�Ù�Ø� Ô�Ö Ð� ÓÒ��Ø�ÓÒ
�ÙÜ Ð�Ñ�Ø�×º ÆÓÙ× ÓÒ×���Ö�ÖÓÒ× ��ÙÜ �× Ô�ÖØ�ÙÐ��Ö×¸ Ð� �× ×�Ò× ��××�Ô�Ø�ÓÒ
ÒÙÑ�Ö�ÕÙ� �Ú� a = 0 �Ø b = 0

MÔ� =

�
0 0

−n× 0

�

´¿º�µ

�Ø ÙÒ �× �ÒØÖÓ�Ù�×�ÒØ ÙÒ� ��××�Ô�Ø�ÓÒ ÓÖÖ�×ÔÓÒ��ÒØ � a = −1 �Ø b = 0

MÔ� ��Ó×Ø =

�
−n× (n×) 0

−n× 0

�

. ´¿º�µ

��ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× �ÒØÖÓ�Ù�Ø ÙÒ� ��××�Ô�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� ÕÙ� �Ñ�Ð�Ó¹
Ö�Ö� Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� ��Ò× ��× �× Ó� Ð³�ÖÖ�ÙÖ ÓÑÑ�×� ÐÓÖ× �� Ð³�ÒØ��Ö�¹
Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� ��Ú��ÒØ �Ö�Ò�� �º�º ��Ò× ��× �× Ó� Ð�× �Ð�Ñ�ÒØ× �Ù Ñ��ÐÐ���
×ÓÒØ ØÖ�× ���ÓÖÑ�×º ÎÓ�Ö Ð� ×�Ø�ÓÒ �º¿º¿ Ô��� ��º �Ò ÓÙØÖ�¸ �ØØ� �ÓÖÑÙÐ�¹
Ø�ÓÒ ÓÖÖ�×ÔÓÒ� � Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ��Ø� �� Ð³� �Ø�Ø ��ÒØ�Ñ� �¸ ÔÓÙÖ
Ð�ÕÙ�ÐÐ� ÙÒ ��ÑÔ �Ø�� W ⋆ ���Ò� �Ò �ÓÒØ�ÓÒ �� W �×Ø �ÑÔÓ×� � Ð³�ÜØ�Ö��ÙÖ
�Ù �ÓÑ��Ò�º ��Ò× Ð� �× �Ù ÓÒ�ÙØ�ÙÖ �Ð�ØÖ�ÕÙ� Ô�Ö���Ø¸

W ⋆ =

�
E⊤ − E⊥

H⊥ − H⊤

�

´¿º�µ

Ó� Ð�× E⊥ �Ø H⊥¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ E⊤ �Ø H⊤¸ ×ÓÒØ Ð�× ÓÑÔÓ×�ÒØ�× ÓÖØ�Ó¹
�ÓÒ�Ð�×¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ Ø�Ò��ÒØ�×¸ �� E �Ø H � Ð� ×ÙÖ���º �ÙØÖ�Ñ�ÒØ ��Ø¸
Ð³� �Ø�Ø ��ÒØ�Ñ� � �×Ø ���Ò� Ô�Ö

W ⋆ =

�
(n · E )n− n× (E × n)

n× (H × n)− (n · H )n

�

. ´¿º½¼µ

�½



��Ò× � �×¸ Ð� �ÙÜ �� �ÓÖ� �××Ó�� � �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ×³�Ö�Ø

Fb(WL, n) = F (WL,W
⋆, n) ´¿º½½µ

Ó� F �×Ø Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� ���ÒØÖ�º

ÆÓÙ× ÓÑÔ�Ö�ÖÓÒ× �× ��ÙÜ �ÓÖÑ�× �� ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ��Ò× Ð� ×�¹
Ø�ÓÒ �º¿º¿ Ô��� �� �Ò �ÐÐÙ×ØÖ�ÒØ Ð� ×Ø���Ð�×�Ø�ÓÒ �Ù ×��Ñ� �ÔÔÓÖØ� Ô�Ö Ð�
��××�Ô�Ø�ÓÒ ÔÖ�×�ÒØ� ��Ò× Ð� �× �� Ð³ÙØ�Ð�×�Ø�ÓÒ �� Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×
� �Ø�Ø ��ÒØ�Ñ� �º

ÆÓÙ× ÔÓÙÚÓÒ× ���Ð�Ñ�ÒØ ÙØ�Ð�×�Ö �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ÔÓÙÖ Ö�ÔÖ�×�Ò¹
Ø�Ö ÙÒ� ÔÐ�ÕÙ� Ô�Ö���Ø�Ñ�ÒØ ÓÒ�ÙØÖ�� ÓÒ×Ø�ØÙ�� �� ���× �³�Ð�Ñ�ÒØ× �Ù
Ñ��ÐÐ���º ÈÓÙÖ �Ð�¸ ÒÓÙ× �ÒØÖÓ�Ù�×ÓÒ× ÙÒ� Ð�Ñ�Ø� �Ø�Ú� ×ÙÖ Ð�× ���× ��×
�Ð�Ñ�ÒØ× ÓÒ×Ø�ØÙ�ÒØ �ØØ� ×ÙÖ��� �Ø Ý �ÔÔÐ�ÕÙÓÒ× Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×
���Ò�� ÔÐÙ× ��ÙØº

¿º¾ Å�Ø�Ö��Ù ÓÒ�ÙØ�ÙÖ Ñ��Ò�Ø�ÕÙ� Ô�Ö���Ø

��Ò× Ð� ×�Ø�ÓÒ ¿º½ Ô��� ��¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� Ð� ÑÓ��Ð� Ö�ÔÖ�×�ÒØ�ÒØ Ð�
ÓÒ��Ø�ÓÒ �� ÓÒ�ÙØ�ÙÖ �Ð�ØÖ�ÕÙ� Ô�Ö���Øº �Ò ×Ù�Ú�ÒØ Ð� Ñ�Ñ� Ö��×ÓÒÒ�Ñ�ÒØ
ÒÓÙ× ÔÓÙÚÓÒ× ���Ò�Ö ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ö�ÔÖ�×�ÒØ�ÒØ ÙÒ ÓÒ�ÙØ�ÙÖ
Ñ��Ò�Ø�ÕÙ� Ô�Ö���Ø ÓÖÖ�×ÔÓÒ��ÒØ �

n× H = 0. ´¿º½¾µ

ÆÓÙ× Ó�Ø�ÒÓÒ× �ÐÓÖ× Ð�× Ñ�ØÖ��× ÓÖÖ�×ÔÓÒ��ÒØ�× �Ú� ��××�Ô�Ø�ÓÒ

MÔÑ ��Ó×Ø =

�
0 −n× (n×)
0 −n×

�

. ´¿º½¿µ

�Ø ×�Ò× ��××�Ô�Ø�ÓÒ

MÔÑ =

�
0 0
0 −n×

�

. ´¿º½�µ

�¾



¿º¿ �ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× �Ú� �ÑÔ���Ò� �� ×ÙÖ¹
��� ´ËÁ��µ

��ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ð�� Ð�× ��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ� Ø�Ò��ÒØ×
�Ù �ÓÖ� �Ù �ÓÑ��Ò�¸ Ô�Ö ÙÒ� Ö�Ð�Ø�ÓÒ ���×�ÒØ �ÒØ�ÖÚ�Ò�Ö ÙÒ� �ÑÔ���Ò� ��
×ÙÖ���¸ ÕÙ� ÒÓÙ× ÒÓØ�ÖÓÒ× z¸ Ö��ÐÐ� �Ø ÔÓ×�Ø�Ú� �ÔÔ�Ð�� Ö�Ð�Ø�ÓÒ �� Ä�ÓÒ¹
ØÓÚ�Ø�º ��ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× � �Ø� ���Ò�� Ô�Ö Ë�Ò�ÓÖ ��Ò× ���℄º Ä�
�Ó�Ü �� Ð³�ÑÔ���Ò� ×�Ö� ��Ö�Ø Ô�Ö Ð� ×Ù�Ø�º ÆÓÙ× ÔÓÙÖÖÓÒ× �ÐÓÖ× ÓÒ×ØÖÙ�Ö�
� Ô�ÖØ�Ö �� �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ÙÒ� ÓÒ��Ø�ÓÒ �� ØÝÔ� Ë�ÐÚ�Ö¹Å�ÐÐ�Ö
´ÚÓ�Ö �¾¸ ½℄µ ��Ò×� ÕÙ³ÙÒ ÑÓ��Ð� �� ÔÐ�ÕÙ� ÓÒ�ÙØÖ�� Ñ�Ò� �ÔÔ�Ð� ÑÓ��Ð�
�� ��Ö�Ò��Ö ��℄º

ÆÓÙ× Ò� ÓÒ×���Ö�ÖÓÒ× �� ÕÙ� Ð� �× Ó� Ð³�ÑÔ���Ò� Ò� ��Ô�Ò� Ô�× �� Ð�
�Ö�ÕÙ�Ò�º ÁÐ �×Ø ÔÓ××��Ð� �³�Ø�Ò�Ö� � ÑÓ��Ð� � ��× �ÑÔ���Ò�× ��Ô�Ò��ÒØ
�� Ð� �Ö�ÕÙ�Ò� ÓÑÑ� ��Ö�Ø ��Ò× ���℄ ×�Ø�ÓÒ ½¼º� ��Ò× Ð� ��Ö� �Ù ÑÓ��Ð�
��Ì�º

ËÙÖ ÙÒ� Ø�ÐÐ� ×ÙÖ��� ÑÙÒ�� �³ÙÒ� ÒÓÖÑ�Ð� ÙÒ�Ø��Ö� ×ÓÖØ�ÒØ� n¸ Ð�× ��ÑÔ×
�Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× Ú�Ö���ÒØ

n× E + zn× (n× H ) = 0. ´¿º½�µ

�Ò ���ØÙ�ÒØ Ð� ÔÖÓ�Ù�Ø Ú�ØÓÖ��Ð �� �ØØ� �ÕÙ�Ø�ÓÒ Ô�Ö n¸ ÒÓÙ× ØÖÓÙÚÓÒ× ÙÒ�
�ÓÖÑÙÐ�Ø�ÓÒ �ÕÙ�Ú�Ð�ÒØ�

n× (n× E )− zn× H = 0, ´¿º½�µ

ÔÙ�×ÕÙ� ÔÓÙÖ ØÓÙØ Ú�Ø�ÙÖ V ∈ R
3¸

n× (n × (n × V )) = (n · (n× V ))
� �� �

=0

n− (n · n)
� �� �

=1

n× V

= −n× V.

´¿º½�µ

ÆÓÙ× �Ò ���Ù�×ÓÒ× �ÐÓÖ× ÙÒ� Ñ�ØÖ�� M ��Ö�Ú�ÒØ �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×
��Ô�Ò��ÒØ �� ��ÙÜ Ô�Ö�Ñ�ØÖ�× a �Ø b Ö��Ð× ÒÓÒ ØÓÙ× ��ÙÜ ÒÙÐ×

M =

�
an× (n×) −azn×

bn× bzn× (n×)

�

. ´¿º½�µ

�¿



Ä� ÓÒ��Ø�ÓÒ ¾́º½¾ Ô��� ¾�µ �Ù Ø��ÓÖ�Ñ� �� Ä�Ü¹È��Ð�Ô× �×Ø Ú�Ö���� ÔÓÙÖ ØÓÙØ
a �Ø bº �Ü�Ñ�ÒÓÒ× Ð� ÓÒ��Ø�ÓÒ ´¾º�� Ô��� ¿�µ ÕÙ� Ö�ÕÙ��ÖØ Ð� ÔÓ×�Ú�Ø� �� Ð�
Ñ�ØÖ�� N = 1

2Aini +M º ËÓ�Ø W = (E ,H )T ÙÒ ��ÑÔ �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�º

W TNW = (b+ az + 1)H n× E+

aE · (n× (n× E )) + bzH · (n× (n × H )) .
´¿º½�µ

ÇÖ¸ ÔÓÙÖ ØÓÙØ Ú�Ø�ÙÖ V ∈ R
3¸ Ð� �ÓÖÑ� ÕÙ��Ö�Ø�ÕÙ� ÕÙ� � V �××Ó�� V · (n× (n× V ))

�×Ø Ò���Ø�Ú�¸ �Ò ���Ø

V · (n× (n× V )) = V · ((n · V )n− (n · n)V )

= (n · V )2 − (n · n)(V · V ) ≤ 0
´¿º¾¼µ

�³�ÔÖ�× Ð³�Ò���Ð�Ø� �� ��Ù�Ý¹Ë�Û�ÖØÞº

��Ò×�¸ Ð� Ñ�ØÖ�� N �×Ø ÔÓ×�Ø�Ú� ×� a �Ø b ×ÓÒØ Ò���Ø�� �Ø Ð��× Ô�Ö b+az+1 = 0º
��� �ÕÙ�Ú�ÙØ �

−1

z
≤ a ≤ 0 �Ø b = −(1 + az). ´¿º¾½µ

ÆÓÙ× Ö�Ñ�ÖÕÙÓÒ× �ÐÓÖ× ÕÙ� Ð� ÔÓ×�Ø�Ú�Ø� �� Ð³�ÑÔ���Ò� z �×Ø �××�ÒØ��ÐÐ�¸ ��Ò×
Ð� �× ÓÒØÖ��Ö� Ð� ÓÒ��Ø�ÓÒ ��Ú�ÒØ �ØÖ� Ú�Ö���� Ô�Ö a Ò� Ð³�×Ø ��Ñ��×º

ÆÓÙ× Ó�Ø�ÒÓÒ× �ÐÓÖ× ÙÒ� Ñ�ØÖ�� M Ö�ÔÖ�×�ÒØ�ÒØ �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×
�Ø �××ÙÖ�ÒØ Ð³�Ü�×Ø�Ò� �Ø Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ ��Ò×� ÕÙ� Ð� ×Ø���Ð�Ø� �Ù
×��Ñ� ×ÓÙ× Ð� �ÓÖÑ�

M =

�
an× (n×) −azn×

−(1 + az)n× −z(1 + az)n × (n×)

�

. ´¿º¾¾µ

Ä� Ô�Ö�Ñ�ØÖ� a ���Ò�Ø Ð� ��××�Ô�Ø�ÓÒ �� �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×º ÄÓÖ×ÕÙ³�Ð
�×Ø ÒÙÐ¸ Ð� Ñ�ØÖ�� N �×Ø ����Ò�Ö�� �Ø Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ò� ��××�Ô� Ô�×
�³�Ò�Ö���º �Ù ÓÒØÖ��Ö�¸ ×� a < 0 Ð� Ñ�ØÖ�� N �×Ø ���Ò�� ÔÓ×�Ø�Ú� �Ø Ð�
ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ��××�Ô� �� Ð³�Ò�Ö���º

��



¿º� �ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× �� Ë�ÐÚ�Ö¹Å�ÐÐ�Ö

��ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ×� ØÖ��Ù�Ø Ô�Ö Ð³�ÔÔÐ��Ø�ÓÒ �³ÙÒ� ÓÒ��Ø�ÓÒ ��
Ö����Ø�ÓÒ ×ÙÖ Ð�× �ÓÖ�× �Ù �ÓÑ��Ò�º �ÐÐ� � �Ø� �ØÙ���� ��Ò× �¾¸ ½℄º ��Ð� ×�
ØÖ��Ù�Ø Ô�Ö ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ËÁ�� Ó� Ð³�ÑÔ���Ò� �� ×ÙÖ��� z
�×Ø ���Ð� � Ð³�ÑÔ���Ò� �Ù Ú��� z0¸ �ÙØÖ�Ñ�ÒØ ��Ø Ð�× ��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø
Ñ��Ò�Ø�ÕÙ� Ú�Ö���ÒØ

n× E + z0n× (n × H ) = 0. ´¿º¾¿µ

Ä³�ÑÔ���Ò� �Ù Ú��� Ú�ÙØ z0 =
�

µ0/ε0 �Ø z0 = 1 ÔÓÙÖ Ð� Ú�Ö×�ÓÒ ���Ñ�Ò¹
×�ÓÒÒ�� ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº �ÓÒ×���ÖÓÒ× Ð� �× ���Ñ�Ò×�ÓÒÒ�º ��Ò× Ð�
×�Ø�ÓÒ ¿º¿ Ô��� �¿ ÒÓÙ× �ÚÓÒ× Ó�Ø�ÒÙ ÙÒ� Ñ�ØÖ�� Ö�ÔÖ�×�ÒØ�ÒØ �ØØ� ÓÒ��¹
Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ��Ô�Ò��ÒØ �³ÙÒ Ô�Ö�Ñ�ØÖ� �� ��××�Ô�Ø�ÓÒ Ú�Ö���ÒØ ��Ò× Ð�
�× ÔÖ�×�ÒØ −1 ≤ a ≤ 0

M =

�
an× (n×) −an×
−(1 + a)n× −(1 + a)n × (n×)

�

. ´¿º¾�µ

�Ò ÔÖ�Ò�ÒØ Ð� Ô�Ö�Ñ�ØÖ� a ���Ð� � −1
2 ¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ� Ñ�ØÖ�� M =

−Ain−
i º ��Ò× � �×¸ Ð� �ÙÜ �××Ó�� � �ØØ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ú�ÙØ

FSM (W , n) =
�
Aini +M

�
W = Ain+

i W . ´¿º¾�µ

�ÓÒ×���ÖÓÒ× Ñ��ÒØ�Ò�ÒØ ÙÒ� ÓÒ��Ø�ÓÒ �� Ë�ÐÚ�Ö¹Å�ÐÐ�Ö �Ò�ÓÑÓ��Ò�º ��ØØ�
ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ô�ÖÑ�Ø �³�Ò��Ø�Ö ��Ò× Ð� �ÓÑ��Ò� �� �ÐÙÐ ÙÒ ��ÑÔ
�Ò���ÒØ ÕÙ� ÒÓÙ× ÒÓØ�ÖÓÒ× Wiº ��ØØ� ÓÒ��Ø�ÓÒ ×� ØÖ��Ù�Ø Ô�Ö

M(W − Wi) = 0. ´¿º¾�µ

Ä� �ÙÜ �××Ó�� � �ØØ� ÓÒ��Ø�ÓÒ �Ò�ÓÑÓ��Ò� ×³�ÜÔÖ�Ñ� �Ò �ÓÒØ�ÓÒ �Ù �ÙÜ
Ó�Ø�ÒÙ ��Ò× Ð� �× �ÓÑÓ��Ò�

FSMI(W , n) = FSM (W , n)−MWi

= Ain+
i W +Ain−

i Wi

= F (W ,Wi, n).

´¿º¾�µ

ÆÓÙ× Ö�ØÖÓÙÚÓÒ× ��Ò×� Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� ���ÒØÖ� F º

��



¿º� ÅÓ��Ð� �� ��Ö�Ò��Ö

��Ò �� ×�ÑÙÐ�Ö Ð� ÔÖ�×�Ò� �³ÙÒ� ÔÐ�ÕÙ� �� ����Ð� �Ô��××�ÙÖ ÓÒ×Ø�ØÙ�� �³ÙÒ
Ñ�Ø�Ö��Ù ÓÒ�ÙØ�ÙÖ¸ ÒÓÙ× Ö�ÑÔÐ��ÓÒ× Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� ×Ø�Ò��Ö� Ô�Ö ÙÒ
�ÙÜ ×Ô���ÕÙ� ��Ô�Ò��ÒØ �� Ð� ÓÒ�ÙØ�Ú�Ø� �Ø �� Ð³�Ô��××�ÙÖ �� Ð� ÔÐ�ÕÙ�º
�� ÑÓ��Ð� Ô�ÖÑ�Ø �� ×Ù�×Ø�ØÙ�Ö ÙÒ� ×ÙÖ��� � ÙÒ ÚÓÐÙÑ� �ÓÒØ Ð� Ñ��ÐÐ���
ÓÒØÖ��Ò�Ö��Ø �ÓÖØ�Ñ�ÒØ Ð� Ô�× �� Ø�ÑÔ× �Ù ×��Ñ�º �� ÑÓ��Ð� � �Ø� �ÒØÖÓ�Ù�Ø
Ô�Ö ��Ö�Ò��Ö ��Ò× ��℄º

ËÓ�Ø S ÙÒ� Ø�ÐÐ� ×ÙÖ��� ÓÖ��ÒØ�� Ô�Ö ×� ÒÓÖÑ�Ð� ÙÒ�Ø��Ö� n¸ ÒÓØÓÒ× ET−¸
Ö�×Ô�Ø�Ú�Ñ�ÒØ ET+¸ �Ø HT−¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ HT+¸ Ð�× Ô�ÖØ��× Ø�Ò��ÒØ�× ��×
��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ� �Ù �Ø� ÓÔÔÓ×� � Ð� ÒÓÖÑ�Ð�¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ
ÔÓ�ÒØ� Ô�Ö Ð� ÒÓÖÑ�Ð�º ËÓ�Ø �� ÔÐÙ×¸ zs �Ø zt Ð�× �ÑÔ���Ò�× �� ×ÙÖ��� �Ø ��
ØÖ�Ò×��ÖØ �� Ð� ÔÐ�ÕÙ�º Ä�× ��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ� Ø�Ò��ÒØ× Ú�Ö���ÒØ
Ð� Ö�Ð�Ø�ÓÒ �� Ä�ÓÒØÓÚ�Ø�

ET− = −zsn× HT− − ztn× HT+,

ET+ = zsn× HT+ + ztn× HT−.
´¿º¾�µ

�Ò ÔÖ�Ò�ÒØ ÔÓÙÖ �ÝÔÓØ��×� ÕÙ� Ð³�Ô��××�ÙÖ �� Ô��Ù �×Ø ×ÙÔ�Ö��ÙÖ� � Ð³�Ô��×¹
×�ÙÖ �� Ð� ÔÐ�ÕÙ�¸ ÒÓÙ× ÔÓÙÚÓÒ× �ÔÔÖÓ��Ö Ð�× �ÑÔ���Ò�× �� ×ÙÖ��� �Ø ��
ØÖ�Ò×��ÖØ Ô�Ö

zs = zt =
1

σd
´¿º¾�µ

ÔÓÙÖ ÙÒ� ÔÐ�ÕÙ� �³�Ô��××�ÙÖ d �Ø �� ÓÒ�ÙØ�Ú�Ø� σº

�Ò Ø�ÖÑ� �� �Ö�ÕÙ�Ò�¸ �ØØ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ö�×Ø� Ú�Ð��� ÔÓÙÖ ��× �Ö�ÕÙ�Ò�×
�Ò��Ö��ÙÖ�× � Ð� �Ö�ÕÙ�Ò� �� ÓÙÔÙÖ� �� Ð� ÔÐ�ÕÙ�

fc =
1

2πµσd2
. ´¿º¿¼µ

�Ù¹��Ð� �� Ð� �Ö�ÕÙ�Ò� �� ÓÙÔÙÖ�¸ Ð�× �ÑÔ���Ò�× �� ×ÙÖ��� �Ø �� ØÖ�Ò×��ÖØ
ÓÒØ ÙÒ� ��Ô�Ò��Ò� �ÓÖØ� � Ð� �Ö�ÕÙ�Ò�º

�ÓÒ×���ÖÓÒ× ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ× ÙÒ� ÔÐ�ÕÙ� ÔÐ��� ×ÙÖ ÙÒ �ÓÖ� �Ù �Ó¹
Ñ��Ò� �� �ÐÙÐ �Ø ÑÙÒ�� �³ÙÒ� ÒÓÖÑ�Ð� ÓÖ��ÒØ�� Ú�Ö× Ð³�ÜØ�Ö��ÙÖº �Ò Ö�¹
Ñ�ÖÕÙ�ÒØ ÕÙ� Ð� Ô�ÖØ�� Ø�Ò��ÒØ� �³ÙÒ Ú�Ø�ÙÖ V ∈ R

3 ×³�ÜÔÖ�Ñ� VT =

��



−n× (n× V )¸ Ð� Ö�Ð�Ø�ÓÒ �� Ä�ÓÒØÓÚ�Ø� ×³�Ö�Ø

n× (n× E )− zsn× H = 0. ´¿º¿½µ

ÆÓÙ× Ö�ØÖÓÙÚÓÒ× �ÐÓÖ× Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ËÁ�� �Ø ÒÓÙ× �Ò ���Ù�×ÓÒ× Ð�
Ñ�ØÖ�� M Ö�ÔÖ�×�ÒØ�ÒØ Ð� ÓÒ��Ø�ÓÒ ÔÖ�×�ÒØ�

M =

�
an× (n×) −azsn×

−(1 + azs)n× −zs(1 + azs)n× (n×)

�

. ´¿º¿¾µ

Ä� ÓÒ��Ø�ÓÒ �Ò�ÓÑÓ��Ò� ×³�Ö�Ø �ÐÓÖ×¸ ÔÓÙÖ ÙÒ ��ÑÔ �Ò���ÒØ Wi = (Ei,Hi)
T ¸

0 = M(W − Wi)

=

�
a (n× (n × (E − Ei))− zsn× (H − Hi))

−(1 + azs) (n× (E − Ei) + zsn× (n× (H − Hi)))

�

.
´¿º¿¿µ

�Ò ÔÖ�Ò�ÒØ Wi = (0,H+)
T ¸ ÒÓÙ× Ö�ØÖÓÙÚÓÒ× Ð� Ö�Ð�Ø�ÓÒ �� Ä�ÓÒØÓÚ�Ø�º ÆÓÙ×

ÔÓÙÚÓÒ× �ÐÓÖ× �Ó�×�Ö Ð� Ô�Ö�Ñ�ØÖ� a �××ÙÖ�ÒØ Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�¸ �º�º
−1/zs ≤ a ≤ 0º È�Ö �Ü�ÑÔÐ�¸ �Ò ÔÖ�Ò�ÒØ a = 0¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ �ÙÜ ÒÓÒ
��××�Ô�Ø�� �××Ó�� �Ù ÑÓ��Ð� �� ��Ö�Ò��Ö ×³�ÜÔÖ�Ñ�ÒØ Ô�Ö

F��Ö�Ò��Ö(WL,WR, n) = (Aini +M)WL −MWR

=

�
−n× HL

zn× (n × (HR − HL))

�

.
´¿º¿�µ

ÁÐ �×Ø ���Ð�Ñ�ÒØ ÔÓ××��Ð� �³��ÓÙØ�Ö ÙÒ� ��××�Ô�Ø�ÓÒ ��Ò× ÙÒ �ÙØ �� ×Ø���Ð�×�¹
Ø�ÓÒ �Ù ×��Ñ� �Ò ÔÖ�Ò�ÒØ a ÒÓÒ ÒÙÐº

¿º� ÁÒ��Ø�ÓÒ �³ÙÒ ��ÑÔ �Ò���ÒØ

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ��Ö�ÖÓÒ× ÙÒ� ÓÒ��Ø�ÓÒ ×ÙÖ���ÕÙ� Ô�ÖÑ�ØØ�ÒØ Ð³�Ò¹
��Ø�ÓÒ �³ÙÒ ��ÑÔ �Ò���ÒØ ��Ò× Ð� ÚÓÐÙÑ� �� �ÐÙÐº ÍÒ� ��×Ö�ÔØ�ÓÒ �� �
ØÝÔ� �� ×ÓÙÖ� �Ð�ØÖÓÑ��Ò�Ø�ÕÙ� ��Ò× Ð� ��Ö� �� Ð� Ñ�Ø�Ó�� ��× ����Ö�Ò�×
�Ò��× �×Ø ��Ö�Ø� ��Ò× ���℄ ��Ôº�º

���Ò�××ÓÒ× ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ Ð�× ×ÓÐÙØ�ÓÒ× ��Ø�× �³ÓÒ��× ÔÐ�Ò�× ��×
�ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº

��



ÈÖÓÔÓ×�Ø�ÓÒ �º ËÓ�Ø g : [0, T ] → R ÙÒ� �ÓÒØ�ÓÒ C1 ���Ò�××�ÒØ Ð³�ÑÔÐ�ØÙ��
�� Ð³ÓÒ�� ÔÐ�Ò� �Ù ÓÙÖ× �Ù Ø�ÑÔ×º ËÓ�Ø E0¸ H0 �Ø V ØÖÓ�× Ú�Ø�ÙÖ× �� R3 �ÓÖ¹
Ñ�ÒØ ÙÒ� ��×� ÓÖØ�Ó�ÓÒ�Ð� ��Ö�Ø� Ø�ÐÐ� ÕÙ� ||V || = 1 �Ø ||H0|| =

�
ε/µ||E0||º

Ä�× ��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ�

E (t,X) = E0g(t− c−1V ·X)

H (t,X) = H0g(t− c−1V ·X)
´¿º¿�µ

×ÓÒØ ×ÓÐÙØ�ÓÒ× ��× �ÕÙ�Ø�ÓÒ× �� Ñ�ÜÛ�ÐÐ ´½º½ Ô��� �µ ��Ò× Ð� �× Ó� Ð� ÓÙÖ�ÒØ
J �Ø Ð�× ÓÒ�ÙØ�Ú�Ø�× σ �Ø σ⋆ ×ÓÒØ ÒÙÐ×º

��ÑÓÒ×ØÖ�Ø�ÓÒº ÇÒ � H0×V =
�

ε
µE0º �ÓÒ×���ÖÓÒ× Ð³�ÕÙ�Ø�ÓÒ �� Å�ÜÛ�ÐÐ¹

�ÑÔ�Ö� ´½º½� Ô��� �µ¸

ε∂tE −∇× H = εE0g
′(t− c−1V ·X)−∇g(t− c−1V ·X)×H0

= εE0g
′(t− c−1V ·X) + c−1V ×H0g

′(t− c−1V ·X)

= εE0g
′(t− c−1V ·X)− c−1

�
ε

µ
E0g

′(t− c−1V ·X)

=

�

ε− c−1

�
ε

µ

�

E0g
′(t− c−1V ·X)

= 0.

´¿º¿�µ

�� Ð� Ñ�Ñ� Ñ�Ò��Ö�¸ Ð³�ÕÙ�Ø�ÓÒ �� Å�ÜÛ�ÐÐ¹��Ö���Ý ½́º½� Ô��� �µ �×Ø Ú�Ö����
Ô�Ö E �Ø H º

ËÓ�Ø S ÙÒ� ×ÙÖ��� ��ÖÑ��¸ �ÒÐÙ×� ��Ò× Ð� �ÓÑ��Ò� �� �ÐÙÐ Ωº ÆÓÙ× �ÔÔ�Ð¹
Ð�ÖÓÒ× ÞÓÒ� �� ��ÑÔ ØÓØ�Ð Ð� ÚÓÐÙÑ� ��Ð�Ñ�Ø� Ô�Ö �ØØ� ×ÙÖ��� �Ø ÞÓÒ� ��
��ÑÔ ���Ö�Ø� ×ÓÒ ÓÑÔÐ�Ñ�ÒØ��Ö�º Ä� ×ÙÖ��� ÕÙ� ×�Ô�Ö� Ð�× ��ÙÜ ÞÓÒ�× �×Ø
�ÔÔ�Ð�� ×ÙÖ��� �� ÀÙÝ��Ò×º

ÆÓÙ× �ÐÐÓÒ× ���Ò�Ö ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ� �ÔÔÐ�ÕÙ�� ×ÙÖ �ØØ� ×ÙÖ��� �Ø Ô�ÖÑ�Ø¹
Ø�ÒØ �³�Ò��Ø�Ö ÙÒ� ÓÒ�� ÔÐ�Ò� ��Ò× Ð� Ô�ÖØ�� ��ÑÔ ØÓØ�Ð� �Ù �ÓÑ��Ò� �Ø
Ð��××�ÒØ ×ÓÖØ�Ö Ð�× ÓÒ��× ���Ö�Ø��×º �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ÔÖ�Ò�Ô� �� ×ÙÔ�ÖÔÓ×�¹
Ø�ÓÒ¸ ÒÓÙ× ���Ò�××ÓÒ× ��ÙÜ �ÙÜ ×³�ÔÔÐ�ÕÙ�ÒØ �� Ô�ÖØ �Ø �³�ÙØÖ� �� Ð� ×ÙÖ���
�� ÀÙÝ��Ò×

Fin(WL,WR, n) = F (WL,WR + Wi, n),

Fout(WL,WR, n) = F (WL,WR − Wi, n)
´¿º¿�µ

��



Ó� F �×Ø Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� �Ù ×��Ñ�º ��Ò× �ØØ� �ÔÔÖÓ��¸ ÒÓÙ× ×ÙÔÔÓ×ÓÒ×
�� ÔÐÙ× ÕÙ� Ð� ��ÑÔ �Ò���ÒØ �×Ø ÒÙÐ ��Ò× Ð� Ô�ÖØ�� ��ÑÔ ØÓØ�Ð �Ù �ÓÑ��Ò�
� Ð³�Ò×Ø�ÒØ �Ò�Ø��Ðº

ÆÓÙ× ÔÓÙÚÓÒ× ���Ð�Ñ�ÒØ ÙØ�Ð�×�Ö � ÑÓ��Ð� �� ×ÙÖ��� Ö�ÝÓÒÒ�ÒØ� ��Ò �³�Ò¹
��Ø�Ö ÙÒ ��ÑÔ �Ò���ÒØ ��Ò× ÙÒ� ×ØÖÙØÙÖ� �� ØÝÔ� �Ù��� �³ÓÒ��º ÈÓÙÖ �Ð�¸
ÙÒ� ×ÙÖ��� �� ÀÙÝ��Ò× �×Ø ÔÐ��� ×ÙÖ Ð� ÔÓÖØ �³�ÒØÖ�� �Ù �Ù���º ��Ò× � �×
ÒÓÙ× Ò³�ÚÓÒ× Ô�× � ÔÖÓÔÖ�Ñ�ÒØ Ô�ÖÐ�Ö �� ÞÓÒ� �� ��ÑÔ ØÓØ�Ð �Ø �� ÞÓÒ� ��
��ÑÔ ���Ö�Ø�º �� ÔÐÙ×¸ Ð� ÔÖÓÔ���Ø�ÓÒ ��× ÓÒ��× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× ��Ò×
ÙÒ �Ù��� �×Ø �ÓÖØ�Ñ�ÒØ Ð��� � Ð� �ÓÖÑ� �� � �Ù���º

È�Ö �Ü�ÑÔÐ� ��Ò× ÙÒ �Ù��� Ö�Ø�Ò�ÙÐ��Ö�¸ Ð�× ��ÑÔ× ×� ×ØÖÙØÙÖ�ÒØ ×ÓÙ× Ð�
�ÓÖÑ� �� ÑÓ��º ��× ÑÓ��× Ô�ÙÚ�ÒØ �ØÖ� ÔÖÓÔ���Ø��× ÓÙ �Ú�Ò�×�ÒØ×º ��Ò×
Ð� �× �³ÙÒ �Ù��� Ö�Ø�Ò�ÙÐ��Ö�¸ Ð�× ÑÓ��× ÔÖÓÔ���Ø��× ×ÓÒØ Ð�××�× ×Ù�Ú�ÒØ
Ð³�ÐÐÙÖ� ØÖ�Ò×Ú�Ö×� ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× ÕÙ� ×Ù�Ø ÙÒ� Ö�Ô�ÖØ�Ø�ÓÒ
×�ÒÙ×Ó���Ð�º ��× ÑÓ��× ×ÓÒØ Ö�Ô�Ö�× Ô�Ö ��ÙÜ �ÒØ��Ö×¸ ÓÒ Ô�ÖÐ�Ö� �� ÑÓ��
ØÖ�Ò×Ú�Ö×� �Ð�ØÖ�ÕÙ� Ì�ÑÒ ÓÙ ØÖ�Ò×Ú�Ö×� Ñ��Ò�Ø�ÕÙ� ÌÅÑÒº ��ØØ� ÔÖÓ�Ð�¹
Ñ�Ø�ÕÙ� �×Ø ��ÓÖ��� ��Ò× �½�℄º ���ÕÙ� ÑÓ�� �×Ø Ð�� � ÙÒ� �Ö�ÕÙ�Ò�¸ ��Ò×�
Ð³�Ü�Ø�Ø�ÓÒ �³ÙÒ ÓÙ ÔÐÙ×��ÙÖ× ÑÓ��× ÔÖ��× �³ÙÒ �Ù��� �×Ø ����Ð�º

�Ò ÙØ�Ð�×�ÒØ ÙÒ� ×ÙÖ��� �� ÀÙÝ��Ò× ÔÓÙÖ �Ð�Ñ�ÒØ�Ö ÙÒ �Ù��� ÒÓÙ× �ÐÐÓÒ× ÔÖÓ¹
ÚÓÕÙ�Ö Ð³�ÔÔ�Ö�Ø�ÓÒ �³ÓÒ��× Ô�Ö�×�Ø�× �Ù�× � Ð� ÒÓÒ¹���ÔØ�Ø�ÓÒ �Ù ��ÑÔ �Ò¹
���ÒØ � Ð� ��ÓÑ�ØÖ�� �Ù �Ù���º ÌÓÙØ��Ó�×¸ �× ÓÒ��× ×ÓÒØ �Ú�Ò�×�ÒØ�× �Ø �ÔÖ�×
ÙÒ� ÓÙÖØ� ��×Ø�Ò� Ò� Ô�Ö�ÙÖ�ÒØ ÕÙ� ��× ÓÒ��× ÔÖÓÔ���Ø�Ú�×º È�Ö �Ü�ÑÔÐ�¸
ÐÓÖ× �� Ð³�Ü�Ø�Ø�ÓÒ �³ÙÒ �Ù��� Ö�Ø�Ò�ÙÐ��Ö�¸ �ØØ� ×ÓÙÖ� Ô�ÖÑ�Ø �� ÔÖÓÔ���Ö
��Ò× Ð� �Ù��� ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× �ÓÒØ Ð� ÑÓ�� �ÓÑ�Ò�ÒØ �×Ø ÙÒ�
ÑÓ�� Ì�½¼ ´ÓÙ Ì�¼½ ×Ù�Ú�ÒØ Ð³ÓÖ��ÒØ�Ø�ÓÒ �Ù ��ÑÔ �Ð�ØÖ�ÕÙ�µº

�ÓÒÐÙ×�ÓÒ

ÆÓÙ× �ÚÓÒ× ���Ò� ÔÐÙ×��ÙÖ× ÑÓ��Ð�× �� Ñ�Ø�Ö��ÙÜ Ö�ÔÖ�×�ÒØ�× Ô�Ö ��× ÓÒ��¹
Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ÓÙ ×ÙÖ���ÕÙ�× �××Ó���× �ÙÜ �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº ��×
ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ×ÓÒØ Ö�ÔÖ�×�ÒØ��× Ô�Ö ��× Ñ�ØÖ��× M Ú�Ö���ÒØ Ð�×
Ø��ÓÖ�Ñ�× ¾ Ô��� ¾� �Ø ¿ Ô��� ¿�º ��Ò×�¸ �× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× �××ÙÖ�ÒØ
Ð³�Ü�×Ø�Ò� �Ø Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ¸ ��Ò×� ÕÙ� Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� ×�Ñ�¹
��×Ö�Øº ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ ÑÙÒ� �ÖØ��Ò�× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× �³ÙÒ Ô�¹
Ö�Ñ�ØÖ� �� ��××�Ô�Ø�ÓÒº ��ØØ� ��××�Ô�Ø�ÓÒ ÒÓÙ× Ô�ÖÑ�Ø �� ×Ø���Ð�×�Ö Ð� ×��Ñ�
ÒÙÑ�Ö�ÕÙ�º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ��Ö�Ö� ÙÒ� ��×Ö�Ø�×�Ø�ÓÒ ��× ��ÑÔ× �Ð�ØÖÓÑ�¹
�Ò�Ø�ÕÙ�× ×ÙÖ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ� �Ø �ÓÒÒ�ÖÓÒ× Ð³�ÜÔÖ�××�ÓÒ ��× �ÒØ��Ö�Ð�×
�ÔÔ�Ö��××�ÒØ ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��º �Ò ��ÓÙØ�ÒØ �Ù ×��Ñ� ×�Ñ�¹��×Ö�Ø ÙÒ

��



×��Ñ� �³�ÒØ��Ö�Ø�ÓÒ �Ò Ø�ÑÔ×¸ ÒÓÙ× Ó�Ø��Ò�ÖÓÒ× ÙÒ ×��Ñ� ÒÙÑ�Ö�ÕÙ� ��
ÔÓÙÚ�ÒØ �×Ø ÔÖÓ�Ö�ÑÑ�º ÆÓÙ× ��×ÙØ�ÖÓÒ× ���Ð�Ñ�ÒØ Ð� Ú�Ð���Ø� ��× �ÓÖÑÙÐ�×
�� ÕÙ��Ö�ØÙÖ�× ÔÓÙÖ �ØØ� ��×Ö�Ø�×�Ø�ÓÒ¸ ��Ò×� ÕÙ� Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�
��×Ö�Øº

�¼



�������� �

ÁÒØ�ÖÔÓÐ�Ø�ÓÒ ��Ð�Ö��Ò
��×ÓÒØ�ÒÙ�

Ä� Ñ�Ø�Ó�� ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ� ´��µ Ô�ÙØ �ØÖ� Ø��ÓÖ�ÕÙ�Ñ�ÒØ �ÔÔÐ�ÕÙ�� �
ØÓÙØ ØÝÔ� �� Ñ��ÐÐ���º ÆÓÙ× �ØÙ���ÖÓÒ× �� Ð� �× Ó� Ð�× �Ð�Ñ�ÒØ× �Ù Ñ��ÐÐ���
´ÓÙ Ñ��ÐÐ�×µ ×ÓÒØ ��× ��Ü���Ö�× �Ý�ÒØ ��× �Ö�Ø�× �ÖÓ�Ø�× �ÓÖÑ�ÒØ ÙÒ Ñ��ÐÐ���
ÓÒ�ÓÖÑ� �� Ωº Ä� Ñ�Ø�Ó�� �� �ÔÔÐ�ÕÙ�� � ÙÒ Ñ��ÐÐ��� Ø�ØÖ���Ö�ÕÙ� � �Ø�
Ð�Ö��Ñ�ÒØ �ØÙ����¸ ÓÒ Ô�ÙØ �Ø�Ö Ô�Ö �Ü�ÑÔÐ� Ð�× ØÖ�Ú�ÙÜ �� �¿�℄ �Ø �¾�℄º
Ä³ÙØ�Ð�×�Ø�ÓÒ ��× ��Ü���Ö�× ÔÓÙÖ �� � �Ø� �ØÙ���� Ô�Ö �Ü�ÑÔÐ� Ô�Ö �½�℄º
Ä�× ��Ü���Ö�× Ô�ÖÑ�ØØ�ÒØ ��Ú�Ö×�× ÓÔØ�Ñ�×�Ø�ÓÒ× �� Ð� �ÓÖÑÙÐ�Ø�ÓÒ �� �Ø
×³���ÔØ�ÒØ ���Ò � Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ �� Ð� Ñ�Ø�Ó�� ×ÙÖ �ÈÍº

Ä³�×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��Ò× Ð�ÕÙ�Ð ÒÓÙ× ��Ö��ÖÓÒ× Ð� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ�
�� ÒÓØÖ� ÔÖÓ�Ð�Ñ� �×Ø �Ò��Ò�Ö� Ô�Ö ��× �ÓÒØ�ÓÒ× �� ��×� �ÓÒØ Ð� ×ÙÔÔÓÖØ
�×Ø �ÒÐÙ× ��Ò× ÙÒ� ÙÒ�ÕÙ� Ñ��ÐÐ�º Ä� �Ù××�¸ �Ð �×Ø ÔÓ××��Ð� �� �Ó�×�Ö ��Ú�Ö×
ØÝÔ�× �� �ÓÒØ�ÓÒ× �� ��×� ���¸ �℄º ��Ò× �ØØ� Ø��×�¸ ÒÓÙ× ÒÓÙ× ÓÒ�ÒØÖ�ÖÓÒ×
×ÙÖ ��× ��×�× �� ÔÓÐÝÒ�Ñ�× ��Ø�× ÒÓ��Ð�× �¿�¸ ½�℄º ��× ��×�× ×ÓÒØ ÓÒ×Ø�ØÙ��×
�� ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð× �� ÔÓÐÝÒ�Ñ�× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ �� Ä��Ö�Ò��º Ä�× ÔÓ�ÒØ×
�³�ÒØ�ÖÔÓÐ�Ø�ÓÒ �Ó�×�× ×ÓÒØ Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ �� ��Ù××¹Ä���Ò�Ö�º ��
�Ó�Ü �� ÔÓÐÝÒ�Ñ�× �Ø �� ÔÓ�ÒØ× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ Ô�ÖÑ�Ø ÔÐÙ×��ÙÖ× ÓÔØ�Ñ�×�¹
Ø�ÓÒ× ÕÙ� ÚÓÒØ Ö�Ò�Ö� Ð� Ñ�Ø�Ó�� �� Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ ����º

�º½ �×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× ÓÒ×ØÖÙ�×ÓÒ× Ð³�×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��Ò×
Ð�ÕÙ�Ð ÒÓÙ× ��Ö�ÓÒ× Ð� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ� �� ÒÓØÖ� ÔÖÓ�Ð�Ñ�º Ä� ÓÒ×ØÖÙ¹
Ø�ÓÒ �� �Ø �×Ô�� ×³�ÔÔÙ�� ×ÙÖ Ð� ���Ò�Ø�ÓÒ �³ÙÒ �Ð�Ñ�ÒØ �� Ö���Ö�Ò�¸ ��

�½



Ð� Ù�� ÙÒ�Ø�º ÍÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� ÒÓÙ× Ô�ÖÑ�Ø �ÐÓÖ× �� Ô�××�Ö
�Ù Ù�� �� Ö���Ö�Ò� � ÙÒ� Ñ��ÐÐ� ��Ü���Ö�ÕÙ�º Ä�× �ÓÒØ�ÓÒ× �� ��×� ×ÓÒØ
�ÐÓÖ× ÓÒ×Ø�ØÙ��× �� ÓÑÔÓ×�Ø�ÓÒ× �ÒØÖ� �ØØ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �Ø ��× �ÓÒ¹
Ø�ÓÒ× ÔÓÐÝÒÓÑ��Ð�× ���Ò��× ×ÙÖ Ð� Ù�� ÙÒ�Ø�º ��× �ÓÒØ�ÓÒ× ÔÓÐÝÒÓÑ��Ð�×
×ÓÒØ ��× ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð× �� ÔÓÐÝÒ�Ñ�× �� Ä��Ö�Ò�� �××Ó��× �ÙÜ ÔÓ�ÒØ× ��
��Ù××¹Ä���Ò�Ö�º ��× ÔÓ�ÒØ× ÒÓÙ× ×�ÖÚ�ÖÓÒØ ���Ð�Ñ�ÒØ � ���Ò�Ö ��× �ÓÖÑÙÐ�×
�� ÕÙ��Ö�ØÙÖ� Ô�ÖÑ�ØØ�ÒØ �³�×Ø�Ñ�Ö Ð�× �ÒØ��Ö�Ð�× ÚÓÐÙÑ�ÕÙ�× �Ø ×ÙÖ���ÕÙ�×
�ÔÔ�Ö��××�ÒØ ��Ò× Ð� Ñ�Ø�Ó�� ��º ��× �Ó�Ü �� �ÓÒØ�ÓÒ× �� ��×� �Ø �� �ÓÖ¹
ÑÙÐ� �� ÕÙ��Ö�ØÙÖ� Ô�ÖÑ�ØØ�ÒØ ��Ú�Ö×�× ×�ÑÔÐ���Ø�ÓÒ× �� Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��
��×Ö�Ø�º

�º½º½ Å��ÐÐ� �� Ö���Ö�Ò�

ÆÓÙ× �Ó�×�××ÓÒ× ÓÑÑ� �Ð�Ñ�ÒØ �� Ö���Ö�Ò� Ð� Ù�� ÙÒ�Ø� ÕÙ� ÒÓÙ× ÒÓØ�¹
ÖÓÒ× Ĥ = [0, 1]3º ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× ���Ò�Ö ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ�
Ò�ØÙÖ�ÐÐ� �ÒØÖ� �Ø �Ð�Ñ�ÒØ �Ø ÙÒ ��Ü���Ö� ÕÙ�ÐÓÒÕÙ�¸ � ÔÓ�ÒØ ×�Ö� ��ÓÖ��
�Ù Ô�Ö��Ö�Ô�� �º½º¾ Ô��� ��º ÆÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö ���Ò�Ö ��× ÔÓ�ÒØ× �Ø
ÔÓ��× �³�ÒØ��Ö�Ø�ÓÒ ÚÓÐÙÑ�ÕÙ�× ��Ò× �Ø �Ð�Ñ�ÒØ¸ ÔÙ�× ��× ÔÓ�ÒØ× �Ø ÔÓ��×
�³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ�× ×ÙÖ �× ���×º ÆÓÙ× ���Ò�ÖÓÒ× �Ò×Ù�Ø� ��× �ÓÒØ�ÓÒ×
�� ��×� �Ò ÒÓÙ× �ÔÔÙÝ�ÒØ ×ÙÖ Ð�× ÔÓ�ÒØ× ÚÓÐÙÑ�ÕÙ�×º

ËÓ�Ø d ÙÒ �ÒØ��Ö ÔÓ×�Ø��º ÆÓÙ× �ÔÔ�ÐÐ�ÖÓÒ× Ô�Ö Ð� ×Ù�Ø� �Ø �ÒØ��Ö Ð³ÓÖ�Ö� �³�Ô¹
ÔÖÓÜ�Ñ�Ø�ÓÒ �Ù ×��Ñ�º

Ê�Ñ�ÖÕÙ� �º ��Ò× Ð� ÔÖ�×�ÒØ�Ø�ÓÒ �� ÒÓØÖ� �Ó�Ü �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ¸ ÒÓÙ×
��ÖÓÒ× ÓÑÑ�Ò�Ö Ð�× ÒÙÑ�ÖÓØ�Ø�ÓÒ× ��× ÒÓ�Ù�×¸ �ÓÒØ�ÓÒ× �� ��×�¸ �Øº �
Ô�ÖØ�Ö �� Ð³�Ò��� 0º �� �Ó�Ü Ô�ÖÑ�Ø �ÖØ��Ò�× ×�ÑÔÐ���Ø�ÓÒ× �³�Ö�ØÙÖ� �Ø
ÓÖÖ�×ÔÓÒ� �Ù××� � Ð� ÔÖÓ�Ö�ÑÑ�Ø�ÓÒ �Ò � ÓÙ �·· �� Ð� Ñ�Ø�Ó�� �� ÕÙ�
ÒÓÙ× �ÚÓÒ× Ö��Ð�×��º

ÈÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ �Ø �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ�×

ËÓ��ÒØ �ÓÒ (λp)p=0,...,d �Ø (ξp)p=0,...,d Ð�× ÔÓ��× �Ø ÔÓ�ÒØ× �� ÕÙ��Ö�ØÙÖ� ½�
�� ��Ù××¹Ä���Ò�Ö� �� ���Ö� d ×ÙÖ Ð³�ÒØ�ÖÚ�ÐÐ� [0, 1]º ÆÓÙ× �ÐÐÓÒ× Ô�××�Ö �� Ð�
��Ñ�Ò×�ÓÒ ½ � Ð� ��Ñ�Ò×�ÓÒ ¿ Ô�Ö ��× Ø��Ò�ÕÙ�× �� ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð×º ü
ØÓÙØ ÑÙÐØ�¹�Ò��� (p(0), p(1), p(2)) �³�ÒØ��Ö× ÓÑÔÖ�× �ÒØÖ� 0 �Ø d ÒÓÙ× ÔÓÙÚÓÒ×
�××Ó��Ö �� Ñ�Ò��Ö� ����Ø�Ú� ÙÒ ÙÒ�ÕÙ� �ÒØ��Ö i = p(0) + (d+1)(p(1) + (d+
1)p(2)) ÓÑÔÖ�× �ÒØÖ� 0 �Ø (d+1)3−1º ��× ��Ú�×�ÓÒ× �ÙÐ����ÒÒ�× Ô�ÖÑ�ØØ�ÒØ
�� Ö�ØÖÓÙÚ�Ö (p(0), p(1), p(2)) �� Ñ�Ò��Ö� ÙÒ�ÕÙ� � Ô�ÖØ�Ö �� iº

�¾



������ �º½ � ÈÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ÚÓÐÙÑ�ÕÙ�× ´� + � �Ð�Ùµ �Ø ×ÙÖ���ÕÙ�×
´� × � Ú�ÖØµ ÔÖ�×�ÒØ× ��Ò× Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò� [0, 1]3 ÔÓÙÖ d = 2º Ä�×
�Ð��Ò�Ñ�ÒØ× �ÒØÖ� �× ÔÓ�ÒØ× ×ÓÒØ Ö�ÔÖ�×�ÒØ�× Ô�Ö Ð�× Ð��Ò�× ÔÓ�ÒØ�ÐÐ��×º

ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× ���Ò�Ö (d+ 1)3 ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ÚÓÐÙÑ�ÕÙ�×

x̂i = (ξp(0), ξp(1), ξp(2)) ∈ Ĥ Ó� i = p(0) + (d+ 1)(p(1) + (d+ 1)p(2)) ´�º½µ

�Ø (d+ 1)3 ÔÓ��× �³�ÒØ��Ö�Ø�ÓÒ �××Ó��×

ωi = λp(0)λp(1)λp(2) Ó� i = p(0) + (d+ 1)(p(2) + (d+ 1)p(3)). ´�º¾µ

�ÓÑÑ� ��Ø ÔÐÙ× ��ÙØ¸ Ð�× ÔÓ�ÒØ× �Ø ÔÓ��× �³�ÒØ��Ö�Ø�ÓÒ ×ÓÒØ ÒÙÑ�ÖÓØ�× ��
0 � (d + 1)3 − 1º ��ØØ� ÒÙÑ�ÖÓØ�Ø�ÓÒ Ô�ÖÑ�Ø �� Ö�ØÖÓÙÚ�Ö ÔÐÙ× ���Ð�Ñ�ÒØ
Ð�× ÒÙÑ�ÖÓ× ��× ÔÓ�ÒØ× �Ø ÔÓ��× ÙÒ���Ñ�Ò×�ÓÒÒ�Ð× � Ô�ÖØ�Ö �� ��Ú�×�ÓÒ× �ÙÐ�¹
���ÒÒ�×º Ä�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ÚÓÐÙÑ�ÕÙ�× ×ÓÒØ Ö�ÔÖ�×�ÒØ�× Ô�Ö ��× � + �
�Ð�Ù× ×ÙÖ Ð� ��ÙÖ� ������ �º½ ��Ò× Ð� �× Ó� d = 2º

ÆÓÙ× �ÔÔÖÓ��ÖÓÒ× �ÐÓÖ× Ð�× �ÒØ��Ö�Ð�× ×ÙÖ Ð� Ù�� ÙÒ�Ø� Ĥ Ô�Ö Ð� �ÓÖÑÙÐ� ��

�¿



ÕÙ��Ö�ØÙÖ� ¿� ��ÓÙÐ�ÒØ ��Ö�Ø�Ñ�ÒØ �� Ð� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ×ÙÖ [0, 1]

�

Ĥ
ψdx̂ ≃

(d+1)3−1
�

i=0

ωiψ(x̂i). ´�º¿µ

�Ö�� �ÙÜ ÔÖÓÔÖ��Ø�× ��× ÕÙ��Ö�ØÙÖ�× �� ��Ù××¹Ä���Ò�Ö�¸ ÒÓÙ× ×�ÚÓÒ× ÕÙ�

ÈÖÓÔÓ×�Ø�ÓÒ �º Ä� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� �××Ó��� �ÙÜ ÔÓ�ÒØ× (x̂i) �Ø ÔÓ��×
(ωi) �×Ø �Ü�Ø� ÔÓÙÖ ��× ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð× �� ÔÓÐÝÒ�Ñ�× �� ���Ö�× �Ù ÔÐÙ×
2d+ 1º

��ÓÙØÓÒ× � �× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ¸ ��× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ×�ØÙ�× ×ÙÖ Ð�×
���× �Ù Ù�� Ĥº ÆÓØÓÒ× (Q̂f )f=0,...,5 Ð�× � ���× ÕÙ��Ö�Ò�ÙÐ��Ö�× �Ù Ù�� Ĥº
ÆÓÙ× �ÚÓÒ× �Ó�×� Ð� ÒÙÑ�ÖÓØ�Ø�ÓÒ ×Ù�Ú�ÒØ� ��× ���× �Ù Ù�� �� Ö���Ö�Ò�

Q̂0 = [0, 1] × {0} × [0, 1],

Q̂1 = {1} × [0, 1] × [0, 1],

Q̂2 = [0, 1] × {1} × [0, 1],

Q̂3 = {0} × [0, 1] × [0, 1],

Q̂4 = [0, 1] × [0, 1] × {0},
Q̂5 = [0, 1] × [0, 1] × {1}.

´�º�µ

ÆÓÙ× ���Ò�××ÓÒ× ×ÙÖ Ð� ��� Q̂f ¸ (d+ 1)2 ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ÒÓØ�×

(x̂f,i′). ´�º�µ

��× ÔÓ�ÒØ× ×ÓÒØ ÒÙÑ�ÖÓØ�× �� 0 � (d + 1)2 ×ÙÖ ��ÕÙ� ���º �ÓÑÑ� ÔÖ��¹
��ÑÑ�ÒØ �ØØ� ÒÙÑ�ÖÓØ�Ø�ÓÒ Ô�ÖÑ�Ø �� Ö�ØÖÓÙÚ�Ö ���Ð�Ñ�ÒØ Ð�× �Ò���× ��×
ÔÓ�ÒØ× ÙÒ���Ñ�Ò×�ÓÒÒ�Ð× � Ô�ÖØ�Ö �� ��Ú�×�ÓÒ× �ÙÐ����ÒÒ�×º

��× ÔÓ�ÒØ× ×ÓÒØ Ð�× ÔÖÓ��Ø�× ×ÙÖ Ð�× ���× ��× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ��Ò× Ð�
ÚÓÐÙÑ�º ÁÐ× ×ÓÒØ ×ÝÑ�ÓÐ�×�× ×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� ÔÖ����ÒØ� Ô�Ö Ð�×
ÖÓ�Ü ´×µ Ú�ÖØ�× ��Ò× Ð� �× Ó� d = 2º ��Ò �� Ð�× ���Ò�Ö Ö��ÓÙÖ�Ù×�Ñ�ÒØ¸
ÒÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö ÓÒ×���Ö�Ö Ð� Ø��Ð��Ù ×Ù�Ú�ÒØ¸ �ÓÒÒ�ÒØ ÔÓÙÖ ��ÕÙ�
��� Ð�× ��Ö�Ø�ÓÒ× ��× ��ÙÜ �Ü�× Ø�Ò��ÒØ× � Ð� ��� ÔÙ�× �� Ð³�Ü� ÒÓÖÑ�Ð � Ð�
���º Ä� ��ÖÒ��Ö� ÓÐÓÒÒ� �Ù Ø��Ð��Ù ÓÖÖ�×ÔÓÒ� � Ð� Ú�Ð�ÙÖ ×ÙÖ Ð� ��� �� Ð�

��



��ÖÒ��Ö� ÓÓÖ�ÓÒÒ�� �

σ =











0 2 1 0
1 2 0 1
2 0 1 1
2 1 0 0
1 0 2 0
0 1 2 1











. ´�º�µ

È�Ö �Ü�ÑÔÐ�¸ ÔÓÙÖ Ð� ��� f = 0 ´ÔÖ�Ñ��Ö� Ð��Ò� �Ù Ø��Ð��Ùµ¸ Ð�× ÓÓÖ�ÓÒÒ��×
Ø�Ò��ÒØ�× ÓÖÖ�×ÔÓÒ��ÒØ �ÙÜ �Ü�× x̂0, x̂2¸ Ð� ��Ö�Ø�ÓÒ ÒÓÖÑ�Ð� ÓÖÖ�×ÔÓÒ� �
Ð³�Ü� x̂1º �Ò�Ò¸ ÔÓÙÖ �ØØ� ��� Ð� ÓÓÖ�ÓÒÒ�� ÒÓÖÑ�Ð� x̂1 = 0º �ÓÒ×���ÖÓÒ×
Ñ��ÒØ�Ò�ÒØ ÙÒ �Ò��� i′ ÓÑÔÖ�× �ÒØÖ� 0 �Ø (d + 1)2 − 1 �³ÙÒ ÔÓ�ÒØ �� ���º
ÆÓÙ× ÔÓÙÚÓÒ× ØÖÓÙÚ�Ö �� ���ÓÒ ÙÒ�ÕÙ� ��ÙÜ �Ò���× p′(0) �Ø p′(1) ÓÑÔÖ�×
�ÒØÖ� 0 �Ø d Ø�Ð× ÕÙ�

i′ = p′(0) + (d+ 1)p′(1). ´�º�µ

�ÐÓÖ× Ð� ÔÓ�ÒØ ÓÖÖ�×ÔÓÒ��ÒØ ×ÙÖ Ð� ��� f �×Ø �ÓÒÒ� Ô�Ö

x̂f,i′ = (x̂0, x̂1, x̂2) ´�º�µ

�Ú�

x̂σ(f,0) = ξp′(0), x̂σ(f,1) = ξp′(1), x̂σ(f,2) = σ(f, 3). ´�º�µ

ü � ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ ÓÖÖ�×ÔÓÒ� ÙÒ ÔÓ��× �³�ÒØ��Ö�Ø�ÓÒ �ÐÙÐ� � Ô�ÖØ�Ö
��× ÔÓ��× �³�ÒØ��Ö�Ø�ÓÒ ½�

ωf,i′ = λp′(0)λp′(1). ´�º½¼µ

��× ÔÓ�ÒØ× �Ø ÔÓ��× �³�ÒØ��Ö�Ø�ÓÒ ���Ò�××�ÒØ ÙÒ� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� Ô�Ö¹
Ñ�ØØ�ÒØ �³�ÔÔÖÓ��Ö Ð�× �ÒØ��Ö�Ð�× ×ÙÖ Ð�× ���× �� Ð³�Ð�Ñ�ÒØ Ĥº

�

Q̂f

ψ ≃
(d+1)2−1
�

i′=0

ωf,i′ψ(x̂f,i′). ´�º½½µ

��



ÈÖÓÔÓ×�Ø�ÓÒ �º Ä� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ´�º½½ Ô��� ÔÖ����ÒØ�µ �×Ø �Ü�Ø�
ÔÓÙÖ ��× ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð× �� ÔÓÐÝÒ�Ñ�× �� ���Ö� �Ù ÔÐÙ× 2d+ 1º

ÆÓÙ× ÔÓÙÚÓÒ× �Ù××� ���Ò�Ö Ð� ÔÖÓ��Ø� ×ÙÖ Ð� ��� Q̂f �³ÙÒ ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ
ÚÓÐÙÑ�ÕÙ� x̂i �Ú�

i = p(0) + (d+ 1)(p(1) + (d+ 1)p(2)). ´�º½¾µ

�³�×Ø ÙÒ ÔÓ�ÒØ x̂f,i′ ÕÙ� Ð³ÓÒ Ô�ÙØ �ÐÙÐ�Ö � Ô�ÖØ�Ö �³ÙÒ� �ÔÔÐ��Ø�ÓÒ π �Ð¹
ÙÐ�ÒØ Ð³�Ò��� i′ �Ò �ÓÒØ�ÓÒ �� Ð³�Ò��� f �� Ð� ��� �Ø �� Ð³�Ò��� �Ù ÔÓ�ÒØ
ÚÓÐÙÑ�ÕÙ� i

π(f, i) = p(σ(f, 0)) + (d+ 1)p(σ(f, 1)). ´�º½¿µ

ÈÓÙÖ �Ò�Ö¸ ÒÓÙ× ÑÙÒ�××ÓÒ× Ð�× ���× �� Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò� �³ÙÒ� ÒÓÖÑ�Ð�
ÙÒ�Ø��Ö� ×ÓÖØ�ÒØ� ÒÓØ�� n̂ Ú�Ð�ÒØ

n̂ =







(0,−1, 0)T ×ÙÖ Ð� ��� 0

(1, 0, 0)T ×ÙÖ Ð� ��� 1

(0, 1, 0)T ×ÙÖ Ð� ��� 2

(−1, 0, 0)T ×ÙÖ Ð� ��� 3

(0, 0,−1)T ×ÙÖ Ð� ��� 4

(0, 0, 1)T ×ÙÖ Ð� ��� 5

´�º½�µ

Ä�× ÒÓÖÑ�Ð�× �ÙÜ ���× ×ÓÒØ Ö�ÔÖ�×�ÒØ��× ×ÙÖ Ð� ��ÙÖ� ������ �º¾ Ô��� �¹ÓÒØÖ�º

�ÓÒØ�ÓÒ× �� ��×�

�ÓÒ×���ÖÓÒ× Ñ��ÒØ�Ò�ÒØ (ℓp)p=0,...,d Ð�× ÔÓÐÝÒ�Ñ�× �� Ä��Ö�Ò�� �××Ó��× �ÙÜ
ÔÓ�ÒØ× (ξp)p=0,...,dº

��× ÔÓÐÝÒ�Ñ�× ×ÓÒØ �ÓÒÒ�× Ô�Ö

ℓp(ξ) =

d�

q=0
q �=p

ξ − ξq
ξp − ξq

´�º½�µ

��



������ �º¾ � ÇÖ��ÒØ�Ø�ÓÒ× ��× ÒÓÖÑ�Ð�× ��× ���× �� Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò�º

��



�Ø Ú�Ö���ÒØ

ℓp(ξq) = δp,q, ´�º½�µ

Ó� δp,q �×Ø Ð� ×ÝÑ�ÓÐ� �� ÃÖÓÒ���Ö ÕÙ� Ú�ÙØ 1 ×� p = q �Ø 0 ×�ÒÓÒº

ÆÓÙ× ���Ò�××ÓÒ× Ð� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ×ÙÖ Ĥ ÓÑÑ� �Ø�ÒØ �ÓÖÑ�� ��×
ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð× ��× ÔÓÐÝÒ�Ñ�× ℓpº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �× �ÓÒØ�ÓÒ× �� ��×�
×ÓÒØ �ÓÒÒ��× Ô�Ö

ψ̂i :
Ĥ −→ R

(x̂0, x̂1, x̂2) �−→ ℓp(0)(x̂
0)ℓp(1)(x̂

1)ℓp(2)(x̂
2)

´�º½�µ

Ó� i = p(0) + (d+ 1)(p(1) + (d+ 1)p(2))º

ÈÖÓÔÓ×�Ø�ÓÒ ½¼º Ä� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ´�º¿ Ô��� ��µ �×Ø �Ü�Ø� ÔÓÙÖ ��×
ÓÑ��Ò��×ÓÒ× Ð�Ò���Ö�× �� ÔÖÓ�Ù�Ø× �� �ÓÒØ�ÓÒ× �� ��×� ��Ö�Ø�× ÔÐÙ× ��ÙØº ��
ÔÐÙ×¸

�

Ĥ

(d+1)3−1
�

i=0

(d+1)3−1
�

j=0

ai,jψ̂iψ̂jdx =

(d+1)3−1
�

i=0

ai,iωi. ´�º½�µ

Ê�Ñ�ÖÕÙ� �º Ä� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ´�º¿ Ô��� ��µ �×Ø �Ü�Ø�¸ �Ö ÒÓÙ×
ÙØ�Ð�×ÓÒ× ��× ÔÓ�ÒØ× �� ��Ù××¹Ä���Ò�Ö�º Ë� ÒÓÙ× ÙØ�Ð�×�ÓÒ× ��× ÔÓ�ÒØ× �� ��Ù××¹
ÄÓ��ØØÓ¸ Ä� ÔÖÓÔÓ×�Ø�ÓÒ ÔÖ����ÒØ� Ò� ×�Ö��Ø ÔÐÙ× Ú�Ð���º

Ä� ÔÖÓÔÓ×�Ø�ÓÒ ×Ù�Ú�ÒØ� ÒÓÙ× Ô�ÖÑ�ØØÖ� �� ×�ÑÔÐ���Ö Ð³�ÜØÖ�ÔÓÐ�Ø�ÓÒ ��×
��ÑÔ× ×ÙÖ Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ�×º �ÐÐ� ÒÓÙ× Ô�ÖÑ�Ø �� ØÖÓÙÚ�Ö
Ð� ×ÓÙ×¹�Ò×�Ñ�Ð� ��× �ÓÒØ�ÓÒ× �� ��×� Ò��××��Ö� � �ØØ� �ÜØÖ�ÔÓÐ�Ø�ÓÒº

ÈÖÓÔÓ×�Ø�ÓÒ ½½º ÍÒ� �ÓÒØ�ÓÒ �� ��×� �ÓÒÒ�� �×Ø ÒÙÐÐ� �Ò ØÓÙ× Ð�× ÔÓ�ÒØ×
�³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ Ð�× ���×¸ �Ü�ÔØ� �ÐÙ� ÓÖÖ�×ÔÓÒ��ÒØ �Ù ÔÖÓ��Ø� �Ù ÔÓ�ÒØ
ÚÓÐÙÑ�ÕÙ� ÓÖÖ�×ÔÓÒ��ÒØ � �ØØ� �ÓÒØ�ÓÒ �� ��×�º �ÙØÖ�Ñ�ÒØ ��Ø

ψ̂i(x̂f,i′) =

�

ℓp(σ(f,2)) (σ(f, 3)) ¸ ×� i′ = π(f, i)

0 ¸ ×�ÒÓÒº
´�º½�µ

��ÑÓÒ×ØÖ�Ø�ÓÒº ËÓ�Ø ψ̂i ÙÒ� �ÓÒØ�ÓÒ �� ��×� �Ø x̂i = (ξp(0), ξp(1), ξp(2)) Ð�
ÔÓ�ÒØ �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ ÓÖÖ�×ÔÓÒ��ÒØº

��



ËÓ�Ø x̂f,i′ ÙÒ ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ Ð� ��� f �Ú� i′ = p′(0) + (d+ 1)p′(1)º

�ÐÓÖ×¸ �Ò � ÔÓ�ÒØ Ð� �ÓÒØ�ÓÒ �� ��×� Ú�ÙØ

ψ̂i(x̂f,i′) = ℓp(σ(f,0))(ξp′(0))ℓp(σ(f,1))(ξp′(1)))ℓp(σ(f,2))(σ(f, 3))

= δp(σ(f,0))n,p′(0)δp(σ(f,1))n,p′(1)ℓp(σ(f,2))(σ(f, 3))

= δπ(f,i),i′ℓp(σ(f,2))(σ(f, 3))

´�º¾¼µ

ÆÓÙ× ÔÓÙÚÓÒ× Ñ��ÒØ�Ò�ÒØ ���Ò�Ö Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� Ô�ÖÑ�ØØ�ÒØ
�� Ô�××�Ö �Ù Ù�� ÙÒ�Ø� � ÙÒ� Ñ��ÐÐ� ��Ü���Ö�ÕÙ�º

�º½º¾ ÌÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ�

ËÓ�Ø (Ŝi)i=0,...,7 Ð�× �Ù�Ø ×ÓÑÑ�Ø× �Ù Ù�� ÙÒ�Ø� Ĥ �ÓÒÒ�× Ô�Ö

Ŝ0 = (0, 0, 0) ,

Ŝ1 = (1, 0, 0) ,

Ŝ2 = (0, 1, 0) ,

Ŝ3 = (1, 1, 0) ,

Ŝ4 = (0, 0, 1) ,

Ŝ5 = (1, 0, 1) ,

Ŝ6 = (0, 1, 1) ,

Ŝ7 = (1, 1, 1) .

´�º¾½µ

��



���Ò�××ÓÒ× Ð�× �Ù�Ø �ÓÒØ�ÓÒ× �� �ÓÖÑ� �××Ó���× � ��ÙÒ �� �× ×ÓÑÑ�Ø×

φ0(x̂
0, x̂1, x̂2) = (1− x̂0)(1− x̂1)(1− x̂2),

φ1(x̂
0, x̂1, x̂2) = x̂0(1− x̂1)(1 − x̂2),

φ2(x̂
0, x̂1, x̂2) = (1− x̂0)x̂1(1− x̂2),

φ3(x̂
0, x̂1, x̂2) = x̂0x̂1(1− x̂2),

φ4(x̂
0, x̂1, x̂2) = (1− x̂0)(1− x̂1)x̂2,

φ5(x̂
0, x̂1, x̂2) = x̂0(1− x̂1)x̂2,

φ6(x̂
0, x̂1, x̂2) = (1− x̂0)x̂1x̂2,

φ7(x̂
0, x̂1, x̂2) = x̂0x̂1x̂2.

´�º¾¾µ

���ÙÒ� ��× �× �ÓÒØ�ÓÒ× �� �ÓÖÑ� ÔÖ�Ò� ÙÒ� Ú�Ð�ÙÖ ÒÙÐÐ� ×ÙÖ ��ÙÒ ��×
×ÓÑÑ�Ø× �Ù Ù�� ÙÒ�Ø� �Ü�ÔØ� �Ù ÔÓ�ÒØ ÐÙ� ÓÖÖ�×ÔÓÒ��ÒØ¸ �º�º

φi(Ŝj) = δi,j. ´�º¾¿µ

ËÓ�Ø L ÙÒ ��Ü���Ö� �ÔÔ�ÖØ�Ò�ÒØ �Ù Ñ��ÐÐ��� Mº ÁÐ �×Ø ���Ò� Ô�Ö ×�× �Ù�Ø
×ÓÑÑ�Ø× (Si)i=0,...,7º ÆÓÙ× �ÔÔ�ÐÐ�ÖÓÒ× ÔÓ�ÒØ Ô�Ý×�ÕÙ� �Ø ÒÓØ�ÖÓÒ× x ÙÒ ÔÓ�ÒØ
×�ØÙ� ��Ò× Ð� Ñ��ÐÐ� L �Ø ÒÓÙ× �ÔÔ�ÐÐ�ÖÓÒ× ÔÓ�ÒØ �� Ö���Ö�Ò� �Ø ÒÓØ�ÖÓÒ× x̂
ÙÒ ÔÓ�ÒØ �� Ð� Ñ��ÐÐ� Ĥº

ÆÓÙ× ���Ò�××ÓÒ× �ÐÓÖ× Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� τL �ÓÒØ Ð³�Ñ��� �Ù
Ù�� ÙÒ�Ø� �×Ø Ð³��Ü���Ö� ×³�ÔÔÙÝ�ÒØ ×ÙÖ Ð�× �Ù�Ø ×ÓÑÑ�Ø× (Si)i=0,...,7º ��ØØ�
ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �×Ø �ÓÒÒ�� Ô�Ö Ð� �ÓÖÑÙÐ� Ð�××�ÕÙ�¸ ���×�ÒØ �ÒØ�ÖÚ�Ò�Ö Ð�×
�ÓÒØ�ÓÒ× �� �ÓÖÑ�¸

τL(x̂) =
7�

i=0

φi(x̂)Si. ´�º¾�µ

ÆÓÙ× ×ÙÔÔÓ×�ÖÓÒ× ÕÙ� �ØØ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �×Ø ÙÒ� ����Ø�ÓÒ �ÒØÖ� Ĥ �Ø L¸
�Ø ÕÙ� ×ÓÒ ��Ó���Ò

�� (τL) = det(τL
′) ´�º¾�µ

�×Ø ×ØÖ�Ø�Ñ�ÒØ ÔÓ×�Ø�� �Ò ØÓÙØ ÔÓ�ÒØ �� Ĥº Ä�× ÒÓ�Ù�× Si �Ø Ð� ÓÒÒ�Ø�Ú�Ø�
Ñ��ÐÐ� Ú�Ö× ÒÓ�Ù�× ×ÓÒØ �Ò ��Ò�Ö�Ð �ÓÙÖÒ�× Ô�Ö ÙÒ ÐÓ����Ð �� Ñ��ÐÐ��� ´ÓÙ
Ñ��ÐÐ�ÙÖµº �ÓÒØÖ��Ö�Ñ�ÒØ �ÙÜ Ñ��ÐÐ���× �Ò Ø�ØÖ���Ö�×¸ �Ð Ô�ÙØ �ÖÖ�Ú�Ö ÕÙ�

�¼



Ð� Ñ��ÐÐ�ÙÖ ÔÖÓ�Ù�×� �Ü�ÔØ�ÓÒÒ�ÐÐ�Ñ�ÒØ ��× �Ð�Ñ�ÒØ× ����Ò�Ö�×¸ ³�×Ø¹�¹��Ö�
ÕÙ� Ð� ��Ó���Ò �� τL ×³�ÒÒÙÐ� �Ò �ÖØ��Ò× ÔÓ�ÒØ× �� Lº ÁÐ �×Ø �ÑÔÓÖØ�ÒØ
�� Ú�Ö���Ö¸ �Ú�ÒØ �� Ð�Ò�Ö ÙÒ �ÐÙÐ¸ ÕÙ� Ð� Ñ��ÐÐ��� Ò� ÔÖ�×�ÒØ� Ô�× ��×
�Ð�Ñ�ÒØ× ����Ò�Ö�×º ÈÓÙÖ �Ð�¸ ÒÓÙ× ÔÓÙÚÓÒ× �ÐÙÐ�Ö Ð� ��Ó���Ò �� (τL) �ÙÜ
ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ �Ø Ú�Ö���Ö ÕÙ³�Ð Ò� ×³�ÒÒÙÐ� Ô�×º ÆÓÙ× ÔÓÙÚÓÒ× ���Ð�Ñ�ÒØ
�Ø�Ö Ð� Ñ�Ø�Ó�� ÔÖ�×�ÒØ�� ��Ò× �¿�℄ �Ø �ÑÔÐ�Ñ�ÒØ�� ��Ò× Ð³ÓÙØ�Ð �� Ñ��ÐÐ���
�Ñ×�º

��Ò× � ÕÙ� ×Ù�Ø¸ ÒÓÙ× ×ÙÔÔÓ×�ÖÓÒ× ÕÙ� ØÓÙØ�× Ð�× Ñ��ÐÐ�× ÓÒ×���Ö��× Ò� ×ÓÒØ
Ô�× ����Ò�Ö��× �Ø ÕÙ� Ð� ÒÙÑ�ÖÓØ�Ø�ÓÒ �� Ð�ÙÖ× ×ÓÑÑ�Ø× ��Ö�ÒØ�Ø Ð� ÔÓ×�Ø�Ú�Ø�
�Ù ��Ó���Ò ��× ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ× �××Ó���×º

Ä³�ÒÚ�Ö×� �� τL Ò³�×Ø �Ò ��Ò�Ö�Ð Ô�× �ÐÙÐ��Ð� �ÜÔÐ��Ø�Ñ�ÒØº È�Ö ��ÐÐ�ÙÖ×¸
ÒÓÙ× Ò³�ÙÖÓÒ× � �ÐÙÐ�Ö Ð³�ÒØ����ÒØ �³ÙÒ ÔÓ�ÒØ Ô�Ý×�ÕÙ� Ô�Ö Ð� ØÖ�Ò×�ÓÖ¹
Ñ�Ø�ÓÒ τL ÕÙ� ��Ò× �ÖØ��Ò× �× Ô�ÖØ�ÙÐ��Ö×º ÈÓÙÖ �Ð�¸ ÒÓÙ× ÙØ�Ð�×�ÖÓÒ× ÙÒ�
Ñ�Ø�Ó�� �� Æ�ÛØÓÒº

ÆÓÙ× ���Ò�××ÓÒ× �ÐÓÖ× ×ÙÖ L¸ ÙÒ� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÓÑÔÓ×�� ��× �ÓÒ¹
Ø�ÓÒ× (ψL

i )i=0,...,(d+1)3−1º ��× �ÓÒØ�ÓÒ× ×ÓÒØ ØÖ�Ò×ÔÓÖØ��× ×ÙÖ Ð³�Ð�Ñ�ÒØ Ô�Ý¹
×�ÕÙ� � Ô�ÖØ�Ö ��× �ÓÒØ�ÓÒ× �� ��×� ���Ò��× ×ÙÖ Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò�

∀x̂ ∈ Ĥ,ψL
i ◦ τL(x̂) = ψ̂i(x̂). ´�º¾�µ

�³�×Ø¹�¹��Ö� ψL
i = ψ̂i ◦ τ−1

L º �Ò ��Ò�Ö�Ð¸ Ð�× �ÓÒØ�ÓÒ× �� ��×� ��Ò×� ���Ò��×
Ò� ×ÓÒØ Ô�× ÔÓÐÝÒÓÑ��Ð�× ��Ò× Ð³�×Ô�� Ô�Ý×�ÕÙ� ½º È�Ö ��ÐÐ�ÙÖ×¸ ÒÓÙ× ÔÖÓÐÓÒ¹
��ÓÒ× Ô�Ö ¼ �× �ÓÒØ�ÓÒ× �Ò ���ÓÖ× �� Ð³�Ð�Ñ�ÒØ L

∀x /∈ L, ψL
i (x) = 0. ´�º¾�µ

Ê�ÔÔ�ÐÓÒ× ÕÙ� ÔÙ�×ÕÙ� ÒÓÙ× ÙØ�Ð�×ÓÒ× ÙÒ� �ÒØ�ÖÔÓÐ�Ø�ÓÒ ÒÓ��Ð�¸ � ��ÕÙ�
�Ò×Ø�ÒØ t¸ Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ W �×Ø ���ÒØ���� Ô�Ö ×�× Ú�Ð�ÙÖ× ×ÙÖ Ð�× ÔÓ�ÒØ× �³�Ò¹
Ø��Ö�Ø�ÓÒ ��× Ñ��ÐÐ�× Lº ÆÓØÓÒ× Wi Ð�× ÓÑÔÓ×�ÒØ�× Ú�ØÓÖ��ÐÐ�× �� W ��Ò×
Ð� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ö�Ð�Ø�Ú� � Lº W ×³�ÜÔÖ�Ñ� �Ò ÙÒ ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ

½º Å��× Ð�× �×Ø�Ñ�Ø�ÓÒ× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ ´¾º��µ �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� ÓÒÚ�Ö��Ò� ÕÙ�
×Ù�Ø Ö�×Ø�ÒØ Ú�Ð��Ð�× ÔÓÙÖ ��× Ñ��ÐÐ���× ÒÓÒ ����Ò�Ö�×

�½



xi = τL(x̂i) �� L Ô�Ö

W (xi, t) =

(d+1)3−1
�

j=0

Wj(t)ψ
L
j (xi)

=

(d+1)3−1
�

j=0

Wj(t)ψ̂j(x̂i)

= Wi(t).

´�º¾�µ

��Ò×�¸ Ð� ×ÓÐÙØ�ÓÒ �×Ø �ÒØ��Ö�Ñ�ÒØ ���Ò�� Ô�Ö ×�× Ú�Ð�ÙÖ× �ÙÜ ÔÓ�ÒØ× �³�ÒØ�¹
�Ö�Ø�ÓÒ ÚÓÐÙÑ�ÕÙ�×º ÆÓÙ× ×ØÓ��ÖÓÒ× �ÓÒ �Ò Ñ�ÑÓ�Ö� �× Ú�Ð�ÙÖ×º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ��Ö�Ö� Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��×Ö�Ø� Ó�Ø�ÒÙ� �Ò ÙØ�Ð�×�ÒØ
Ð³�×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÕÙ� ÒÓÙ× �ÚÓÒ× ÓÒ×ØÖÙ�Øº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÒÓÙ×
�Ü�Ñ�Ò�ÖÓÒ× Ð�× �ÔÔÖÓÜ�Ñ�Ø�ÓÒ× ��× �ÒØ��Ö�Ð�× ÔÖ�×�ÒØ�× ��Ò× Ð� �ÓÖÑÙÐ�¹
Ø�ÓÒ �� ´¾º¿� Ô��� ¿�µ Ó�Ø�ÒÙ�× �Ò �ÔÔÐ�ÕÙ�ÒØ Ð�× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ�
´�º¿ Ô��� ��µ �Ø ´�º½½ Ô��� ��µº

�º¾ �ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��× �ÒØ��Ö�Ð�×

�Ò Ô�ÖØ�ÒØ �³ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� �� ÒÓØÖ� ÔÖÓ�Ð�Ñ� �� ��Ô�ÖØ¸ ÒÓÙ×
�ÚÓÒ× �ÐÓÖ× �Ø��Ð� ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø�º ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ��¹
Ö�Ö� ÔÐÙ× ÔÖ��×�Ñ�ÒØ Ð� �ÐÙÐ ��× ����Ö�ÒØ�× �ÒØ��Ö�Ð�× �ÔÔ�Ö��××�ÒØ ��Ò×
´¾º�½ Ô��� �½µ ÐÓÖ×ÕÙ� ÒÓÙ× ��×Ö�Ø�×ÓÒ× Ð� ×ÓÐÙØ�ÓÒ ��Ò× Ð³�×Ô�� �³�ÔÔÖÓÜ�¹
Ñ�Ø�ÓÒ ��Ö�Ø� ��Ò× Ð� Ô�Ö��Ö�Ô�� ÔÖ����ÒØº ÈÓÙÖ �Ð�¸ ÒÓÙ× �×Ø�Ñ�ÖÓÒ× �×
�ÒØ��Ö�Ð�× �Ù ÑÓÝ�Ò ��× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ�× �́º¿ Ô��� ��µ �Ø �́º½½ Ô��� ��µº
ÆÓÙ× Ú�ÖÖÓÒ× �ÐÓÖ× �ÔÔ�Ö��ØÖ� ��Ú�Ö×�× ×�ÑÔÐ���Ø�ÓÒ× ��× �×Ø�Ñ�Ø�ÓÒ× ��× �Ò¹
Ø��Ö�Ð�×º ��× ×�ÑÔÐ���Ø�ÓÒ× ×ÓÒØ ÔÖ�×�ÒØ��× Ô�Ö �Ü�ÑÔÐ� ��Ò× �½�℄º

Ê�Ñ�ÖÕÙ� �º Ä�× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ� ´�º¿ Ô��� ��µ �Ø ´�º½½ Ô��� ��µ
Ö�×Ø� �Ü�Ø�× ×� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� τL �×Ø ��Ò�º

ÆÓØÓÒ× Ð�× ��ÓÑÔÓ×�Ø�ÓÒ× ��× ��ÑÔ× W �Ø ∂tW ��Ò× Ð� ��×� �³�ÔÔÖÓÜ�Ñ�¹
Ø�ÓÒ

W (x, t) =
�

L∈M

(d+1)3−1
�

i=0

WL
i (t)ψ

L
i (x) �Ú� WL

i ∈ R
6 �Ø x ∈ L ´�º¾�µ

�¾



�Ø

∂tW (x, t) =
�

L∈M

(d+1)3−1
�

i=0

W ′L
i (t)ψ

L
i (x) �Ú� W ′L

i ∈ R
6 �Ø x ∈ L. ´�º¿¼µ

��Ò× � ÕÙ� ×Ù�Ø¸ ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××�ÖÓÒ× �Ù �ÐÙÐ �Ù Ø�ÖÑ� ´¾º�½ Ô��� �½µ
ÔÓÙÖ ÙÒ� �ÓÒØ�ÓÒ Ø�×Ø ψL

i �Ü�º

�º¾º½ Ì�ÖÑ� �� Ñ�××�

Ä� Ø�ÖÑ� �� � Ñ�××� � �×Ø �ÓÒÒ� Ô�Ö Ð³�ÒØ��Ö�Ð�

�

L
∂tWψL

i dx =

�

L

(d+1)3−1
�

j=0

W ′L
j ψ

L
j ψ

L
i dx

=

�

Ĥ

(d+1)3−1
�

j=0

W ′L
j ψ̂jψ̂i�� (τL)dx̂

= δi,jωiW
′L
i �� (τL)(x̂i).

´�º¿½µ

��Ò×�¸ Ð� Ñ�ØÖ�� �� Ñ�××� Ó�Ø�ÒÙ� �×Ø ����ÓÒ�Ð� �Ø Ò� ��Ô�Ò� ÕÙ� ��× ÔÓ��×
�³�ÒØ��Ö�Ø�ÓÒ �Ø �Ù ��Ó���Ò �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� τL ×ÙÖ Ð�×
ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒº

�º¾º¾ Ì�ÖÑ� �� Ö�����Ø�

Ä� Ø�ÖÑ� �� � Ö�����Ø� � �×Ø �ÓÒÒ� Ô�Ö Ð³�ÒØ��Ö�Ð�

�

L
F (W,W,∇ψL

i )dx =

�

Ĥ
F (W ◦ τL,W ◦ τL,∇ψL

i ◦ τL)�� (τL)dx̂. ´�º¿¾µ

ÆÓÙ× ÔÓÙÚÓÒ× �Ö�Ö� Ð� �Ö����ÒØ (∇ψL
i ) ◦ τL ×ÓÙ× Ð� �ÓÖÑ� (τ ′L

T )−1∇̂ψ̂i Ó�
τ ′L �×Ø Ð� Ñ�ØÖ�� ��Ó���ÒÒ� �� τLº ÁÐ �×Ø ÔÖ�Ø�ÕÙ� �³�ÒØÖÓ�Ù�Ö� Ð� ÓÑ�ØÖ��
ÓÑ(τ ′L) �� τ ′Lº Ä� ÓÑ�ØÖ�� �×Ø ���Ò�� Ô�Ö

ÓÑ(τ ′L)
T
τ ′L = det(τ ′L)I. ´�º¿¿µ

�¿



��Ò×�¸

�

L
F (W,W,∇ψL

i )dx =

�

Ĥ
F (W ◦ τL,W ◦ τL, ÓÑ(τ ′L)∇̂ψ̂i)dx̂. ´�º¿�µ

�Ò×Ù�Ø�¸ �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ´�º¿ Ô��� ��µ

�

L
F (W,W,∇ψL

i )dx ≃
(d+1)3−1
�

j=0

ωjF (Wj ,Wj , ÓÑ(τ ′L)∇̂ψ̂i(x̂j)). ´�º¿�µ

ÈÐÙ×��ÙÖ× Ø�ÖÑ�× �� Ð� ×ÓÑÑ� ÔÖ����ÒØ� ×ÓÒØ ÒÙÐ×¸ ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� �½�℄º
ÆÓÙ× ÔÓÙÚÓÒ× Ð�× ��Ø�ÖÑ�Ò�Ö �Ò �ÔÔÐ�ÕÙ�ÒØ Ð�× ÔÖÓÔÖ��Ø�× �� �ÓÒØ�ÓÒ× ��
��×�º ��Ð� ÒÓÙ× Ô�ÖÑ�ØØÖ� �� ��Ñ�ÒÙ�Ö ×��Ò���Ø�Ú�Ñ�ÒØ Ð� ÚÓÐÙÑ� �� �ÐÙÐº
È�Ö ���Ò�Ø�ÓÒ ��× �ÓÒØ�ÓÒ× �� ��×�¸ Ð� �Ö����ÒØ �� Ð� �ÓÒØ�ÓÒ �� ��×� ∇̂ψ̂i¸
�Ú� i = p(0) + (d+ 1)(p(1) + (d+ 1)p(2))¸ ×³�ÜÔÖ�Ñ�

∇̂ψ̂i(x̂
0, x̂1, x̂2) =






ℓ′p(0)(x̂
0)ℓp(1)j(x̂

1)ℓp(2)(x̂
2)

ℓp(0)(x̂
0)ℓ′p(1)(x̂

1)ℓp(2)(x̂
2)

ℓp(0)(x̂
0)ℓp(1)(x̂

1)ℓ′p(2)(x̂
2)




 . ´�º¿�µ

�Ü�Ñ�ÒÓÒ× Ð� Ú�Ð�ÙÖ �� Ð� ÔÖ�Ñ��Ö� ÓÑÔÓ×�ÒØ� �� � �Ö����ÒØ ×ÙÖ ÙÒ ÔÓ�ÒØ
�³�ÒØ��Ö�Ø�ÓÒ x̂j = (ξq(0), ξq(1), ξq(2))º È�Ö ���Ò�Ø�ÓÒ ��× ÔÓÐÝÒ�Ñ�× �� Ä�¹
�Ö�Ò��

∂0ψ̂i(x̂j) = ℓ′p(0)(ξq(0))ℓp(1)(ξq(1))ℓp(2)(ξq(2))

= ℓ′p(0)(ξq(0))δp(1),q(1)δp(2),q(2).
´�º¿�µ

��ØØ� ÓÑÔÓ×�ÒØ� �×Ø �ÓÒ ÒÙÐÐ� �Ò ØÓÙØ ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ �ÓÒØ Ð�× �Ò���×
q(1) �Ø q(2) Ò� ÓÖÖ�×ÔÓÒ��ÒØ Ô�× �ÙÜ �Ò���× p(1) �Ø p(2) �Ù ÔÓ�ÒØ x̂iº ��×
ÔÓ�ÒØ× ×ÓÒØ Ð�× ÔÓ�ÒØ× �Ð��Ò�× �Ú� x̂i ��Ò× Ð� ��Ö�Ø�ÓÒ (1, 0, 0)T ¸ ³�×Ø¹�¹��Ö�
Ð�× d+ 1 ÔÓ�ÒØ× �� ÓÓÖ�ÓÒÒ��×

x̂f = (ξq(0), ξp(1), ξp(2)), q(0) = 0 . . . d. ´�º¿�µ

�� Ð� Ñ�Ñ� Ñ�Ò��Ö�¸ Ð� ×�ÓÒ��¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ Ð� ØÖÓ�×��Ñ�¸ ÓÑÔÓ×�ÒØ�
×³�ÒÒÙÐ� �Ò ØÓÙØ ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ¸ �Ü�ÔØ� Ð�× ÔÓ�ÒØ× �Ð��Ò�× �Ú� x̂i ��Ò×
Ð� ��Ö�Ø�ÓÒ (0, 1, 0)¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ Ð� ��Ö�Ø�ÓÒ (0, 0, 1)º

��



������ �º¿ � ÈÓ�ÒØ× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ �Ð��Ò�× ´d = 3µº ÈÓÙÖ �ÐÙÐ�Ö Ð� �Ö����ÒØ
�� Ð� �ÓÒØ�ÓÒ �� ��×� �××Ó��� �Ù ÔÓ�ÒØ � × � ÖÓÙ��¸ ×�ÙÐ�× Ð�× �ÓÒØ�ÓÒ× ��
��×� �××Ó���× �ÙÜ ÔÓ�ÒØ× � + � �Ð�Ù× �ÒØ�ÖÚ��ÒÒ�ÒØº

��Ò �� �ÐÙÐ�Ö Ð³�ÒØ��Ö�Ð� ´�º¿� Ô��� ÔÖ����ÒØ�µ¸ ÒÓÙ× Ò³�ÚÓÒ× � ÔÖ�Ò�Ö� �Ò
ÓÑÔØ� ÕÙ� Ð�× Ú�Ð�ÙÖ× ×ÙÖ �× 3d+1 ÔÓ�ÒØ×º �� ÔÐÙ×¸ �Ò ��ÙÒ �� �× ÔÓ�ÒØ×¸
�Ü�ÔØ� x̂i¸ ×�ÙÐ� Ð� ÓÑÔÓ×�ÒØ� �Ù �Ö����ÒØ ÓÖÖ�×ÔÓÒ��ÒØ � Ð� ��Ö�Ø�ÓÒ
�³�Ð��Ò�Ñ�ÒØ �×Ø ÒÓÒ ÒÙÐÐ�º ��ØØ� ÔÖÓÔÖ��Ø� Ô�ÖÑ�Ø �ÒÓÖ� �� ×�ÑÔÐ���Ö Ð�
ÔÖÓ�Ö�ÑÑ�Ø�ÓÒ ��× �ÐÙÐ× �� � Ø�ÖÑ�º ��ØØ� ÔÖÓÔÖ��Ø� ÔÓÙÖ d = 3 �×Ø
�ÐÐÙ×ØÖ�� ×ÙÖ Ð� ��ÙÖ� ������ �º¿ Ó� Ð� ÔÓ�ÒØ �³�Ò��� i �×Ø Ö�ÔÖ�×�ÒØ� Ô�Ö
ÙÒ� ÖÓ�Ü � × � ÖÓÙ�� �Ø Ð�× ÔÓ�ÒØ× �Ð��Ò�× Ô�Ö ��× ÖÓ�Ü � + � �Ð�Ù�×º

Ä� Ñ�ØÖ�� �� Ö�����Ø� �×Ø �ÐÓÖ× ����ÓÒ�Ð� Ô�Ö �ÐÓ¸ ��ÕÙ� �ÐÓ ÓÖÖ�×ÔÓÒ¹
��ÒØ � ÙÒ �Ð�Ñ�ÒØ �Ù Ñ��ÐÐ���º Ä� �ÐÙÐ �� ��ÙÒ �� ×�× Ø�ÖÑ�× Ò� Ò��××�Ø�
Ð³�Ú�ÐÙ�Ø�ÓÒ ÕÙ� �� 3d+1 Ø�ÖÑ�× �Ø �×Ø ÐÓ�Ð � ��ÕÙ� �Ð�Ñ�ÒØ¸ �º�º ÕÙ³�Ð Ò³Ý
� Ô�× �³�ÒØ�Ö�Ø�ÓÒ �ÒØÖ� �ÓÒØ�ÓÒ× �� ��×� �ÔÔ�ÖØ�Ò�ÒØ � ��× �Ð�Ñ�ÒØ× ����¹
Ö�ÒØ×º ��ØØ� ÔÖÓÔÖ��Ø� Ö�Ò� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ �� � Ø�ÖÑ� ��×��º

�º¾º¿ Ì�ÖÑ� �� �ÙÜ

Ä� Ø�ÖÑ� �� �ÙÜ Ô�ÖÑ�Ø Ð� ÓÙÔÐ��� �ÒØÖ� Ð�× Ñ��ÐÐ�× ÚÓ�×�Ò�×º ÆÓØÓÒ× WL

Ð� ��ÑÔ W ÔÖÓÚ�Ò�ÒØ �� Ð� Ñ��ÐÐ� Lº Ä� ��ÑÔ WR ��×��Ò�Ö� Ð� ��ÑÔ W
ÔÖÓÚ�Ò�ÒØ �³ÙÒ� Ñ��ÐÐ� R �Ý�ÒØ ÙÒ� ��� �Ò ÓÑÑÙÒ �Ú� Ð� Ñ��ÐÐ� Lº

ÆÓØÓÒ× ���Ð�Ñ�ÒØ (Qf )f=0,··· ,5 Ð�× � ���× �� L �Ñ��� Ô�Ö τL ��× ���× (Q̂f )f=0,··· ,5
�� Ĥº

��



ËÙÖ ÙÒ� ��� Qf Ò� ØÓÙ��ÒØ Ô�× Ð� �ÓÖ� �Ù �ÓÑ��Ò� �� �ÐÙÐ¸ �Ò ÒÓØ�ÒØ
ds �Ø dŝ Ð�× �Ð�Ñ�ÒØ× �� ×ÙÖ��� ��Ò× Ð³�×Ô�� Ô�Ý×�ÕÙ� ÓÙ ��Ò× Ð³�×Ô�� ��
Ö���Ö�Ò�¸ ÒÓÙ× �ÚÓÒ×

�

Qf

F (WL,WR, n)ψ
L
i ds

=

�

Q̂f

F (WL ◦ τL,WR ◦ τL, ÓÑ(τL
′)n̂)ψL

i ◦ τLdŝ
´�º¿�µ

Ó� ÓÑ(τL
′) �×Ø Ð� ÓÑ�ØÖ�� �� τL

′ ���Ò�� �Ò ´�º¿¿ Ô��� �¿µº

��ØØ� �ÓÖÑÙÐ� Ö�×ÙÐØ� �� Ð� ���Ò�Ø�ÓÒ �� Ð³�ÒØ��Ö�Ð� �� ×ÙÖ��� ´ÚÓ�Ö �Ù××�
Ð� ���Ò�Ø�ÓÒ ´�º½½ Ô��� ��µµº ÆÓÙ× �ÔÔÖÓ�ÓÒ× �ÐÓÖ× �ØØ� �ÒØ��Ö�Ð� Ô�Ö Ð�
�ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ´ �º½½ Ô��� ��µº ÆÓØÓÒ× WL

f,i′ Ð�× ��ÑÔ× �Ù ÔÓ�ÒØ
�³�ÒØ��Ö�Ø�ÓÒ xf,i′ �³�Ò��� i′ �� Ð� ��� Qf ÔÖÓÚ�Ò�ÒØ ��× ��ÑÔ× ÔÖ�×�ÒØ×
��Ò× Ð³�Ð�Ñ�ÒØ Lº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �× ��ÑÔ× Ú�Ð�ÒØ

WL
f,i′ =

(d+1)3−1
�

i=0

WL
i ψ̂i(x̂f,i′). ´�º�¼µ

��ØØ� �ÓÖÑÙÐ� Ô�ÙØ �ØÖ� ×�ÑÔÐ���� �Ò Ø�Ò�ÒØ ÓÑÔØ� ��× ÔÖÓÔÖ��Ø�× ��× �ÓÒ¹
Ø�ÓÒ× �� ��×�º ÆÓÙ× ��Ö�ÖÓÒ× ÔÐÙ× ÐÓ�Ò �ØØ� ×�ÑÔÐ���Ø�ÓÒº

ËÓ�Ø fR Ð³�Ò��� �� Ð� ��� �� Ð³�Ð�Ñ�ÒØ R Ó�Ò���ÒØ �Ú� Ð� ��� f �� L �Ø
j′ Ð³�Ò��� �Ù ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ Ð� ��� fR �� R ÓÖÖ�×ÔÓÒ��ÒØ �Ù ÔÓ�ÒØ
xf,i′ ¸ ³�×Ø¹�¹��Ö�

τR(x̂fR,j′)) = xfR,j′ = τL(x̂f,i′). ´�º�½µ

ÆÓØÓÒ× �ÐÓÖ× WR
fR,j′ Ð�× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� Ð³�Ð�Ñ�ÒØ R �Ù ÔÓ�ÒØ �³�ÒØ��Ö�¹

Ø�ÓÒ �³�Ò��� j′ ×ÙÖ Ð� ��� QfR �� Rº ��× ��ÑÔ× Ô�ÙÚ�ÒØ �ØÖ� �ÐÙÐ�× Ô�Ö
Ð� �ÓÖÑÙÐ�

WR
fR,j′ =

(d+1)3−1
�

i=0

WR
i ψ̂i(x̂fR,j′). ´�º�¾µ

��



ÆÓÙ× �ÔÔÖÓ�ÓÒ× �ÐÓÖ× Ð³�ÒØ��Ö�Ð� ÔÖ����ÒØ� Ô�Ö

�

Qf

F (WL,WR, n)ψ
L
i ds

≃
(d+1)2−1
�

i′=0

ωf,i′ψ̂i(x̂f,i′)F (WL
f,i′ ,W

R
fR,j′ , ÓÑ(τL

′)n̂)).

´�º�¿µ

�� ÔÐÙ×¸ Ð� �ÓÒØ�ÓÒ �� ��×� ψ̂i �×Ø ÒÓÒ ÒÙÐÐ� �Ò ÙÒ�ÕÙ�Ñ�ÒØ ÙÒ ÔÓ�ÒØ �³�Ò¹
Ø��Ö�Ø�ÓÒ �� Ð� ��� Qf �³�Ò��� π(f, i) �³�ÔÖ�× Ð� ÔÖÓÔÖ��Ø� ½½ Ô��� ��º ��
ÔÓ�ÒØ �×Ø Ð� ÔÖÓ��Ø� �Ù ÔÓ�ÒØ x̂i �××Ó�� � Ð� �ÓÒØ�ÓÒ �� ��×� ψ̂iº

Ä� ×ÓÑÑ� ÔÖ����ÒØ� ×� Ö��Ù�Ø �ÓÒ � ÙÒ ×�ÙÐ Ø�ÖÑ�

�

Qf

F (WL,WR, n)ψ
L
i ds

≃ ωf,π(i)�� (τL)(x̂f,π(f,i))ψ̂i(x̂f,π(f,i))F (WL
f,π(i),W

R
fR,j′ , n ◦ τL(x̂f,π(f,i))).

´�º��µ

��Ò �� �ÐÙÐ�Ö � �ÙÜ¸ ÒÓÙ× ��ÚÓÒ× �ÐÙÐ�Ö Ð�× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ ��× ��ÙÜ
Ñ��ÐÐ�× ÚÓ�×�Ò�× �Ù ÔÓ�ÒØ xf,π(f,i) = τL(x̂f,π(f,i))º

ÈÙ�×ÕÙ� ×�ÙÐ�× Ð�× �ÓÒØ�ÓÒ× �� ��×� �××Ó���× �ÙÜ ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ×�
ÔÖÓ��Ø�ÒØ ×ÙÖ x̂f,π(f,i) ×ÓÒØ ÒÓÒ ÒÙÐÐ�× �Ò � ÔÓ�ÒØ¸ Ð³�ÜØÖ�ÔÓÐ�Ø�ÓÒ �Ù ��ÑÔ
WL Ò³ÙØ�Ð�×� ÕÙ� Ð�× Ú�Ð�ÙÖ× �Ò �× ÔÓ�ÒØ×¸ ×Ó�Ø d+ 1 Ú�Ð�ÙÖ×º

��Ò× Ð� �× Ó� Ð�× ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��Ò× Ð�× ��ÙÜ Ñ��ÐÐ�× ×ÓÒØ ���ÙÜ¸
Ð� ÔÓ�ÒØ x̂fR,j′ = τ−1

R ◦ τL(x̂f,j) ÓÖÖ�×ÔÓÒ� � ÙÒ ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ ÙÒ�
��� �� R¸ ��Ò×� Ð� �ÐÙÐ �� WR Ô�ÙØ �ØÖ� ���ØÙ� �� Ð� Ñ�Ñ� Ñ�Ò��Ö� ÕÙ�
�ÐÙ� �� WLº

��Ò× Ð� �× ÓÒØÖ��Ö�¸ ÒÓÙ× ��ÚÓÒ× �ÐÙÐ�Ö Ð� ��ÑÔ WR �Ù ÔÓ�ÒØ x̂fR,j′º �Ò
�ÔÔÐ�ÕÙ�ÒØ Ð� ���Ò�Ø�ÓÒ �� WR

WR(τL(x̂fR,j′)) =

(d+1)3−1
�

i=0

WR
i ψ̂i(x̂fR,j′). ´�º��µ

��Ò× Ð� �× �³ÙÒ� ��� ØÓÙ��ÒØ Ð� �ÓÖ� �Ù �ÓÑ��Ò�¸ Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� �×Ø
Ö�ÑÔÐ�� Ô�Ö ÙÒ �ÙÜ �� �ÓÖ� ØÖ��Ù�×�ÒØ Ð³�ÔÔÐ��Ø�ÓÒ �³ÙÒ� ÓÒ��Ø�ÓÒ Ð�Ñ�Ø�
×Ô���ÕÙ�º Ä³�Ú�ÐÙ�Ø�ÓÒ �Ù Ø�ÖÑ� �� �ÙÜ Ò��××�Ø� ÓÑÑ� ÔÖ����ÑÑ�ÒØ Ð�

��



�ÐÙÐ �Ù ��ÑÔ WL �Ò ÙÒ ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ �� �ØØ� ���º ��Ò �� ��Ö�ÒØ�Ö
Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�¸ Ð� �ÙÜ �� �ÓÖ� �Ó�Ø ×�Ø�×���Ö� Ð� ÔÖÓÔÖ��Ø� ¿ Ô��� ¿�
��Ö�ÒØ�××�ÒØ Ð� ��ÖÓ�××�Ò� �� Ð³�Ò�Ö��� �Ù ×Ý×Ø�Ñ�º

Ê�Ñ�ÖÕÙ� �º Ä� �ÐÙÐ �Ù Ø�ÖÑ� ��Ö�Ø ��Ò× �ØØ� ×�Ø�ÓÒ ���Ø �ÒØ�ÖÚ�Ò�Ö ��×
��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� ÔÐÙ×��ÙÖ× �Ð�Ñ�ÒØ×º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ��ÙÜ �ÓÒØ�ÓÒ× ��
��×� �ÒØ�Ö���××�ÒØ ×� �ÐÐ�× �ÔÔ�ÖØ��ÒÒ�ÒØ �Ù Ñ�Ñ� �Ð�Ñ�ÒØ ÓÙ � ��× �Ð�Ñ�ÒØ×
Ô�ÖØ����ÒØ ÙÒ� ���º ��Ð� Ö�Ò�Ö� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ �Ù �ÐÙÐ �� � Ø�ÖÑ� ÔÐÙ×
��Ð��Ø� �Ø ÔÐÙ× Ó�Ø�Ù×� �Ò Ø�ÑÔ×º

�ÓÒÐÙ×�ÓÒ �

��Ò× Ð�× ×�Ø�ÓÒ× ÔÖ����ÒØ�×¸ ÒÓÙ× �ÚÓÒ× ���Ò� ÙÒ �×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ
�ÓÖÑ� �� ÓÑÔÓ×�Ø�ÓÒ× �ÒØÖ� ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� �Ø ��× ÔÖÓ¹
�Ù�Ø× Ø�Ò×ÓÖ��Ð× �� ÔÓÐÝÒ�Ñ�× �� Ä��Ö�Ò��º ��× ÔÓÐÝÒ�Ñ�× �� Ä��Ö�Ò�� ×ÓÒØ
ÓÒ×ØÖÙ�Ø× � Ô�ÖØ�Ö �� ÔÓ�ÒØ× ���Ò�××�ÒØ ÙÒ� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� Ð�× �ÒØ�¹
�Ö�ÒØ �Ü�Ø�Ñ�ÒØº ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ ���Ò� ÙÒ� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ�
Ô�ÖÑ�ØØ�ÒØ �³�×Ø�Ñ�Ö Ð�× �ÒØ��Ö�Ð�× ×ÙÖ���ÕÙ�×º �Ò �ÔÔÐ�ÕÙ�ÒØ �ØØ� ��×Ö�Ø�¹
×�Ø�ÓÒ �Ø �× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ�¸ ÒÓÙ× �ÚÓÒ× Ó�Ø�ÒÙ ÙÒ� �×Ø�Ñ�Ø�ÓÒ ��×
�ÒØ��Ö�Ð�× ÔÖ�×�ÒØ�× ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��º Ä³ÙØ�Ð�×�Ø�ÓÒ �� �ØØ� ��×� �Ø ��
�× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ� � Ô�ÖÑ�× ����Ö�ÒØ�× ×�ÑÔÐ���Ø�ÓÒ× ��× �ÐÙÐ×º

ÌÓÙØ��Ó�×¸ Ð�× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ� Ò� ×ÓÒØ Ô�× �Ü�Ø�× ÐÓÖ×ÕÙ� Ð�× �Ð�Ñ�ÒØ×
�� Ñ��ÐÐ��� ×ÓÒØ ØÖÓÔ ���ÓÖÑ�×º ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �Ü�Ñ�Ò�Ö Ð� Ú�Ð���Ø�
�� �× �ÔÔÖÓÜ�Ñ�Ø�ÓÒ×º

�º¾º� Î�Ð���Ø� �� Ð³�ÒØ��Ö�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ�

��Ò �³�×Ø�Ñ�Ö Ð�× �ÒØ��Ö�Ð�× �ÔÔ�Ö��××�ÒØ ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��¸ ÒÓÙ× �ÔÔÐ�¹
ÕÙÓÒ× ÙÒ ��Ò��Ñ�ÒØ �� Ú�Ö���Ð�× ÔÓÙÖ ÒÓÙ× Ö�Ñ�Ò�Ö � Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò�
ÔÙ�× ÙØ�Ð�×ÓÒ× Ð�× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ� ´�º¿ Ô��� ��µ �Ø ´�º½½ Ô��� ��µº

Ä� ÕÙ�Ð�Ø� �� Ð� �ÓÖÑÙÐ�Ø�ÓÒ ×�Ñ�¹��×Ö�Ø� ��Ò×� Ó�Ø�ÒÙ� �×Ø Ð��� �³ÙÒ� Ô�ÖØ � Ð�
ÔÖ��×�ÓÒ �� Ð³�ÒØ��Ö�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� �Ó�×�� �Ø �³�ÙØÖ� Ô�ÖØ � ×� ÓÑÔ�Ø���Ð�Ø�
�Ú� Ð� �ÓÖÑÙÐ� �³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��º

Ä� ÓÑÔ�Ø���Ð�Ø� �ÒØÖ� Ð³�ÒØ��Ö�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� �Ø Ð³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��×
�××ÙÖ�¸ Ô�Ö �Ü�ÑÔÐ�¸ Ð� ÔÖ�×�ÖÚ�Ø�ÓÒ ��× �Ø�Ø× ÓÒ×Ø�ÒØ×¸ ÓÑÑ� �ÜÔÐ�ÕÙ�
��Ò× ��¾℄ �Ø ��¿℄º Ë� Ð³�ÒØ��Ö�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� Ò� ×�Ø�×���Ø Ô�× ÙÒ� ÔÖÓÔÖ��Ø�
�³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��× ��×Ö�Ø�¸ ��× ÓÒ��× Ô�Ö�×�Ø�× Ô�ÙÚ�ÒØ �ÔÔ�Ö��ØÖ�¸
Ñ�Ñ� ÐÓÖ×ÕÙ� Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��× ��ÑÔ× �×Ø �³ÓÖ�Ö� �Ð�Ú�º ÆÓÙ× ×ÓÑÑ�×
ÓÒ×��ÒØ× �� � ����ÙØ Ð�� � Ð³�ÒØ��Ö�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ�¸ Ñ��× ÒÓÙ× �ÚÓÒ× ÓÒ×�ÖÚ�¸

��



ÔÓÙÖ ��× Ö��×ÓÒ× �� Ø�ÑÔ× �� �ÐÙÐ¸ ��Ò× ÒÓ× �ÐÙÐ× ÒÙÑ�Ö�ÕÙ�× Ð�× ÕÙ��Ö�¹
ØÙÖ�× �� ��Ù××¹Ä���Ò�Ö� � Ò��Ú�× �º ÈÓÙÖ �ØÖ� Ð� ÔÐÙ× ÓÑÔÐ�Ø× ÔÓ××��Ð�¸ ÒÓÙ×
ÑÓÒØÖÓÒ× ØÓÙØ �� Ñ�Ñ� ��Ò× � Ô�Ö��Ö�Ô�� ÕÙ³�Ð �×Ø ÔÓ××��Ð� �Ò Ø��ÓÖ�� ��
Ö�ÙÔ�Ö�Ö ��× ÔÖÓÔÖ��Ø�× �³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��× ��×Ö�Ø�×º Ä�× Ö�Ñ�ÖÕÙ�×
ÕÙ� ×Ù�Ú�ÒØ ×ÓÒØ �ÜØÖ��Ø�× �� ��¾℄ �Ø ��¿℄º

�Ü�Ñ�ÒÓÒ× Ð� ÓÑÔÓÖØ�Ñ�ÒØ �� Ð� �ÓÖÑÙÐ� �� ËØÓ��× ÐÓÖ×ÕÙ� ÒÓÙ× Ð³�ÔÔÐ�¹
ÕÙÓÒ× � ÙÒ� �ÓÒØ�ÓÒ ψ �Ú� �ÒØ��Ö�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� ÓÑÑ� ���ØÙ� ��Ò× Ð�×
×�Ø�ÓÒ× �º¾º¾ Ô��� �¿ �Ø �º¾º¿ Ô��� ��º

0 =

�

L
∇ψ −

�

∂L
ψn

=

�

Ĥ
ÓÑ(τ ′)∇̂ψ̂ −

�

∂Ĥ
ψ̂ÓÑ(τ ′)n̂.

´�º��µ

��× ÕÙ�ÒØ�Ø�× ×ÓÒØ �ÐÓÖ× �×Ø�Ñ��× �Ò ÙØ�Ð�×�ÒØ Ð�× �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ�º
��Ò× Ð� �× Ó� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� τ �×Ø ��Ò�¸ Ð� Ñ�ØÖ�� ÓÑ(τ ′)
�×Ø ÓÒ×Ø�ÒØ� �Ø Ð�× �ÒØ��Ö�Ð�× ×ÓÒØ �ÐÙÐ��× �� Ñ�Ò��Ö� �Ü�Ø�º Ä� �ÓÖÑÙÐ�
�³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ�� �×Ø Ú�Ö���� �� Ñ�Ò��Ö� ��×Ö�Ø�º

��Ò× Ð� �× �³ÙÒ� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ÒÓÒ ��Ò�¸ Ð³�ÒØ��Ö�Ò�� Ò³�×Ø ÔÐÙ× ÔÓÐÝÒÓ¹
Ñ��Ðº Ä� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ��Ú��ÒØ �Ò�Ü�Ø� �Ø Ð� �ÓÖÑÙÐ� �³�ÒØ��Ö�Ø�ÓÒ
Ô�Ö Ô�ÖØ�� Ò³�×Ø ÔÐÙ× Ú�Ö����º

��Ò �� Ö�ØÖÓÙÚ�Ö ÙÒ� ÔÖÓÔÖ��Ø� �³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ�� ��×Ö�Ø�¸ ÃÓÔÖ�Ú� �Ø
��××Ò�Ö ÔÖÓÔÓ×�ÒØ ��Ò× ��¿℄ �� ÑÓ����Ö Ð³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ�º ÈÓÙÖ �Ð�¸
���Ò�××ÓÒ× Ð³ÓÔ�Ö�Ø�ÙÖ �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ I ÕÙ� �××Ó�� � ÙÒ� �ÓÒØ�ÓÒ ���Ò��
×ÙÖ Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò� ×ÓÒ �ÒØ�ÖÔÓÐ� ��Ò× Ð� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ

I(f) =

(d+1)3−1
�

i=0

f(x̂i)ψ̂i. ´�º��µ

��Ò×� ÙÒ� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� ÑÓ�����¸ �ÔÔÐ�ÕÙ�� �Ù Ø�ÖÑ� ÚÓÐÙÑ�ÕÙ�
Ô�ÙØ �ØÖ�

�

Ĥ
ÓÑ(τ ′)∇̂ψ̂ ≃

�

Ĥ
I(ÓÑ(τ ′)∇̂ψ̂)

=

�

Ĥ
I(I(ÓÑ(τ ′))I(∇̂ψ̂)).

´�º��µ

Ä� �ÓÖÑÙÐ� �³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ�¸ ÕÙ�ÒØ � �ÐÐ�¸ Ö�ÕÙ��ÖØ ÙÒ� �×Ø�Ñ�Ø�ÓÒ ��

��



Ð� Ú�Ð�ÙÖ �ÒØ��Ö�� �ÙÜ ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ�×º ��Ò× Ð� ×�Ø�ÓÒ �º¾º¿ Ô��� ��¸
ÒÓÙ× �ÐÙÐÓÒ× �× Ú�Ð�ÙÖ× �Ò ÙØ�Ð�×�ÒØ Ð�ÙÖ× ���Ò�Ø�ÓÒ×¸ ³�×Ø¹�¹��Ö� ÕÙ� ÒÓÙ×
�ÐÙÐÓÒ× Ð� ÓÑ�ØÖ�� ÓÑ(τ ′) �Ø Ð� �Ö����ÒØ ∇̂ψ̂ �ÙÜ ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ
×ÙÖ���ÕÙ�×º Ä³�ÔÔÖÓ�� ÔÖÓÔÓ×�� Ô�Ö ÃÓÔÖ�Ú� ÓÒ×�×Ø� � Ö�ÑÔÐ��Ö �× Ú�¹
Ð�ÙÖ× �Ü�Ø�× Ô�Ö Ð�× Ú�Ð�ÙÖ× ÔÖ�×�× Ô�Ö Ð³�ÒØ�ÖÔÓÐ� I(I(ÓÑ(τ ′))I(∇̂ψ̂)) �ÙÜ
ÔÓ�ÒØ× ×ÙÖ���ÕÙ�×º

�

∂Ĥ
ψ̂ÓÑ(τ ′)n̂ ≃

�

∂Ĥ
I(ψ̂ÓÑ(τ ′))n̂

=

�

∂Ĥ
I(I(ψ̂)I(ÓÑ(τ ′)))n̂.

´�º��µ

��Ò×� ÔÙ�×ÕÙ� Ð� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ� �×Ø �Ü�Ø� ÔÓÙÖ ØÓÙØ �ÒØ�ÖÔÓÐ�¸ Ð�
�ÓÖÑÙÐ� �³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ�� �×Ø Ú�Ö���� �� ���ÓÒ ��×Ö�Ø�¸ Ñ�Ñ� ×� Ð³�Ò¹
Ø��Ö�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� �×Ø �Ò�Ü�Ø�º

ÁÐ �×Ø ���Ð�Ñ�ÒØ ÔÓ××��Ð� �³Ó�Ø�Ò�Ö ÙÒ� ÔÖÓÔÖ��Ø� �³�ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��
��×Ö�Ø� �Ò ÑÓ����ÒØ Ð� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº È�Ö �Ü�ÑÔÐ�¸ �ØØ� ÔÖÓÔÖ��Ø�
�×Ø Ú�Ö���� �Ò ÔÖ�Ò�ÒØ Ð�× �ÓÒØ�ÓÒ× �� ��×� ÙØ�Ð�×��× Ô�Ö �Ó��Ò¸ ��ÖÖ��Ö�× �Ø
È�ÖÒ�Ø ��Ò× �½�℄ ���Ò��× Ô�Ö

ψp
i ◦ τL(x̂) = τL

′T−1
ψ̂i(x̂)ep ´�º�¼µ

Ó� ep �×Ø Ð� p��Ñ� Ú�Ø�ÙÖ �� ��×� �� Ð� ��×� �ÒÓÒ�ÕÙ� �� R
3º

Å�Ñ� ×� �ØØ� �ÔÔÖÓ�� Ô�ÖÑ�Ø �³�××ÙÖ�Ö ×ÙÖ Ð� ÔÐ�Ò ��×Ö�Ø ÙÒ� �×Ø�Ñ�Ø�ÓÒ
�³�Ò�Ö��� �Ø Ð� ÔÖ�×�ÖÚ�Ø�ÓÒ ��× �Ø�Ø× ÓÒ×Ø�ÒØ×¸ Ð³ÙØ�Ð�×�Ø�ÓÒ �� �ØØ� �ÒØ��Ö�¹
Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� Ò³�×Ø Ô�× ÚÖ��Ñ�ÒØ ���ÔØ�� �ÙÜ �ÐÙÐ× Ô�Ö�ÐÐ�Ð�× ×ÙÖ �ÈÍº
�Ò ���Ø¸ �ÐÐ�¹� ÓÑÔÐ�Ü��� Ð� �ÐÙÐ ��× Ø�ÖÑ�× �� ×ÙÖ��� ÕÙ� ÓÒ×Ø�ØÙ�ÒØ
Ð� Ô�ÖØ�� Ó� Ð� Ô�Ö�ÐÐ�Ð�×Ñ� �×Ø Ð� ÑÓ�Ò× ����º �� ÔÐÙ×¸ Ð�× ÓÔØ�Ñ�×�Ø�ÓÒ×
Ó�Ø�ÒÙ�× ��Ò× Ð� ��Ö� ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ Ò� ×ÓÒØ Ô�× ØÖ�Ò×ÔÓ×��Ð�×
��Ò× ÙÒ ��Ö� ��Ò�Ö�ÕÙ�º ��× ÓÔØ�Ñ�×�Ø�ÓÒ× Ö�ÔÓ×�ÒØ ×ÙÖ Ð� ÔÖÓÔÖ��Ø� ×Ù�Ú�ÒØ�
�Ù ÖÓØ�Ø�ÓÒÒ�Ð

∇× ψ =
�

τL
′T−1∇̂

�

×
�

τL
′T ψ̂
�

= ��
�
τL

′�−1
τL

′∇̂× ψ̂
´�º�½µ

ÕÙ� Ò³�×Ø ���Ò ×�Ö Ô�× ���ÔØ��Ð� � ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��× �Ö��ØÖ��Ö�º

�¼



�º¿ Ë��Ñ� Ø�ÑÔÓÖ�Ð ÊÙÒ��¹ÃÙØØ� ¾

ÆÓÙ× �ÚÓÒ× �ÓÒÒ� ÙÒ� ��ÑÓÒ×ØÖ�Ø�ÓÒ �� ÓÒÚ�Ö��Ò� �Ù ×��Ñ� ��Ò× Ð� �×
×�Ñ�¹��×Ö�Ø�×� �Ò �×Ô��º �Ú�ÒØ Ð� Ô�××��� ×ÙÖ ÓÖ��Ò�Ø�ÙÖ¸ �Ð �×Ø �Ò��×Ô�Ò×��Ð�
�� �ÓÙÖÒ�Ö ���Ð�Ñ�ÒØ ÙÒ� Ø��Ò�ÕÙ� �� ��×Ö�Ø�×�Ø�ÓÒ �Ò Ø�ÑÔ×º Ä� �Ó�Ü �Ù
×��Ñ� �Ò Ø�ÑÔ× �×Ø ÖÙ��Ðº ÁÐ ��ÙØ �Ò ���Ø ×³�××ÙÖ�Ö �� Ð� ÔÖ��×�ÓÒ �Ø �� Ð�
×Ø���Ð�Ø� �Ù ×��Ñ� ÓÙÔÐ� Ø�ÑÔ×¹�×Ô��º

ÆÓÙ× �ÚÓÒ× ÔÖ����ÑÑ�ÒØ ��Ö�Ø Ð� �ÐÙÐ �� Ð� ��Ö�Ú�� �Ò Ø�ÑÔ× ∂tW �Ù
��ÑÔ �Ò �ÓÒØ�ÓÒ �Ù ��ÑÔ W � ÙÒ �Ò×Ø�ÒØ �ÓÒÒ� tº

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ÒÓØ�ÖÓÒ× G¸ Ð³�ÔÔÐ��Ø�ÓÒ ÕÙ� � ÙÒ ��ÑÔ W ∈ Vh �Ø
ÙÒ �Ò×Ø�ÒØ t �××Ó�� ×� ��Ö�Ú�� �Ò Ø�ÑÔ× Ó�Ø�ÒÙ� Ô�Ö Ð� Ñ�Ø�Ó�� �� ��Ö�Ø�
ÔÖ����ÑÑ�ÒØº

∂tW = G(W, t) ´�º�¾µ

ËÓ�Ø Δt ÙÒ Ö��Ð ×ØÖ�Ø�Ñ�ÒØ ÔÓ×�Ø��º ÆÓØÓÒ× Wn Ð� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ� ��
´¾º�½ Ô��� �½µ �Ù Ø�ÑÔ× nΔtº

ËÙÔÔÓ×ÓÒ× ÓÒÒÙ Wn ÔÓÙÖ ÙÒ �ÒØ��Ö n �ÓÒÒ�º

�Ò ÔÖ�Ø�ÕÙ�¸ ÒÓÙ× �ÐÙÐÓÒ× Ð� ÔÐÙ× ×ÓÙÚ�ÒØ Wn+1 Ô�Ö Ð� Ñ�Ø�Ó�� �� ÊÙÒ��¹
ÃÙØØ� �³ÓÖ�Ö� ¾º

Wn+1/2 = Wn +
Δt

2
G(Wn, t) ´�º�¿µ

Wn+1 = Wn +ΔtG(Wn+1/2, t+
Δt

2
) ´�º��µ

�º¿º½ ËØ���Ð�Ø� �Ù ×��Ñ� Ø�ÑÔÓÖ�Ð

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ �ØÙ���Ö Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� �� ÓÙÔÐ� � ÙÒ�
�ÒØ��Ö�Ø�ÓÒ �Ò Ø�ÑÔ× �� ÊÙÒ��¹ÃÙØØ� ¾º ÈÓÙÖ �Ð�¸ ÒÓÙ× ×Ù�ÚÖÓÒ× Ð³�ÔÔÖÓ��
��Ö�Ø� ��Ò× Ð�× Ø��×�× �� ÂÙÒ� �¿�℄ �Ø �Ö�×Ø�ØØÓ �½�℄º

�ÓÒ×���ÖÓÒ× Ð� ÔÖÓ�Ð�Ñ� �ÙÜ Ð�Ñ�Ø�× ´¾º¿ Ô��� ¾�µ �Ú� ��× ÓÒ��Ø�ÓÒ× �ÙÜ
Ð�Ñ�Ø�× ×�Ø�×���×�ÒØ Ð�× ÓÒ��Ø�ÓÒ× �³�Ü�×Ø�Ò� �Ø �³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒº ËÓ�Ø
W Ð� ×ÓÐÙØ�ÓÒ �ÔÔÖÓ��� �� � ×Ý×Ø�Ñ� Ó�Ø�ÒÙ� �Ò �ÔÔÐ�ÕÙ�ÒØ Ð�× ×��Ñ�×
�� �Ø �� ÊÙÒ��¹ÃÙØØ� ¾º

�½



ÆÓØÓÒ× �ÐÓÖ× A Ð� Ñ�ØÖ�� Ð��ÒØ Ð� ��Ö�Ú�� �Ò Ø�ÑÔ× ∂tW �Ù ��ÑÔ W º Ä�
×��Ñ� ÒÙÑ�Ö�ÕÙ� ×³�Ö�Ø �Ò ×�ÑÔÐ���ÒØ

∂tW = AW. ´�º��µ

��Ò× � �×¸ Ð� ×ÓÐÙØ�ÓÒ W Ô�ÙØ �ØÖ� �ÜÔÖ�Ñ�� Ô�Ö

W (t) = exp(At)W (0). ´�º��µ

��Ò× � �× Ô�ÖØ�ÙÐ��Ö¸ ØÓÙ× Ð�× ×��Ñ�× �³�ÒØ��Ö�Ø�ÓÒ �Ò Ø�ÑÔ× � ÙÒ Ô�×
×ÓÒØ �ÕÙ�Ú�Ð�ÒØ×¸ ÙÒ� �Ó�× ÕÙ� Ð³ÓÖ�Ö� �Ù ×��Ñ� �×Ø �Ü�º ËÓ�Ø Δt Ð� Ô�× ��
Ø�ÑÔ× �Ø tn = nΔtº ÍÒ ��Ú�ÐÓÔÔ�Ñ�ÒØ �� Ì�ÝÐÓÖ �ÓÒÒ� Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �
Ð³ÓÖ�Ö� p

W (tn+1) =

�
p
�

i=0

Δti

i!
Ai

�

W (tn). ´�º��µ

ÆÓØÓÒ×

Ã =

p
�

i=0

Δti

i!
Ai. ´�º��µ

Ä� ×��Ñ� �×Ø ×Ø��Ð� ×� Ð³�Ò���Ð�Ø� ×Ù�Ú�ÒØ� �×Ø ÚÖ���

||W (tn+1)|| ≤ ||W (tn)||. ´�º��µ

�³�ÔÖ�× ´�º��µ¸ �� �×Ø ÚÖ�� ×� Ð� ÒÓÖÑ� �� Ã �×Ø �Ò��Ö��ÙÖ ÓÙ ���Ð� � ½º �Ò
Ô�ÖØ�ÙÐ��Ö¸ Ð� ×��Ñ� �×Ø ×Ø��Ð� ×� Ð� Ö�ÝÓÒ ×Ô�ØÖ�Ð �� Ã �×Ø �Ò��Ö��ÙÖ ÓÙ
���Ð� � ½º

Ä�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ã ×ÓÒØ �� Ð� �ÓÖÑ�
�p

i=0
(Δtλ)i

i! Ó� λ �×Ø ÙÒ� Ú�Ð�ÙÖ
ÔÖÓÔÖ� �� Aº

Ä� ×��Ñ� �³ÓÖ�Ö� p �×Ø �ÓÒ ×Ø��Ð� ÔÓÙÖ ÙÒ Ô�× �� Ø�ÑÔ× Δt ×� ØÓÙØ�× Ð�×
Ú�Ð�ÙÖ× ÔÖÓÔÖ�× λ �� A ×ÓÒØ Ø�ÐÐ�× ÕÙ� Δtλ �ÔÔ�ÖØ��ÒÒ�ÒØ �

Sp =

�

µ ∈ C, |
p
�

i=0

µi

i!
| ≤ 1

�

. ´�º�¼µ

�¾



������ �º� � �ÓÒ� �� ×Ø���Ð�Ø� ��Ò× Ð� ÔÐ�Ò ÓÑÔÐ�Ü� ÔÓÙÖ ÙÒ ×��Ñ� �³ÓÖ�Ö�
¾ ´���ÙÖ�� Ú�ÖØ��Ð�Ñ�ÒØ �Ò ÖÓÙ��µ �Ø ÔÓÙÖ ÙÒ ×��Ñ� �³ÓÖ�Ö� ¿ ´���ÙÖ��
�ÓÖ�ÞÓÒØ�Ð�Ñ�ÒØ �Ò �Ð�Ùµº Ä�× �Ü�× Ö��Ð �Ø �Ñ���Ò��Ö� ×ÓÒØ Ö�ÔÖ�×�ÒØ�× Ô�Ö Ð�×
Ð��Ò�× ÔÐ��Ò�× ÒÓ�Ö�×º

��Ò× ÒÓØÖ� �×¸ Ð� ÞÓÒ� �� ×Ø���Ð�Ø� �×Ø

S2 =

�

µ ∈ C, |1 + µ+
µ2

2
| ≤ 1

�

. ´�º�½µ

�Ò Ô�ÖØ�ÙÐ��Ö¸ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� A �Ó�Ú�ÒØ �ÚÓ�Ö ��× Ô�ÖØ��× Ö��ÐÐ�× Ò�¹
��Ø�Ú�× ¾º

Ä� ������ �º� Ö�ÔÖ�×�ÒØ� Ð� ÞÓÒ� �� ×Ø���Ð�Ø� ��× ×��Ñ�× ÊÃ¾ ´���ÙÖ��
Ú�ÖØ��Ð�Ñ�ÒØ �Ò ÖÓÙ��µ �Ø ÊÃ¿ ´���ÙÖ�� �ÓÖ�ÞÓÒØ�Ð�Ñ�ÒØ �Ò �Ð�Ùµ ��Ò×
Ð� ÔÐ�Ò ÓÑÔÐ�Ü�º ÆÓÙ× ÔÓÙÚÓÒ× Ö�Ñ�ÖÕÙ�Ö ×ÙÖ �ØØ� ��ÙÖ� ÕÙ� Ð� ÞÓÒ� ��
×Ø���Ð�Ø� �Ù ×��Ñ� ÊÃ¿ �Ò�ÐÓ�� Ð� ÞÓÒ� �� ×Ø���Ð�Ø� �Ù ×��Ñ� ÊÃ¾ �Ø ÙÒ�
Ô�ÖØ�� �� Ð³�Ü� �Ñ���Ò��Ö� ´�ÐÓÖ× ÕÙ� �ÐÐ� �Ù ×��Ñ� ÊÃ¾ ÐÙ� �×Ø Ø�Ò��ÒØ�µº

ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× Ú�Ö���Ö ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� �Ò �ÐÙ¹
Ð�ÒØ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× λ �� Ð� Ñ�ØÖ�� A ÔÙ�× �Ò Ú�Ö���ÒØ Ð³�Ü�×Ø�Ò� �³ÙÒ
Ö��Ð ×ØÖ�Ø�Ñ�ÒØ ÔÓ×�Ø�� Δt Ø�Ð ÕÙ� Ð�× Δtλ �ÔÔ�ÖØ��ÒÒ�ÒØ ØÓÙ× � Ð� ÞÓÒ� ��
×Ø���Ð�Ø� S2º

Ä� �ÐÙÐ �� Ð� Ñ�ØÖ�� A Ò��××�Ø� Ð� �ÐÙÐ Ô�Ö Ð� ×��Ñ� �� �� Ð� ��Ö�Ú��
�Ò Ø�ÑÔ× �××Ó��� � �ÙØ�ÒØ �� ��ÑÔ× W ÕÙ� Ð� ÒÓÑ�Ö� �� ���Ö�× �� Ð���ÖØ�º
ÈÓÙÖ ÙÒ Ñ��ÐÐ��� ÓÒØ�Ò�ÒØ N ��Ü���Ö�× �Ø ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ � Ð³ÓÖ�Ö� d¸
�Ð� Ö�ÔÖ�×�ÒØ� 6N(d+1)3 �ÐÙÐ× �� ��Ö�Ú��× �Ò Ø�ÑÔ×º �� �ÐÙÐ �×Ø Ó�Ø�ÙÜ

¾º �Ò ØÓÙØ� Ö��Ù�ÙÖ¸ Ð� Ö�ÝÓÒ ×Ô�ØÖ�Ð �³ÙÒ� Ñ�ØÖ�� Ò³�×Ø Ô�× ØÓÙ�ÓÙÖ× Ð� ÔÐÙ× �Ö�Ò�
ÑÓ�ÙÐ� �� �× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×¸ Ñ��× ³�×Ø Ð� �× ×� Ð� Ñ�ØÖ�� �×Ø ����ÓÒ�Ð�×��Ð�º

�¿



�Ò Ø�ÑÔ× ÔÓÙÖ ÙÒ Ñ��ÐÐ��� ÓÒØ�Ò�ÒØ ÙÒ �Ö�Ò� ÒÓÑ�Ö� �³�Ð�Ñ�ÒØ×º

ÆÓÙ× ÔÓÙÚÓÒ× Ò��ÒÑÓ�Ò× �×Ø�Ñ�Ö Ð� ×Ø���Ð�Ø� ��Ò× ÙÒ �Ð�Ñ�ÒØ �ÓÒÒ�º ÈÓÙÖ
�Ð�¸ ÒÓÙ× Ò� ÓÒ×���ÖÓÒ× ÕÙ� Ð� Ô�ÖØ�� ÚÓÐÙÑ�ÕÙ� �Ù ×��Ñ� �� ÕÙ� �×Ø ÐÓ�Ð
� Ð³�Ð�Ñ�ÒØ �Ø Ö�ÑÔÐ��ÓÒ× Ð�× Ø�ÖÑ�× �� �ÙÜ ���×�ÒØ �ÒØ�ÖÚ�Ò�Ö Ð�× ��ÑÔ×
��Ò× Ð�× �Ð�Ñ�ÒØ× ÚÓ�×�Ò× Ô�Ö ÙÒ �ÙÜ Ö�ÔÖ�×�ÒØ�ÒØ ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×º
ÆÓÙ× �ÓÒÒÓÒ× ÙÒ �Ü�ÑÔÐ� �� �ØØ� ÔÖÓ��ÙÖ� ��Ò× Ð� ×�Ø�ÓÒ �º¿º¿ Ó� ÒÓÙ×
Ó�×�ÖÚ�ÖÓÒ× Ð³�Ò�Ù�Ò� �� Ð� ��××�Ô�Ø�ÓÒ �Ù �ÙÜ �� �ÓÖ�º

�º¿º¾ ÍÒ� ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� � ������

�� ÕÙ� ÔÖ���� Ô�ÖÑ�Ø �� Ú�Ö���Ö ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ Ð� ×Ø���Ð�Ø� �� Ð� Ñ�Ø�Ó��
×ÙÖ ÙÒ Ñ��ÐÐ��� �ÓÒÒ�� �Ø Ô�ÙØ ×�ÖÚ�Ö �³ÓÙØ�Ð �� ����ÒÓ×Ø�º Æ��ÒÑÓ�Ò×¸ �Ð �×Ø
Ò��××��Ö� �³�ÚÓ�Ö ÙÒ� �×Ø�Ñ�Ø�ÓÒ � ÔÖ�ÓÖ� �Ù Ô�× �� Ø�ÑÔ× Ñ�Ü�Ñ�Ð �××ÙÖ�ÒØ
Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�º Ä� ���Ò�Ø�ÓÒ �³ÙÒ Ø�Ð Ô�× �� Ø�ÑÔ× Ô�Ö ÙÒ Ö�Ø�Ö� ��
ØÝÔ� ��Ä � ���Ø Ð³Ó���Ø �� ����Ö�ÒØ× ØÖ�Ú�ÙÜ¸ ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� �½�¸ ��℄ ÓÙ
�ÒÓÖ� �½�¸ ¾�℄ ÔÓÙÖ ÙÒ� �×Ø�Ñ�Ø�ÓÒ �� Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� �� �××Ó��
� ÙÒ� �ÒØ��Ö�Ø�ÓÒ �Ò Ø�ÑÔ× �� ØÝÔ� ×�ÙØ�¹ÑÓÙØÓÒº ÆÓÙ× ÙØ�Ð�×�ÖÓÒ× �ÐÓÖ× Ð�
ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� ��Ö�Ø� ��Ò× ���℄ ×ÓÙ× Ð� �ÓÖÑ�

Δt ≤ Δx

c(2d + 1)
. ´�º�¾µ

ÌÓÙØ��Ó�×¸ Ê���Ö �Ø ÄÓÛÖ�� ÓÒØ ��ÑÓÒØÖ� ��Ò× ��¾℄ ÕÙ� Ð� ÓÙÔÐ��� �Ù ×��Ñ�
�� �Ø �³ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ò Ø�ÑÔ× �� ØÝÔ� ÊÃ Ô�ÙØ ÓÒ�Ù�Ö� � ÙÒ ×��Ñ�
�ÒÓÒ��Ø�ÓÒÒ�ÐÐ�Ñ�ÒØ �Ò×Ø��Ð� �Ò Ô�ÖØ�ÙÐ��Ö �Ò ÙØ�Ð�×�ÒØ ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ
×Ô�Ø��Ð� �³ÓÖ�Ö� ¾º �� Ö�×ÙÐØ�Ø Ô�ÙØ �ØÖ� Ó�Ø�ÒÙ �Ò �Ò�ÐÝ×�ÒØ Ð� Ö�Ô�ÖØ�Ø�ÓÒ
��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Ð� Ñ�ØÖ�� A Ú�Ö���ÒØ ´�º�� Ô��� �¾µ ��Ò× Ð� �× ÙÒ���¹
Ñ�Ò×�ÓÒÒ�Ð ×ÙÖ ÙÒ Ñ��ÐÐ��� ÙÒ��ÓÖÑ� �Ø �Ò�Ò�º ��Ò× � �×¸ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�×
�� �ØØ� Ñ�ØÖ�� ×ÓÒØ �ÒÐÙ×�× ��Ò× Ð� ��Ñ�¹ÔÐ�Ò ÓÑÔÐ�Ü� (R∗

− × iR) ∪ 0 �Ø
�ÓÖÑ�ÒØ �Ù ÚÓ�×�Ò��� �� Þ�ÖÓ ÙÒ� ÓÙÖ�� Ø�Ò��ÒØ� � ÙÒ ÓÖ�Ö� �Ð�Ú� � Ð³�Ü�
�Ñ���Ò��Ö� ÔÙÖº Å�Ð��ÙÖ�Ù×�Ñ�ÒØ¸ Ð� ÓÒØÓÙÖ �� Ð� ÞÓÒ� �� ×Ø���Ð�Ø� �� Ð� Ñ�¹
Ø�Ó�� ÊÃ¾ �×Ø ÕÙ�ÒØ � ÐÙ� Ø�Ò��ÒØ � ÙÒ ÓÖ�Ö� �Ò��Ö��ÙÖ¸ Ý Ö�Ò��ÒØ �ÑÔÓ××��Ð�
Ð³�ÒÐÙ×�ÓÒ ��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� Aº

ÌÓÙØ��Ó�× ÐÓÖ×ÕÙ� Ð� Ñ��ÐÐ��� �×Ø �Ò�¸ Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �� A �ÓÖÑ� ÙÒ ×ÓÙ×¹
�Ò×�Ñ�Ð� ��×Ö�Ø �� C �Ø Ô�ÙÚ�ÒØ �ÓÒ �ØÖ� Ö�Ñ�Ò�� ��Ò× Ð� ÞÓÒ� �� ×Ø���Ð�Ø�
×Ù�Ú�ÒØ ÙÒ� ÓÒ��Ø�ÓÒ �Ä� ÔÐÙ× ÓÒØÖ���Ò�ÒØ�º

ÁÐ �×Ø ���Ð�Ñ�ÒØ ÔÓ××��Ð� �� Ö�ØÖÓÙÚ�Ö ÙÒ� ÓÒ��Ø�ÓÒ �� ×Ø���Ð�Ø� ÔÐÙ× ����Ð�
�×Ø ÙØ�Ð�×�ÒØ ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ� �� ØÝÔ� Ä�Ü¹�Ö���Ö��× ÑÓ���� ´ÚÓ�Ö ��¾℄µ
ÓÙ �ÒÓÖ� �Ò ÙØ�Ð�×�ÒØ ÙÒ ×��Ñ� ÊÃ¿ �ÓÒØ Ð� ÞÓÒ� �� ×Ø���Ð�Ø� ÓÒØ��ÒØ

��



������ �º� � È�ÖØ�� ×ÙÖ���ÕÙ� �³ÙÒ Ñ��ÐÐ��� ´ØÖÓÒÕÙ�� Ô�Ö ÙÒ ÔÐ�Ò ��
ÓÙÔ�µ ÓÒØ�Ò�ÒØ ��× �Ð�Ñ�ÒØ× �ÓÖØ�Ñ�ÒØ ���ÓÖÑ�×º Ä� ÞÓÓÑ Ñ�Ø �Ò �Ú���Ò�
ÙÒ ��Ü���Ö� ���ÓÖÑ� �Ù×ÕÙ³� ��Ú�Ò�Ö ÙÒ ÔÖ�×Ñ�º

ÙÒ� Ô�ÖØ�� �� Ð³�Ü� �Ñ���Ò��Ö� ÔÙÖ �ÒØÖ� �Ò Þ�ÖÓ Ú�×��Ð� ×ÙÖ Ð� ��ÙÖ� ���

���� �º� Ô��� �¿º

Å�Ð�Ö� �Ð�¸ ÒÓÙ× Ò³�ÚÓÒ× Ô�× ÓÒ×Ø�Ø� �� ��Ú�Ö��Ò� �� Ð� Ñ�Ø�Ó�� ÐÓÖ× ��×
×�ÑÙÐ�Ø�ÓÒ× ���ØÙ��×¸ �Ø � Ñ�Ñ� � Ð³ÓÖ�Ö� ¾º

�º¿º¿ ÍÒ� �ÔÔÐ��Ø�ÓÒ �Ù ����ÒÓ×Ø� ÒÙÑ�Ö�ÕÙ� �� ×Ø���Ð�Ø�

��Ò× � ÕÙ� ÔÖ����¸ ÒÓÙ× �ÚÓÒ× ��Ö�Ø ÙÒ� Ø��Ò�ÕÙ� ÒÙÑ�Ö�ÕÙ� Ô�ÖÑ�ØØ�ÒØ
�� ����ÒÓ×Ø�ÕÙ�Ö ÙÒ� �Ò×Ø���Ð�Ø�º �ÔÔÐ�ÕÙÓÒ× �ÐÓÖ× �ØØ� Ø��Ò�ÕÙ� �ÙÜ ��ÙÜ
Ö�ÔÖ�×�ÒØ�Ø�ÓÒ× �� Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× �� ÓÒ�ÙØ�ÙÖ Ô�Ö���Ø �ÒØÖÓ�Ù�Ø�×
��Ò× Ð� ×�Ø�ÓÒ ¿º½ Ô��� ��º

Ä� ��ÙÖ� ������ �º� Ö�ÔÖ�×�ÒØ� ÙÒ� ×ØÖÙØÙÖ� ×ÙÖ���ÕÙ� �³ÙÒ Ñ��ÐÐ���º Ä�
Ñ��ÐÐ��� �×Ø ��Ò�Ö� �Ò Ö��Ð�×�ÒØ ÙÒ Ñ��ÐÐ��� �ÖØ�×��Ò �� Ð� ×ØÖÙØÙÖ� ÔÙ�×
�Ò ���ÓÖÑ�ÒØ Ð�× �Ð�Ñ�ÒØ× ÔÓÙÖ Ö�Ò�Ö� Ð� Ñ��ÐÐ��� ÓÒ�ÓÖÑ� � Ð� ×ØÖÙØÙÖ�
×�ÑÙÐ��º �� ÔÖÓ�××Ù× ÔÖÓ�Ù�Ø ��× �Ð�Ñ�ÒØ× �Ý�ÒØ ÙÒ� �ÓÖØ� ���ÓÖÑ�Ø�ÓÒ ��Ò×
Ð�× ÞÓÒ�× Ó� �×Ø ÔÖ�×�ÒØ� ÙÒ� ×ØÖÙØÙÖ� Ó�Ð�ÕÙ�º Ä� ÞÓÓÑ Ô�ÖÑ�Ø �� Ñ�ØØÖ�
�Ò �Ú���Ò� ÙÒ Ø�Ð �Ð�Ñ�ÒØº ËÙÖ ØÖÓ�× ��× ���× �� �Ø �Ð�Ñ�ÒØ¸ ÙÒ �ÙÜ Ö�ÔÖ�¹
×�ÒØ�ÒØ ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× Ñ�Ø�Ð �×Ø �ÔÔÐ�ÕÙ� �Ø ×ÙÖ Ð�× �ÙØÖ�× ���×
ÙÒ �ÙÜ ���ÒØÖ� �×Ø �ÔÔÐ�ÕÙ�º

ÆÓÙ× �ÐÐÓÒ× �ÓÒ �ØÙ���Ö Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� ��Ò× ÙÒ Ø�Ð �Ð�Ñ�ÒØº �ÓÒ×�¹

��



��ÖÓÒ× �ÓÒ ÙÒ �Ð�Ñ�ÒØ �ÓÒØ Ð�× ÓÓÖ�ÓÒÒ��× ��× Ò�Ù�× ×ÓÒØ

S0 = (0, 0, 0),

S1 = (1, 0, 0),

S2 = (1, 1, 0),

S3 = (0, 1, 0),

S4 = (−1, 0, 0),

S5 = (0,−0, 1),

S6 = (0, 1, 1),

S7 = (−1, 1, 0).

´�º�¿µ

ÆÓÙ× �ÔÔÐ�ÕÙÓÒ× ×ÙÖ Ð�× ���× 0¸ 3 �Ø 4 ´ÚÓ�Ö ´�º� Ô��� ��µµ ÙÒ �ÙÜ �� ØÝÔ�
Ñ�Ø�Ð �Ø ×ÙÖ Ð�× �ÙØÖ�× ���× ÙÒ �ÙÜ Ö�ÔÖ�×�ÒØ�ÒØ ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�×
�� Ë�ÐÚ�Ö¹Å�ÐÐ�Ö ���Ò�� ��Ò× Ð� ×�Ø�ÓÒ ¿º� Ô��� ��º �� �ÙÜ �×Ø ���Ò� Ô�Ö

FSM (W , n) = F (W , 0, n) = Ain+
i W . ´�º��µ

��Ò×�¸ �Ð �ÙÖ� Ð� Ñ�Ñ� �Ò�Ù�Ò� ×ÙÖ Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� ÕÙ� Ð� �ÙÜ ���ÒØÖ�º
��ØØ� ÓÒ��ÙÖ�Ø�ÓÒ �×Ø Ö�ÔÖ�×�ÒØ�� ×ÙÖ Ð� ��ÙÖ� ������ �º� Ô��� ×Ù�Ú�ÒØ�
×ÙÖ Ð�ÕÙ�ÐÐ� Ð�× ���× Ñ�Ø�ÐÐ�ÕÙ�× ×ÓÒØ Ö�ÔÖ�×�ÒØ��× �Ò Ú�ÖØº ÈÓÙÖ Ð�× �ÙÜ
�� ØÝÔ� Ñ�Ø�Ð ��××�Ô�Ø�� ´¿º� Ô��� �½µ �Ø ÒÓÒ ��××�Ô�Ø�� ´¿º� Ô��� �½µ¸ ÒÓÙ×
�ÐÙÐÓÒ× Ð� Ñ�ØÖ�� A Ð��ÒØ Ð�× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× � Ð�ÙÖ ��Ö�Ú�� �Ò
Ø�ÑÔ× ´ÚÓ�Ö ´�º�� Ô��� �¾µµº

Ä� ��ÙÖ� ������ �º� Ô��� ×Ù�Ú�ÒØ� Ö�ÔÖ�×�ÒØ� Ð�× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× Ó�Ø�ÒÙ�×
�Ò ÙØ�Ð�×�ÒØ Ð�× �ÙÜ �� �ÓÖ� ��××�Ô�Ø�� ¿́º� Ô��� �½µ �Ø ÒÓÒ ��××�Ô�Ø�� ¿́º� Ô��� �½µº
��Ò× Ð�× ��ÙÜ �× Ð�× Ñ�ØÖ��× A ÓÒØ �Ø� ÑÓ�ÙÐ��× Ô�Ö ÙÒ Ô�× �� Ø�ÑÔ× ��Ú�ÒØ
�××ÙÖ�Ö Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�¸ ��Ò× ÒÓØÖ� �×

Δt =
3× 10−2

c
. ´�º��µ

��Ò× Ð� �× �� Ð³ÙØ�Ð�×�Ø�ÓÒ �³ÙÒ �ÙÜ ÒÓÒ ��××�Ô�Ø��¸ ÒÓÙ× ÚÓÝÓÒ× �ÔÔ�Ö��ØÖ�
��× Ú�Ð�ÙÖ× ÔÖÓÔÖ�× �Ò ���ÓÖ× �� Ð� ÞÓÒ� �� ×Ø���Ð�Ø� �Ù ×��Ñ�º ÆÓÙ× ÔÓÙÖ¹
Ö�ÓÒ× ØÓÙØ��Ó�× Ö�ØÖÓÙÚ�Ö ÙÒ ×��Ñ� ×Ø��Ð� �Ò ��Ñ�ÒÙ�ÒØ Ð� Ô�× �� Ø�ÑÔ×¸
��Ò× Ð� �× ÔÖ�×�ÒØ �Ò Ð� ��Ú�×�ÒØ Ô�× ØÖÓ�×¸ �ÒØÖ��Ò�ÒØ ÙÒ� �Ù�Ñ�ÒØ�Ø�ÓÒ �Ò¹
Ú�Ö×�Ñ�ÒØ ÔÖÓÔÓÖØ�ÓÒÒ�ÐÐ� �Ù Ø�ÑÔ× �� �ÐÙÐº Ä³ÙØ�Ð�×�Ø�ÓÒ �Ù �ÙÜ ��××�Ô�Ø��
ÒÓÙ× Ô�ÖÑ�Ø �� ÓÒ×�ÖÚ�Ö Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�¸ ×�Ò× ÓÒØÖ��Ò�Ö� Ð� Ô�× ��
Ø�ÑÔ×º

��



������ �º� � À�Ü���Ö� ���ÓÖÑ� ��Ò× Ð�ÕÙ�Ð ÒÓÙ× �ØÙ��ÓÒ× Ð� ×Ø���Ð�Ø� �Ù
×��Ñ� ��º Ä�× ���× Ú�ÖØ�× ÔÓÖØ�ÒØ ÙÒ �ÙÜ �� ØÝÔ� Ñ�Ø�Ð¸ Ð�× �ÙØÖ�× ���×
ÔÓÖØ�ÒØ ÙÒ �ÙÜ �� ØÝÔ� Ë�ÐÚ�Ö¹Å�ÐÐ�Öº

������ �º� � Î�Ð�ÙÖ× ÔÖÓÔÖ�× ��Ò× Ð� ÔÐ�Ò ÓÑÔÐ�Ü� ÔÓÙÖ Ð�× ÓÒ��Ø�ÓÒ×
�ÙÜ Ð�Ñ�Ø�× ��××�Ô�Ø�Ú� ´× ÖÓÙ��¸ ´¿º� Ô��� �½µµ �Ø ÒÓÒ ��××�Ô�Ø�Ú� ´+ �Ð�Ù
´¿º� Ô��� �½µµº Ä� Ô�× �� Ø�ÑÔ× �×Ø �Ü� � ÙÒ� Ú�Ð�ÙÖ ÕÙ� �××ÙÖ� Ð� ×Ø���Ð�Ø�
�Ù ×��Ñ� ��×Ö�Øº �Ò Ú�ÖØ¸ ÒÓÙ× �ÚÓÒ× Ö�ÔÖ�×�ÒØ� Ð� ÓÒØÓÙÖ �� Ð� ÞÓÒ� ��
×Ø���Ð�Ø� �Ù ×��Ñ�º ÆÓÙ× ÓÒ×Ø�ØÓÒ× ÕÙ� ÔÓÙÖ � ���Ö� Ö�ÒØÖ�Ö � Ð�× Ú�Ð�ÙÖ×
ÔÖÓÔÖ�× �Ð�Ù�× ��Ò× Ð� ÞÓÒ� Ú�ÖØ�¸ �Ð ��Ù�Ö��Ø ��Ñ�ÒÙ�Ö �ÓÖØ�Ñ�ÒØ Ð� Ô�× ��
Ø�ÑÔ×º

��



�ÓÒÐÙ×�ÓÒ

�Ò ÓÒÐÙ×�ÓÒ¸ ��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÚÓÒ× Ô�××� �Ò Ö�ÚÙ� ��Ú�Ö×�× ÓÔØ�¹
Ñ�×�Ø�ÓÒ× �Ø ×�ÑÔÐ���Ø�ÓÒ× ÔÓ××��Ð�× �� Ð� Ñ�Ø�Ó�� �� ÐÓÖ×ÕÙ� Ð� Ñ��ÐÐ���
�×Ø ÓÒ×Ø�ØÙ� �³��Ü���Ö�× ���ÓÖÑ�×º ��× ÓÔØ�Ñ�×�Ø�ÓÒ× ×ÓÒØ �××�ÒØ��ÐÐ�Ñ�ÒØ
�� ��ÙÜ ØÝÔ�× �

� ��Ò× Ð� �ÐÙÐ ��× �ÒØ��Ö�Ð�× �� ÚÓÐÙÑ�× ´Ø�ÖÑ� �� Ö�����Ø�µ¸ Ð� �Ö����ÒØ
�� Ð� �ÓÒØ�ÓÒ �� ��×� i ×³�ÒÒÙÐ� ×ÙÖ ØÓÙ× Ð�× ÔÓ�ÒØ× �� ��Ù×× ÕÙ� Ò�
×ÓÒØ Ô�× �Ð��Ò�× �Ú� Ð� ÔÓ�ÒØ �� ��Ù×× i �

� ��Ò× Ð� �ÐÙÐ ��× Ø�ÖÑ�× �� �ÙÜ¸ Ð� Ö�ÓÒ×ØÖÙØ�ÓÒ ��× ��ÑÔ× �Ò ÙÒ
ÔÓ�ÒØ �� ��Ù×× �� Ð� ��� Ò� ���Ø �ÒØ�ÖÚ�Ò�Ö ÕÙ� Ð�× �ÓÒØ�ÓÒ× �� ��×�
�××Ó���× � ��× ÔÓ�ÒØ× �� ��Ù×× ÚÓÐÙÑ�ÕÙ�× �Ð��Ò�× �Ú� � ÔÓ�ÒØº

��× ÓÔØ�Ñ�×�Ø�ÓÒ× �Ø ×�ÑÔÐ���Ø�ÓÒ× ��Ð�Ö�ÒØ ���� �� ���ÓÒ ØÖ�× �ÑÔÓÖØ�ÒØ�
Ð� ÔÖÓ�Ö�ÑÑ�Ø�ÓÒ �� Ð� Ñ�Ø�Ó�� ×ÙÖ ÙÒ ÓÖ��Ò�Ø�ÙÖ ×�ÕÙ�ÒØ��Ðº ÆÓØÖ� �ÙØ �×Ø
�³��Ð�Ö�Ö �ÒÓÖ� Ð�× �ÐÙÐ× �Ù ÑÓÝ�Ò �³ÙÒ� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ �� Ð� Ñ�Ø�Ó��
×ÙÖ ÙÒ ÓÙ ÔÐÙ×��ÙÖ× �ÈÍº

ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ ÔÖ�×�ÒØ� Ð� ×��Ñ� Ø�ÑÔÓÖ�Ð ÊÃ¾ ÙØ�Ð�×� ÔÓÙÖ Ð³�ÒØ�¹
�Ö�Ø�ÓÒ �Ò Ø�ÑÔ×º ÆÓÙ× �ÚÓÒ× �ÓÒÒ� ÙÒ� ÓÒ��Ø�ÓÒ �� ØÝÔ� ��Ä Ô�ÖÑ�ØØ�ÒØ
�� �ÐÙÐ�Ö ÙÒ Ô�× �� Ø�ÑÔ× ÔÓÙÖ Ð�ÕÙ�Ð Ð� ×��Ñ� Ò� ��Ú�Ö��Ö� Ô�×¸ ��Ò×�
ÕÙ³ÙÒ ÑÓÝ�Ò ÔÖ�Ø�ÕÙ� Ô�ÖÑ�ØØ�ÒØ �� ×³�××ÙÖ�Ö �� Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�º

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ Ñ�ØØÖ� �Ò ÔÐ�� Ð³�Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� ÑÙÐØ�¹�ÈÍ ÙØ�¹
Ð�×�ÒØ Ð� Ñ�Ø�Ó�� �� ÕÙ� ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ��º ��Ø �Ð�ÓÖ�Ø�Ñ� �×Ø �ÔÔÐ�ÕÙ�
�ÙÜ �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ´½º½ Ô��� �µ �Ø �Ù ÑÓ��Ð� �� ÈÅÄ ´½º�¼ Ô��� ¾�µº

��



�������� �

ÈÖÓ�Ö�ÑÑ�Ø�ÓÒ ×ÙÖ �ÈÍ

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× ��Ö�ÚÓÒ× Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ×ÙÖ ÙÒ ÓÙ ÔÐÙ×��ÙÖ× �ÈÍ
�� Ð� Ñ�Ø�Ó�� �� ×ÙÖ ��Ü���Ö�× ��Ö�Ø� �Ù ��Ô�ØÖ� ÔÖ����ÒØº ÆÓÙ× �ÐÐÓÒ×
�ÜÔÐÓ�Ø�Ö Ð� ÔÙ�××�Ò� ��× �ÖØ�× �Ö�Ô��ÕÙ�× Ö��ÒØ�× ÕÙ� Ô�ÖÑ�ØØ�ÒØ �� Ö��¹
Ð�×�Ö �� ���ÓÒ Ñ�××�Ú�Ñ�ÒØ Ô�Ö�ÐÐ�Ð� ��× �ÐÙÐ× ��Ò�Ö�Ð�×Ø�×º ��× � ��Ò�Ö�Ð
ÈÙÖÔÓ×� �Ö�Ô�� ÈÖÓ�××�Ò� ÍÒ�Ø× � ´�È�ÈÍ ÓÙ ÔÐÙ× ×�ÑÔÐ�Ñ�ÒØ �ÈÍµ
ÔÓ××���ÒØ ÙÒ� ÔÙ�××�Ò� Ö�Ø� �Ð�Ú��¸ �� Ð³ÓÖ�Ö� �Ù Ì�Ö��ÓÔ×º �� ØÝÔ� ��
Ñ�Ø�Ö��Ð �×Ø �� ÔÐÙ× �Ò ÔÐÙ× ÙØ�Ð�×� ��Ò× Ð� ×�ÑÙÐ�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ�º ÆÓÙ× ØÖÓÙ¹
ÚÓÒ× �ØØ� ÙØ�Ð�×�Ø�ÓÒ ��× �ÈÍ ��Ò× Ð� Ö�×ÓÐÙØ�ÓÒ ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ
�½¼¸ �¼℄¸ �� ÎÐ�×ÓÚ¹Å�ÜÛ�ÐÐ �¾¼℄¸ Ð� ×�ÑÙÐ�Ø�ÓÒ �� ��Þ �Ø �Ù���× �¾½¸ ¿¾℄¸ �Ø
���Ò �³�ÙØÖ�× �ÓÑ��Ò�×º

ÆÓÙ× �ÚÓÒ× Ö��Ð�×� �ØØ� ÔÖÓ�Ö�ÑÑ�Ø�ÓÒ �Ò �·· �Ò ÙØ�Ð�×�ÒØ Ð³�ÒÚ�ÖÓÒÒ�Ñ�ÒØ
ÇÔ�Ò�Ä ´� ÇÔ�Ò �ÓÑÔÙØ�Ò� Ä�Ò�Ù��� � �¾�℄µ ÔÓÙÖ Ô�ÐÓØ�Ö Ð� Ô�Ö�ÐÐ�Ð�×Ñ� �
Ð³�ÒØ�Ö��ÙÖ ��× ÙÒ�Ø�× �� �ÐÙÐ �³ÙÒ �ÈÍº ��ØØ� ���Ð�ÓØ��ÕÙ� Ô�ÖÑ�Ø �³�Ü¹
ÔÐÓ�Ø�Ö Ð� ÔÙ�××�Ò� �� �ÐÙÐ �� ��Ú�Ö× ØÝÔ�× �³��Ð�Ö�Ø�ÙÖ× ´�ÈÍ¸ �ÈÍ
ÑÙÐØ�¹�ÙÖ×¸ ÓÔÖÓ�××�ÙÖ×¸ �Øºµ ÔÖÓ�Ù�Ø Ô�Ö ��Ú�Ö× ÓÒ×ØÖÙØ�ÙÖ× ´ÆÎ����¸
�Å�¸ ÁÒØ�Ðµ ×ÓÙ× ����Ö�ÒØ× ×Ý×Ø�Ñ�× �³�ÜÔÐÓ�Ø�Ø�ÓÒ ´Ä�ÒÙÜ¸ Ï�Ò�ÓÛ×¸ Å�µº
��Ò×� Ð³��ÓÖØ �� ÔÖÓ�Ö�ÑÑ�Ø�ÓÒ ÒÓÒ Ò��Ð�����Ð� �ÓÙÖÒ� ÔÓÙÖ Ô�Ö�ÐÐ�Ð�×�Ö Ð�×
�ÐÙÐ× ×ÙÖ �ÈÍ �×Ø �Ù××� �ÜÔÐÓ�Ø��Ð� ×ÙÖ ÙÒ ÔÖÓ�××�ÙÖ ÑÙÐØ�Ó�ÙÖ ÔÐÙ× Ð�×¹
×�ÕÙ�º

Ä�× �ÈÍ �ØÙ�Ð× ÓÒØ Ð� Ô�ÖØ�ÙÐ�Ö�Ø� �� ÔÓ××���Ö ÙÒ ÚÓÐÙÑ� �� Ñ�ÑÓ�Ö� Ð�¹
Ñ�Ø�¸ Ò� ��Ô�××�ÒØ Ô�× ÕÙ�ÐÕÙ�× ����ÓØ�Ø×º ÁÐ �×Ø �ÓÒ �ÑÔÓÖØ�ÒØ¸ � Ð� �Ó�×
ÔÓÙÖ ÔÓÙÚÓ�Ö ØÖ��Ø�Ö ��× ÚÓÐÙÑ�× �� �ÓÒÒ��× �ÑÔÓÖØ�ÒØ× �Ø ÔÓÙÖ �ØØ��Ò�Ö�
ÙÒ� ÔÙ�××�Ò� �ÒÓÖ� ÔÐÙ× �Ð�Ú��¸ �� ÔÓÙÚÓ�Ö �ÜÔÐÓ�Ø�Ö �Ò Ñ�Ñ� Ø�ÑÔ× ÔÐÙ¹
×��ÙÖ× �ÈÍº ��Ò×�¸ ÒÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ Ô�Ö�ÐÐ�Ð�×� Ð�× �ÐÙÐ× ×ÙÖ ÔÐÙ×��ÙÖ×
Ô�Ö�Ô��Ö�ÕÙ�× �Ò ÙØ�Ð�×�ÒØ Ð� ���Ð�ÓØ��ÕÙ� ÅÈÁ ´Å�××��� È�××�Ò� ÁÒØ�Ö���µº
��ÐÐ�¹� Ó�Ö� Ð� ÔÓ××���Ð�Ø� �� Ð�Ò�Ö ÔÐÙ×��ÙÖ× ÔÖÓ�××Ù× �Ò��Ô�Ò��ÒØ× ÕÙ� ��¹

��



��ØÙ�ÒØ Ð�× �ÐÙÐ× ×ÙÖ ����Ö�ÒØ�× Ô�ÖØ��× �Ù Ñ��ÐÐ��� �Ø ÓÑÑÙÒ�ÕÙ�ÒØ Ô�Ö
ÙÒ ×Ý×Ø�Ñ� �� Ñ�××���×º

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× ÔÖ�×�ÒØ�ÖÓÒ× Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÇÔ�Ò�Ä ��× �Ð¹
ÙÐ×¸ ÔÙ�× ÒÓÙ× ��Ö�ÖÓÒ× ÙÒ� ÔÖ�Ñ��Ö� ×ØÖ�Ø���� ×ÝÒ�ÖÓÒ� �� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ
ÅÈÁº ÆÓÙ× Ú�ÖÖÓÒ× �Ù ��Ô�ØÖ� ×Ù�Ú�ÒØ ÓÑÑ�ÒØ �Ñ�Ð�ÓÖ�Ö �ØØ� �ÔÔÖÓ��
�Ù ÑÓÝ�Ò �³ÙÒ� ×ØÖ�Ø���� �×ÝÒ�ÖÓÒ�º

�º½ È�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÇÔ�Ò�Ä

ÍÒ ÔÖ�Ñ��Ö Ò�Ú��Ù �� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÓÒ×�×Ø� �ÓÒ �Ò Ð³ÙØ�Ð�×�Ø�ÓÒ �� Ð� ��¹
�Ð�ÓØ��ÕÙ� ÇÔ�Ò�Äº ��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ÔÖ�×�ÒØÓÒ× Ð� ×ØÖ�Ø���� �� Ô�¹
Ö�ÐÐ�Ð�×�Ø�ÓÒ ÙØ�Ð�×��º ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× ��ÓÖ�ÓÒ× Ð� ���Ð�ÓØ��ÕÙ�
ÇÔ�Ò�Ä �Ø Ð�× ×Ô����Ø�× �� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ×ÙÖ �ÈÍº �Ò×Ù�Ø�¸ ÒÓÙ× ��¹
Ö�ÚÓÒ× ÙÒ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÔÓÙÚ�ÒØ �ØÖ� ÙØ�Ð�×�� ×ÙÖ ����Ö�ÒØ× ØÝÔ�× ��
Ñ��ÐÐ���×º �Ò�Ò¸ ÒÓÙ× ÙØ�Ð�×ÓÒ× Ð�× ×Ô����Ø�× �� Ð³�×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ
×ÙÖ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ� ��Ò �³ÓÔØ�Ñ�×�Ö Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÔÓÙÖ � ØÝÔ� ×Ô�¹
��ÕÙ� �� Ñ��ÐÐ���º

�º½º½ Ä� ���Ð�ÓØ��ÕÙ� ÇÔ�Ò�Ä

ÇÔ�Ò�Ä �×Ø ÙÒ� �ÒØ�Ö��� �� ÔÖÓ�Ö�ÑÑ�Ø�ÓÒ ´� �ÔÔÐ��Ø�ÓÒ ÈÖÓ�Ö�ÑÑ�Ò�
ÁÒØ�Ö��� � ÓÙ �ÈÁµ Ñ��ÒØ�ÒÙ� Ô�Ö Ð� Ã�ÖÓÒÓ× �ÖÓÙÔ �¾�℄¸ ÕÙ� ��Ö� �Ù××� Ð�
×Ø�Ò��Ö� �Ö�Ô��ÕÙ� ÇÔ�Ò�Äº ��ØØ� �ÈÁ � �Ø� �³��ÓÖ� �ÒÚ�ÒØ�� Ô�Ö �ÔÔÐ�¸
ÔÙ�× ÓÒ��� � Ã�ÖÓÒÓ× �Ò ¾¼¼�¸ ��Ò× Ð³�×ÔÓ�Ö ÕÙ³�ÐÐ� ��Ú��ÒÒ� ÙÒ ×Ø�Ò��Ö�º
Ä� ÔÖ�Ñ��Ö� Ú�Ö×�ÓÒ �×Ø ×ÓÖØ�� �Ò ¾¼¼�º �Ù�ÓÙÖ�³�Ù�¸ Ð� Ú�Ö×�ÓÒ ÓÙÖ�ÒØ� �×Ø Ð�
Ú�Ö×�ÓÒ ½º¾º ����Ö�ÒØ× ÓÒ×ØÖÙØ�ÙÖ× ´�Å�¸ ÆÚ����¸ ÁÒØ�Ð¸ ºººµ ÓÒØ ��Ú�ÐÓÔÔ�
��× Ô�ÐÓØ�× Ô�ÖÑ�ØØ�ÒØ �³ÙØ�Ð�×�Ö ÇÔ�Ò�Ä ÔÓÙÖ Ô�Ö�ÐÐ�Ð�×�Ö ��× �ÐÙÐ× ×ÙÖ
Ð�ÙÖ× Ñ�Ø�Ö��Ð×º Ä�× Ô�ÐÓØ�× ÇÔ�Ò�Ä ×ÓÒØ ��×ÔÓÒ��Ð�× ÔÓÙÖ Ð� ÔÐÙÔ�ÖØ ��×
��Ð�Ö�Ø�ÙÖ× � �ÈÍ ÑÙÐØ�Ó�ÙÖ ��× Ñ�ÖÕÙ�× �Å�¸ ÁÒØ�Ð¸ �ÊÅ¸ Á�Å � �ÈÍ
��× Ñ�ÖÕÙ�× �Å�¸ ÆÎÁ�Á�¸ �ÊÅ Å�ÄÁ � ÓÙ ÓÔÖÓ�××�ÙÖ ÁÒØ�Ð ��ÓÒ È�� �
�Øº

��ØØ� ���Ð�ÓØ��ÕÙ� �×Ø �ÓÒ Ö�Ð�Ø�Ú�Ñ�ÒØ ÔÓÖØ��Ð�º �ÐÐ� Ô�ÙØ �ØÖ� ÙØ�Ð�×��
��Ò× ÙÒ �ÒÚ�ÖÓÒÒ�Ñ�ÒØ Ï�Ò�ÓÛ×¸ Ä�ÒÙÜ ÓÙ Å�º

�¼



È�Ö�Ô��Ö�ÕÙ� ÇÔ�Ò�Ä

��Ò× Ð³��×ØÖ�Ø�ÓÒ ÇÔ�Ò�Ä¸ Ð³��Ø� ´� �Ó×Ø �µ �×Ø Ð� ÔÖÓ�××�ÙÖ ÕÙ� �Ü�ÙØ� Ð�×
�Ò×ØÖÙØ�ÓÒ× �Ù ÔÖÓ�Ö�ÑÑ� ÔÖ�Ò�Ô�Ð¸ �××ÙÖ� Ð� ×ÓÙÑ�××�ÓÒ ��× �ÐÙÐ× ×ÙÖ Ð�×
Ô�Ö�Ô��Ö�ÕÙ�× �� �ÐÙÐ× ��Ò×� ÕÙ� Ð�× Ø���× �ÒÒ�Ü�× ´ÔÖ�¹ �Ø ÔÓ×Ø¹ØÖ��Ø�Ñ�ÒØ
��× �ÓÒÒ��×¸ �Øºµº Ä�× Ô�Ö�Ô��Ö�ÕÙ�× �� �ÐÙÐ× ´� ��Ú��× �µ ÓÙ ��Ð�Ö�Ø�ÙÖ×
�Ü�ÙØ�ÖÓÒØ Ð�× ÒÓÝ�ÙÜ �� �ÐÙÐ× �ÒØ�Ò×��×º ��× �ÐÙÐ× ×ÓÒØ ÔÖÓ�Ö�ÑÑ�× �Ò
ÙØ�Ð�×�ÒØ ÙÒ Ð�Ò���� ÔÖÓ�� �Ù � �ÔÔ�Ð� ÇÔ�Ò�Ä¹�º ÍÒ Ø�Ð ÔÖÓ�Ö�ÑÑ� �×Ø
�ÔÔ�Ð� ��ÖÒ�Ð º Ä�× ×ÓÙÖ�× ��× ��ÖÒ�Ð× Ô�ÙÚ�ÒØ �ØÖ� ÓÒ×ØÖÙ�Ø�× �Ø ÓÑÔ�Ð��×
ÐÓÖ× �� Ð³�Ü�ÙØ�ÓÒ �Ù ÔÖÓ�Ö�ÑÑ� ��Ø�¸ ÒÓÙ× Ô�ÖÑ�ØØ�ÒØ ��Ò×� �³Ý �Ò×Ö�Ö�
� �Ò �ÙÖ � ��× �Ò�ÓÖÑ�Ø�ÓÒ× ÓÒØ�ÜØÙ�ÐÐ�×º

Ä� ×ÓÙÑ�××�ÓÒ ��× Ø���× �Ù Ô�Ö�Ô��Ö�ÕÙ� �×Ø ���ØÙ�� Ú�� ÙÒ� �Ð� �³�ØØ�ÒØ�º
Ä�× Ø���× Ô�ÙÚ�ÒØ �ØÖ� ��× ØÖ�Ò×��ÖØ× �� �ÓÒÒ��× �ÒØÖ� Ð³��Ø� �Ø Ð� Ô�Ö�Ô��¹
Ö�ÕÙ� ÇÔ�Ò�Ä¸ ÓÙ ��× �Ü�ÙØ�ÓÒ× �� ��ÖÒ�Ð×º Ä³�Ü�ÙØ�ÓÒ ��× Ø���× Ô�ÙØ
�ØÖ� ��Ö�� �� ÔÐÙ×��ÙÖ× Ñ�Ò��Ö�×º Ä�× Ø���× Ô�ÙÚ�ÒØ �ØÖ� ×ÓÙÑ�×�× �� Ñ�¹
Ò��Ö� ×ÝÒ�ÖÓÒ�º �ÐÐ�× ×ÓÒØ �ÐÓÖ× ���ØÙ��× ��Ò× Ð³ÓÖ�Ö� �� ×ÓÙÑ�××�ÓÒ �Ø
Ð³�Ü�ÙØ�ÓÒ �Ù ÔÖÓ�Ö�ÑÑ� ��Ø� �×Ø ×ØÓÔÔ�� �ÙÖ�ÒØ Ð³�Ü�ÙØ�ÓÒ �� Ð� Ø���º

Ä³�Ü�ÙØ�ÓÒ ��× Ø���× Ô�ÙØ �ØÖ� ���Ð�Ñ�ÒØ ���ØÙ�� �� Ñ�Ò��Ö� �×ÝÒ�ÖÓÒ�º
��Ò× � �×¸ ��ÕÙ� Ø��� �×Ø �××Ó��� � ÙÒ �Ú�Ò�Ñ�ÒØ ÇÔ�Ò�Ä ÕÙ� Ô�Ö¹
Ñ�Ø �� ÓÒÒ��ØÖ� Ð� ×Ø�ØÙØ �³�Ü�ÙØ�ÓÒ �� Ð� Ø��� � �Ò �ØØ�ÒØ�¸ ×ÓÙÑ�×�¸ �Ò
ÓÙÖ× �³�Ü�ÙØ�ÓÒ ÓÙ Ø�ÖÑ�Ò��º Ä³�Ü�ÙØ�ÓÒ �Ù ÔÖÓ�Ö�ÑÑ� ��Ø� ÓÒØ�ÒÙ� �Ù¹
Ö�ÒØ Ð³�Ü�ÙØ�ÓÒ ��× Ø���×º ��Ò �� ��Ö�ÒØ�Ö Ð� �ÓÒ ��ÖÓÙÐ�Ñ�ÒØ ��× �ÐÙÐ×¸
Ð³�Ü�ÙØ�ÓÒ �³ÙÒ� Ø��� Ô�ÙØ �ØÖ� ÓÒ��Ø�ÓÒÒ�� Ô�Ö Ð� Ø�ÖÑ�Ò��×ÓÒ �³ÙÒ ��Ù ��
Ø���× � Ð³���� �³ÙÒ� Ð�×Ø� �³�Ú�Ò�Ñ�ÒØ×º ÁÐ �×Ø Ð�××�ÕÙ� �� Ö�ÔÖ�×�ÒØ�Ö Ð�× ��¹
Ô�Ò��Ò�× �ÒØÖ� Ð�× �Ú�Ò�Ñ�ÒØ× �Ù ÑÓÝ�Ò �³ÙÒ �Ö�Ô�� �� Ø���×º Ä�× ��ÙÖ�×
������ �º¾ Ô��� ½�½ �Ø ������ �º¿ Ô��� ½�¾ Ö�ÔÖ�×�ÒØ�ÒØ �� Ø�Ð× �Ö�Ô��×º

�Ù ÔÓ�ÒØ �� ÚÙ� �� Ð³�Ü�ÙØ�ÓÒ �³ÙÒ ��ÖÒ�Ð ¸ Ð� Ô�Ö�Ô��Ö�ÕÙ� �×Ø ÚÙ ×ÓÙ×
Ð� �ÓÖÑ� �³ÙÒ �Ò×�Ñ�Ð� �³ÙÒ�Ø�× �� ØÖ�Ú��Ð¸ Ð�× ÛÓÖ�¹�Ø�Ñ×¸ Ö�××�Ñ�Ð�× �Ò
�ÖÓÙÔ�× �� ØÖ�Ú��Ð¸ Ð�× ÛÓÖ�¹�ÖÓÙÔ×¸ ��Ò×� ÕÙ� �� ÔÐÙ×��ÙÖ× �×Ô��× �� Ñ�¹
ÑÓ�Ö�º Ä� ��ÙÖ� ������ �º½ Ô��� ×Ù�Ú�ÒØ� Ö�ÔÖ�×�ÒØ� ÙÒ Ô�Ö�Ô��Ö�ÕÙ� ´� ��¹
Ú�� �µ ÇÔ�Ò�Äº Ä�× ÒÓÑ�Ö�× �� ÛÓÖ�¹�Ø�Ñ× �Ø �� ÛÓÖ�¹�ÖÓÙÔ× �××Ó��× �
Ð³�Ü�ÙØ�ÓÒ �³ÙÒ ��ÖÒ�Ð ×ÓÒØ ×Ô����× ÐÓÖ× �� Ð� ×ÓÙÑ�××�ÓÒ �� Ð� Ø��� ��Ò×
Ð� �Ð� �³�ØØ�ÒØ�º ÌÓÙ× Ð�× ÛÓÖ�¹�Ø�Ñ× �Ü�ÙØ�ÒØ �ÐÓÖ× Ð� Ñ�Ñ� ÔÖÓ�Ö�ÑÑ�º
�ÓÑÑ� Ð�× ÛÓÖ�¹�Ø�Ñ× �³ÙÒ Ñ�Ñ� ÛÓÖ�¹�ÖÓÙÔ Ô�ÖØ���ÒØ Ð� Ñ�Ñ� ÙÒ�Ø� �³�Ò×¹
ØÖÙØ�ÓÒ ½ Ð�× �Ò×ØÖÙØ�ÓÒ× ÓÒ��Ø�ÓÒÒ�ÐÐ�× ÓÒ�Ù�×�ÒØ � Ð³�Ü�ÙØ�ÓÒ �� ØÓÙØ�×
Ð�× �Ö�Ò��×º Ë�ÙÐ�× Ð�× �Ö�ØÙÖ�× ×ÓÒØ ��×�Ø�Ú��× ��Ò× Ð�× �Ö�Ò��× Ö���Ø��×º
��Ò×�¸ ÒÓÙ× ��ÚÓÒ× Ð�Ñ�Ø�Ö �Ù Ñ�Ü�ÑÙÑ Ð� ÒÓÑ�Ö� �� �Ö�Ò��× ÔÖ�×�ÒØ�×
��Ò× Ð�× ��ÖÒ�Ð×º

½º �³�×Ø Ð� ÔÖ�Ò�Ô� �Ù Ô�Ö�ÐÐ�Ð�×Ñ� ËÁÅ� � Ë�Ò�Ð� ÁÒ×ØÖÙØ�ÓÒ ÅÙÐØ�ÔÐ� ��Ø�º

�½



������ �º½ � Ë��Ñ�Ø�×�Ø�ÓÒ �³ÙÒ Ô�Ö�Ô��Ö�ÕÙ� ÇÔ�Ò�Ä ÓÑÔÖ�Ò�ÒØ ØÖÓ�×
ÛÓÖ�¹�ÖÓÙÔ× �ÓÖÑ�× �� � ÛÓÖ�¹�Ø�Ñ× ��ÙÒº

ÄÓÖ× �� Ð³�Ü�ÙØ�ÓÒ �³ÙÒ ��ÖÒ�Ð Ô�Ö Ð� Ô�Ö�Ô��Ö�ÕÙ� ÇÔ�Ò�Ä¸ ÒÓÙ× �ÚÓÒ×
��× � ��× �ÓÒÒ��× ÓÒØ�ÜØÙ�ÐÐ�× ÕÙ� Ô�ÖÑ�ØØ�ÒØ �� Ô�ÐÓØ�Ö Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒº
ÆÓÙ× ÔÓÙÚÓÒ× Ô�Ö �Ü�ÑÔÐ� ÓÒÒ��ØÖ� Ð� ÒÙÑ�ÖÓ �Ù ÛÓÖ�¹�Ø�Ñ �Ø Ð� ÒÙÑ�ÖÓ
�Ù ÛÓÖ�¹�ÖÓÙÔº ��× �ÓÒÒ��× Ô�ÖÑ�ØØ�ÒØ �ÐÓÖ× �� Ô�Ö�ÐÐ�Ð�×�Ö Ð�× �ÐÙÐ× �� Ð�
Ñ�Ò��Ö� ×ÓÙ���Ø��º

Ä� Ñ�ÑÓ�Ö� �Ù Ô�Ö�Ô��Ö�ÕÙ� �×Ø ÓÒ×Ø�ØÙ�� �� ����Ö�ÒØ�× Ô�ÖØ��×º �³��ÓÖ�
ÙÒ� Ñ�ÑÓ�Ö� ÓÒ×Ø�ÒØ� ´���ÒØ���� Ô�Ö Ð� ÔÖ��Ü� ��ÓÒ×Ø�ÒØµº ��ØØ� Ñ�¹
ÑÓ�Ö� �×Ø �³��× Ö�Ô��� �Ø ��××��Ð� Ô�Ö ØÓÙ× Ð�× ÛÓÖ�¹�Ø�Ñ×º Ä�× �ÓÒÒ��×
��Ò× �Ø �×Ô�� ×ÓÒØ �ÐÐÓÙ��× �Ø ���Ò��× ÐÓÖ× �� Ð� ÓÑÔ�Ð�Ø�ÓÒ ��× ��ÖÒ�Ð×
�Ø Ð�ÙÖ× Ú�Ð�ÙÖ× Ò� Ô�ÙÚ�ÒØ Ô�× �ØÖ� ��Ò���× ÐÓÖ× �� Ð³�Ü�ÙØ�ÓÒº �Ò×Ù�Ø�¸
��ÕÙ� ÛÓÖ�¹�ÖÓÙÔ � ��× ÙÒ� Ñ�ÑÓ�Ö� ��� ÐÓ�Ð� ´���ÒØ���� Ô�Ö Ð� ÔÖ�¹
�Ü� ��ÐÓ�Ðµº Ä�× ��× � �ØØ� �×Ô�� �� Ñ�ÑÓ�Ö� ×ÓÒØ ØÖ�× Ö�Ô���×¸ Ñ��× Ð�×
Ú�Ð�ÙÖ× ÕÙ� Ý ×ÓÒØ ×ØÓ���× Ò� ×ÓÒØ ��××��Ð�× ÕÙ� Ô�Ö Ð�× ÛÓÖ�¹�Ø�Ñ× �³ÙÒ
ÛÓÖ�¹�ÖÓÙÔ �Ø ×ÓÒØ Ô�Ö�Ù�× � Ð� �Ò �� Ð³�Ü�ÙØ�ÓÒ �³ÙÒ ��ÖÒ�Ð º �Ò ÓÙØÖ�¸ �ØØ�
Ñ�ÑÓ�Ö� �×Ø Ô�Ø�Ø�¸ �� Ð³ÓÖ�Ö� �� ÕÙ�ÐÕÙ�× ��Þ��Ò�× �� ��ÐÓ¹ÓØ�Ø×¸ �Ø Ö�Ô���
�³��×º ÆÓÙ× ×ØÓ��ÖÓÒ× �� ��× �ÓÒÒ��× Ø�ÑÔÓÖ��Ö�× Ô�ÖØ����× �Ù ×��Ò �³ÙÒ
ÛÓÖ�¹�ÖÓÙÔ Ò��××�Ø�ÒØ ��× ��× Ö�Ô�Ø�×º �Ò�Ò¸ Ð� Ô�Ö�Ô��Ö�ÕÙ� ÓÒØ��ÒØ ÙÒ�
Ñ�ÑÓ�Ö� �ÐÓ��Ð� ´���ÒØ���� Ô�Ö Ð� ÔÖ��Ü� ���ÐÓ��Ðµº ��ÐÐ�¹� �×Ø �� Ð³ÓÖ�Ö�
�� ÕÙ�ÐÕÙ�× ����ÓØ�Ø× ��Ò× Ð� �× �³ÙÒ� �ÖØ� �Ö�Ô��ÕÙ�º ��ØØ� Ñ�ÑÓ�Ö�
�×Ø Ô�ÖØ���� Ô�Ö ØÓÙ× Ð�× ÛÓÖ�¹�Ø�Ñ× �Ü�ÙØ�ÒØ ÙÒ ��ÖÒ�Ð º Ä�× Ð�ØÙÖ�× �Ø
�Ö�ØÙÖ�× Ý ×ÓÒØ Ö�Ð�Ø�Ú�Ñ�ÒØ Ð�ÒØ�×º Ä³����Ø� ��× ��× � �ØØ� Ñ�ÑÓ�Ö�
�ÐÓ��Ð� �×Ø �ÐÓÖ× ÓÒ��Ø�ÓÒÒ�� Ô�Ö Ð�ÙÖ ÓÖ�ÓÒÒ�Ò�Ñ�ÒØº Ä� ���ÓÒ Ð� ÔÐÙ× ��¹
��� �� ÔÖÓ���Ö �×Ø �³����Ö �� Ñ�Ò��Ö� � Ó�Ð�×�ÒØ� � � ��× ÛÓÖ�¹�Ø�Ñ×
�ÓÒØ Ð�× ÒÙÑ�ÖÓ× ×� ×Ù�Ú�ÒØ �Ó�Ú�ÒØ ����Ö � ��× �ÓÒÒ��× ÕÙ� ×ÓÒØ Ö�Ò���×
�� Ñ�Ò��Ö� ÓÒØ��Ù�º

��Ò× Ð�× ÔÖ�×�ÒØ× ØÖ�Ú�ÙÜ¸ ÒÓÙ× �ÚÓÒ× ÔÐÙ× ×Ô���ÕÙ�Ñ�ÒØ ���ÔØ� Ð³�ÑÔÐ�¹
Ñ�ÒØ�Ø�ÓÒ �� Ð³�Ð�ÓÖ�Ø�Ñ� �� �ÙÜ Ô�Ö�Ô��Ö�ÕÙ�× �� ØÝÔ� �ÖØ� �Ö�Ô��ÕÙ�

�¾



´�ÈÍµº �� ØÝÔ� �� Ô�Ö�Ô��Ö�ÕÙ� ÔÓ××��� ÙÒ ����Ð� ÚÓÐÙÑ� �� Ñ�ÑÓ�Ö�º ÆÓÙ×
�ÚÓÒ× �ÐÓÖ× �Ó�×� �� �ÐÙÐ�Ö ÕÙ�Ò� Ò��××��Ö� �ÖØ��Ò× Ô�Ö�Ñ�ØÖ�× ÓÒ×Ø�ÒØ×
��Ò �³�Ô�Ö�Ò�Ö ÙÒ ×ØÓ����º �� ÔÐÙ×¸ �Ð �×Ø Ò��××��Ö� �³ÙØ�Ð�×�Ö Ð�× Ö�××ÓÙÖ�×
�� Ñ�ÑÓ�Ö� ��� ÐÓ�Ð� ÔÓÙÖ ×ØÓ��Ö Ð�× Ö�×ÙÐØ�Ø× �ÒØ�ÖÑ�����Ö�×¸ Ñ��× �Ù××�
�ÖØ��Ò�× �ÓÒÒ��× �ÓÒØ Ð³��× �×Ø �Ö�ÕÙ�ÒØº

�º½º¾ �ÓÒ� �� Ñ��ÐÐ��� �ÓÑÓ��Ò�

��Ò �³�Ñ�Ð�ÓÖ�Ö Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ��× �ÐÙÐ×º Ä�× Ñ��ÐÐ�× ×ÓÒØ Ö�Ô�ÖØ��× ��Ò×
��× ÞÓÒ�× �ÓÑÓ��Ò�×º ���ÕÙ� ÞÓÒ� ÓÒØ��ÒØ ÙÒ ÙÒ�ÕÙ� ØÝÔ� �� Ñ��ÐÐ� ��Ò×�
ÕÙ³ÙÒ� Ñ�Ñ� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº Ä�× ����Ö�ÒØ�× Ô��×�× �Ù �ÐÙÐ �� Ð�
��Ö�Ú�� Ø�ÑÔÓÖ�ÐÐ� ��× ��ÑÔ× ×ÓÒØ ���ØÙ��× ÞÓÒ� Ô�Ö ÞÓÒ�º

ÄÓÖ× �� Ð� Ö��Ø�ÓÒ �� Ð� Ö�ÔÖ�×�ÒØ�Ø�ÓÒ �Ù Ñ��ÐÐ���¸ Ð�× �Ð�Ñ�ÒØ× ×ÓÒØ ØÖ��×
×Ù�Ú�ÒØ Ð�ÙÖ Ò�ØÙÖ�º ��Ð� ÒÓÙ× Ô�ÖÑ�Ø �³ÙÒ� Ô�ÖØ �� ��Ò�Ö�Ö Ð�× ÞÓÒ�× �ÓÑÓ¹
��Ò�×º �³�ÙØÖ� Ô�ÖØ¸ � ØÖ� �××ÙÖ� ÕÙ� Ð�× �ÓÒÒ��× Ö�Ð�Ø�Ú�× �ÙÜ �Ð�Ñ�ÒØ× �³ÙÒ�
ÞÓÒ� ×Ó��ÒØ ×ØÓ���× �� Ñ�Ò��Ö� ÓÒØ��Ù� �Ò Ñ�ÑÓ�Ö�º ��Ò×�¸ ÙÒ� �Ö�Ò�� Ô�Ö¹
Ø�� ��× Ð�ØÙÖ�× �Ø �Ö�ØÙÖ�× ÔÓÙÖÖÓÒØ �ØÖ� ���ØÙ��× �� Ñ�Ò��Ö� Ó�Ð�×�ÒØ�
��Ö�ÒØ�××�ÒØ Ð�ÙÖ ����Ø�º �� ×�Ö� Ð� �× ÒÓØ�ÑÑ�ÒØ ÔÓÙÖ Ð�× �ÐÙÐ× ��×
Ø�ÖÑ�× ÚÓÐÙÑ�ÕÙ�× �� Ð� Ñ�Ø�Ó�� ��º

ÌÓÙØ��Ó�×¸ Ð� �ÐÙÐ ��× Ø�ÖÑ�× ×ÙÖ���ÕÙ�× Ò��××�Ø� Ð³��× �ÙÜ ��ÑÔ× ÔÖ�¹
×�ÒØ× ��Ò× ÔÐÙ×��ÙÖ× Ñ��ÐÐ�× ÕÙ� ×ÓÒØ ÔÓØ�ÒØ��ÐÐ�Ñ�ÒØ ��Ò× ÔÐÙ×��ÙÖ× ÞÓÒ�×º
��ØØ� Ô��×� �� �ÐÙÐ Ò� Ô�ÙØ Ô�× ��Ò����Ö �� ØÓÙØ�× Ð�× ÓÔØ�Ñ�×�Ø�ÓÒ× ÔÓÙ¹
Ú�ÒØ �ØÖ� Ñ�×�× �Ò ÔÐ�� ��Ò× Ð� �× �³ÙÒ� ÙÒ�ÕÙ� ÞÓÒ�º

ÈÓÙÖ ÙÒ� ÞÓÒ� �ÓÑÓ��Ò�¸ ÒÓÙ× �ÚÓÒ× ÔÖÓ�Ö�ÑÑ� ��Ú�Ö× ØÝÔ�× �³�Ð�ÓÖ�Ø�Ñ�×º
��× �Ð�ÓÖ�Ø�Ñ�× ×ÓÒØ ÔÐÙ× ÓÙ ÑÓ�Ò× ÓÔØ�Ñ�×�× ×Ù�Ú�ÒØ Ð�× �ÝÔÓØ��×�× Ö�Ø�ÒÙ�×
��Ò× Ð� ÞÓÒ�º È�Ö �Ü�ÑÔÐ�¸ ÒÓÙ× �ÚÓÒ× ÔÖÓ�Ö�ÑÑ� ÙÒ �Ð�ÓÖ�Ø�Ñ� ��Ò�Ö�ÕÙ�
ÕÙ� ÔÓÙÖÖ��Ø �ÓÒØ�ÓÒÒ�Ö ×ÙÖ ��× ��×�× ÒÓ��Ð�× ÔÓÙÖ ��× ��ÓÑ�ØÖ��× ÕÙ�Ð¹
ÓÒÕÙ�× ´Ø�ØÖ���Ö�× ÓÙ ÔÖ�×Ñ�× Ô�Ö �Ü�ÑÔÐ�µº ÆÓÙ× �ÚÓÒ× �Ù××� �ÑÔÐ�Ñ�ÒØ�
��× �Ð�ÓÖ�Ø�Ñ�× ÓÔØ�Ñ�×�× ÔÓÙÖ Ð�× Ñ��ÐÐ���× �³��Ü���Ö�×º

��×ÔÓ×�Ö �� ÔÐÙ×��ÙÖ× �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ× Ô�ÖÑ�Ø �� Ú�Ö���Ö Ð³����Ø� ��× ÓÔ¹
Ø�Ñ�×�Ø�ÓÒ×º

�º½º¿ ÁÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ��Ò�Ö�ÕÙ�

ÆÓÙ× ��Ö�ÚÓÒ× ��Ò× �ØØ� ×�Ø�ÓÒ¸ ÙÒ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ Ô�Ö�ÐÐ�Ð� ��Ò�Ö�ÕÙ� ��
Ð³�Ð�ÓÖ�Ø�Ñ� �� ÙØ�Ð�×�ÒØ ÇÔ�Ò�Äº Ä� ��Ò�Ö��Ø� �� �ØØ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ×�¹
�Ò��� ÕÙ³�ÐÐ� Ô�ÙØ ×³�ÔÔÐ�ÕÙ�Ö � ����Ö�ÒØ× ØÝÔ�× �� Ñ��ÐÐ���×¸ ����Ö�ÒØ× ØÝÔ�×

�¿



�� ÕÙ��Ö�ØÙÖ� �Ø ����Ö�ÒØ× ×Ý×Ø�Ñ�× �� ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒº Æ��ÒÑÓ�Ò×¸ Ð�
��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��Ò× ÙÒ� Ñ��ÐÐ� �ÓÒÒ�� �×Ø ØÓÙ�ÓÙÖ× ÙÒ� ��×� ÒÓ��Ð�¸
ÓÙ ÔÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÙÒ� ��×� ÓÒ×Ø�ØÙ�� �� ÔÓÐÝÒ�Ñ�× �� Ä��Ö�Ò�� �××Ó��×
�ÙÜ ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ��Ò× Ð� Ñ��ÐÐ� ÚÓÐÙÑ�ÕÙ�º

ÆÓÙ× ×ÙÔÔÓ×ÓÒ× �ÚÓ�Ö ��× � ��× �ÓÒØ�ÓÒ× �Ø Ú�Ö���Ð�× ��Ö�Ú�ÒØ �³ÙÒ� Ô�ÖØ
Ð�× �ÓÒØ�ÓÒ× �� ��×� �Ø �³�ÙØÖ� Ô�ÖØ Ð� ��ÓÑ�ØÖ�� �Ø Ð³�ÒØ�ÖÔÓÐ�Ø�ÓÒº ��× ��Ö¹
Ò��Ö�× ×ÓÒØ ��Ô�Ò��ÒØ�× �Ù ØÝÔ� �³�Ð�Ñ�ÒØ× ÔÖ�× �Ò ÓÑÔØ�º

ËÙÔÔÓ×ÓÒ× ÓÒÒÙ× Ð�× Wn �Ù Ø�ÑÔ× tn = nΔtº ��Ö�ÚÓÒ× �ÐÓÖ×¸ Ð�× �Ø�Ô�×
Ô�ÖÑ�ØØ�ÒØ �� �ÐÙÐ�Ö Ð�× ��ÑÔ× Wn+1 �Ù Ô�× �� Ø�ÑÔ× ×Ù�Ú�ÒØº Ä� �ÐÙÐ
�×Ø ���ØÙ� �� Ð� Ñ�Ò��Ö� ×Ù�Ú�ÒØ�

� ��ÐÙÐ ∂tW �� Ð� ��Ö�Ú�� �Ò Ø�ÑÔ× �Ù Ø�ÑÔ× tnº
� �×Ø�Ñ�Ø�ÓÒ �Ù ��ÑÔ W ⋆ = Wn + Δt/2∂tW �Ò tn+1/2º
� ��ÐÙÐ ∂tW �� Ð� ��Ö�Ú�� �Ò Ø�ÑÔ× � Ô�ÖØ�Ö �Ù ��ÑÔ W ⋆º
� �Ú�Ò�� �³ÙÒ Ô�× �� Ø�ÑÔ× Wn+1 = Wn +Δt∂tW º

Ä�× ÔÖ�Ñ��Ö� �Ø ØÖÓ�×��Ñ� �Ø�Ô�× ×ÓÒØ Ð�× �ÐÙÐ× �� ��Ö�Ú�� �Ò Ø�ÑÔ×º ��Ò× �×
�Ø�Ô�×¸ ÒÓÙ× ÙØ�Ð�×ÓÒ× Ð� Ñ�Ø�Ó�� �� Ô�Ö�ÐÐ�Ð� ´¾º�½ Ô��� �½µ ÔÓÙÖ �ÐÙÐ�Ö
Ð� ��Ö�Ú�� �Ò Ø�ÑÔ× � Ô�ÖØ�Ö ��× ��ÑÔ× �ÓÒÒ�× ×ÙÖ Ð� Ñ��ÐÐ��� ´Wn ÓÙ W ⋆µº

ÆÓÙ× Ô�ÖØ���ÓÒ× � �ÐÙÐ �Ò ØÖÓ�× ×ÓÙ×¹�Ø�Ô�×

� ��ÐÙÐ ��× Ø�ÖÑ�× ÚÓÐÙÑ�ÕÙ�× ��Ö�Ø �Ò �º¾º¾º
� ��ÐÙÐ ��× Ø�ÖÑ�× ×ÙÖ���ÕÙ�× ��Ö�Ø �Ò �º¾º¿º
� Ì�ÖÑ� �� Ñ�××� ��Ö�Ø �Ò �º¾º½º

���ÙÒ� ��× �Ø�Ô�× �×Ø ØÖ��Ø�� Ô�Ö ÙÒ ��ÖÒ�Ð ÇÔ�Ò�Äº

�Ø�Ô� �� ØÝÔ� �ÙÐ�Ö

Ä�× ��ÙÜ��Ñ� �Ø ÕÙ�ØÖ��Ñ� �Ø�Ô�× ÓÒ×�×Ø�ÒØ �Ò Ð³�Ú�Ò�� �³ÙÒ Ô�× �� Ø�ÑÔ×¸
×�Ñ�Ð��Ö� � ÙÒ� Ñ�Ø�Ó�� �³�ÙÐ�Öº Ä� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ �� �ØØ� �Ø�Ô� �×Ø ��¹
×��º ÆÓÙ× �××Ó�ÓÒ× ÙÒ ÛÓÖ�¹�Ø�Ñ � ��ÕÙ� ÓÑÔÓ×�ÒØ� ��× ��ÑÔ× ��Ò× Ð�
��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº ���ÙÒ ���ØÙ� �ÐÓÖ× Ð� �ÐÙÐ ÔÓÙÖ Ð� ÓÑÔÓ×�ÒØ�
ÕÙ� ÐÙ� �×Ø �××Ó���º Ä�× Ð�ØÙÖ�× �Ø �Ö�ØÙÖ�× �Ò Ñ�ÑÓ�Ö� ×ÓÒØ ��Ò× � �×
Ô�Ö���Ø�Ñ�ÒØ Ó�Ð�×�ÒØ�× �Ø �Ð Ò³�×Ø Ô�× Ò��××��Ö� �³ÙØ�Ð�×�Ö Ð�× Ö�××ÓÙÖ�×
�� Ñ�ÑÓ�Ö� ÐÓ�Ð�º Ä� Ó�� ×ÓÙÖ� �� � ��ÖÒ�Ð �×Ø �ÓÒÒ� �Ò �º½º �� ÔÐÙ×¸ �
��ÖÒ�Ð Ò³ÙØ�Ð�×� �ÙÙÒ� �ÓÒÒ�� ��ÓÑ�ØÖ�ÕÙ� ÓÙ �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ¸ �Ð Ô�ÙØ �ØÖ�
��Ò×� �ÔÔÐ�ÕÙ� � ØÓÙØ Ð� Ñ��ÐÐ��� ×�Ò× Ø�Ò�Ö ÓÑÔØ� �� Ð� Ö�Ô�ÖØ�Ø�ÓÒ �Ò ÞÓÒ�×º

��



����ÖÒ�Ð ÚÓ�� �Ù Ð � Ö ´ ���ÐÓ��Ð ÓÒ×Ø Ö � � Ð ∗ Û¸
ÓÒ×Ø Ö � � Ð �Ø ¸
���ÐÓ��Ð ÓÒ×Ø Ö � � Ð ∗ �ØÛ ¸
���ÐÓ��Ð Ö � � Ð ∗ ÛÔ½µß

»» ÆÙÑ�ÖÓ �Ù ÛÓÖ��Ø�Ñ
�ÒØ � � ��Ø��ÐÓ��Ð��� ´ ¼ µ �

ÛÔ½ � � ℄ � Û� � ℄ · �Ø ∗ �ØÛ � � ℄ �

�

�Ð�ÓÖ�Ø�Ñ� �º½ � Ã�ÖÒ�Ð �� �ÐÙÐ �� Ð³�Ø�Ô� �ÙÐ�Öº

��ÐÙÐ ��× Ø�ÖÑ�× ÚÓÐÙÑ�ÕÙ�×

Ä� ��ÖÒ�Ð ÕÙ� ÒÓÙ× ��Ö�ÚÓÒ× �� �ÐÙÐ� Ð³�ÒØ��Ö�Ð� ´�º¿� Ô��� ��µº Ä�× �ÐÙÐ×
×ÓÒØ Ô�Ö�ÐÐ�Ð�×�× ×ÙÖ ÙÒ ÒÓÑ�Ö� �� ÛÓÖ�¹�Ø�Ñ× ���Ð �Ù ÒÓÑ�Ö� �� �ÓÒØ�ÓÒ× ��
��×�º Ä�× ÛÓÖ�¹�Ø�Ñ× ×ÓÒØ Ö��ÖÓÙÔ�× �Ò ÛÓÖ�¹�ÖÓÙÔ× ÓÖÖ�×ÔÓÒ��ÒØ ��ÙÒ
� ÙÒ �Ð�Ñ�ÒØº ÁÐ× ×ÓÒØ �ÓÒ ÓÒ×Ø�ØÙ�× �³ÙÒ ÒÓÑ�Ö� �� ÛÓÖ�¹�Ø�Ñ× ���Ð �Ù
ÒÓÑ�Ö� �� �ÓÒØ�ÓÒ× �� ��×� � ×ÙÔÔÓÖØ ��Ò× ÙÒ �Ð�Ñ�ÒØº ÆÓÙ× ÒÓØ�ÖÓÒ× Ô�Ö Ð�
×Ù�Ø� N Ð� ÒÙÑ�ÖÓ �Ù ÛÓÖ�¹�ÖÓÙÔ ÓÙÖ�ÒØ¸ J Ð� ÒÙÑ�ÖÓ �Ù ÛÓÖ�¹�Ø�Ñ ÓÙÖ�ÒØ
�Ø j Ð� ÒÙÑ�ÖÓ �Ù ÛÓÖ�¹�Ø�Ñ ��Ò× ×ÓÒ ÛÓÖ�¹�ÖÓÙÔº

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ��ÕÙ� ÛÓÖ�¹�Ø�Ñ Ð�Ø �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð� Ð�× ÓÓÖ�ÓÒ¹
Ò��× ��× Ò�Ù�× �� Ð³�Ð�Ñ�ÒØ �ÙÕÙ�Ð �Ð �×Ø �××Ó��º ��ØØ� �Ø�Ô� �×Ø Ò��××��Ö�
�Ø Ö�ÕÙ��ÖØ ÔÐÙ×��ÙÖ× Ð�ØÙÖ�× �Ò Ñ�ÑÓ�Ö� ÒÓÒ Ó�Ð�×�ÒØ�×¸ �Ö Ð� Ñ��ÐÐ���
�×Ø ��Ò�Ö�Ð�Ñ�ÒØ ÒÓÒ ×ØÖÙØÙÖ�º

�Ò×Ù�Ø�¸ Ð�× ��ÑÔ× ÓÒØ�ÒÙ× ��Ò× Ð³�Ð�Ñ�ÒØ N ×ÓÒØ ÐÙ× �Ø ×ØÓ��× �Ò Ñ�ÑÓ�Ö�
ÐÓ�Ð�º ��ØØ� Ð�ØÙÖ� �×Ø ���Ø� �� Ñ�Ò��Ö� Ô�Ö�ÐÐ�Ð�º Ä� ÛÓÖ�¹�Ø�Ñ J Ð�Ø Ð� J�Ñ�

ÓÑÔÓ×�ÒØ� �Ù Ú�Ø�ÙÖ ÓÒØ�Ò�ÒØ Ð�× ��ÑÔ×º ÆÓÙ× �××ÙÖÓÒ× Ð� Ó�Ð�×�Ò�
��× Ð�ØÙÖ�× �Ò �Ó�×�××�ÒØ Ð³ÓÖ�Ö� �� Ö�Ò��Ñ�ÒØ ��× Ú�Ð�ÙÖ× ��× ��ÑÔ×º

ÆÓÙ× �××Ó�ÓÒ× �ÐÓÖ× ÙÒ ÛÓÖ�¹�Ø�Ñ � ÙÒ� �ÓÒØ�ÓÒ �� ��×� ψN
j º ÆÓÙ× �ÐÙ¹

ÐÓÒ× Ð³�ÒØ��Ö�Ð� ´�º¿� Ô��� ��µ �Ò ��ÓÙØ�ÒØ Ð�× ÓÒØÖ��ÙØ�ÓÒ× �� ��ÕÙ� ÔÓ�ÒØ
�³�ÒØ�ÖÔÓÐ�Ø�ÓÒ p �� Ð³�Ð�Ñ�ÒØ N º ÈÓÙÖ �Ð�¸ ÒÓÙ× ��Ö�ÓÒ× Ð�× ÓÓÖ�ÓÒÒ��×
��Ò× Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò� ��Ò×� ÕÙ� Ð� ÓÑ�ØÖ�� �� Ð� ��Ó���ÒÒ� �� Ð�
ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� τ �××Ó��� � �Ø �Ð�Ñ�ÒØº ��× �ÐÙÐ× ÙØ�Ð�×�ÒØ
��× �ÓÒØ�ÓÒ× ÕÙ� ��Ô�Ò��ÒØ �Ù ØÝÔ� �� Ð³�Ð�Ñ�ÒØ �� Ñ��ÐÐ��� �� Ð� ÞÓÒ�º

��



ÍÒ� ×��Ò�ØÙÖ� ÇÔ�Ò�Ä¹� �×Ø �ÑÔÓ×�� � ��ÙÒ� �� �× �ÓÒØ�ÓÒ×º

Ê�Ñ�ÖÕÙ� ½¼º ÈÖ��×ÓÒ× ÕÙ� Ð� ���Ò�Ø�ÓÒ ���Ø�Ú� �� �× �ÓÒØ�ÓÒ× �×Ø
��ÓÙØ�� �Ù Ó�� ×ÓÙÖ� ��× ��ÖÒ�Ð× ÐÓÖ× �� Ð³�Ò�Ø��Ð�×�Ø�ÓÒº �� Ñ�Ñ�¸ Ð�× �ÓÒ¹
Ò��× ÓÒ×Ø�ØÙØ�Ú�× �� ÞÓÒ�×¸ Ø�ÐÐ�× ÕÙ� Ð� ���Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ¸ Ð�× ÒÓÑ�Ö�×
�� ÒÓ�Ù�× �Ø ���× Ô�Ö �Ð�Ñ�ÒØ¸ ×ÓÒØ �Ö�Ø�× ×ÓÙ× �ÓÖÑ� �³ÙÒ Ø��Ð��Ù ×ØÓ��
�Ò Ñ�ÑÓ�Ö� ÓÒ×Ø�ÒØ� ��Ò× Ð� Ó�� ×ÓÙÖ� ��× ��ÖÒ�Ð×º Ä� Ó�� ×ÓÙÖ� ��×
��ÖÒ�Ð× �×Ø �Ò×Ù�Ø� ÓÑÔ�Ð� Ô�Ö ��× �ÔÔ�Ð× � Ð� ���Ð�ÓØ��ÕÙ� ÇÔ�Ò�Ä ÐÓÖ× ��
Ð� Ô��×� �³�Ò�Ø��Ð�×�Ø�ÓÒº

�Ò×Ù�Ø�¸ ÒÓÙ× Ð�×ÓÒ× �Ò Ñ�ÑÓ�Ö� ÐÓ�Ð� Ð� ��ÑÔ �Ò � ÔÓ�ÒØº ���ÕÙ� ÛÓÖ�¹
�Ø�Ñ Ú� �ÓÒ Ð�Ö� ØÓÙ× Ð�× ��ÑÔ× �××Ó��× � Ð³�Ð�Ñ�ÒØ N º ÁÐ �×Ø �ÓÒ �ÒØ�¹
Ö�××�ÒØ �� ×ØÓ��Ö �Ò Ñ�ÑÓ�Ö� ÐÓ�Ð� �× ��ÑÔ×º ÆÓÙ× Ò� ���×ÓÒ× ÕÙ� M
Ð�ØÙÖ�× �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð� �Ù Ð��Ù �� M2¸ M �Ø�ÒØ Ð� ÒÓÑ�Ö� �� �ÓÒØ�ÓÒ×
�� ��×� ��Ò× Ð³�Ð�Ñ�ÒØº ��× �ÓÒÒ��× Ô�ÖÑ�ØØ�ÒØ �ÐÓÖ× �� �ÐÙÐ�Ö Ð� Ø�ÖÑ�
´ÚÓ�Ö ´�º¿� Ô��� ��µµ

ωjF (Wj ,Wj, ÓÑ(τ ′L)∇̂ψ̂i(x̂j)) ´�º½µ

� Ô�ÖØ�Ö �Ù �ÙÜ ÒÙÑ�Ö�ÕÙ�º ��ØØ� ÓÒØÖ��ÙØ�ÓÒ �×Ø �ÐÓÖ× ��ÓÙØ�� � ÙÒ Ú�Ø�ÙÖ
Ø�ÑÔÓÖ��Ö�¸ ×ØÓ�� �Ò Ñ�ÑÓ�Ö� ���º

�Ò�Ò¸ ÒÓÙ× ��ÓÙØÓÒ× Ð�× Ú�Ð�ÙÖ× Ø�ÑÔÓÖ��Ö�× �Ù Ø��Ð��Ù �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð�
ÓÒØ�Ò�ÒØ Ð�× Ú�Ð�ÙÖ× ��× ��Ö�Ú��× �Ò Ø�ÑÔ×º

��ÐÙÐ ��× Ø�ÖÑ�× ×ÙÖ���ÕÙ�×

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ��Ö�ÚÓÒ× Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ �Ù �ÐÙÐ �� Ð³�ÒØ��Ö�Ð�
×ÙÖ���ÕÙ� ´ �º¿� Ô��� ��µº ÆÓÙ× ×ÙÔÔÓ×ÓÒ× ÕÙ� Ð�× ����Ö�ÒØ�× Ñ��ÐÐ�× �Ò¹
ØÖ�ÒØ�× �Ò ��Ù �ÓÒØ ØÓÙØ�× Ô�ÖØ��× �³ÙÒ� Ñ�Ñ� ÞÓÒ�º

��Ò× � ��ÖÒ�Ð ¸ ÒÓÙ× Ò� �ÐÙÐÓÒ× �ÓÒ Ô�× Ð�× �ÒØ��Ö�Ð�× ×ÙÖ Ð�× ���× ÓÖ¹
Ö�×ÔÓÒ��ÒØ�× � ÙÒ� �ÒØ�Ö��� �ÒØÖ� ÞÓÒ�×º ÈÓÙÖ Ð³�Ò×Ø�ÒØ¸ Ö�ÔÔ�ÐÓÒ× ÕÙ� ÒÓÙ×
×ÓÙ���ØÓÒ× ÕÙ� Ð� ��ÖÒ�Ð ×³�ÔÔÐ�ÕÙ� � ����Ö�ÒØ× ØÝÔ�× �� ��ÓÑ�ØÖ��×º ��Ò×�¸
Ð�× ÓÔØ�Ñ�×�Ø�ÓÒ× Ô�ÖÑ�ØØ�ÒØ �³Ó�Ø�Ò�Ö Ð� �ÓÖÑÙÐ�Ø�ÓÒ ´�º�� Ô��� ��µ ×ÙÖ Ð�×

��



��Ü���Ö�× Ò� ×³�ÔÔÐ�ÕÙ�ÒØ Ô�× ��º ÆÓÙ× ÙØ�Ð�×ÓÒ× Ð� �ÓÖÑÙÐ�Ø�ÓÒ �́º�¿ Ô��� ��µ

�

Qf

F (WL,WR, n)ψ
L
i ds

≃
(d+1)2−1
�

i′=0

ωf,i′ψ̂i(x̂f,i′)F (WL
f,i′ ,W

R
fR,j′ , ÓÑ(τL

′)n̂))

´�º¾µ

�Ú� Ð�× ÒÓØ�Ø�ÓÒ× �Ù ���Ô�ØÖ� ½º

��× �ÐÙÐ× ×ÓÒØ ���ØÙ�× �Ú� ÙÒ ÒÓÑ�Ö� �� ÛÓÖ�¹�ÖÓÙÔ× ���Ð �Ù ÒÓÑ�Ö�
�³�Ð�Ñ�ÒØ× ��Ò× Ð� ÞÓÒ�º ���ÕÙ� ÛÓÖ�¹�ÖÓÙÔ �×Ø ÓÑÔÓ×� �³ÙÒ ÒÓÑ�Ö� ��
ÛÓÖ�¹�Ø�Ñ× ���Ð �Ù Ñ�Ü�ÑÙÑ �Ù ÒÓÑ�Ö� �� ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ÔÖ�×�ÒØ×
×ÙÖ Ð�× ���× �³ÙÒ �Ð�Ñ�ÒØ �Ø �Ù ÒÓÑ�Ö� �� ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ÚÓÐÙÑ�ÕÙ�×º
ÈÖ�ÒÓÒ× Ð³�Ü�ÑÔÐ� �³ÙÒ� ÞÓÒ� ÓÒØ�Ò�ÒØ 1000 �Ð�Ñ�ÒØ× ÑÙÒ�� �³ÙÒ� �ÔÔÖÓÜ�¹
Ñ�Ø�ÓÒ �³ÓÖ�Ö� 2º ���ÕÙ� �Ð�Ñ�ÒØ ÔÓ××��� (2+1)3 = 27 ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ
ÚÓÐÙÑ�ÕÙ�× �Ø 6 × (2 + 1)2 = 54 ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ�×º ��Ò×�¸ Ð�
��ÖÒ�Ð ×�Ö� �Ü�ÙØ� Ô�Ö 1000 ÛÓÖ��ÓÙÔ× ÓÑÔÓ×�× ��ÙÒ �� 54 ÛÓÖ�¹�Ø�Ñ×º

ÆÓÙ× ÒÓØ�ÖÓÒ× L Ð� ÒÙÑ�ÖÓ �Ù ÛÓÖ�¹�ÖÓÙÔ× �Ø �� Ð³�Ð�Ñ�ÒØ �××Ó��¸ J Ð�
ÒÙÑ�ÖÓ �Ù ÛÓÖ�¹�Ø�Ñ ÓÙÖ�ÒØ �Ø j Ð� ÒÙÑ�ÖÓ �Ù ÛÓÖ�¹�Ø�Ñ ��Ò× ×ÓÒ ÛÓÖ�¹
�ÖÓÙÔº

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× ×ØÓ�ÓÒ× �Ò Ñ�ÑÓ�Ö� ÐÓ�Ð� Ð�× ��ÑÔ× ÓÒØ�¹
ÒÙ× ��Ò× Ð³�Ð�Ñ�ÒØ Lº ��ØØ� Ð�ØÙÖ� �×Ø ���ØÙ�� ÓÑÑ� ��Ò× Ð� �ÐÙÐ ��
Ð³�ÒØ��Ö�Ð� ÚÓÐÙÑ�ÕÙ�º

Ä�× �ÐÙÐ× ×ÓÒØ �ÐÓÖ× ���ØÙ�× �Ò ��ÙÜ �Ø�Ô�×º Ä� ÔÖ�Ñ��Ö� �Ø�Ô� �×Ø ÓÒ×Ø�¹
ØÙ�� �Ù �ÐÙÐ ��× Ø�ÖÑ�× �� Ð� ×ÓÑÑ� ´�º¾µ �Ø Ð� ×�ÓÒ�� �Ø�Ô� ÓÒ×�×Ø� �Ò
Ð³�ÙÑÙÐ�Ø�ÓÒ �� �× Ø�ÖÑ�×º ��× ��ÙÜ �Ø�Ô�× ×ÓÒØ Ö��Ð�×��× �Ú� ��× Ö�Ô�Ö¹
Ø�Ø�ÓÒ× ��× ÛÓÖ�¹�Ø�Ñ× ����Ö�ÒØ�×¸ �³��ÓÖ� ×ÙÖ Ð�× ÔÓ�ÒØ× �� ��Ù×× ��× ���×¸
ÔÙ�× ×ÙÖ Ð�× ÔÓ�ÒØ× �� ��Ù×× ��× ÚÓÐÙÑ�×º

Ê�Ñ�ÖÕÙ� ½½º �ÓÑÑ� Ð�× ÒÓÑ�Ö�× �� ÔÓ�ÒØ× ×ÙÖ Ð�× ���× �Ø ��Ò× Ð� ÚÓÐÙÑ�
×ÓÒØ ����Ö�ÒØ×¸ ��Ò× ÙÒ� ��× ��ÙÜ �Ø�Ô�× �ÖØ��Ò× ÛÓÖ�¹�Ø�Ñ× Ò³���ØÙ�ÖÓÒØ
�ÙÙÒ� ÓÔ�Ö�Ø�ÓÒº ÂÙ×ÕÙ³�Ù ���Ö� �¸ Ð� ÒÓÑ�Ö� �� ÔÓ�ÒØ× ×ÙÖ���ÕÙ� �×Ø ÔÐÙ×
�ÑÔÓÖØ�ÒØº

Ê�Ñ�ÖÕÙ� ½¾º ÁÐ ×�Ö��Ø ���Ð�Ñ�ÒØ ÔÓ××��Ð� �� �ÐÙÐ�Ö Ð�× �ÙÜ ×ÙÖ ��ÕÙ�
��� �Ø �� Ð�× ×ØÓ��Ö �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð�º ÈÙ�× ��Ò× ÙÒ ×�ÓÒ� ��ÖÒ�Ð¸ ��
Ð�Ö� �× �ÙÜ �Ø �Ò ��ÓÙØ�Ö Ð�× ÓÒØÖ��ÙØ�ÓÒ× � ��ÕÙ� �Ð�Ñ�ÒØº ��ØØ� �ÔÔÖÓ��
Ò³� Ô�× �Ø� Ö�Ø�ÒÙ� ÔÓÙÖ ��ÙÜ Ö��×ÓÒ×º �³��ÓÖ�¸ �ÐÐ� Ö�ÕÙ��ÖØ �Ò ÚÓÐÙÑ� ��
×ØÓ���� ×ÙÔÔÐ�Ñ�ÒØ��Ö� �ÐÓÖ× ÕÙ� ÒÓÙ× ×ÓÙ���Ø�ÓÒ× �ÓÒÓÑ�×�Ö Ð� Ñ�ÑÓ�Ö�º
�Ò×Ù�Ø�¸ �ØØ� �ÔÔÖÓ�� �ÒØÖ��Ò� ��× ��× Ñ�ÑÓ�Ö� ÒÓÒ Ó�Ð�×�ÒØ× ÐÓÖ× ��
�× ��ÙÜ �Ø�Ô�×º

��



ÆÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö Ö�Ô�ÖØ�Ö Ð�× ÛÓÖ�¹�Ø�Ñ× ×ÙÖ Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ
��× ���×º ÈÓÙÖ �Ð�¸ ÒÓÙ× �ÐÙÐÓÒ× ÙÒ �Ò��� �� ��� 0 ≤ f ≤ Nface − 1 �Ø
ÙÒ �Ò��� �� ÔÓ�ÒØ 0 ≤ i′ ≤ Mface − 1 � Ô�ÖØ�Ö �� Ð³�Ò��� j �Ù ÛÓÖ��Ø�Ñ ��
Ñ�Ò��Ö� � �ÚÓ�Ö

j = i′ +Mfacef ´�º¿µ

�Ò ÒÓØ�ÒØ Nface Ð� ÒÓÑ�Ö� �� ���× ��× �Ð�Ñ�ÒØ× �Ø Mface Ð� ÒÓÑ�Ö� �� ÔÓ�ÒØ×
�³�ÒØ��Ö�Ø�ÓÒ Ô�Ö ��� ÕÙ� ×ÓÒØ ��ÙÜ �ÒØ��Ö× ÓÒ×Ø�ÒØ× ��Ò× ��ÕÙ� ÞÓÒ�º

���ÕÙ� ÛÓÖ�¹�Ø�Ñ �ÐÙÐ� �ÐÓÖ× Ð�× Ú�Ð�ÙÖ× ��× ��ÑÔ× ×ÙÖ Ð� ÔÓ�ÒØ ÕÙ� ÐÙ� �×Ø
�××Ó��º ÈÓÙÖ �Ð� ÒÓÙ× �ÐÙÐÓÒ× Ð�× ÓÓÖ�ÓÒÒ��× ��Ò× Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò�
�� � ÔÓ�ÒØ¸ ÔÙ�× ÒÓÙ× ��ÓÙØÓÒ× ØÓÙØ�× Ð�× ÓÒØÖ��ÙØ�ÓÒ× ��× �ÓÒØ�ÓÒ× �� ��×�
�Ò � ÔÓ�ÒØº Ä³�ÜØÖ�ÔÓÐ�Ø�ÓÒ ��× ��ÑÔ× �Ò � ÔÓ�ÒØ Ò� Ò��××�Ø� �ÐÓÖ× ÕÙ�
��× Ð�ØÙÖ�× �Ò Ñ�ÑÓ�Ö� ÐÓ�Ð�º

ÆÓÙ× �ÐÙÐÓÒ× �Ò×Ù�Ø� Ð� ��ÑÔ ÔÖÓÚ�Ò�ÒØ �� Ð� Ñ��ÐÐ� ÚÓ�×�Ò� Rº ÈÓÙÖ �Ð�
ÒÓÙ× �ÐÙÐÓÒ× Ð�× ÓÓÖ�ÓÒÒ��× Ô�Ý×�ÕÙ�× �Ù ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ ��Ò×� ÕÙ� Ð�
ÒÓÖÑ�Ð� �Ò � ÔÓ�ÒØº ÈÙ�× � Ô�ÖØ�Ö ��× ÓÓÖ�ÓÒÒ��× �Ù ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ
×ÙÖ Ð� ���¸ ÒÓÙ× �ÐÙÐÓÒ× ��Ò× Ð� Ñ��ÐÐ� R Ð�× ÓÓÖ�ÓÒÒ��× �� Ö���Ö�Ò� ��
� ÔÓ�ÒØº �Ò�Ò Ô�Ö Ð� Ñ�Ñ� ÔÖÓ��� ÕÙ� ÔÓÙÖ Ð� Ñ��ÐÐ� L¸ ÒÓÙ× �ÐÙÐÓÒ×
Ð�× ��ÑÔ× �Ò � ÔÓ�ÒØº ÌÓÙØ��Ó�×¸ �ØØ� �ÜØÖ�ÔÓÐ�Ø�ÓÒ Ö�ÕÙ��ÖØ Ð� Ð�ØÙÖ� �Ò
Ñ�ÑÓ�Ö� �ÐÓ��Ð� ��× ��ÑÔ× ÓÒØ�ÒÙ× ��Ò× ��ÙÒ ��× �Ð�Ñ�ÒØ× ÚÓ�×�Ò× ��
Lº ��× Ð�ØÙÖ�× Ò� ×ÓÒØ �Ú���ÑÑ�ÒØ Ô�× Ó�Ð�×�ÒØ�× � ÕÙ� Ö�Ò� �ØØ� �Ø�Ô�
Ö�Ð�Ø�Ú�Ñ�ÒØ Ð�ÒØ�º

ÈÓÙÖ Ø�ÖÑ�Ò�Ö �ØØ� �Ø�Ô�¸ ��ÕÙ� ÛÓÖ�¹�Ø�Ñ �ÐÙÐ� Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� �Ù
ÔÓ�ÒØ ÕÙ� ÐÙ� �×Ø �××Ó�� ÔÙ�× �Ö�Ø Ð� Ö�×ÙÐØ�Ø �Ò Ñ�ÑÓ�Ö� ÐÓ�Ð� ��Ò× Ð�
Ø��Ð��Ù ÕÙ�¸ ÔÓÙÖ Ð³�Ò×Ø�ÒØ¸ ÓÒØ�Ò��Ø Ð�× ��ÑÔ× �� Ð³�Ð�Ñ�ÒØ Lº ��× �Ö�ØÙÖ�×
Ò� �Ó�Ú�ÒØ �ÚÓ�Ö Ð��Ù ÕÙ³ÙÒ� �Ó�× �× ��ÑÔ× �ÒÙØ�Ð�×º ÁÐ ��ÙØ �ÓÒ ��Ñ�Ò��Ö
ÙÒ� ×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× ÛÓÖ�¹�Ø�Ñ× �ÔÔ�ÖØ�Ò�ÒØ � ÙÒ Ñ�Ñ� ÛÓÖ�¹�ÖÓÙÔº ÍÒ�
�ÙØÖ� ×ÝÒ�ÖÓÒ�×�Ø�ÓÒ �×Ø ��ÓÙØ�� �ÔÖ�× �× �Ö�ØÙÖ�×¸ �××ÙÖ�ÒØ Ð� ��×ÔÓÒ���Ð�Ø�
��× �ÙÜ � ØÓÙ× Ð�× ÛÓÖ�¹�Ø�Ñ×º

ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× ���ØÙ�Ö Ð� ×�ÓÒ�� �Ø�Ô� �Ù �ÐÙÐº ÄÓÖ× �� �ØØ� �Ø�Ô�¸
ÒÓÙ× Ö�Ô�ÖØ�××ÓÒ× Ð�× ÛÓÖ�¹�Ø�Ñ× ×ÙÖ Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ÚÓÐÙÑ�ÕÙ�×¸
³�×Ø¹�¹��Ö� ÕÙ� Ð� ÛÓÖ�¹�Ø�Ñ �³�Ò��� j �ÐÙÐ�Ö� Ð³�ÒØ��Ö�Ð� ×ÙÖ���ÕÙ� ÔÓÙÖ
Ð� �ÓÒØ�ÓÒ �� ��×� �³�Ò��� i = jº

ÈÓÙÖ �Ð�¸ ÙÒ� �ÓÙÐ� ×ÙÖ Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ��× ���× �×Ø ���ØÙ�� �Ø �
��ÕÙ� �Ø�Ô� �� �ØØ� �ÓÙÐ� ÙÒ Ø�ÖÑ� �� Ð� ×ÓÑÑ� �́º¾ Ô��� ÔÖ����ÒØ�µ �×Ø
��ÓÙØ� ��Ò× ÙÒ Ø��Ð��Ùº �Ò�Ò¸ ÒÓÙ× �Ö�ÚÓÒ× Ð� Ö�×ÙÐØ�Ø �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð�
��Ò× Ð� Ú�Ø�ÙÖ ÓÒØ�Ò�ÒØ Ð�× ��Ö�Ú�× �Ò Ø�ÑÔ× �� ��ÑÔ×º Ä� Ö�Ô�ÖØ�Ø�ÓÒ ��×

��



ÛÓÖ�¹�Ø�Ñ×¸ ÒÓÙ× �××ÙÖ� Ð� Ó�Ð�×�Ò� �� �× ��× Ñ�ÑÓ�Ö�×º

Ì�ÖÑ� �� Ñ�××�

��Ò× � ��ÖÒ�Ð ¸ ÒÓÙ× �ÐÙÐÓÒ× Ð� Ø�ÖÑ� �� Ñ�××�¸ ÔÙ�× ÒÓÙ× ��Ú�×ÓÒ× Ð�×
��ÑÔ× Ô�Ö �ÐÙ�¹�º Ä� Ñ�ØÖ�� �� Ñ�××� �Ø�ÒØ ����ÓÒ�Ð� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ
×� ���Ø Ò�ØÙÖ�ÐÐ�Ñ�ÒØ �Ò �××Ó��ÒØ � ��ÕÙ� ÛÓÖ�¹�Ø�Ñ× ÙÒ� �ÓÒØ�ÓÒ �� ��×�º
��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �ÐÙÐÓÒ× Ð� Ø�ÖÑ� �� Ñ�××� �××Ó�� � �ØØ�
�ÓÒØ�ÓÒ �� ��×� ´�º¿½ Ô��� �¿µº ÈÙ�× ÒÓÙ× ��Ú�×ÓÒ× Ð� ÓÑÔÓ×�ÒØ� ÓÖÖ�×¹
ÔÓÒ��ÒØ� �Ù ��ÑÔ Ô�Ö �ØØ� Ú�Ð�ÙÖº

ü ÒÓÙÚ��Ù¸ �× �ÐÙÐ× �ÓÒØ �ÒØ�ÖÚ�Ò�Ö ��× �ÓÒØ�ÓÒ× ÕÙ� ��Ô�Ò��ÒØ �� Ð�
��ÓÑ�ØÖ�� �Ø �� Ð³�ÒØ�ÖÔÓÐ�Ø�ÓÒº

�º½º� ÇÔØ�Ñ�×�Ø�ÓÒ ×ÙÖ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ�

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ×ÙÔÔÓ×ÓÒ× ÕÙ� Ð�× Ñ��ÐÐ�× ÔÖ�×�ÒØ�× ×ÓÒØ ØÓÙØ�× ��×
��Ü���Ö�×º ��ØØ� ×ÙÔÔÓ×�Ø�ÓÒ ÒÓÙ× Ô�ÖÑ�Ø �� ×�ÑÔÐ���Ö Ð�× �ÓÖÑÙÐ�× �ÓÒÒ�ÒØ
Ð�× �ÒØ��Ö�Ð�× ×ÙÖ���ÕÙ�× �Ø ÚÓÐÙÑ�ÕÙ�× ��Ò×� ÕÙ� Ð� �ÐÙÐ ��× ��ÑÔ× ×ÙÖ
Ð�× ���× �³ÙÒ� Ñ��ÐÐ�º Ä� ���Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �×Ø ÒÓØ� dº ��Ø �ÒØ��Ö �×Ø
ÓÒ×Ø�ÒØ ��Ò× ��ÕÙ� ÞÓÒ�¸ Ñ��× Ô�ÙØ Ú�Ö��Ö �³ÙÒ� ÞÓÒ� � Ð³�ÙØÖ�º

�Ò ÔÖ�Ø�ÕÙ�¸ ÒÓÙ× Ò³�ÚÓÒ× ÔÖÓ�Ö�ÑÑ� ÕÙ� Ð� Ö�×ÓÐÙØ�ÓÒ ×ÙÖ Ñ��ÐÐ��� ��Ü�¹
��Ö�ÕÙ�º Ä� Ñ�Ø�Ó�� ��Ò�Ö�ÕÙ�¸ ÔÖ�×�ÒØ�� ��Ò× Ð� ×�Ø�ÓÒ ÔÖ����ÒØ�¸ � ×�ÖÚ�
� Ú�Ð���Ö Ð�× Ö�×ÙÐØ�Ø× �Ø � ÕÙ�ÒØ���Ö Ð�× Ô�Ö�ÓÖÑ�Ò�× �� Ð� Ñ�Ø�Ó�� ÓÔØ�Ñ�¹
×��º ��ÐÐ�¹� ÒÓÙ× Ð��××� ���Ð�Ñ�ÒØ Ð� ÔÓ××���Ð�Ø� �³��ÓÙØ�Ö Ð� ÔÖ�×� �Ò ��Ö��
�³�ÙØÖ�× ØÝÔ�× �� Ñ��ÐÐ�º

��ÐÙÐ ��× Ø�ÖÑ�× ÚÓÐÙÑ�ÕÙ�×

ÆÓÙ× �ÐÙÐÓÒ× ��Ò× � ��ÖÒ�Ð ¸ Ð³�ÒØ��Ö�Ð� ´�º¿� Ô��� ��µ �Ò Ø�Ö�ÒØ Ô�ÖØ� �� Ð�
ÔÖÓÔÖ��Ø� Ú�Ö���� Ô�Ö Ð� �Ö����ÒØ ��× �ÓÒØ�ÓÒ× �� ��×� �ÜÔÓ×�� ��Ò× Ð� ×�Ø�ÓÒ
�º¾º¾ �Ø Ø�Ö�� �� �½�℄º ÈÓÙÖ ÙÒ �Ò��� i �Ü�¸ ÒÓÙ× �Ú�ÐÙÓÒ× �ØØ� �ÒØ��Ö�Ð� �Ò Ò�
ÓÒ×���Ö�ÒØ ÕÙ� Ð�× ÔÓ�ÒØ× �Ð��Ò�× �Ú� Ð� ÔÓ�ÒØ iº Ç�×�ÖÚÓÒ× �ÐÓÖ× Ð�× Ø�ÖÑ�×
�� �ØØ� ×ÓÑÑ�

�

j

ωjF (Wj ,Wj , ÓÑ(τ ′L)(x̂j)∇̂ψ̂i(x̂j)). ´�º�µ

��



Ä�× Ø�ÖÑ�× ��Ñ�Ò��ÒØ Ð� ÔÐÙ× �� �ÐÙÐ ×ÓÒØ Ð� �ÙÜ F �Ø Ð� ÓÑ�ØÖ��
ÓÑ(τ ′L)(x̂j)º Ä� �ÙÜ ��Ô�Ò� ��× ��ÙÜ �Ò���× i �Ø j¸ �ÐÓÖ× ÕÙ� Ð� ÓÑ�ØÖ��
Ò� ��Ô�Ò� ÕÙ� �� Ð³�Ò��� jº ÆÓÙ× Ô�Ö�ÐÐ�Ð�×ÓÒ× �ÓÒ � �ÐÙÐ �Ò �ØØÖ��Ù�ÒØ
� ÙÒ ÛÓÖ�¹�Ø�Ñ Ð� �ÐÙÐ ��× Ø�ÖÑ�× ÔÓÙÖ ÙÒ �Ò��� jº ��Ò×�¸ ÒÓÙ× Ò³�ÚÓÒ× �
�ÐÙÐ�Ö ÕÙ³ÙÒ� ×�ÙÐ� �Ó�× Ð� ÓÑ�ØÖ�� ÓÑ(τ ′L)(x̂j)º

ÍÒ ÛÓÖ�¹�Ø�Ñ �Ó�Ø �ÐÓÖ× ��ÓÙØ�Ö Ð�× ÓÒØÖ��ÙØ�ÓÒ× ÕÙ³�Ð �ÐÙÐ� �Ù Ø��Ð��Ù
ÓÒØ�Ò�ÒØ Ð� ��Ö�Ú�� �Ò Ø�ÑÔ× ÔÓÙÖ ����Ö�ÒØ�× Ú�Ð�ÙÖ× �� Ð³�Ò��� iº ÆÓÙ×
��ÚÓÒ× �ÐÓÖ× ÔÖ�Ò�Ö� ��Ö�� � Ò� Ô�× ÔÖÓÚÓÕÙ�Ö �� ÓÒ��Ø �³�Ö�ØÙÖ�¸ ³�×Ø¹�¹
��Ö� �××ÙÖ�Ö ÕÙ� ��ÙÜ ÛÓÖ�¹�Ø�Ñ× Ò³�Ö�Ú�ÒØ Ô�× �Ù Ñ�Ñ� �Ò�ÖÓ�Ø �Ù Ñ�Ñ�
ÑÓÑ�ÒØº ÈÓÙÖ �Ð�¸ ÒÓÙ× �ÐÐÓÒ× ��ÓÙØ�Ö Ð�× ÓÒØÖ��ÙØ�ÓÒ× ×ÙÖ ��× �Ò���× i
����Ö�ÒØ× ÔÓÙÖ ��ÕÙ� ÛÓÖ�¹�Ø�Ñº

ËÓ�Ø p¸ q �Ø r ØÖÓ�× �ÒØ��Ö× ÓÑÔÖ�× �ÒØÖ� 0 �Ø d Ø�Ð× ÕÙ� j = p+(d+1)(q+(d+
1)r)º ËÓ�Ø j′ ÙÒ ×�ÓÒ� �Ò��� ÓÖÖ�×ÔÓÒ��ÒØ � ÙÒ �ÙØÖ� ÛÓÖ�¹�Ø�Ñ ×³�Ö�Ú�ÒØ
j′ = p′ + (d+ 1)(q′ + (d+ 1)r′) �Ú� p′¸ q′ �Ø r′ ÓÑÔÖ�× �ÒØÖ� 0 �Ø dº ÆÓØÓÒ×
Rd Ð³�ÔÔÐ��Ø�ÓÒ ÕÙ� � ÙÒ �ÒØ��Ö �××Ó�� Ð� Ö�×Ø� �� Ð� ��Ú�×�ÓÒ �ÙÐ����ÒÒ� ��
�Ø �ÒØ��Ö Ô�Ö d+ 1º ���Ò�××ÓÒ× �ÐÓÖ× ×�Ü �Ò���×

i0(α) = Rd(p+ α) + (d+ 1)(q + (d+ 1)r),

i1(α) = p+ (d+ 1)(Rd(q + α) + (d+ 1)r),

i2(α) = p+ (d+ 1)(q + (d+ 1)Rd(r + α)),

i′0(α) = Rd(p
′ + α) + (d+ 1)(q′ + (d+ 1)r′),

i′1(α) = p′ + (d+ 1)(Rd(q
′ + α) + (d+ 1)r′),

i′2(α) = p′ + (d+ 1)(q′ + (d+ 1)Rd(r
′ + α)),

´�º�µ

ÔÓÙÖ α ÓÑÔÖ�× �ÒØÖ� 0 �Ø dº Ê�Ñ�ÖÕÙÓÒ× ØÓÙØ �³��ÓÖ� ÕÙ� Ð�× �Ò���× i0¸
i1 �Ø i2 Ô�ÖÓÙÖ�ÒØ ØÓÙ× Ð�× �Ò���× i �Ð��Ò�× �Ú� jº �� ÔÐÙ×¸ ÔÓÙÖ α �Ü� �Ø
ØÓÙØ n = 0, 1, 2¸ Ð�× �Ò��� in(α) �Ø i′n(α) Ò� ×ÓÒØ Ô�× ���ÙÜº �ÓÒ¸ Ð�× �Ò���×
i0¸ i1 �Ø i2 ���Ò�××�ÒØ ÙÒ� ×�ÕÙ�Ò� ÔÓÙÖ Ð�ÕÙ�ÐÐ� �ÙÙÒ ÓÒ��Ø �³�Ö�ØÙÖ�
Ò³�ÔÔ�Ö��Ø �Ø ÕÙ� Ô�ÖÑ�Ø �� Ô�ÖÓÙÖ�Ö ØÓÙ× Ð�× ÔÓ�ÒØ× i Ò��××��Ö�× �Ù �ÐÙÐ
�� Ð� ×ÓÑÑ� ´�º¿� Ô��� ��µº

ÌÓÙØ��Ó�×¸ Ð� Ô�ÖÓÙÖ× ��× �Ò���× i ��Ò×� ���Ò� Ô�××� ØÖÓ�× �Ó�× Ô�Ö Ð³�Ò���
�ÒØÖ�Ð j¸ �Ò ���Ø i0(0) = i1(0) = i2(0) = jº ÆÓÙ× Ò� ÓÑÑ�Ò�ÓÒ× �ÓÒ �×
×�ÕÙ�Ò�× ÕÙ³�Ò α = 1 �Ø ��ÓÙØÓÒ× Ð� Ø�ÖÑ� ÓÖÖ�×ÔÓÒ��ÒØ � j ÙÒ� ×�ÙÐ� �Ó�×º

Ä³�Ð�ÓÖ�Ø�Ñ� Ó�Ø�ÒÙ �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ÔÖÓ��ÙÖ� ��Ö�Ø� ÔÖ����ÑÑ�ÒØ �×Ø
�ÓÒÒ� �Ò Ô×�Ù�Ó¹Ó�� �Ò �º¾º ��ÐÙ�¹� �×Ø Ô�Ö�ÐÐ�Ð�×� �Ò �××Ó��ÒØ ÙÒ ÛÓÖ�¹
�ÖÓÙÔ � ÙÒ �Ð�Ñ�ÒØº ���ÕÙ� ÛÓÖ�¹�ÖÓÙÔ �×Ø ÓÑÔÓ×� �� (d+1)3 ÛÓÖ�¹�Ø�Ñ×
�Ø�ÒØ �××Ó�� ��ÙÒ � ÙÒ �Ò��� jº

½¼¼



Ä � �Ò� �  � �Ù ÛÓÖ�−�ÖÓÙÔ
� � �Ò� �  � �Ù ÛÓÖ�−�Ø�Ñ

»» Ì�ÖÑ�× ÓÒ× Ø�Ò Ø ×
Û� � ÔÓ��× �
Ó�Ø�Ù � ÓÑ�ØÖ � � �Ù ÔÓ �ÒØ �

»» Ä�ØÙÖ� ��× ��ÑÔ× �Ò Ñ�ÑÓ�Ö� � Ð Ó � � Ð �
ÏÄ � ��ÑÔ× �Ù ÔÓ �ÒØ � �� Ä

�Ö��Ô× � � �Ö�� ��ÒØ � �Ù ÔÓ �ÒØ �

»» ��ÓÙØ ��×  ÓÒ Ø Ö � � Ù Ø � Ó Ò × �Ò Ñ�ÑÓ�Ö� Ð Ó  � Ð �
ÐÓ�Ð��ØÛ � � ℄ � Û� ∗ �´ÏÄ¸ ÏÄ¸ Ó�Ø�Ù ∗ �Ö��Ô× � µ

»» ÈÓ�ÒØ �� Ö�ÒÓÒØÖ� ��× ÛÓÖ�−� Ø�Ñ×
ËÝÒ�ÖÓÒ � ×�Ø �ÓÒ Ð Ó  � Ð �

�ÓÖ ´ ��½����·½��··µß
�ÓÖ ´Ò�¼�Ò�¿�Ò··µß

� � ��Ò ´ � µ �
� Ö��Ô× � � �Ö�� ��ÒØ � �Ù ÔÓ �ÒØ �

»» ��ÓÙØ ��×  ÓÒ Ø Ö � � Ù Ø � Ó Ò × �Ò Ñ�ÑÓ�Ö� Ð Ó  � Ð �
ÐÓ�Ð��ØÛ � � ℄ ·� Û� ∗ �´ÏÄ¸ ÏÄ¸ Ó�Ø�Ù ∗ �Ö��Ô× � µ

»» ÈÓ�ÒØ �� Ö�ÒÓÒØÖ� ��× ÛÓÖ�−� Ø�Ñ×
ËÝÒ�ÖÓÒ � ×�Ø �ÓÒ Ð Ó  � Ð �

�
�

�ØÛ � � ℄ � ÐÓ�Ð��ØÛ � � ℄ �

�Ð�ÓÖ�Ø�Ñ� �º¾ � �Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� �� �ÐÙÐ ��× �ÒØ��Ö�Ð�× ÚÓÐÙÑ�ÕÙ�×º

ÈÐÙ×��ÙÖ× Ö�Ñ�ÖÕÙ�× Ô�ÙÚ�ÒØ �ØÖ� ���ØÙ��× ×ÙÖ �Ø �Ð�ÓÖ�Ø�Ñ� �

Ê�Ñ�ÖÕÙ� ½¿º �Ù ���ÙØ �� Ð� ÔÖÓ��ÙÖ�¸ ÒÓÙ× Ð�×ÓÒ× Ð�× ��ÑÔ× �××Ó��× �Ù
ÔÓ�ÒØ j �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð�º Ä³����Ø� �� �ØØ� Ð�ØÙÖ� �×Ø �××ÙÖ�� Ô�Ö Ð³ÓÖ�Ö�
�� Ö�Ò��Ñ�ÒØ ��× �ÓÒÒ��× ��× ��ÑÔ× �Ò Ñ�ÑÓ�Ö�º �� Ð� Ñ�Ñ� Ñ�Ò��Ö�¸ Ð�
Ö�×ÙÐØ�Ø �×Ø �Ö�Ø �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð� �Ò �Ò �� �ÐÙÐº ü ÒÓÙÚ��Ù¸ �ØØ� �Ö�ØÙÖ�
�×Ø ���ØÙ�� �� Ñ�Ò��Ö� Ó�Ð�×�ÒØ�º

Ê�Ñ�ÖÕÙ� ½�º Ä�× ÓÒØÖ��ÙØ�ÓÒ× ×ÓÒØ ����Ø�ÓÒÒ��× �Ò Ñ�ÑÓ�Ö� ÐÓ�Ð�¸ �ØØ�

½¼½



Ñ�ÑÓ�Ö� �×Ø �³��× Ö�Ô���¸ Ñ��× Ò� Ô�Ö�ÙÖ� Ô�× �ÔÖ�× Ð� �Ò �� Ð³�Ü�ÙØ�ÓÒ
�Ù ��ÖÒ�Ðº ��Ò×�¸ Ð³�××Ó��Ø�ÓÒ �³ÙÒ ÛÓÖ�¹�ÖÓÙÔ � ÙÒ �Ð�Ñ�ÒØ �×Ø �××�ÒØ��ÐÐ�º

Ê�Ñ�ÖÕÙ� ½�º Ä³ÙØ�Ð�×�Ø�ÓÒ �� Ð� Ñ�ÑÓ�Ö� ÐÓ�Ð� �×Ø �ÑÔ�Ö�Ø�Ú�º ��Ò× Ð�
�× ÓÒØÖ��Ö�¸ ÙÒ �Ö�Ò� ÒÓÑ�Ö� �³��× ÒÓÒ Ó�Ð�×�ÒØ× � Ð� Ñ�ÑÓ�Ö� �ÐÓ��Ð�
×�Ö��Ø ���ØÙ�¸ ���Ö���ÒØ �ÓÖØ�Ñ�ÒØ Ð�× Ô�Ö�ÓÖÑ�Ò�×º È�Ö �Ü�ÑÔÐ�¸ �Ù ���Ö�
2 �Ú� ÐÓÖ×ÕÙ� α = 1¸ Ð�× ÛÓÖ�¹�Ø�Ñ× �××Ó��× �ÙÜ �Ò���× ¼¸ ½ �Ø ¾ ����ÒØ
�ÙÜ Ú�Ð�ÙÖ× �³�Ò���× ½¸ ¾ �Ø ¼º

Ê�Ñ�ÖÕÙ� ½�º �ÔÖ�× ��ÕÙ� �Ö�ØÙÖ� �Ò Ñ�ÑÓ�Ö� ÐÓ�Ð� Ð�× ÛÓÖ�¹�Ø�Ñ× ×ÓÒØ
×ÝÒ�ÖÓÒ�×�×º ��ØØ� ×ÝÒ�ÖÓÒ�×�Ø�ÓÒ �××ÙÖ� ÕÙ� ØÓÙ× Ð�× �ÐÙÐ× ÙØ�Ð�× ÔÓÙÖ Ð�
×Ù�Ø� ×ÓÒØ Ø�ÖÑ�Ò�×º

Ê�Ñ�ÖÕÙ� ½�º �Ù ÓÙÖ× ��× �Ø�Ö�Ø�ÓÒ× ×ÙÖ Ð�× ÔÓ�ÒØ× i¸ ÒÓÙ× Ò� �ÐÙ¹
ÐÓÒ× Ô�× ØÓÙØ�× Ð�× ÓÑÔÓ×�ÒØ�× �Ù �Ö����ÒØ �� Ð� �ÓÒØ�ÓÒ �� ��×�º �Ò ���Ø¸
ÔÙ�×ÕÙ� i �×Ø ����Ö�ÒØ �� j¸ ×�ÙÐ� Ð� ÓÑÔÓ×�ÒØ� ÓÖÖ�×ÔÓÒ��ÒØ � Ð� ��Ö�Ø�ÓÒ
�³�Ð��Ò�Ñ�ÒØ �� i �Ø j¸ ³�×Ø¹�¹��Ö� n¸ �×Ø ÒÓÒ ÒÙÐÐ�º

��ÐÙÐ ��× Ø�ÖÑ�× ×ÙÖ���ÕÙ�×

�Ò ×ÙÔÔÓ×�ÒØ ÕÙ� Ð�× Ñ��ÐÐ�× ×ÓÒØ ��Ü���Ö�ÕÙ�×¸ ÔÐÙ×��ÙÖ× ×�ÑÔÐ���Ø�ÓÒ× �Ô¹
Ô�Ö��××�ÒØ ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��× �ÒØ��Ö�Ð�× ×ÙÖ���ÕÙ�×º ÆÓÙ× ÙØ�Ð�×�ÖÓÒ×
Ð� Ñ�Ñ� ×ØÖ�Ø���� �� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÕÙ� ��Ò× Ð� �× ��Ò�Ö�ÕÙ�¸ �º�º Ð� Ô�¹
Ö�ÐÐ�Ð�×�Ø�ÓÒ �×Ø ���ØÙ�� ×ÙÖ Ð�× �Ð�Ñ�ÒØ× �Ø Ð�× �ÒØ��Ö�Ð�× ×ÙÖ���ÕÙ�× ×ÓÒØ
�ÐÙÐ��× ��ÙÜ �Ó�×º �� Ñ�Ñ�¸ Ð� �ÐÙÐ �×Ø ×�Ô�Ö� �Ò ��ÙÜ �Ø�Ô�× ×�Ñ�Ð��Ö�×
�Ù �× ��Ò�Ö�ÕÙ�º

Ä�× ÔÖ�Ñ��Ö�× ×�ÑÔÐ���Ø�ÓÒ× �ÔÔ�Ö��××�ÒØ ��Ò× Ð� �ÐÙÐ ��× ��ÑÔ× ×ÙÖ��¹
�ÕÙ�× WL ÔÖÓÚ�Ò�ÒØ �� Ð³�Ð�Ñ�ÒØ ÓÙÖ�ÒØº ��× ��ÑÔ× ×ÓÒØ �ÜØÖ�ÔÓÐ�× �
Ô�ÖØ�Ö ��× ��ÑÔ× ÓÒÒÙ× ��Ò× Ð� ÚÓÐÙÑ� ×ÙÖ Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ��×
���×º ��Ò �³Ó�Ø�Ò�Ö Ð� ��ÑÔ WL �Ù ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ xf,j′ �� Ð� ��� f ¸
ÒÓÙ× Ò³ÙØ�Ð�×�ÖÓÒ× ÕÙ� Ð�× ÓÒØÖ��ÙØ�ÓÒ× �××Ó���× �ÙÜ ÔÓ�ÒØ× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ
�Ð��Ò��× �Ú� Ð� ÔÓ�ÒØ xf,j′ º Ä�× �Ò���× �� �× ÔÓ�ÒØ× ×ÓÒØ Ð�× �ÒØ����ÒØ× ��
j′ Ô�Ö Ð³�ÔÔÐ��Ø�ÓÒ j �→ j′ = π(f, j) ���Ò�� �Ò ´�º½¿ Ô��� ��µ �Ø Ô�ÙÚ�ÒØ �ØÖ�
��Ø�ÖÑ�Ò� ×�ÑÔÐ�Ñ�ÒØ Ô�Ö ��× ��Ú�×�ÓÒ× �ÙÐ����ÒÒ�×º

Ä� �ÐÙÐ ��× ��ÑÔ× WR ÔÖÓÚ�Ò�ÒØ ��× �Ð�Ñ�ÒØ× ÚÓ�×�Ò× �×Ø ���ØÙ� ×Ù�Ú�ÒØ
Ð� ÓÒØ�ÜØ�º ��Ò× Ð� �× Ó� Ð³ÓÖ�Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �×Ø ÓÒ×Ø�ÒØ ��Ò× ØÓÙØ
Ð� Ñ��ÐÐ���¸ ÒÓÙ× ÔÓÙÚÓÒ× �ÔÔÐ�ÕÙ�Ö Ð� Ñ�Ñ� ÔÖÓ��ÙÖ� �� �ÐÙÐ ÕÙ� ÔÓÙÖ
Ð�× ��ÑÔ× WL ÔÙ�×ÕÙ� Ð� ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ xf,j′ ÓÖÖ�×ÔÓÒ� � ÙÒ ÔÓ�ÒØ
�³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ� �� Ð³�Ð�Ñ�ÒØ Rº ÈÓÙÖ �Ð�¸ ÒÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö
��Ø�ÖÑ�Ò�Ö Ð�× �Ò���× �� Ð� ��� �Ø �Ù ÔÓ�ÒØ �³�ÒØ��Ö�Ø�ÓÒ ��Ò× Rº ��× �Ò¹
���× ×ÓÒØ ��Ø�ÖÑ�Ò�× �Ò ÙØ�Ð�×�ÒØ Ð�× �ÓÒÒ��× �� ÓÒÒ�Ø�Ú�Ø� ��× �Ð�Ñ�ÒØ× �Ø

½¼¾



�Ò Ø�Ò�ÒØ ÓÑÔØ� ��× ÓÖ��ÒØ�Ø�ÓÒ× ��× ���×º ÆÓÙ× �ÔÔÐ�ÕÙÓÒ× �ÐÓÖ× Ð� ÔÖÓ�¹
�ÙÖ� Ô�ÖÑ�ØØ�ÒØ �³�ÜØÖ�ÔÓÐ�Ö Ð� ��ÑÔ WR �Ò ÙØ�Ð�×�ÒØ Ð�× ÔÓ�ÒØ× ÚÓÐÙÑ�ÕÙ�×
�Ð��Ò�× �Ú� Ð� ÔÓ�ÒØ ×ÙÖ���ÕÙ�º ��ØØ� ÓÔØ�Ñ�×�Ø�ÓÒ �×Ø ØÖ�× �ÒØ�Ö�××�ÒØ� ÔÙ�×¹
ÕÙ³�ÐÐ� Ò��××�Ø� Ð� Ð�ØÙÖ� �� d + 1 ��ÑÔ× �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð� �Ù Ð��Ù ��
(d + 1)3º �ÓÑÑ� �× Ð�ØÙÖ�× Ò� ×ÓÒØ Ô�× Ó�Ð�×�ÒØ�×¸ Ð�Ñ�Ø�Ö Ð�ÙÖ ÒÓÑ�Ö�
Ô�ÖÑ�Ø ÙÒ ���Ò �� Ø�ÑÔ× ×��Ò���Ø��º

ÌÓÙØ��Ó�×¸ ÒÓÙ× Ò� ÔÓÙÚÓÒ× �ÔÔÐ�ÕÙ�Ö �ØØ� �×ØÙ� ÕÙ³�Ò �× �³ÙÒ� �ÔÔÖÓÜ�Ñ�¹
Ø�ÓÒ �³ÓÖ�Ö� ÓÒ×Ø�ÒØ ��Ò× ØÓÙØ Ð� Ñ��ÐÐ���º �Ò ���Ø¸ Ð�× �ÐÙÐ× ×ÓÒØ ���ØÙ�×
�Ù ÑÓÝ�Ò �� ��ÖÒ�Ð× ÓÑÑÙÒ× � ØÓÙØ�× Ð�× ÞÓÒ�× �Ø �Ó�Ú�ÒØ �ÓÒ ÔÓÙÚÓ�Ö
ÔÖ�Ò�Ö� �Ò ÓÑÔØ� ØÓÙ× Ð�× �× �� ��ÙÖ� Ö�ÒÓÒØÖ�×º ��Ò×�¸ ×� Ð³ÓÖ�Ö� �³�Ô¹
ÔÖÓÜ�Ñ�Ø�ÓÒ Ú�Ö��¸ ÒÓÙ× �ÐÙÐÓÒ× Ð�× ��ÑÔ× WR �Ò ÙØ�Ð�×�ÒØ Ð� ÔÖÓ��ÙÖ�
��Ö�Ø� �Ò �º½º¿º

�ÓÑÑ� ÔÖ����ÑÑ�ÒØ¸ ÙÒ� �Ó�× Ð�× ��ÑÔ× WL �Ø WR �ÐÙÐ�×¸ ��ÕÙ� ÛÓÖ�¹
�Ø�Ñ �ÐÙÐ� Ð� �ÙÜ ÒÙÑ�Ö�ÕÙ� �Ù ÔÓ�ÒØ ÕÙ� ÐÙ� �×Ø �××Ó�� �Ø Ð³�Ö�Ø �Ò Ñ�ÑÓ�Ö�
ÐÓ�Ð�º

Ä�× ÛÓÖ�¹�Ø�Ñ× ×ÓÒØ �ÐÓÖ× Ö�Ô�ÖØ�× ×ÙÖ Ð�× ÔÓ�ÒØ× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ �Ù ÚÓÐÙÑ�
ÓÑÑ� ��Ò× Ð� �× ��Ò�Ö�ÕÙ�º Ä� ÛÓÖ�¹�Ø�Ñ �³�Ò��� i �ÐÙÐ� Ð³�ÒØ��Ö�Ð�
´�º�� Ô��� ��µ ÔÓÙÖ � Ñ�Ñ� �Ò��� iº �ÓÑÑ� ÔÖ����ÑÑ�ÒØ¸ Ð�× ÛÓÖ�¹�Ø�Ñ×
�³�Ò��� i ≥ (d + 1)3 ×ÓÒØ �Ò�Ø��×º �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ÔÖÓÔÖ��Ø� ½½ Ô��� ��¸
Ð³�×Ø�Ñ�Ø�ÓÒ �� Ð³�ÒØ��Ö�Ð� ´ �º�� Ô��� ��µ Ò� Ò��××�Ø� Ð� ÓÒØÖ��ÙØ�ÓÒ ÕÙ�
�³ÙÒ �ÙÜ Ô�Ö ���º ÈÓÙÖ ÙÒ� ��� f �ÓÒÒ��¸ � �ÙÜ �×Ø �××Ó�� �Ù ÔÓ�ÒØ
�³�ÒØ��Ö�Ø�ÓÒ ×ÙÖ���ÕÙ� ×ÙÖ Ð�ÕÙ�Ð Ð� ÔÓ�ÒØ ÚÓÐÙÑ�ÕÙ� i �×Ø ÔÖÓ��Ø�º Ä³�Ò���
i′ �� � ÔÓ�ÒØ �×Ø �ÓÒÒ� Ô�Ö Ð³�ÔÔÐ��Ø�ÓÒ π ���Ò�� �Ò ´�º½¿ Ô��� ��µ¸ ×Ó�Ø
i′ = π(f, i)º

��� ÓÒ�Ù�Ø � Ð³�Ð�ÓÖ�Ø�Ñ� ×Ù�Ú�ÒØ �º¿º

Ä � �Ò� �  � �Ù ÛÓÖ�−�ÖÓÙÔ
� � �Ò� �  � �Ù ÛÓÖ�−�Ø�Ñ

»» Ë�Ù Ð × Ð � × ÛÓÖ�−� Ø�Ñ× � ³ � Ò� �  � � Ò � � Ö � � Ù Ö �Ù ÒÓÑ�Ö�
»» �� ÔÓ �Ò Ø × � ³ � Ò Ø � � Ö � Ø � Ó Ò × Ù Ö � �  � Õ Ù � × ×ÓÒØ �  Ø � � × º
� � ´ � � �∗´�·½µ�¾µß
»» ��ÐÙ Ð ��× � Ò� �  � × � ³ � Ø � �Ò � ÓÒ Ø � ÓÒ �� �
�ÔÖ�Ñ� ¸ � �� ´ � � �ÔÖ �Ñ� · � ∗ ´�·½µ�¾µ

»» ���Ö��Ñ�ÒØ �Ò Ñ�ÑÓ�Ö� Ð Ó  � Ð � ��× ��ÑÔ× �� Ä
ÏÄ � ���ÑÔ× �Ò �ÔÖ �Ñ� �� Ä

»» Ä�ØÙÖ� �� Ð �  ÓÒÒ �  Ø � Ú � Ø �

½¼¿



Ê � ÚÓ � × � Ò �� Ä Ô�Ö Ð � � �  � �

»» ��ÐÙ Ð �Ò Ñ�ÑÓ�Ö� � Ð Ó � � Ð � �� ÛÖ
ÏÊ � ��ÑÔ× �Ò �ÔÖ �Ñ� �� Ê

»»  � Ð  Ù Ð �� Ð � ÒÓÖÑ�Ð� � Ø �Ù ÔÓ��×
Û� � ÔÓ��× ×Ù Ö � �  � ÕÙ � �ÔÖ �Ñ�
Î�× � ÒÓÖÑ�Ð� � Ð � � �  � � �Ò �ÔÖ �Ñ�

Ð Ó  � Ð� � Ð ÙÜ � � ¸ �ÔÖ �Ñ� ℄ � �´ÏÐ¸ ÏȨ̂ Î�×µ
�

»» ËÝÒ�ÖÓÒ�×� Ø �ÓÒ ��× ÛÓÖ�−� Ø�Ñ×
ËÝÒ�ÖÓÒ � ×�Ø � ÓÒ Ð Ó  � Ð �

»» Ë�Ù Ð × Ð � × ÛÓÖ�−� Ø�Ñ× � ³ � Ò� �  � � Ò � � Ö � � Ù Ö �Ù ÒÓÑ�Ö�
»» �� ÔÓ �Ò Ø × � ³ � Ò Ø � � Ö � Ø � Ó Ò ÚÓÐÙÑ�ÕÙ�× ×ÓÒØ �  Ø � � × º
� � ´ � � ´�·½µ�¿µß
»» Ê�Ô�Ö Ø � Ø � ÓÒ ��× ÛÓÖ�−� Ø�Ñ× ×ÙÖ Ð � ×
»» ÔÓ �Ò Ø × ÚÓ ÐÙÑ�ÕÙ�×
�ØÛ � ¼
�ÓÖ ´ � �¼� � ��� �··µß

�ØÛ ·� ÐÓ � Ð� � Ð ÙÜ � � ¸ Ô � ´ � ¸ � µ ℄
�

»» �Ö � ØÙ Ö� �Ù Ö � × Ù Ð Ø � Ø �Ò Ñ�ÑÓ�Ö� � Ð Ó � � Ð �
�ÐÓ��Ð��ØÛ � � ℄ ·� �ØÛ

�

�Ð�ÓÖ�Ø�Ñ� �º¿ � �Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� �� �ÐÙÐ ��× �ÒØ��Ö�Ð�× ×ÙÖ���ÕÙ�×º

��Ò× � ÕÙ� ÔÖ����¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� Ð�× �Ð�ÓÖ�Ø�Ñ�× Ô�Ö�ÐÐ�Ð�× ÇÔ�Ò�Äº
��ÙÜ Ú�Ö×�ÓÒ× ÓÒØ �Ø� ÔÖÓ�Ö�ÑÑ��× � ÙÒ� Ú�Ö×�ÓÒ ��Ò�Ö�ÕÙ� �Ø ÙÒ� Ú�Ö×�ÓÒ ÓÔ¹
Ø�Ñ�×�� ÔÓÙÖ ÙÒ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ� ÔÖ�×�ÒØ�ÒØ ÙÒ� �ÒØ�ÖÔÓÐ�Ø�ÓÒ ÓÒ×Ø�ÒØ�º
Ä�× ��ÖÒ�Ð× ��Ò×� ÔÖÓ�Ö�ÑÑ�× ×ÓÒØ ���ÔØ�× �ÙÜ Ô�Ö�Ô��Ö�ÕÙ�× �� �ÐÙÐ ��
ØÝÔ� �ÈÍº �Ò Ô�ÖØ�ÙÐ��Ö¸ ÒÓÙ× �ÚÓÒ× ��Ö�� � �ÓÒÓÑ�×�Ö Ð� Ñ�ÑÓ�Ö�¸ ÔÖ�¹
��Ö�ÒØ Ö��ÐÙÐ�Ö �ÖØ��Ò�× Ú�Ð�ÙÖ× ÓÒ×Ø�ÒØ�× ÔÐÙØ�Ø ÕÙ� �� Ð�× ×ØÓ��Öº ÌÓÙ¹
Ø��Ó�×¸ Ð� Ø��ÐÐ� �� Ð� ×�Ò� ÔÓÙÚ�ÒØ �ØÖ� ×�ÑÙÐ�� Ö�×Ø� Ð�Ñ�Ø��º ��Ò �� ÔÓÙÚÓ�Ö
×�ÑÙÐ�Ö ��× ×�Ò�× �� �Ö�Ò�� Ø��ÐÐ�¸ ÒÓÙ× �ÐÐÓÒ× Ô�Ö�ÐÐ�Ð�×�Ö Ð�× �ÐÙÐ× ×ÙÖ
ÔÐÙ×��ÙÖ× Ô�Ö�Ô��Ö�ÕÙ�× ÇÔ�Ò�Ä �Ò ÙØ�Ð�×�ÒØ Ð� ���Ð�ÓØ��ÕÙ� ÅÈÁº

½¼�



�º¾ È�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÅÈÁ

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ÔÖ�×�ÒØÓÒ× Ð� ×ØÖ�Ø���� Ñ�×� �Ò Ó�ÙÚÖ� ÔÓÙÖ Ô�Ö�ÐÐ�Ð�¹
×�Ö Ð�× �ÐÙÐ× ×ÙÖ ÔÐÙ×��ÙÖ× Ô�Ö�Ô��Ö�ÕÙ�× ÇÔ�Ò�Ä �Ò ÙØ�Ð�×�ÒØ Ð� ���Ð�ÓØ��ÕÙ�
ÅÈÁº ��ØØ� ���Ð�ÓØ��ÕÙ� Ô�ÖÑ�Ø �� Ö��Ð�×�Ö ��× �ÐÙÐ× ×ÙÖ ��× Ñ���Ò�× �
Ñ�ÑÓ�Ö� ��×ØÖ��Ù��º ÈÐÙ×��ÙÖ× ÔÖÓ�××Ù× ×ÓÒØ Ð�Ò�× �Ò Ô�Ö�ÐÐ�Ð�º ���ÙÒ ÔÓ×¹
×��� ×ÓÒ ÔÖÓÔÖ� �×Ô�� Ñ�ÑÓ�Ö�º Ä�× ����Ö�ÒØ× ÔÖÓ�××Ù× ÓÑÑÙÒ�ÕÙ�ÒØ �ÐÓÖ×
�ÒØÖ� �ÙÜ Ô�Ö ÙÒ ×Ý×Ø�Ñ� �� Ñ�××���º

Ä³�ÔÔÖÓ�� ��Ö�Ø� �� �×Ø ��×�� ×ÙÖ ÙÒ� Ø��Ò�ÕÙ� �� ×ÓÙ×¹�ÓÑ��Ò�º Ä� Ñ��ÐÐ���
�ÐÓ��Ð �×Ø Ö�Ô�ÖØ� �ÒØÖ� Ð�× ����Ö�ÒØ× ÔÖÓ�××Ù× �Ò ÔÖ�Ò�ÒØ ��Ö�� � �ÕÙ�Ð��Ö�Ö
Ð� ÚÓÐÙÑ� �� �ÐÙÐ �ÒØÖ� Ð�× ����Ö�ÒØ× ÔÖÓ�××Ù× ÅÈÁº ���ÕÙ� ÔÖÓ�××Ù×
Ú� �ÐÓÖ× ÙØ�Ð�×�Ö ÙÒ Ô�Ö�Ô��Ö�ÕÙ� ÇÔ�Ò�Ä ����Ö�ÒØº Ä�× Ñ�×�× � �ÓÙÖ �ÒØÖ�
ÔÖÓ�××Ù× ×ÓÒØ Ò��××��Ö�× ÐÓÖ× �Ù �ÐÙÐ ��× Ø�ÖÑ�× ×ÙÖ���ÕÙ�×º ��ÙÜ¹� Ò�¹
�××�Ø�ÒØ Ð� ÓÒÒ��××�Ò� ��× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ ��× Ñ��ÐÐ�× ÚÓ�×�Ò�×º Ë� Ð�
Ñ��ÐÐ� ÚÓ�×�Ò� �×Ø ØÖ��Ø�� Ô�Ö ÙÒ ÔÖÓ�××Ù× ����Ö�ÒØ¸ ÒÓÙ× ��ÚÓÒ× Ö�ÙÔ�Ö�Ö
�ØØ� �Ò�ÓÖÑ�Ø�ÓÒº

ÁÐ ��ÙØ �ÓÒ ØÖ�Ò×��Ö�Ö �ÒØÖ� ÔÖÓ�××Ù× ��× �ÓÒÒ��× ÚÓÐÙÑ�ÕÙ�×º ÈÓÙÖ �Ð�¸
ÙÒ� ÓÙ�� �� Ñ��ÐÐ�× ÔÖÓÚ�Ò�ÒØ �Ù Ñ��ÐÐ��� ÚÓ�×�Ò �×Ø Ô�ÖØ���� �ÒØÖ� ��ÙÜ
×ÓÙ×¹�ÓÑ��Ò�× ÚÓ�×�Ò×º Ä� ��ÙÖ� ������ �º¾ Ô��� ×Ù�Ú�ÒØ� Ö�ÔÖ�×�ÒØ� Ð� Ö�¹
ÓÙÚÖ�Ñ�ÒØ Ó�Ø�ÒÙ ��Ò× Ð� �× �� ��ÙÜ ÔÖÓ�××Ù×º Ä�× Ñ��ÐÐ���× ØÖ��Ø�× Ô�Ö
Ð�× ��ÙÜ ÔÖÓ�××Ù× ÔÖ�×�ÒØ�ÒØ �ÐÓÖ× ÙÒ Ö�ÓÙÚÖ�Ñ�ÒØ �� ��ÙÜ ÓÙ��× ��
Ñ��ÐÐ�×º Ä�× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× ��× ÓÙ��× ÓÑÑÙÒ�× ×ÓÒØ ���Ò¹
��× ��ÙÜ �Ó�× Ô�Ö Ô�× �� Ø�ÑÔ× ÔÙ�×ÕÙ� ÒÓÙ× ���ØÙÓÒ× ÙÒ� �ÒØ��Ö�Ø�ÓÒ �Ò
Ø�ÑÔ× �� ÊÙÒ��¹ÃÙØØ� �³ÓÖ�Ö� ¾º

Ä� Ö�Ô�ÖØ�Ø�ÓÒ ��× Ñ��ÐÐ�× �Ò ÞÓÒ�× Ø��ÒØ �ÐÓÖ× ÓÑÔØ� �Ù � ×Ø�ØÙØ ÅÈÁ � ��×
Ñ��ÐÐ�× ´�ÒØ�ÖÒ�¸ � �ÒÚÓÝ�Ö ÓÙ � Ö��ÚÓ�Öµº ÍÒ� ÞÓÒ� Ò� ��ÚÖ� �ÐÓÖ× ÓÒØ�¹
Ò�Ö ÕÙ� ��× Ñ��ÐÐ�× �Ý�ÒØ Ð� Ñ�Ñ� ×Ø�ØÙØ ÅÈÁº ��ØØ� Ö�Ô�ÖØ�Ø�ÓÒ Ô�ÖÑ�Ø Ð�
ØÖ�Ò×��ÖØ �ÒØÖ� Ð� Ô�Ö�Ô��Ö�ÕÙ� �� �ÐÙÐ �Ø Ð� Ô�Ö�Ô��Ö�ÕÙ� ��Ø� �³ÙÒ �ÐÓ ��
�ÓÒÒ��× ÔÐÙØ�Ø ÕÙ� �� �ÓÒÒ��× �Ô�Ö×�×º

�Ú�ÒØ Ð� �ÐÙÐ ��× Ø�ÖÑ�× ×ÙÖ���ÕÙ�×¸ ��ÙÜ ÔÖÓ�××Ù× ØÖ��Ø�ÒØ ��× �ÓÑ��Ò�×
ÚÓ�×�Ò× ÚÓÒØ �ÐÓÖ× ×³�ÒÚÓÝ�Ö Ð�× �ÓÒÒ��× ÔÓÖØ��× Ô�Ö Ð� ÓÙ�� �� Ñ��ÐÐ�× ÕÙ³�Ð×
ÓÒØ �ÐÙÐ��× �Ø Ö��ÚÓ�Ö �ÐÐ�× �� Ð� ÓÙ�� ØÖ��Ø�� Ô�Ö Ð� ÔÖÓ�××Ù× ÚÓ�×�Òº ��Ø
���Ò�� �� �ÓÒÒ��× �×Ø ���ØÙ� �� Ñ�Ò��Ö� ×ÝÒ�ÖÓÒ�¸ ³�×Ø¹�¹��Ö� ÕÙ� �Ù¹
Ö�ÒØ Ð³���Ò�� �� �ÓÒÒ��× �ÙÙÒ� �ÙØÖ� Ø��� Ò³�×Ø ���ØÙ��º ��Ò �� Ö��Ð�×�Ö
� ØÖ�Ò×��ÖØ¸ Ð�× �ÓÒÒ��× ��× ÞÓÒ�× � �ÒÚÓÝ�Ö ×ÓÒØ ØÖ�Ò×��Ö��× �Ù Ô�Ö�Ô��¹
Ö�ÕÙ� �� �ÐÙÐ � Ð³��Ø�º �Ò×Ù�Ø�¸ �× �ÓÒÒ��× ×ÓÒØ ÓÖ��Ò�×��× �� Ñ�Ò��Ö� �
�ØÖ� ÓÑÔÖ���Ò×��Ð�× Ô�Ö Ð�× ��ÙÜ ÔÖÓ�××Ù×º ÈÓÙÖ �Ð�¸ ÒÓÙ× ÓÒ×�ÖÚÓÒ× Ð³�Ò¹
��� ��× Ñ��ÐÐ�× ��Ò× Ð� Ñ��ÐÐ��� �Ò�Ø��Ð �Ø ÓÖ�ÓÒÒÓÒ× Ð�× �ÓÒÒ��× �××Ó���×
� ��ÕÙ� Ñ��ÐÐ� ×Ù�Ú�ÒØ �Ø �Ò���º ÆÓÙ× ØÖ�Ò×��ÖÓÒ× �ÐÓÖ× Ð�× �ÓÒÒ��× �ÒØÖ�

½¼�



������ �º¾ � Ê�ÓÙÚÖ�Ñ�ÒØ �� Ñ��ÐÐ��� �� ��ÙÜ ÔÖÓ�××Ù× ÅÈÁº Ä�× ����×
×ÝÑ�ÓÐ�×�ÒØ Ð�× �ÒÚÓ��× �� �ÓÒÒ��×º

Ð�× ÔÖÓ�××Ù×º Ä�× �ÓÒÒ��× Ö��Ù�× ×ÓÒØ �ÐÓÖ× ÓÖ�ÓÒÒ��× ×Ù�Ú�ÒØ Ð�× �Ò���× ��×
�Ð�Ñ�ÒØ× ��Ò× Ð� Ô�ÖØ�� �Ù Ñ��ÐÐ��� ÓÙÖ�ÒØº

Ä�× �ÐÙÐ× ×ÙÖ���ÕÙ�× ×ÓÒØ �ÐÓÖ× ���ØÙ�× �� Ð� Ñ�Ñ� Ñ�Ò��Ö� ÕÙ� ÔÖ��¹
��ÑÑ�ÒØ �Ü�ÔØ� ��Ò× Ð� ÓÙ�� ×ÙÔÔÐ�Ñ�ÒØ��Ö�¸ Ö��Ù� �Ù ÚÓ�×�Ò¸ Ó� �ÙÙÒ
�ÐÙÐ Ò³�×Ø ���ØÙ�º

��ØØ� �ÔÔÖÓ�� Ö�ÕÙ��ÖØ Ð� ×ØÓ���� �� �ÓÒÒ��× ÚÓÐÙÑ�ÕÙ�× ×ÙÔÔÐ�Ñ�ÒØ��Ö�×
��Ò×� ÕÙ� Ð�ÙÖ ØÖ�Ò×��ÖØº �� ÔÐÙ×¸ Ð�× �ÓÒÒ��× Ò��××�Ø�ÒØ �³�ØÖ� Ö�ÓÖ��Ò�×��×
�Ú�ÒØ Ð� ØÖ�Ò×��ÖØº ÆÓÙ× ��×ÙØ�ÖÓÒ× Ð³����Ø� �� �ØØ� �ÔÔÖÓ�� ��Ò× Ð� Ø�×Ø
��Ö�Ø �Ò �º�º ÆÓÙ× ÔÖÓÔÓ×�ÖÓÒ× ���Ð�Ñ�ÒØ ÙÒ� �ÐØ�ÖÒ�Ø�Ú� Ô�ÖÑ�ØØ�ÒØ ��
Ö��Ù�Ö� Ð� Ó�Ø �� ØÖ�Ò×��ÖØ ��Ò× Ð� ��Ô�ØÖ� �º

�ÓÒÐÙ×�ÓÒ

�Ò ÓÒÐÙ×�ÓÒ �� � ��Ô�ØÖ�¸ ÒÓÙ× �ÚÓÒ× �ÓÒ ÔÖÓ�Ö�ÑÑ� Ð� Ñ�Ø�Ó�� ��
×ÙÖ ��× ��Ü���Ö�×º Ä� Ñ�Ø�Ó�� �×Ø Ô�Ö�ÐÐ�Ð�×�� �Ò ÙØ�Ð�×�ÒØ Ð³�ÒÚ�ÖÓÒÒ�Ñ�ÒØ
ÇÔ�Ò�Ä ÔÓÙÖ Ô�ÐÓØ�Ö Ð�× �ÐÙÐ× ÕÙ� ×� ��ÖÓÙÐ�ÒØ ×ÙÖ ÙÒ �ÈÍº ÆÓÙ× ÙØ�Ð�×ÓÒ×
Ð� Ð��Ö��Ö�� ÅÈÁ ÔÓÙÖ ��×ØÖ��Ù�Ö Ð�× �ÐÙÐ× ×ÙÖ ÔÐÙ×��ÙÖ× �ÈÍº ÈÓÙÖ Ð³�Ò×Ø�ÒØ¸
Ð�× ���Ò��× �ÒØÖ� Ð�× �ÈÍ ×ÓÒØ ×ÝÒ�ÖÓÒ�×º ÆÓÙ× �ÚÓÒ× ÔÖÓ�Ö�ÑÑ� ÔÐÙ×��ÙÖ×

½¼�



Ú�Ö×�ÓÒ× �� ��ÕÙ� ��ÖÒ�Ð � ÙÒ� Ú�Ö×�ÓÒ ��Ò�Ö�ÕÙ�¸ ÕÙ� ÔÓÙÖÖ��Ø �ÓÒØ�ÓÒÒ�Ö
ÔÓÙÖ ØÓÙØ ØÝÔ� �³�Ð�Ñ�ÒØ �� Ö���Ö�Ò�¸ ÓÑÑ� ��× Ø�ØÖ���Ö�× ÓÙ ��× ÔÖ�×Ñ�× �
ÙÒ� Ú�Ö×�ÓÒ ÓÔØ�Ñ�×�� ÔÓÙÖ Ð�× ��Ü���Ö�×º

��Ò× Ð� ��Ô�ØÖ� ×Ù�Ú�ÒØ¸ ÒÓÙ× �ÐÐÓÒ× Ú�Ð���Ö �ØØ� ÔÖÓ�Ö�ÑÑ�Ø�ÓÒ ×ÙÖ ����¹
Ö�ÒØ× �×¹Ø�×Ø× ����Ñ�ÕÙ�× ÓÙ ÔÐÙ× Ô�Ý×�ÕÙ�×º ÆÓÙ× �ÐÐÓÒ× �Ù××� �×Ø�Ñ�Ö Ð�×
Ô�Ö�ÓÖÑ�Ò�× �� ÒÓØÖ� �ÔÔÖÓ��º

½¼�



½¼�



�������� �

Î�Ð���Ø�ÓÒ×

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× ÔÖ�×�ÒØ�ÖÓÒ× Ð�× �× Ø�×Ø× Ñ�× �Ò ÔÐ�� ��Ò �� Ú�Ð���Ö
Ð� Ñ�Ø�Ó�� �Ø Ð�× ����Ö�ÒØ× ÑÓ��Ð�× Ô�Ý×�ÕÙ�× ÔÖ�×�ÒØ�× ��Ò× Ð�× ��Ô�ØÖ�×
ÔÖ����ÒØ×º Ä�× �× Ø�×Ø× ×ÓÒØ ÓÒ×ØÖÙ�Ø× ��Ò �� Ú�Ð���Ö ÙÒ �Ò×�Ñ�Ð� Ö��Ù�Ø¸
Ñ��× ×��Ò���Ø��¸ �� ÑÓ��Ð�×º ÆÓÙ× ÔÖ�Ò�ÖÓÒ× ÓÑÑ� Ö���Ö�Ò� ÙÒ� ×ÓÐÙØ�ÓÒ
�Ò�ÐÝØ�ÕÙ� ÐÓÖ×ÕÙ� ÒÓÙ× �Ò ��×ÔÓ×ÓÒ× ÓÙ Ð�× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× � Ð³���� �³ÙÒ
ÐÓ����Ð �� Ö���Ö�Ò�º Ä�× ����Ö�ÒØ× �ÐÙÐ× ×ÓÒØ ���ØÙ�× �Ò ×�ÑÔÐ� ÔÖ��×�ÓÒº

Ä� ÔÖ�Ñ��Ö �× Ø�×Ø � ÔÓÙÖ �ÙØ �� Ú�Ð���Ö Ð� Ó�ÙÖ �� �ÐÙÐ �� �Ò ÓÑÔ�Ö�ÒØ
Ð³ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó�� Ó�Ø�ÒÙ ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ �Ú� Ð³ÓÖ�Ö� ��
ÓÒÚ�Ö��Ò� Ø��ÓÖ�ÕÙ�º Ä� ×�ÓÒ� �× Ø�×Ø Ô�ÖÑ�Ø �� Ñ�ØØÖ� �Ò �Ú���Ò� Ð�
Ú�Ð���Ø� �Ö�ÕÙ�ÒØ��ÐÐ� �� Ð� Ñ�Ø�Ó��¸ ³�×Ø¹�¹��Ö� �³�×Ø�Ñ�Ö �Ò �ÓÒØ�ÓÒ �Ù Ô�×
�� ��×Ö�Ø�×�Ø�ÓÒ ×Ô�Ø��Ð� ÙÒ� �Ö�ÕÙ�Ò� Ñ�Ü�Ñ�Ð� ÔÓÙÚ�ÒØ �ØÖ� ÓÖÖ�Ø�Ñ�ÒØ
Ö�ÔÖ�×�ÒØ��º

Ä�× �× Ø�×Ø× ×Ù�Ú�ÒØ× �ÓÒØ Ô�ÖØ�� ��× Ø�×Ø× �� Ú�Ð���Ø�ÓÒ �Ù ÔÖÓ��Ø �Ê��Ì
´��Ð�Ö��Ò Ê�×ÓÐÙØ�ÓÒ �ÓÖ �Ð�ØÖÓÑ��Ò�Ø� �ÔÔÐ��Ø�ÓÒ× �Ò Ì�Ñ� �ÓÑ��Ò¸ �¹
Ò�Ò� Ô�Ö ���»�Ë»ÅÊÁË ��Ò× Ð� ��Ö� �³ÙÒ ÔÖÓ��Ø �³�ÒÒÓÚ�Ø�ÓÒ �Ù�Ð� Ê�¹
ÈÁ�µº ��× Ø�×Ø× Ú�×�ÒØ � Ú�Ð���Ö Ð� Ñ�Ø�Ó�� ×ÙÖ ��× �× �³�ÔÔÐ��Ø�ÓÒ �Ø � �×Ø�¹
Ñ�Ö Ð³����Ø� �Ù Ó��º ÆÓÙ× ÓÒ×���ÖÓÒ× ÔÓÙÖ �Ð� ����Ö�ÒØ�× ÓÒ��ÙÖ�Ø�ÓÒ×
Ö�ÔÖ�×�ÒØ�Ø�Ú�× �� ×�ÑÙÐ�Ø�ÓÒ ÕÙ� ÒÓÙ× ÔÓÙÖÖ�ÓÒ× �ØÖ� �Ñ�Ò�× � ���ØÙ�Ö �Ú�
Ð� Ñ�Ø�Ó�� ��º ÆÓÙ× ÔÖ�×�ÒØ�ÖÓÒ× �� ØÖÓ�× �� �× �× Ø�×Ø×º

�º½ ÇÖ�Ö� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó��

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× �ÐÐÓÒ× Ú�Ö���Ö ÕÙ� ÒÓÙ× Ó�Ø�ÒÓÒ× ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ
ÙÒ ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �� �ØØ� Ñ�Ø�Ó�� ÔÓÙÖ ��× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ

½¼�



d = 0, . . . , 4 ÕÙ� ÓÖÖ�×ÔÓÒ��ÒØ � Ð³ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� Ø��ÓÖ�ÕÙ� �� Ð� Ñ�¹
Ø�Ó��º ÆÓÙ× ÒÓÙ× �ØØ�Ò�ÓÒ× � ÙÒ� �ÖÖ�ÙÖ �³ÓÖ�Ö� d + 1 �Ò ÒÓÖÑ� L2º Ä�
��ÑÓÒ×ØÖ�Ø�ÓÒ �� ÓÒÚ�Ö��Ò� ÔÖ�×�ÒØ�� ��Ò× Ð� ×�Ø�ÓÒ ¾º� Ô��� �½ �ÓÒÒ�
ÙÒ ÓÖ�Ö� d+1/2¸ Ñ��× ÔÓÙÖ ÙÒ� ÒÓÖÑ� ÔÐÙ× �Ò� ÓÒØ�Ò�ÒØ ÙÒ Ø�ÖÑ� �� ×�ÙØ
×ÙÖ Ð�× ��×ÓÒØ�ÒÙ�Ø�×º

ÈÓÙÖ �Ð�¸ ÓÒ×���ÖÓÒ× ÙÒ ��Ü���Ö� ���ÓÖÑ� �ÓÒØ Ð�× Ò�Ù�× ×ÓÒØ Ö�ÔÓÖØ�×
�Ò ´�º½µ �Ø Ö�ÔÖ�×�ÒØ� ×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� ×Ù�Ú�ÒØ�º ÆÓÙ× �Ò��ØÓÒ×
�ÐÓÖ× ÙÒ� ×ÓÐÙØ�ÓÒ �Ü�Ø� ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ��Ò× � �ÓÑ��Ò� �� �ÐÙÐ
�Ù ÑÓÝ�Ò �³ÙÒ� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× �� ØÝÔ� Ë�ÐÚ�Ö¹Å�ÐÐ�Ö �Ò�ÓÑÓ��Ò�º
ÆÓÙ× �Ó�×�××ÓÒ× �� ÙÒ� ÓÒ�� ÔÐ�Ò� ÑÓÒÓ�ÖÓÑ�Ø�ÕÙ� ×� ÔÖÓÔ����ÒØ ��Ò× Ð�
��Ö�Ø�ÓÒ V = (−0.0361, 0.170, 0.985)T �Ø �� �Ö�ÕÙ�Ò� f = 600MHzº

S0 = (0., 0., 0.)

S1 = (1., 0., 0.)

S2 = (0.866, 1., 0.5)

S3 = (0., 1., 0.)

S4 = (0., 0., 1.)

S5 = (0.866, 0.5, 1.)

S6 = (−0.183, 1.37, 1.05)

S7 = (−0.933, 0.866, 0.616)

´�º½µ

Ä�× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× ×ÓÒØ �ÐÓÖ× �ÓÒÒ�× Ô�Ö

E (X, t) = sin(2πf(tc− V ·X))





0.752
−0.644
−0.139



 ´�º¾µ

�Ø

H (X, t) = sin(2πf (tc− V ·X))





0.658
0.746
0.105



 ´�º¿µ

ÆÓÙ× ���ØÙÓÒ× Ð� �ÐÙÐ ×ÙÖ ÙÒ� �ÙÖ�� �� 2ns �Ú� ÙÒ Ô�× �� Ø�ÑÔ× �Ü�
�××ÙÖ�ÒØ Ð� ×Ø���Ð�Ø� �Ù ×��Ñ� � ��ÕÙ� ���Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÔÓÙÖ ØÓÙ×
Ð�× Ö��Ò�Ñ�ÒØ× ÕÙ� ÒÓÙ× ÓÒ×���Ö�ÖÓÒ×º �� Ô�× �� Ø�ÑÔ× ×�Ø�×���Ø ÙÒ� ��Ä
ØÖ�× ����Ð� ��Ò �� ×ÙÔÔÖ�Ñ�Ö Ð³�ÖÖ�ÙÖ �Ù� � Ð³�ÒØ��Ö�Ø�ÓÒ �Ò Ø�ÑÔ×¸ ÕÙ� Ò³�×Ø
ÕÙ� �³ÓÖ�Ö� ¾º

½½¼



������ �º½ � ��ÓÑ�ØÖ�� �Ù �ÓÑ��Ò� �� �ÐÙÐ ��Ü���Ö�ÕÙ� �ÓÒØ Ð�× ÓÓÖ�ÓÒ¹
Ò��× ��× Ò�Ù�× ×ÓÒØ �ÓÒÒ��× �Ò ´�º½ Ô��� ÔÖ����ÒØ�µ �Ø ÙØ�Ð�×� ÔÓÙÖ Ð³�ØÙ��
�� ÓÒÚ�Ö��Ò�º

Ä� ��ÙÖ� ������ �º¾ Ô��� ×Ù�Ú�ÒØ� Ö�ÔÖ�×�ÒØ� Ð� ��ÑÔ �Ð�ØÖ�ÕÙ� ×ÙÖ ÙÒ�
��� �Ù Ù�� ÙÒ�Ø� � Ð³�Ò×Ø�ÒØ �Ò�Ðº ÆÓÙ× ÔÓÙÚÓÒ× Ó�×�ÖÚ�Ö ÕÙ� ��Ò× �ØØ�
ÓÒ��ÙÖ�Ø�ÓÒ¸ Ð�× ��ÑÔ× ×� ÔÖÓÔ���ÒØ �� ����Ö�ÒØ�× Ñ�Ò��Ö�× ��Ò× Ð�× �Ð�¹
Ñ�ÒØ× � ×Ù�Ú�ÒØ ÙÒ� ��Ö�Ø�ÓÒ �Ö��Ò�Ð� ÓÙ ×Ù�Ú�ÒØ ÙÒ �Ü� Ó�Ð�ÕÙ�º

ÆÓÙ× ���ØÙÓÒ× Ð� �ÐÙÐ ÔÓÙÖ Ð�× ����Ö�ÒØ× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ø �ÐÙ¹
ÐÓÒ× Ð� ÒÓÖÑ� L2 �� Ð� ����Ö�Ò� �ÒØÖ� Ð� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ� �Ø Ð� ×ÓÐÙØ�ÓÒ
�Ò�ÐÝØ�ÕÙ�º Ä� ��ÙÖ� ������ �º¿ Ô��� ×Ù�Ú�ÒØ� Ö�ÔÖ�×�ÒØ� �Ò ���ÐÐ� ÐÓ��¹
Ö�Ø�Ñ�ÕÙ� Ð³�ÚÓÐÙØ�ÓÒ �� Ð³�ÖÖ�ÙÖ �Ò �ÓÒØ�ÓÒ �Ù Ô�× �� ��×Ö�Ø�×�Ø�ÓÒ ��Ò×�
ÕÙ� Ð�× ÓÙÖ��× �Ø�ÐÓÒ× �� Ô�ÒØ� Ø��ÓÖ�ÕÙ�º

ÆÓÙ× Ó�Ø�ÒÓÒ× ���Ò ��× ÓÖ�Ö�× �� ÓÒÚ�Ö��Ò� ÓÑÔ�Ø��Ð�× �Ú� Ð�× ÓÖ�Ö�×
Ø��ÓÖ�ÕÙ�×º Ä� Ø��Ð��Ù �º½ ÓÒØ��ÒØ Ð�× ÓÖ�Ö�× ÒÙÑ�Ö�ÕÙ�× �Ø Ø��ÓÖ�ÕÙ�×º

�ÓÑÔ�ÖÓÒ× �� ÔÐÙ× Ð�× Ø�ÑÔ× �� �ÐÙÐ Ó�Ø�ÒÙ× �Ú� Ð�× �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ×
��Ò�Ö�ÕÙ� �Ø ÓÔØ�Ñ�×�� ÔÓÙÖ ÙÒ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ� ��× ��ÖÒ�Ð×º ÈÓÙÖ �Ð�¸
ÒÓÙ× ���ØÙÓÒ× Ð�× ×�ÑÙÐ�Ø�ÓÒ× ÔÖ����ÒØ�× �Ú� Ð�× ��ÙÜ �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ×º
ÆÓÙ× ÓÒ×ØÖÙ�×ÓÒ× ÙÒ Ñ��ÐÐ��� ÓÒ×Ø�ØÙ� �� 303 = 27000 Ñ��ÐÐ�× ��Ò �³�ÚÓ�Ö
ÙÒ� ��Ö�� ÓÖÖ�Ø� �Ù �ÈÍº Ä�× Ø�ÑÔ× �� �ÐÙÐ ��Ò×� Ó�Ø�ÒÙ× ×ÓÒØ Ö�ÔÓÖØ�×
��Ò× Ð� Ø��Ð��Ù �º¾º ÆÓÙ× Ó�Ø�ÒÓÒ× �ÐÓÖ× ÙÒ� ��Ð�Ö�Ø�ÓÒ �³ÙÒ ��Ø�ÙÖ ¿ �ÒØÖ�
Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ��Ò�Ö�ÕÙ� �Ø Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÓÔØ�Ñ�×��º

½½½



������ �º¾ � �ÓÑÔÓ×�ÒØ� Ex �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� � t = 2Ò× ÚÙ� ×ÓÙ× ��ÙÜ
�Ò�Ð�× ����Ö�ÒØ×º

������ �º¿ � �ÚÓÐÙØ�ÓÒ �� Ð³�ÖÖ�ÙÖ �Ò �ÓÒØ�ÓÒ �Ù Ô�× �� ��×Ö�Ø�×�Ø�ÓÒ
´���ÐÐ� ÐÓ��Ö�Ø�Ñ�ÕÙ�µº ���Ö� ¼ � ØÖ��Ò�Ð�× �Ð�Ù×º ���Ö� ½ � ØÖ��Ò�Ð�× �ÒÚ�Ö×�×
Ú�ÖØ×º ���Ö� ¾ � �ÖÖ�× ÖÓÙ��×º ���Ö� ¿ � ÐÓ×�Ò��× Ý�Òº ���Ö� � � Ô�ÒØ��ÓÒ�×
Ú�ÓÐ�Ø×º

½½¾



���Ö� ÇÖ�Ö� Ø��ÓÖ�ÕÙ� ÇÖ�Ö� ÒÙÑ�Ö�ÕÙ�

¼ ½ ¼º¿
½ ¾ ¾º½¾
¾ ¿ ¿º¼½
¿ � ¿º��
� � �º��

����� �º½ � ÇÖ�Ö�× �� ÓÒÚ�Ö��Ò� Ø��ÓÖ�ÕÙ�× �Ø ÒÙÑ�Ö�ÕÙ�× ÔÓÙÖ ����Ö�ÒØ×
ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº

���Ö� ¼ ½ ¾ ¿ �

��ÖÒ�Ð× ��Ò�Ö�ÕÙ�× ´Ñ×µ ¿¿º� �¾º� ��º� �¾º¾ ¾¾�
��ÖÒ�Ð× ÓÔØ�Ñ�×�× ´Ñ×µ ½½º¿ ½�º¼ ½�º� ¿¼º¼ �¼º�

��Ð�Ö�Ø�ÓÒ ¿º¼ ¾º� ¿º¾ ¿º½ ¿º¾

����� �º¾ � Ì�ÑÔ× �� �ÐÙÐ Ô�Ö �Ø�Ö�Ø�ÓÒ Ó�Ø�ÒÙ× �Ú� Ð�× ��ÖÒ�Ð× ��Ò�Ö�ÕÙ�×
�Ø ÓÔØ�Ñ�×�× ×ÙÖ ÙÒ Ñ��ÐÐ��� ÓÒ×Ø�ØÙ� �� 27000 �Ð�Ñ�ÒØ×º

�º¾ �ÓÑ��Ò� �� Ú�Ð���Ø� �Ö�ÕÙ�ÒØ��ÐÐ�

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× �ØÙ��ÓÒ× Ð� ×Ô�ØÖ� �Ö�ÕÙ�ÒØ��Ð ÔÓÙÚ�ÒØ �ØÖ� Ö�ÔÖ�¹
×�ÒØ� ÔÓÙÖ ÙÒ Ô�× �� Ñ��ÐÐ��� �ÓÒÒ�º �Ò ���Ø¸ Ð� Ø��ÓÖ�Ñ� �� Ë��ÒÒÓÒ ×Ø�ÔÙÐ�
ÕÙ� Ð� Ö�ÔÖ�×�ÒØ�Ø�ÓÒ ��×Ö�Ø� �³ÙÒ ×��Ò�Ð Ò��××�Ø� ÙÒ ���ÒØ�ÐÐÓÒÒ��� �� �Ö�¹
ÕÙ�Ò� ��ÙÜ �Ó�× ×ÙÔ�Ö��ÙÖ� � Ð� �Ö�ÕÙ�Ò� Ñ�Ü�Ñ�Ð� �Ù ×��Ò�Ðº �Ò ÔÖ�Ø�ÕÙ�¸
�Ð �×Ø Ò��××��Ö� �� �Ó�×�Ö ÙÒ ���ÒØ�ÐÐÓÒÒ��� ÔÐÙ× �Ò ��Ò �� Ö�ÔÖ�×�ÒØ�Ö ÓÖ¹
Ö�Ø�Ñ�ÒØ ÙÒ Ø�Ð ×��Ò�Ðº ��Ò× Ð³ÙØ�Ð�×�Ø�ÓÒ �� Ñ�Ø�Ó�� ØÝÔ� ����Ö�Ò�× �Ò��×
�Ò �ÓÑ��Ò� Ø�ÑÔÓÖ�Ð ´��Ì�µ �ÔÔÐ�ÕÙ� � Ð³�Ð�ØÖÓÑ��Ò�Ø�×Ñ�¸ �Ð �×Ø ÓÙÖ�ÒØ
�³�ÔÔÐ�ÕÙ�Ö Ð� Ö��Ð� ��Ø� � λ ×ÙÖ ½¼ �º ��ÐÐ�¹� Ô�ÖÑ�Ø �� ��Ø�ÖÑ�Ò�Ö ÙÒ Ô�×
�� Ñ��ÐÐ��� ´�º�º ÙÒ� �Ö�ÕÙ�Ò� �³���ÒØ�ÐÐÓÒÒ��� ×Ô�Ø��Ð�µ �Ò �ÓÒØ�ÓÒ �� Ð�
ÐÓÒ�Ù�ÙÖ �³ÓÒ�� Ñ�Ò�Ñ�Ð� Ó�×�ÖÚ��Ð�º

È�Ö �Ò�ÐÓ���¸ ÒÓÙ× �ÐÐÓÒ× ��Ø�ÖÑ�Ò�Ö ÔÓÙÖ ����Ö�ÒØ× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ
ÙÒ� Ö��Ð� ×�Ñ�Ð��Ö� �ÔÔÐ���Ð� � ÙÒ� ×�ÑÙÐ�Ø�ÓÒ ��º ÆÓÙ× �ÔÔ�ÐÐ�ÖÓÒ× ��
Ô�× �� Ñ��ÐÐ��� �Ø ÒÓØ�ÖÓÒ× h Ð� ��×Ø�Ò� Ñ�Ò�Ñ�Ð� ×�Ô�Ö�ÒØ ��ÙÜ Ò�Ù�× �Ù
Ñ��ÐÐ���º �� Ô�× ÓÖÖ�×ÔÓÒ� �Ù Ô�× ��Ì� ��Ò× Ð� �× �³ÙÒ Ñ��ÐÐ��� ÓÑÔÓ×�
�� Ù��×º

�ÓÒ×���ÖÓÒ× ÙÒ Ñ��ÐÐ��� ÓÑÔÓ×� �� Ù��× �ÓÒØ Ð�× �Ö�Ø�× Ñ�×ÙÖ�ÒØ 0.1Ñº Ä�
Ô�× �� Ñ��ÐÐ��� Ú�ÙØ �ÐÓÖ× h = 0.1Ñº ÆÓÙ× �Ò��ØÓÒ× ��Ò× Ð� �ÓÑ��Ò� �� �ÐÙÐ
ÙÒ� ÓÒ�� ÔÐ�Ò� Ú�� ÙÒ� ×ÙÖ���ÕÙ� �� ÀÙÝ��Ò×º ��ØØ� ÓÒ��Ø�ÓÒ ×ÙÖ���ÕÙ�
�×Ø ��Ö�Ø� ��Ò× Ð� ×�Ø�ÓÒ ¿º� Ô��� ��º ÆÓÙ× �Ó�×�××ÓÒ× ÙÒ� �ÓÖÑ� �³ÓÒ�� ��

½½¿



������ �º� � �ÓÑÔÓ×�ÒØ� Ñ��ÓÖ�Ø��Ö� �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� �Ù �ÒØÖ� �Ù
�ÓÑ��Ò� �ÙÜ ����Ö�ÒØ× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº ��× Ó×�ÐÐ�Ø�ÓÒ× �� ����×
×ÓÒØ Ú�×��Ð�× �Ù Ò�Ú��Ù ��× ��×ÓÒØ�ÒÙ�Ø�× �� Ð� ×ÓÐÙØ�ÓÒº �Ú� Ð� ÑÓÒØ�� �Ò
ÓÖ�Ö�¸ Ð�× Ó×�ÐÐ�Ø�ÓÒ× ÓÒØ Ø�Ò��Ò� � ×� Ö�××�ÖÖ�Öº

ØÝÔ� ���ÐÓÒ ���Ò�� Ô�Ö

g(t) =

�

1 ¸ ×� t ∈ [3.5 × 10−10, 3.5 × 10−9]

0 ¸ ×�ÒÓÒº
´�º�µ

ÆÓÙ× �Ó�×�××ÓÒ× �ØØ� �ÓÖÑ� �³ÓÒ�� ÔÓÙÖ ��ÙÜ Ö��×ÓÒ×º ËÓÒ ×ÙÔÔÓÖØ �×Ø �Ò�¸
��Ò×� ÒÓÙ× ÔÓÙÚÓÒ× �ÐÙÐ�Ö ��× ØÖ�Ò×�ÓÖÑ��× �� �ÓÙÖ��Ö �Ù ×��Ò�Ð �ÐÙÐ�º
ËÓÒ ×Ô�ØÖ� �×Ø �Ò�Ò� �Ø ×ÓÒ �ÑÔÐ�ØÙ�� ��ÖÓ�Ø Ð�ÒØ�Ñ�ÒØ ´�Ò 1/fµ ÓÒØÖ��Ö�¹
Ñ�ÒØ � ÙÒ� �ÓÖÑ� �³ÓÒ�� ��Ù××��ÒÒ� �ÓÒØ Ð� ��ÖÓ�××�Ò� �Ò �Ö�ÕÙ�Ò� �×Ø
�ÜÔÓÒ�ÒØ��ÐÐ�º ÈÓÙÖ �ØØ� �ÓÖÑ� �³ÓÒ��¸ Ð� ×ÓÐÙØ�ÓÒ �³ÓÒ�� ÔÐ�Ò� ÔÖ�×�ÒØ�
��ÙÜ ��×ÓÒØ�ÒÙ�Ø�× ÕÙ� ×� ÔÖÓÔ���ÒØ ��Ò× Ð� �ÓÑ��Ò�º �� �× �� ��ÙÖ� Ò³�×Ø
Ô�× Ô�Ý×�ÕÙ� �Ø Ò� ×�Ö� �ÓÒ Ô�× Ö�ÒÓÒØÖ� �Ò ÔÖ�Ø�ÕÙ�¸ Ñ��× �� ÒÓÙ× ×ÓÙ���¹
ØÓÒ× ×�ÑÔÐ�Ñ�ÒØ ��Ø�ÖÑ�Ò�Ö �Ù×ÕÙ³� ÕÙ�ÐÐ� �Ö�ÕÙ�Ò� Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ö�×Ø�
ÓÖÖ�Ø�º

ÆÓÙ× ���ØÙÓÒ× �ØØ� ×�ÑÙÐ�Ø�ÓÒ �Ú� ��× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �ÐÐ�ÒØ ��
¼ � �º ÆÓÙ× Ö�Ð�ÚÓÒ× Ð� ��ÑÔ �Ð�ØÖ�ÕÙ� �Ù �ÒØÖ� �Ù Ù��º Ä� ÔÖ�×�Ò� ��
��×ÓÒØ�ÒÙ�Ø�× ��Ò× Ð� ×ÓÐÙØ�ÓÒ �Ü�Ø� �ÒØÖ��Ò� Ð³�ÔÔ�Ö�Ø�ÓÒ �³Ó×�ÐÐ�Ø�ÓÒ× ��Ò×
Ð� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ�º ��× Ó×�ÐÐ�Ø�ÓÒ× ×ÓÒØ �××�Ñ�Ð��Ð�× � ÙÒ Ô��ÒÓÑ�Ò� ��
����×º Ä� ��ÙÖ� ������ �º� Ö�ÔÖ�×�ÒØ� Ð�× ��ÑÔ× Ó�Ø�ÒÙ× ��Ò×� ÕÙ� Ð�
×ÓÐÙØ�ÓÒ �Ü�Ø�º

�ÓÑÔ�ÖÓÒ× Ð�× ÓÒØ�ÒÙ× �Ö�ÕÙ�ÒØ��Ð× �� �× ×��Ò�ÙÜº Ä�× ��ÙÖ�× ������ �º�� Ô��� ½½�
�Ø ������ �º�� Ô��� ½½� Ö�ÔÖ�×�ÒØ�ÒØ Ð�× ÑÓ�ÙÐ�× ��× ØÖ�Ò×�ÓÖÑ�× �� �ÓÙÖ��Ö

½½�



��× ×��Ò�ÙÜ �Ù �ÒØÖ� �Ù Ù��º Æ� ÓÒ×���ÖÓÒ× �ÐÓÖ× ÕÙ� Ð�× Ú�Ð�ÙÖ× ×�ØÙ��×
�ÙÜ Ñ�Ü�Ñ� ÐÓ�ÙÜ �Ø ÒÓÖÑ�Ð�×ÓÒ× Ô�Ö Ö�ÔÔÓÖØ �Ù ×��Ò�Ð �ÒÚÓÝ�º Ä� Ö�ÔÔÓÖØ
Ó�Ø�ÒÙ �ÓÒÒ� Ð� �Ö�Ø�ÓÒ �� ��ÑÔ× �Ñ�× � ÙÒ� �Ö�ÕÙ�Ò� ÕÙ� ×³�×Ø ���Ø�¹
Ú�Ñ�ÒØ ÔÖÓÔ����º Ä� ��ÙÖ� ������ �º� Ô��� ½½� Ö�ÔÖ�×�ÒØ� �× Ö�ÔÔÓÖØ× �Ò
�ÓÒØ�ÓÒ �� Ð� �Ö�ÕÙ�Ò�º

�Ò �Ü�ÒØ ÙÒ ×�Ù�Ð ´�Ó�×� �Ö��ØÖ��Ö�Ñ�ÒØ � 95% ×ÙÖ Ð� ��ÙÖ� ������ �º� Ô��� ½½�µ¸
ÒÓÙ× ÔÓÙÚÓÒ× ��Ø�ÖÑ�Ò�Ö ÕÙ�ÐÐ� �Ö�ÕÙ�Ò� �Ø �ÓÒ ÕÙ�ÐÐ� ÐÓÒ�Ù�ÙÖ �³ÓÒ�� �
�Ø� ×�ÑÙÐ�� �� ���ÓÒ ��ÔØ��Ð� �Ø �ÐÙÐ�Ö Ð� Ö�ÔÔÓÖØ �ÒØÖ� h �Ø �ØØ� ÐÓÒ�Ù�ÙÖ
�³ÓÒ��º

ÈÓÙÖ ��× ×�Ù�Ð× �� 95%¸ 98% �Ø 99%¸ ÒÓÙ× Ó�Ø�ÒÓÒ× Ð�× Ö�ÔÔÓÖØ× ÐÓÒ�Ù�ÙÖ
�³ÓÒ�� ×ÙÖ Ô�× �³�×Ô�� �ÓÒÒ� ��Ò× Ð� Ø��Ð��Ù �º¿º

Ë�Ù�Ð ���Ö� ¼ ���Ö� ½ ���Ö� ¾ ���Ö� ¿ ���Ö� �

95% �¼ � ¿ ¾ ½º¿
98% ¾¼¼ ½� ¿º� ¾º¾ ½º�
99% ¿¼¼ ¿¼ �º¿ ¾º¿ ½º�

����� �º¿ � Ê�ÔÔÓÖØ ÐÓÒ�Ù�ÙÖ �³ÓÒ�� Ó�×�ÖÚ��Ð� ×ÙÖ Ô�× �³�×Ô�� ÔÓÙÖ
����Ö�ÒØ× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ø ����Ö�ÒØ× ×�Ù�Ð× �� ØÓÐ�Ö�Ò�º

ÁÐ �ÔÔ�Ö��Ø ÕÙ� Ð³ÙØ�Ð�×�Ø�ÓÒ �³ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ ���Ø� �� �ÓÒØ�ÓÒ ÓÒ×Ø�ÒØ�
Ô�Ö ÑÓÖ��ÙÜ ´³�×Ø¹�¹��� ÙÒ ÓÖ�Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ d = 0µ Ö�ÕÙ��ÖØ ÙÒ
Ñ��ÐÐ��� ØÖ�× �Òº ��Ò× � �×¸ Ð� Ñ�Ø�Ó�� �� ��Ú��ÒØ ÙÒ� Ñ�Ø�Ó�� ÚÓÐÙÑ�×
�Ò�×º Ä� ��×Ô�Ö×�ÓÒ �Ø Ð� ��××�Ô�Ø�ÓÒ �Ù�× � � ØÝÔ� �� Ñ�Ø�Ó�� ÓÒ�Ù�×�ÒØ �
��× Ö�×ÙÐØ�Ø× �� Ñ�ÙÚ��×� ÕÙ�Ð�Ø�º

ÈÓÙÖ ��× �ÔÔÖÓÜ�Ñ�Ø�ÓÒ× �� ���Ö� �Ù ÑÓ�Ò× ��ÙÜ ��× ��ÑÔ× ��Ò× Ð�× Ñ��ÐÐ�×¸
ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ� Ö��Ð� ÓÑÔ�Ö��Ð� � �ÐÐ� ÓÒÒÙ� ��Ò× Ð� ×�ÑÙÐ�Ø�ÓÒ ��Ì�º
ÈÓÙÖ ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� ���Ö� d¸ ÙÒ� Ñ��ÐÐ� ÓÒØ��ÒØ d+1 ���Ö�× �� Ð���ÖØ�
��Ò× ��ÕÙ� ��Ö�Ø�ÓÒº �Ò Ö�ÑÔÐ���ÒØ Ð� Ô�× �³�×Ô�� h Ô�Ö ÙÒ Ô�× Ø�Ò�ÒØ
ÓÑÔØ� �Ù ���Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ h/(d + 1)¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ��× Ö�ÔÔÓÖØ×
�ÐÐ�ÒØ �� 7.5 � 12.9º

ÁÐ �×Ø � ÒÓØ�Ö ÕÙ� Ð� ×�ÑÙÐ�Ø�ÓÒ �³ÙÒ� ×ØÖÙØÙÖ� ÓÑÔÐ�Ü� Ö�ÕÙ��ÖØ ×ÓÙÚ�ÒØ
�³�ÔÔÐ�ÕÙ�Ö ÙÒ� Ö��Ð� ÔÐÙ× �ÓÖØ� ÕÙ� �ÐÐ� Ó�Ø�ÒÙ� ��º �³�×Ø ���Ð�Ñ�ÒØ Ð� �×
ÐÓÖ× �� Ð³ÙØ�Ð�×�Ø�ÓÒ �³ÙÒ� Ñ�Ø�Ó�� ��Ì�º ��� �×Ø �� � Ð� Ò��××�Ø� �³ÙÒ�
ÔÖ�×� �Ò ÓÑÔØ� ÓÖÖ�Ø� ��× �ÓÖØ× �Ö����ÒØ× �� ��ÑÔ �Ò�Ù�Ø× Ô�Ö Ð� ÔÖ�¹
×�Ò� �³�Ö�Ø�× ×��ÐÐ�ÒØ�× ��Ò× Ð�× ×ØÖÙØÙÖ�× �Ø ÓÒ��Ø�ÓÒÒ�ÒØ �ÓÖØ�Ñ�ÒØ Ð�ÙÖ
Ö�ÔÓÒ×�º ��ÖØ��Ò× ØÖ�Ú�ÙÜ Ú�×�ÒØ � ÙÒ� ÔÖ�×� �Ò Ñ��ÐÐ�ÙÖ� ÔÖ�×� �Ò ÓÑÔØ�
�� �× Ô��ÒÓÑ�Ò�× ��Ò× Ð� ��Ö� �� Ð� Ñ�Ø�Ó�� ��Ì�¸ ÒÓÙ× ÔÓÙÚÓÒ× Ô�Ö
�Ü�ÑÔÐ� �Ø�Ö Ð�× ØÖ�Ú�ÙÜ ���¸ ��℄ Ó� ÙÒ� ÑÓ����Ø�ÓÒ ��× Ô�Ö�Ñ�ØÖ�× Ô�Ý¹
×�ÕÙ�× ��× Ñ�Ø�Ö��ÙÜ Ô�ÖÑ�Ø �ØØ� ÔÖ�×� �Ò ÓÑÔØ�º ÆÓÙ× ÔÓÙÚÓÒ× �ÓÒ �Ò¹

½½�



´�µ �ÓÒØ�ÒÙ× �Ö�ÕÙ�ÒØ��Ð× ��× ×��Ò�ÙÜº

´�µ �ÓÓÑ ×ÙÖ Ð� ÞÓÒ� �� ��ÖÓ����º

������ �º� � �ÓÒØ�ÒÙ �Ö�ÕÙ�ÒØ��Ð ��× ×��Ò�ÙÜ �Ù �ÒØÖ� �Ù Ù�� ÔÓÙÖ Ð�×
����Ö�ÒØ× ���Ö�× ���ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ð� ×ÓÐÙØ�ÓÒ �Ü�Ø�º

½½�



������ �º� � �Ö�Ø�ÓÒ �� ��ÑÔ× �Ñ�× ���Ø�Ú�Ñ�ÒØ ÔÖÓÔ���� �Ò �ÓÒØ�ÓÒ
�� Ð� �Ö�ÕÙ�Ò� �Ø � ����Ö�ÒØ× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº

Ú�×���Ö �� ØÖ�Ò×Ö�Ö� � ØÝÔ� �³�ÔÔÖÓ�� �Ò �� ×� �Ð� ×³�Ú�Ö� Ò��××��Ö�º

�º¿ Ä��Ò� Ñ�ÖÓÖÙ��Ò

�� �× Ø�×Ø ÓÒ×�×Ø� �Ò Ð� ×�ÑÙÐ�Ø�ÓÒ �³ÙÒ� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Òº ÆÓÙ× ×ÓÙ���¹
ØÓÒ× �ÐÙÐ�Ö Ð³�ÑÔ���Ò� �� Ð� Ð��Ò� ÕÙ� ÒÓÙ× ÓÑÔ�Ö�ÖÓÒ× �Ù Ö�×ÙÐØ�Ø �³ÙÒ
Ó�� ��Ì� ��Ò×� ÕÙ³� ÙÒ Ö�×ÙÐØ�Ø Ø��ÓÖ�ÕÙ�º �� Ø�×Ø �×Ø Ø�Ö� �� Ð� Ø��×� ��
�ÓÙÕÙ�Ø ��℄º

Ä� ��ÓÑ�ØÖ�� �Ù �× �×Ø Ö�ÔÖ�×�ÒØ�� ×ÙÖ Ð� ��ÙÖ� ������ �º� Ô��� ×Ù�Ú�ÒØ� �Ø
ÙÒ� ÚÙ� �Ù Ñ��ÐÐ��� �� �×Ø Ö�ÔÖ�×�ÒØ�� ×ÙÖ Ð� ��ÙÖ� ������ �º� Ô��� ×Ù�Ú�ÒØ�º
Ä� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò �×Ø �� Ð�Ö��ÙÖ w = 2.46ÑÑ �Ø ×� ��ÙØ�ÙÖ Ô�Ö Ö�ÔÔÓÖØ
�Ù ÔÐ�Ò �� Ñ�××� �×Ø h = 0.795ÑÑº ÆÓØÓÒ× z0 �Ø z1 Ð�× ÓÓÖ�ÓÒÒ��× ×Ù�Ú�ÒØ
Ð³�Ü� z �Ù ÔÐ�Ò �� Ñ�××� �Ø Ð� Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Òº ÆÓØÓÒ× ���Ð�Ñ�ÒØ x0
Ð� ÓÓÖ�ÓÒÒ�� ×Ù�Ú�ÒØ Ð� ��Ö�Ø�ÓÒ x �Ù Ñ�Ð��Ù �� Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Òº ÇÒ
�Ò��Ø� ÙÒ ��ÑÔ �Ò���ÒØ ×ÓÙ× Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò Ú�� ÙÒ� ×ÙÖ��� �� ÀÙÝ¹
��Ò× ´ÚÓ�Ö Ð� ×�Ø�ÓÒ ¿º� Ô��� ��µº Ä� ��ÑÔ �Ð�ØÖ�ÕÙ� �×Ø ÓÖ��ÒØ� ×Ù�Ú�ÒØ
Ð� ��Ö�Ø�ÓÒ zº Ë� �ÓÖÑ� �³ÓÒ�� �×Ø ÙÒ� ��Ù××��ÒÒ� ÑÓ�ÙÐ��¸ �ÓÒÒ�� Ô�Ö Ð�

½½�



������ �º� � Ë��Ñ�Ø�×�Ø�ÓÒ �� Ð� ��ÓÑ�ØÖ�� �Ù �× Ø�×Ø Ñ�ÖÓ¹ÖÙ��Ò ´ÙÒ�Ø� �
ÑÑµº Ä�× ÈÅÄ ×ÓÒØ Ö�ÔÖ�×�ÒØ��× �Ò Ú�ÓÐ�Ø¸ Ð³�×Ô�� Ð��Ö� �Ò Ú�ÖØ Ð��Ö¸ Ð� ÔÐ�Ò
�� Ñ�××� �Ò ÓÖ�Ò�� �Ø Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò �Ò Ú�ÖØ �ÓÒ�º

������ �º� � ÎÙ� ¿� �Ù Ñ��ÐÐ��� �� Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Òº Ä�× ÈÅÄ ×ÓÒØ
Ö�ÔÖ�×�ÒØ��× �Ò Ú�ÓÐ�Ø¸ Ð³�×Ô�� Ð��Ö� �Ò Ú�ÖØ Ð��Ö¸ Ð� ÔÐ�Ò �� Ñ�××� �Ò ÓÖ�Ò��
�Ø Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò �Ò Ú�ÖØ �ÓÒ�º Ä�× ÈÅÄ �Ø Ð³�×Ô�� Ð��Ö� ×ÓÒØ ØÖÓÒÕÙ�×
��Ò �� ÚÓ�Ö Ð� ÔÐ�Ò �� Ñ�××� �Ø Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Òº

½½�



�ÓÖÑÙÐ�

g(t) = sin (2πf0(t− t0)) exp

�

−
�
t− t0
τ

�2
�

. ´�º�µ

ÆÓÙ× ÔÖ�ÒÓÒ× ÓÑÑ� Ô�Ö�Ñ�ØÖ�× t0 = 47ps¸ f0 = 22GHz �Ø τ = 22psº

���Ò�××ÓÒ× �ÐÓÖ× Ð�× Ø�Ò×�ÓÒ �Ø ÓÙÖ�ÒØ ×ÙÖ Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Òº Ä� Ø�Ò×�ÓÒ
V (t, y0) ×ÓÙ× Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò �Ò y = y0 � ÙÒ �Ò×Ø�ÒØ t �×Ø ���Ð� ���Ò��
Ô�Ö Ð³�ÒØ��Ö�Ð� �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� Ø�Ò��ÒØ ×ÙÖ ÙÒ ×��Ñ�ÒØ Ö�Ð��ÒØ Ð� Ð��Ò�
Ñ�ÖÓ¹ÖÙ��Ò �Ù ÔÐ�Ò �� Ñ�××�¸ �º�º

V (t, y) =

� z1

z0

Ez(t, x0, y0, z)dz. ´�º�µ

Ä� ÓÙÖ�ÒØ I(t, y) �×Ø ���Ò� Ô�Ö Ð³�ÒØ��Ö�Ð� �� Ð� Ô�ÖØ�� Ø�Ò��ÒØ� �Ù ��ÑÔ
Ñ��Ò�Ø�ÕÙ� ×ÙÖ ÙÒ ÓÒØÓÙÖ �ÒØÓÙÖ�ÒØ Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò¸ �º�º

I(t, y0) =

�

C(y0)
H · vdx ´�º�µ

Ó� C(y0) �×Ø ÙÒ ÓÒØÓÙÖ ��ÖÑ� �ÒÐÙ× ��Ò× Ð� ÔÐ�Ò y = y0 �ÒØÓÙÖ�ÒØ Ð� Ð��Ò�
Ñ�ÖÓ¹ÖÙ��Ò �Ø v �×Ø ÙÒ Ú�Ø�ÙÖ ÙÒ�Ø��Ö� Ø�Ò��ÒØ � C(y0)º

ÆÓÙ× �ÐÙÐÓÒ× Ð�× Ø�Ò×�ÓÒ× V �Ø ÓÙÖ�ÒØ× I ×ÙÖ Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò �Ò ����¹
Ö�ÒØ× ÔÐ�Ò× ÓÖØ�Ó�ÓÒ�ÙÜ � Ð� Ð��Ò�º ��× ÔÐ�Ò× ×ÓÒØ ÔÐ��× � ��× ÓÓÖ�ÓÒÒ��×
y Ú�Ð�ÒØ 2w = 4.92ÑÑ¸ 5w = 12.3ÑÑ¸ 6w = 14.76ÑÑ �Ø 7w = 17.22ÑÑº

Ä� Ñ��ÐÐ��� �×Ø ÓÒ×Ø�ØÙ� �� ���½� ��Ü���Ö�× ÔÓÙÖ ÙÒ Ô�× �³�×Ô�� �� �³�Ò¹
Ú�ÖÓÒ 0.397ÑÑº ÆÓÙ× �ÚÓÒ× �ÐÓÖ× ¾ Ñ��ÐÐ�× ×ÓÙ× Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò �Ø
¿ Ñ��ÐÐ�× ��Ò× ×� Ð�Ö��ÙÖº ÆÓÙ× ���ØÙÓÒ× Ð� ×�ÑÙÐ�Ø�ÓÒ �Ò ÔÖ�Ò�ÒØ ÙÒ ��¹
�Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ú�Ð�ÒØ ¾º Ä� �ÓÑ��Ò� �� �ÐÙÐ �×Ø �ÒØÓÙÖ� �� ÓÙ��×
��×ÓÖ��ÒØ�× ÈÅÄº

ËÙÖ Ð� ��ÙÖ� ������ �º� Ô��� ×Ù�Ú�ÒØ�¸ ×ÓÒØ Ö�ÔÖ�×�ÒØ��× Ð�× Ø�Ò×�ÓÒ× �Ò
�ÓÒØ�ÓÒ �Ù Ø�ÑÔ× �ÙÜ ����Ö�ÒØ�× ��×�××�× �³Ó�×�ÖÚ�Ø�ÓÒº ÆÓÙ× Ö�Ñ�ÖÕÙÓÒ×
ÕÙ� Ð� Ø�Ò×�ÓÒ ��ÖÓ�Ø �Ò ×³�ÐÓ��Ò�ÒØ �� Ð� ×ÓÙÖ� ÔÓÙÖ ×� ×Ø���Ð�×�Ö � Ô�ÖØ�Ö
�³ÙÒ� ��×Ø�Ò� �³�ÒÚ�ÖÓÒ ØÖÓ�× �Ó�× Ð� Ð�Ö��ÙÖ �� Ð� Ð��Ò�º �� Ô��ÒÓÑ�Ò� �×Ø
�� � Ð� Ò�ØÙÖ� �� Ð³�Ü�Ø�Ø�ÓÒ ÙØ�Ð�×��º �Ò ���Ø¸ ÒÓÙ× �Ò��ØÓÒ× ×ÓÙ× Ð� Ð��Ò�
ÙÒ ��ÑÔ �Ò���ÒØ �Ö�� � ÙÒ� ×ÙÖ��� �� ÀÙÝ��Ò×º ��Ò×� � ��ÑÔ � ÙÒ�

½½�



������ �º� � Ì�Ò×�ÓÒ× ×ÓÙ× Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò � ����Ö�ÒØ�× ��×Ø�Ò�× ��
Ð� ×ÓÙÖ�º ÇÒ Ó�×�ÖÚ� ÙÒ� Ð���Ö� ��ÖÓ�××�Ò� ÔÙ�× ÙÒ� ×Ø���Ð�×�Ø�ÓÒ �� Ð�
Ø�Ò×�ÓÒ �Ù� � Ð³�Ø��Ð�××�Ñ�ÒØ �Ù ��ÑÔ ÔÖÓÔ���Ø��º

�ÓÖÑ� �³ÓÒ�� ÔÐ�Ò� �Ø �Ò��Ò�Ö� �ÓÒ ×ÓÙ× Ð� Ð��Ò� ��× ÓÒ��× �Ú�Ò�×�ÒØ�×
ÕÙ� ��Ñ�Ò��ÒØ ÙÒ� �ÖØ��Ò� ��×Ø�Ò� ÔÓÙÖ �ØÖ� ��××�Ô��×º

ÆÓÙ× �ÐÙÐÓÒ× �ÐÓÖ× Ð³�ÑÔ���Ò� �� Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò Z = V/I � ÙÒ�
��×�××� Ó� Ð�× Ø�Ò×�ÓÒ× �Ø ÓÙÖ�ÒØ× ×ÓÒØ ×Ø���Ð�×�×º Ä³�ÑÔ���Ò� �� Ð� Ð��Ò�
Ú�ÙØ Ø��ÓÖ�ÕÙ�Ñ�ÒØ 68.72Ω º ÍÒ� �ÓÖÑÙÐ� Ô�ÖÑ�ØØ�ÒØ �� �ÐÙÐ�Ö ÙÒ� Ú�Ð�ÙÖ
�ÔÔÖÓ��� �� Ð³�ÑÔ���Ò� �� Ð� Ð��Ò� �×Ø �ÓÒÒ�� ��Ò× �½�℄¸ ×�Ø�ÓÒ �º¿º½º ÆÓÙ×
Ó�Ø�ÒÓÒ× ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ ÙÒ� �ÑÔ���Ò� �� 68.4Ω ×Ó�Ø ÙÒ� �ÖÖ�ÙÖ Ö�Ð�Ø�Ú� ��
Ð³ÓÖ�Ö� �� 1%º

��Ò �³�ÚÓ�Ö ÙÒ ÔÓ�ÒØ �� ÓÑÔ�Ö��×ÓÒ¸ ÒÓÙ× �ÚÓÒ× ���ØÙ� Ð� ×�ÑÙÐ�Ø�ÓÒ �� �
�× �Ú� ÙÒ� Ñ�Ø�Ó�� ��Ì� �Ò �Ó�×�××�ÒØ ÙÒ� ��×Ö�Ø�×�Ø�ÓÒ Ö�Ð�Ø�Ú�Ñ�ÒØ
�Ò� �� Ð³�×Ô�� �ÓÖÑ�� �� 253× 103× 57º ��Ò× �ØØ� ÓÒ��ÙÖ�Ø�ÓÒ¸ Ð³�×Ô��
×ÓÙ× Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Ò ÓÑÔÖ�Ò� ¿� Ñ��ÐÐ�× ��Ò× Ð� Ð�Ö��ÙÖ �� Ð� Ð��Ò� �Ø
½¾ Ñ��ÐÐ�× ��Ò× Ð� ��ÙØ�ÙÖº Ä�× Ö�×ÙÐØ�Ø× �� � Ø�×Ø ×ÓÒØ Ö��Ô�ØÙÐ�× ��Ò× Ð�
Ø��Ð��Ù �º�º

Å�Ø�Ó�� ��Ì� ��

ÁÑÔ���Ò� ´Ωµ ��º� ��º�
�ÖÖ�ÙÖ Ö�Ð�Ø�Ú� ´±µ ¾º� ¼º�
Å�ÐÐ�ÓÒ �³�ÒÓÒÒÙ�× ½�º� ½�º�
Ì�ÑÔ× �� �ÐÙÐ ´×µ ¿¿� ½��

����� �º� � Ì��Ð��Ù Ö��Ô�ØÙÐ�Ø�� ��× Ö�×ÙÐØ�Ø× �� Ð� Ð��Ò� Ñ�ÖÓ¹ÖÙ��Òº

Ä� ×��Ñ� �� Ô�ÖÑ�Ø ÙÒ� �ÓÒÒ� ÔÖ�×� �Ò ÓÑÔØ� �� Ð³�ÑÔ���Ò� �� Ð� Ð��Ò�
Ñ�ÖÓ¹ÖÙ��Òº �ÓÑÑ� �Ø� ÔÖ����ÑÑ�ÒØ ´ÚÓ�Ö Ð� ×�Ø�ÓÒ �º¾ Ô��� ½½¿µ �Ð�
Ô�ÙØ ÔÖÓÚ�Ò�Ö �� Ð� Ñ�ÙÚ��×� ÔÖ�×� �Ò ÓÑÔØ� ��× �Ö����ÒØ× �ÓÖØ× �� ��ÑÔ

½¾¼



������ �º½¼ � Ë��Ñ� �� Ð³�ÒØ�ÒÒ� ÓÖÒ�Ø �Ú� ×�× ��Ñ�Ò×�ÓÒ× �Ø Ð³ÓÖ��ÒØ�¹
Ø�ÓÒ �Ù ��ÑÔ �Ò���ÒØº

�Ò��Ò�Ö�× Ô�Ö Ð�× �Ö�Ø�× �� Ð� ×ØÖÙØÙÖ�º ��Ò× Ð� �× ÔÖ�×�ÒØ¸ Ð� Ñ�Ø�Ó��
��Ì� ÙØ�Ð�×�� Ò³ÙØ�Ð�×� Ô�× Ð�× ÑÓ��Ð�× Ô�ÖÑ�ØØ�ÒØ Ð� Ö�ÔÖ�×�ÒØ�Ø�ÓÒ �Ò� ��×
�Ö����ÒØ× �� ��ÑÔ×º �Ú� �ØØ� ÔÖ�×� �Ò ÓÑÔØ�¸ Ð³�ÖÖ�ÙÖ ×�Ö��Ø ��Ñ�ÒÙ��º

�� �× Ø�×Ø � Ô�ÖÑ�× �� Ú�Ð���Ö Ð³�ÒØ�ÖÓÔ�Ö�Ø�ÓÒ �� ����Ö�ÒØ× ÑÓ��Ð�× �Ø ��
Ñ�ØØÖ� �Ò �Ú���Ò� Ð³�ÔÔÓÖØ �� Ð� Ñ�Ø�Ó�� �� �Ò Ø�ÖÑ� �� Ú�Ð���Ø� �� ×ÓÐÙ¹
Ø�ÓÒ �Ù� � ÙÒ� ÔÖ�×� �Ò ÓÑÔØ� �Ò� ��× ��ÑÔ× �Ø ×ØÖÙØÙÖ�×¸ ��Ò×� ÕÙ� ×ÓÒ
����Ø� ÔÙ�×ÕÙ³�ÐÐ� ÓÒ�Ù�Ø � ��× Ø�ÑÔ× �� �ÐÙÐ Ö��×ÓÒÒ��Ð�× ÔÓÙÖ ÙÒ�
�ÓÒÒ� ÔÖ��×�ÓÒº

�º� �ÒØ�ÒÒ� ÓÖÒ�Ø ×�ØÓÖ�Ð�

��Ò× � Ø�×Ø¸ ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ× � Ð� ×�ÑÙÐ�Ø�ÓÒ �³ÙÒ� �ÒØ�ÒÒ� Ö�ÝÓÒÒ�ÒØ�º
Ä³�ÒØ�ÒÒ� ×�ÑÙÐ�� �×Ø ÙÒ� �ÒØ�ÒÒ� ÓÖÒ�Ø ×�ØÓÖ�Ð� �ÓÒØ Ð�× ��Ñ�Ò×�ÓÒ× ×ÓÒØ
�ÓÒÒ��× ×ÙÖ Ð� ��ÙÖ� ������ �º½¼º ÆÓÙ× �ÐÙÐÓÒ× �ÐÓÖ× Ð� ÊÇË ´Ê�ÔÔÓÖØ
�³ÇÒ�� ËØ�Ø�ÓÒÒ��Ö�¸ ÒÓÙ× �ÓÒÒ�ÖÓÒ× ÔÐÙ× ÐÓ�Ò ×� ���Ò�Ø�ÓÒµ �Ø Ð� ����Ö�ÑÑ�
�� Ö�ÝÓÒÒ�Ñ�ÒØ �� Ð³�ÒØ�ÒÒ� ×ÙÖ ÙÒ� ��Ò�� �Ö�ÕÙ�Ò� �ÐÐ�ÒØ �� � � ¾¾ �ÀÞº

½¾½



��Ò �� ×�ÑÙÐ�Ö ÙÒ �×Ô�� ÓÙÚ�ÖØ¸ Ð� �ÓÑ��Ò� �� �ÐÙÐ �×Ø �ÒØÓÙÖ� �� ÓÙ��×
ÈÅÄ �Ù ÒÓÑ�Ö� �� ½¼º Ä� ÓÖÒ�Ø �×Ø ÓÒ×Ø�ØÙ� �� Ñ�Ø�Ö��ÙÜ Ô�Ö���Ø�Ñ�ÒØ
ÓÒ�ÙØ�ÙÖ× ´ÚÓ�Ö ¿º½µº ��Ò× � �× �� ��ÙÖ�¸ ÒÓÙ× �ÚÓÒ× ÓÒ×Ø�Ø� ÕÙ� Ð�
ÓÒ��Ø�ÓÒ Ñ�Ø�Ð ÒÓÒ ��××�Ô�Ø�Ú� Ò� ��Ö�ÒØ�Ø Ô�× Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�º ��ØØ�
�Ò×Ø���Ð�Ø� ×�Ñ�Ð� �Ù� � Ð� ���ÓÖÑ�Ø�ÓÒ ��× Ñ��ÐÐ�× ×ÙÖ Ð�× �ÓÖ�× Ó�Ð�ÕÙ�× �Ù
ÓÖÒ�Øº �Ò �ÔÔÐ�ÕÙ�ÒØ ÙÒ� ÓÒ��Ø�ÓÒ Ñ�Ø�ÐÐ�ÕÙ� ��××�Ô�Ø�Ú�¸ Ð�× �Ò×Ø���Ð�Ø�×
��×Ô�Ö��××�ÒØº

Ä� ÓÖÒ�Ø �×Ø �Ð�Ñ�ÒØ� Ô�Ö ÙÒ �Ù��� �³ÓÒ�� �ÓÒØ Ð� ×�Ø�ÓÒ � ÔÓÙÖ ��Ñ�Ò×�ÓÒ
19.05ÑÑ ×9.525ÑÑº �� �Ù��� �×Ø ÔÖÓÐÓÒ�� ��Ò× Ð�× ÈÅÄ ��Ò �� ×�ÑÙÐ�Ö
ÙÒ� ���ÔØ�Ø�ÓÒ ÓÖÖ�Ø� �Ù �Ù���º ÍÒ� ×ÙÖ��� Ö�ÝÓÒÒ�ÒØ� ´ÚÓ�Ö ¿º�µ �×Ø �Ò¹
ØÖÓ�Ù�Ø� ��Ò× Ð� �Ù��� �³ÓÒ��º Ä³�Ò��Ø�ÓÒ �Ù ��ÑÔ �Ò���ÒØ Ú�� �ØØ� ×ÙÖ���
Ô�ÙØ �ØÖ� ���ØÙ�� �Ò ÙØ�Ð�×�ÒØ ÙÒ ÔÖÓ�Ð ÓÑÔ�Ø��Ð� �Ú� Ð�× ��Ñ�Ò×�ÓÒ× �Ù
�Ù���¸ Ô�Ö �Ü�ÑÔÐ� �Ò �Ò��Ø�ÒØ ÙÒ ÑÓ�� Ì�º ÌÓÙØ��Ó�×¸ �ØØ� �ÔÔÖÓ�� ÔÖ�¹
×�ÒØ� ÔÐÙ×��ÙÖ× �ÒÓÒÚ�Ò��ÒØ×º �³ÙÒ� Ô�ÖØ¸ � ØÝÔ� �� ×ÓÙÖ� Ò³�Ü�Ø� ÕÙ³ÙÒ�
�Ö�ÕÙ�Ò�º �³�ÙØÖ� Ô�ÖØ¸ Ð� ��ÑÔ ��Ò�Ö� ×� ÔÖÓÔ��� ��Ò× Ð�× ��ÙÜ ��Ö�¹
Ø�ÓÒ× �Ø ×ÓÒ ×ÙÔÔÓÖØ Ø�ÑÔÓÖ�Ð �×Ø �Ò�Ò�º ��Ò×�¸ ÒÓÙ× �Ó�×�××ÓÒ× �³�Ò��Ø�Ö Ð�
��ÑÔ ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� ÓÒ�� ÔÐ�Ò�º Ä�× ��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ�
�Ò���ÒØ× ×ÓÒØ ÓÒ×Ø�ÒØ× �Ø Ø�Ò��ÒØ× � Ð� ×ÙÖ��� Ö�ÝÓÒÒ�ÒØ� � Ð� Ú�Ø�ÙÖ ��
ÔÖÓÔ���Ø�ÓÒ �×Ø ÓÖ��ÒØ� ��Ò× Ð� ��Ö�Ø�ÓÒ �Ù �Ù���º Ä� �ÓÖÑ� �³ÓÒ�� g �×Ø
ÙÒ� ��Ù××��ÒÒ� ÑÓ�ÙÐ�� Ô�Ö ÙÒ ×�ÒÙ×

g(t) = sin (2πf0 (t− t0)) exp

�

−
�
t− t0
τ

�2
�

´�º�µ

�Ú� f0 = 15�ÀÞ¸ t0 = 0.205Ò× �Ø τ = 60.4Ô×º ��Ò×�¸ ÒÓÙ× ÔÓÙÚÓÒ× �ØÙ���Ö
Ð� ÓÑÔÓÖØ�Ñ�ÒØ �Ö�ÕÙ�ÒØ��Ð �Ù ÓÖÒ�Ø ×ÙÖ Ð� ��Ò�� �� �Ö�ÕÙ�Ò�× ×ÓÙ���Ø��º
�� ØÝÔ� �� ×ÓÙÖ� �ÒØÖÓ�Ù�Ø ØÓÙØ��Ó�× ��× ÓÒ��× Ô�Ö�×�Ø�× �Ù�× � Ð³�Ò��Ø�ÓÒ
�³ÙÒ ��ÑÔ �Ò���ÔØ� � Ð� ×ØÖÙØÙÖ� �Ù �Ù���¸ Ò��ÒÑÓ�Ò× �× ÓÒ��× ×ÓÒØ
�Ú�Ò�×�ÒØ�× �Ø Ð� ��ÑÔ ÔÖÓÔ��� ��ÓÔØ� Ö�Ô���Ñ�ÒØ ÙÒ� ×ØÖÙØÙÖ� Ì�º

Ä� Ñ��ÐÐ��� ÙØ�Ð�×� ÔÓÙÖ ���ØÙ�Ö Ð� ×�ÑÙÐ�Ø�ÓÒ �� � ÓÖÒ�Ø �×Ø ÓÒ×Ø�ØÙ�
�� ¾�¾ ¼�� Ñ��ÐÐ�× ÑÙÒ��× �³ÙÒ� �ÒØ�ÖÔÓÐ�Ø�ÓÒ �� ���Ö� ¾¸ Ö�ÔÖ�×�ÒØ� ×ÙÖ Ð�
��ÙÖ� ������ �º½½ Ô��� ×Ù�Ú�ÒØ�º �� Ñ��ÐÐ��� �×Ø ��Ò�Ö� �Ò ÓÒ×ØÖÙ�×�ÒØ ÙÒ
Ñ��ÐÐ��� ØÝÔ� ��Ì� �� Ð� ×ØÖÙØÙÖ� ÔÙ�× �Ò ���×�ÒØ ×Ù��Ö ÙÒ� ���ÓÖÑ�Ø�ÓÒ
�ÙÜ �Ð�Ñ�ÒØ× ��Ò �³Ó�Ø�Ò�Ö ÙÒ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ� ÓÒ�ÓÖÑ� � Ð� ×ØÖÙØÙÖ�º
Ä� ×�ÑÙÐ�Ø�ÓÒ ×³�Ø�Ò� ×ÙÖ ÙÒ� �ÙÖ�� �� ¿Ò× �Ú� ÙÒ Ô�× �� Ø�ÑÔ× �� ��º��×
×Ó�Ø �ÒÚ�ÖÓÒ ¿� ¼¼¼ �Ø�Ö�Ø�ÓÒ×º

Ä� ÊÇË �×Ø �ÐÙÐ� �Ò Ö�Ð�Ú�ÒØ Ð� ��ÑÔ �Ð�ØÖ�ÕÙ� ×ÙÖ ÙÒ� Ð��Ò� ×�ØÙ� �Ù
Ñ�Ð��Ù �Ù �Ù��� �Ð�Ñ�ÒØ�ÒØ Ð³�ÒØ�ÒÒ�º ÆÓÙ× �ÐÙÐÓÒ× �ÐÓÖ× Ð� ×Ô�ØÖ� �Ö�¹
ÕÙ�ÒØ��Ð �� � ��ÑÔº ü ÙÒ� �ÖØ��Ò� �Ö�ÕÙ�Ò�¸ Ä� ÊÇË �×Ø �ÓÒÒ� Ô�Ö Ð�
Ö�ÔÔÓÖØ �ÒØÖ� Ð� Ñ�Ò�ÑÙÑ �Ø Ð� Ñ�Ü�ÑÙÑ �� Ð� ÒÓÖÑ� �Ù ��ÑÔ �Ð�ØÖ�ÕÙ�

½¾¾



������ �º½½ � Å��ÐÐ��� �� Ð³�ÒØ�ÒÒ� ÓÖÒ�Ø �Ú� �Ò Ú�ÓÐ�Ø Ð�× ÈÅÄ¸ �Ò ��ÙÒ�
Ð³�×Ô�� Ð��Ö� �Ø �Ò Ú�ÖØ Ð� ÓÖÒ�Øº ��× ÔÐ�Ò× ÓÙÔ�ÒØ Ð�× ÈÅÄ �Ø Ð³�×Ô�� Ð��Ö�
��Ò �� ÚÓ�Ö Ð� ÓÖÒ�Øº

×ÙÖ �ØØ� Ð��Ò�º Ä� ÊÇË ØÖ��Ù�Ø Ð³���ÔØ�Ø�ÓÒ �Ù �Ù��� �³�Ð�Ñ�ÒØ�Ø�ÓÒ � Ð³�Ò¹
Ø�ÒÒ� ´ÚÓ�Ö �½�℄¸ ��Ôº ¿µº ÁÐ �×Ø Ð�� �ÙÜ �ÑÔ���Ò�× �� �× ��ÙÜ ×ØÖÙØÙÖ�×º
ÄÓÖ×ÕÙ³�ÐÐ�× ×ÓÒØ ����Ö�ÒØ�×¸ ÙÒ� Ô�ÖØ�� �� Ð³�Ò�Ö��� �Ò��Ø�� ��Ò× Ð� ×Ý×Ø�Ñ�
�×Ø Ö������ Ô�Ö Ð� ÓÖÒ�Øº ÇÒ Ô�ÙØ ���Ð�Ñ�ÒØ �ÜÔÖ�Ñ�Ö Ð� ÊÇË �Ò �ÓÒØ�ÓÒ
�Ù Ø�ÙÜ �� Ö���Ü�ÓÒ ρ �ÒØÖ� Ð� �Ù��� �³�Ð�Ñ�ÒØ�Ø�ÓÒ �Ø Ð³�ÒØ�ÒÒ�

ÊÇË =
1 + ρ

1− ρ
. ´�º�µ

�Ò�×�¸ ÔÐÙ× Ð� ÊÇË �×Ø ÔÖÓ�� �� ½ �Ø ÔÐÙ× Ð³���ÔØ�Ø�ÓÒ �×Ø �ÓÒÒ�º

Ä�× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× ×ÓÒØ ÓÑÔ�Ö�× �Ú� �ÙÜ Ó�Ø�ÒÙ× �Ú� ÙÒ ÓÙØ�Ð ��Ì�
��Ú�ÐÓÔÔ� Ô�Ö Ð� ��� ´�ÓÖ�¿�µº Ä� ��ÙÖ� ������ �º½¾ Ô��� ×Ù�Ú�ÒØ� Ö�¹
ÔÖ�×�ÒØ� Ð�× ÊÇË Ó�Ø�ÒÙ× �Ú� Ð� Ñ�Ø�Ó�� �� �Ø Ð� Ñ�Ø�Ó�� ��Ì�º Ä�×
Ò�Ú��ÙÜ ×ÓÒØ ÓÖÖ�Ø×¸ Ñ��× ÓÒ Ó�×�ÖÚ� ÙÒ� ��×Ô�Ö�Ø� �ÒØÖ� Ð�× ��ÙÜ ÓÙÖ��×
ÔÓÙÚ�ÒØ ×³�ÜÔÐ�ÕÙ�Ö Ô�Ö Ð� ���Ø ÕÙ� Ð� ��ÓÑ�ØÖ�� �Ù ÓÖÒ�Ø Ò³�×Ø Ô�× �Ü�Ø�¹
Ñ�ÒØ Ð� Ñ�Ñ� ��Ò× Ð�× ��ÙÜ �× ´Ð� Ñ��ÐÐ��� �� �×Ø ÓÒ�ÓÖÑ� � Ð� ×ØÖÙØÙÖ�¸
Ñ��× Ô�× Ð� Ñ��ÐÐ��� ��Ì�µº �� ÔÐÙ×¸ ��Ò× Ð�× ��ÙØ�× �Ö�ÕÙ�Ò�×¸ Ð�× ��×Ô�¹
Ö�Ø�× Ô�ÙÚ�ÒØ �ØÖ� �Ù�× � ��× Ö���Ü�ÓÒ× ��Ò× Ð�× ÈÅÄ ÕÙ� ÒÓÙ× Ò³�ÚÓÒ× Ô�×
Ö�Ù××� � Ñ��ØÖ�×�Öº

Ä� ��ÙÖ� ������ �º½¿ Ô��� ½¾� Ö�ÔÖ�×�ÒØ� Ð�× ����Ö�ÑÑ�× �� Ö�ÝÓÒÒ�Ñ�ÒØ

½¾¿



������ �º½¾ � ÊÇË �Ò �ÓÒØ�ÓÒ �� Ð� �Ö�ÕÙ�Ò�º �Ò ÖÓÙ�� ��× Ö�×ÙÐØ�Ø×
Ó�Ø�ÒÙ× �Ú� Ð�× ��Ì� �Ø �Ò Ú�ÖØ ��× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× �Ú� Ð� Ñ�Ø�Ó��
��º

� ÙÒ �Ò�Ð� �Ü�º Ä�× �ÐÙÐ× ÓÒØ �Ø� ���ØÙ�× �Ú� Ð� Ñ�Ø�Ó�� ��Ì� �Ø
Ð� Ñ�Ø�Ó�� �� ÔÓÙÖ ��ÙÜ �Ò�××�× �� Ñ��ÐÐ��� ÓÖÖ�×ÔÓÒ��ÒØ �Ù Ô�× �Ù
Ñ��ÐÐ��� �Ú�ÒØ Ð� ���ÓÖÑ�Ø�ÓÒº Ä� Ö�×ÙÐØ�Ø ��Ì� �×Ø Ö�ÔÖ�×�ÒØ� Ô�Ö Ð�× ÖÓÒ�×
ÖÓÙ��×¸ Ð� Ö�×ÙÐØ�Ø �� 3ÑÑ Ô�Ö ��× �ÖÖ�× �Ð�Ù× �Ø Ð� Ö�×ÙÐØ�Ø �� 1.2ÑÑ Ô�Ö
��× ØÖ��Ò�Ð�× Ú�ÖØ×º Ä�× �ÐÐÙÖ�× ��× ����Ö�ÑÑ�× ×� ÓÖÖ�×ÔÓÒ��ÒØ ���Ò �Ø Ð�×
Ò�Ú��ÙÜ ��× ÓÙÖ��× ×�Ñ�Ð�ÒØ ÓÒÚ�Ö��Ö Ú�Ö× Ð� ÓÙÖ�� Ó�Ø�ÒÙ� ��Ò× Ð� �× Ð�
ÔÐÙ× Ö��Ò� ´�� 1.2ÑÑµº Ä� ��ÙÖ� ������ �º½� Ô��� �¹ÓÒØÖ� Ö�ÔÖ�×�ÒØ� Ð�
����Ö�ÑÑ� �� Ö�ÝÓÒÒ�Ñ�ÒØ �Ò ¿�º ÇÒ Ó�Ø��ÒØ ÙÒ� �ÓÒÒ� ÓÒÓÖ��Ò� ��×
Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× �Ú� Ð� Ñ�Ø�Ó�� �� �Ø Ð� Ñ�Ø�Ó�� ��Ì�º

�º� ��Ò�

�� �× Ø�×Ø ÓÒ×�×Ø� �Ò Ð� ×�ÑÙÐ�Ø�ÓÒ �³ÙÒ Ñ�××�Ð� ��Ò�Ö�ÕÙ� ´��Æ��µº Ä� ��Ó¹
Ñ�ØÖ�� �� �ØØ� ×ØÖÙØÙÖ� �×Ø Ö�ÔÖ�×�ÒØ�� ×ÙÖ Ð� ��ÙÖ� ������ �º½� Ô��� ½¾�º
Ä� ÝÐ�Ò�Ö� ÓÒ×Ø�ØÙ�ÒØ Ð� ��Æ�� � ÙÒ Ö�ÝÓÒ �� 52.5ÑÑ �Ø ÙÒ� ÐÓÒ�Ù�ÙÖ
�� 816ÑÑº

�³ÙÒ� Ô�ÖØ¸ ÒÓÙ× ÓÑÔ�ÖÓÒ× Ð�× Ö�×ÙÐØ�Ø× �ÐÙÐ�× �Ú� ÙÒ Ó�� �� Ö���Ö�Ò�
�Ø ��× Ñ�×ÙÖ�× Ø�Ö��× �� Ð³�ØÙ�� ÔÙ�Ð��� �Ò ¾¼¼� ���℄º ÈÓÙÖ �Ð�¸ ÒÓÙ× ÙØ�Ð�×ÓÒ×
ÙÒ Ñ��ÐÐ��� ���ÔØ� � � Ø�×Øº Ä� Ñ��ÐÐ��� �×Ø Ö��Ð�×� �Ò Ø�Ò�ÒØ ÓÑÔØ� �� Ð�
�Ö�ÕÙ�Ò� Ñ�Ü�Ñ�Ð� Ó�×�ÖÚ�� ´Ð� ��×Ö�Ø�×�Ø�ÓÒ ×Ô�Ø��Ð� �Ó�Ø �ØÖ� �××�Þ �Ò�

½¾�



������ �º½¿ � ����Ö�ÑÑ� �� Ö�ÝÓÒÒ�Ñ�ÒØ �Ù ÓÖÒ�Ø � ½¾�ÀÞ �Ø θ = 0º Ä�×
Ö�×ÙÐØ�Ø× ÔÖÓÚ��ÒÒ�ÒØ �³ÙÒ �ÐÙÐ ��Ì� ´ÖÓÒ�× ÖÓÙ��×µ �Ø �³ÙÒ �ÐÙÐ ��
�Ú� ÙÒ Ô�× �� 3ÑÑ ´�ÖÖ�× �Ð�Ù×µ �Ø 1.2ÑÑ ´ØÖ��Ò�Ð�× Ú�ÖØ×µº

������ �º½� � ����Ö�ÑÑ� �� Ö�ÝÓÒÒ�Ñ�ÒØ �Ù ÓÖÒ�Ø � ½¾�ÀÞº

½¾�



��Ò �� ÔÓÙÚÓ�Ö ÓÖÖ�Ø�Ñ�ÒØ Ö�ÔÖ�×�ÒØ�Ö �ØØ� �Ö�ÕÙ�Ò�µ �Ø �� Ð� ×ØÖÙØÙÖ�
´Ð�× ��Ø��Ð× �ÑÔÓÖØ�ÒØ× �� Ð� ×ØÖÙØÙÖ� �Ó�Ú�ÒØ �ØÖ� ÓÖÖ�Ø�Ñ�ÒØ Ö�ÔÖ�×�ÒØ�×µº
�� �× Ø�×Ø � �Ø� Ö��Ð�×� ��Ò× Ð� ��Ö� �Ù ÔÖÓ��Ø �Ê��Ì �Ù ��� º

�³�ÙØÖ� Ô�ÖØ¸ ÒÓÙ× ÙØ�Ð�×ÓÒ× � �× Ø�×Ø ��Ò �³�×Ø�Ñ�Ö Ð�× Ô�Ö�ÓÖÑ�Ò�× ��
Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ Ô�Ö�ÐÐ�Ð� �Ù ×��Ñ� ��º ÆÓÙ× �ÐÙÐÓÒ× ÔÓÙÖ �Ð� Ð� ÔÙ�×¹
×�Ò� �� �ÐÙÐ �� �ØØ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ×ÙÖ ÙÒ�¸ ��ÙÜ �Ø ÕÙ�ØÖ� �ÖØ�× �Ö�¹
Ô��ÕÙ�×º ��Ò× ��ÙÒ ��× �×¸ ÙÒ Ñ��ÐÐ��� �×Ø Ö��Ð�×� ��Ò �� Ö�ÑÔÐ�Ö Ð� Ñ�¹
ÑÓ�Ö� ��× Ô�Ö�Ô��Ö�ÕÙ�× �� �ÐÙÐº ÈÓÙÖ �Ð�¸ ÒÓÙ× ��Ò�ÖÓÒ× ÔÓÙÖ ��ÙÒ ��×
�× ÙÒ Ñ��ÐÐ��� ÓÑÔÖ�Ò�ÒØ Ð� ÒÓÑ�Ö� �� Ñ��ÐÐ�× ÓÒ�Ù�×�ÒØ � Ð� ÕÙ�ÒØ�Ø� ��
Ñ�ÑÓ�Ö� ×ÓÙ���Ø��º �Ò ×ÙÔÔÓ×�ÒØ ÕÙ� Ð� Ø�ÑÔ× �� �ÐÙÐ ×Ù�Ø ÙÒ� ÐÓ� Ð�Ò���Ö�¸
ÒÓÙ× ÔÓÙÚÓÒ× ���Ù�Ö� ��× �Ö�Ò��ÙÖ× �ÐÙÐ��×¸ Ð³��Ð�Ö�Ø�ÓÒ ´� ×Ô���ÙÔ �µ
Ó�Ø�ÒÙ� ÐÓÖ× �� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ��× �ÐÙÐ× ×ÙÖ ÔÐÙ×��ÙÖ× �ÖØ�× �Ö�Ô��ÕÙ�×º

Ä� ×ØÖÙØÙÖ� �×Ø �ÐÐÙÑ�Ò�� Ô�Ö ÙÒ� ÓÒ�� ÔÐ�Ò� �� �ÓÖÑ� �³ÓÒ�� ��Ù××��ÒÒ�
�ÓÒÒ�� Ô�Ö

g(t) = exp

�

−
�
t− t0
τ

�2
�

´�º½¼µ

�Ú� t0 = 2.9Ò× �Ø τ = 59Ô× �Ò���Ø�� ��Ò× Ð� �ÓÑ��Ò� �� �ÐÙÐ �Ö�� �
ÙÒ� ×ÙÖ��� �� ÀÙÝ��Ò× ´ÚÓ�Ö Ð� ×�Ø�ÓÒ ¿º� Ô��� ��µ �ÒØÓÙÖ�ÒØ Ð� ��Æ��º
Ä³ÓÒ�� ÔÐ�Ò� ×� ÔÖÓÔ��� ��Ò× Ð� ��Ö�Ø�ÓÒ �ÓÒÒ�� Ô�Ö Ð� Ú�Ø�ÙÖ (−1, 0, 1) �Ø
Ð� ��ÑÔ �Ð�ØÖ�ÕÙ� �×Ø ÓÖ��ÒØ� ×Ù�Ú�ÒØ Ð³�Ü� yº

�º�º½ Ê�×ÙØ�Ø×

��Ò �� Ö��Ð�×�Ö �ØØ� ×�ÑÙÐ�Ø�ÓÒ¸ ÒÓÙ× ÙØ�Ð�×ÓÒ× ÙÒ Ñ��ÐÐ��� ��Ò�Ö� �Ò �Ò
Ö��Ð�×�ÒØ ÙÒ Ñ��ÐÐ��� Ø�ØÖ���Ö�ÕÙ� ��Ò× Ð� ÞÓÒ� ÔÖÓ�� ��× ×ØÖÙØÙÖ�×¸ ÔÙ�×
�Ò ��ÓÙÔ�ÒØ ��ÕÙ� Ø�ØÖ���Ö� �Ò ÕÙ�ØÖ� ��Ü���Ö�×º È�Ö ÓÒ×ØÖÙØ�ÓÒ¸ Ð�×
Ø�ØÖ���Ö�× ×³�ÔÔÙ��ÒØ ×ÙÖ ÙÒ Ô�Ö�ÐÐ�Ð�Ô�Ô��� �Ò�ÐÓ��ÒØ Ð� ×ØÖÙØÙÖ�º È�Ö �Ü¹
ØÖÙ×�ÓÒ ��× ØÖ��× ×ÙÖ � Ô�Ö�ÐÐ�Ð�Ô�Ô���¸ ÙÒ ÚÓÐÙÑ� ×ÙÔÔÐ�Ñ�ÒØ��Ö� �×Ø ��ÓÙØ�
�Ù Ñ��ÐÐ���¸ � ÕÙ� Ô�ÖÑ�Ø �� Ö�ÓÖ��Ö Ð� Ñ��ÐÐ��� �ÙÜ ÓÙ��× ÈÅÄº ��
Ñ��ÐÐ��� �×Ø Ö�ÔÖ�×�ÒØ� ×ÙÖ Ð� ��ÙÖ� ������ �º½� Ô��� ×Ù�Ú�ÒØ�º ËÙÖ �ØØ�
��ÙÖ�¸ ÙÒ ÔÐ�Ò �� ÓÙÔ� Ô�ÖÑ�Ø �� ÚÓ�Ö Ð�× ÔÓ�ÒØ× �³Ó�×�ÖÚ�Ø�ÓÒ× ×�ØÙ�× �
Ð³�ÒØ�Ö��ÙÖ �Ù ��Æ��º

ÆÓÙ× �ÐÙÐÓÒ× Ð� �ÓÒØ�ÓÒ �� ØÖ�Ò×��ÖØ �ÙÜ ��ÙÜ ÔÓ�ÒØ× �� Ñ�×ÙÖ�× �� Ó¹
ÓÖ�ÓÒÒ��× P1 = (0.5755, 0, 0) �Ø P2 = (0.4555, 0, 0) Ú�×��Ð�× ×ÙÖ Ð� ��ÙÖ�
������ �º½� Ô��� �¹ÓÒØÖ�¸ �Ø ÓÑÔ�ÖÓÒ× Ð�× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× �Ú� Ð�× ���¹
��Ö�ÒØ�× Ñ�Ø�Ó��× �Ø Ñ�×ÙÖ�× ���℄º Ä� �ÓÒØ�ÓÒ �� ØÖ�Ò×��ÖØ h(f) �×Ø ���Ò��

½¾�



������ �º½� � Å��ÐÐ��� �Ù ��Æ�� ÓÒ×Ø�ØÙ� �� Ø�ØÖ���Ö�× ��ÓÙÔ�× �Ò
ÕÙ�ØÖ� ��Ü���Ö�× �Ø �³ÙÒ� �ÜØÖÙ×�ÓÒº Ä�× ÈÅÄ �Ø Ð³�×Ô�� Ð��Ö� ×ÓÒØ ØÖÓÒÕÙ�×
��Ò �� ÔÓÙÚÓ�Ö Ó�×�ÖÚ�Ö Ð� ×ØÖÙØÙÖ�º ÍÒ ÔÐ�Ò �� ÓÙÔ� Ô�ÖÑ�Ø �� ÚÓ�Ö Ð�
ÔÓ×�Ø�ÓÒ ��× ÔÓ�ÒØ× �³Ó�×�ÖÚ�Ø�ÓÒ � Ð³�ÒØ�Ö��ÙÖ �Ù ��Æ��º

Ô�Ö Ð� ×Ô�ØÖ� Ø�ÑÔÓÖ�Ð �Ù ��ÑÔ e(f) Ó�×�ÖÚ� ÒÓÖÑ�Ð�×� Ô�Ö Ð� ×Ô�ØÖ� ��
Ð� ×ÓÙÖ� s(f)¸

h(f) =
e(f)

s(f)
. ´�º½½µ

Ä�× ��ÙÖ�× ������ �º½� Ô��� ×Ù�Ú�ÒØ� �Ø ������ �º½� Ô��� ×Ù�Ú�ÒØ� Ö�ÔÖ�¹
×�ÒØ�ÒØ Ð�× ����Ö�ÒØ× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× �ÜÔ�Ö�Ñ�ÒØ�Ð�Ñ�ÒØ �Ø Ô�Ö ��ÙÜ Ð�×
Ñ�Ø�Ó��× ÒÙÑ�Ö�ÕÙ�× � ��Ì� �Ø ��º

ÆÓÙ× Ó�×�ÖÚÓÒ× ÙÒ� �ÓÒÒ� ÓÒÓÖ��Ò� ��× Ö�×ÙÐØ�Ø× �Ú� ØÓÙØ��Ó�× ÙÒ Ð���Ö
���Ð��� �Ò �Ö�ÕÙ�Ò�º Ä�× Ò�Ú��ÙÜ ×ÓÒØ Ò��ÒÑÓ�Ò× Ö�×Ô�Ø�×º Ä�× �ÓÒØ�ÓÒ×
�� ØÖ�Ò×��ÖØ Ó�Ø�ÒÙ�× �Ú� Ð³�Ð�ÓÖ�Ø�Ñ� �� Ô�Ö�ÐÐ�Ð� ÓÒÓÖ��ÒØ �Ú� Ð�×
Ö�×ÙÐØ�Ø× �� Ö���Ö�Ò�º

�º�º¾ È�Ö�ÓÖÑ�Ò�×

ÆÓÙ× ���ØÙÓÒ× Ð� ×�ÑÙÐ�Ø�ÓÒ ÔÖ�×�ÒØ�� ÔÖ����ÑÑ�ÒØ �Ò ÙØ�Ð�×�ÒØ ÙÒ�¸ ��ÙÜ
�Ø ÕÙ�ØÖ� �ÖØ�× �Ö�Ô��ÕÙ�× ÆÎÁ�Á� �Ì� ��¼ Ì�º ÆÓÙ× ÙØ�Ð�×ÓÒ× ÔÓÙÖ ��¹
ÙÒ ��× �ÐÙÐ× ÙÒ Ñ��ÐÐ��� ����Ö�ÒØº Ä� Ø��ÐÐ� ��× Ñ��ÐÐ���× �×Ø �Ó�×�� ��Ò ��
Ö�ÑÔÐ�Ö Ð� Ñ�ÑÓ�Ö� �� ��ÕÙ� �ÈÍº ÆÓÙ× Ò� ÓÒ×���Ö�ÖÓÒ× Ô�× �� Ð³�ÒØ�ÖÔÓ¹

½¾�



������ �º½� � �ÓÒØ�ÓÒ �� ØÖ�Ò×��ÖØ �Ù ÔÓ�ÒØ ½ ×�ØÙ� � Ð³�ÒØ�Ö��ÙÖ �Ù ��Æ��º

������ �º½� � �ÓÒØ�ÓÒ �� ØÖ�Ò×��ÖØ �Ù ÔÓ�ÒØ ¾ ×�ØÙ� � Ð³�ÒØ�Ö��ÙÖ �Ù ��Æ��º

½¾�



������ �º½� � Å��ÐÐ��� ØÖ��Ø� Ô�Ö � ÔÖÓ�××Ù× �Ù ���Ö� ¾º Ä� Ô�ÖØ�� ÚÓÐÙ¹
Ñ�ÕÙ� Ö�ÔÖ�×�ÒØ�� �×Ø �××Ó��� � ÙÒ ÔÖÓ�××Ù×º Ð� ×ÙÖ��� �Ù ��Æ�� Ò³�
×Ù�� ÕÙ³ÙÒ� ����Ð� ���ÓÖÑ�Ø�ÓÒ � Ð� ÔÖ��×�ÓÒ ��ÓÑ�ØÖ�ÕÙ� Ò³�×Ø Ô�× Ð� ÔÐÙ×
�ÑÔÓÖØ�ÒØ� ��Ò× � Ø�×Ø �� Ô�Ö�ÓÖÑ�Ò�º

Ð�Ø�ÓÒ �� ���Ö� ¼ ÚÖ��Ñ�ÒØ ØÖÓÔ �ÑÔÖ��×�º Ä�× �Ö�Ø�Ö�×Ø�ÕÙ�× ��× Ñ��ÐÐ���×
ÙØ�Ð�×�× ÔÓÙÖ Ð�× ����Ö�ÒØ× ���Ö�× �Ø ����Ö�ÒØ× ÒÓÑ�Ö�× �� Ô�Ö�Ô��Ö�ÕÙ�× ×ÓÒØ
ÔÖ�×�ÒØ��× ��Ò× Ð� Ø��Ð��Ù �º�º

���Ö� ½ ¾ ¿ �

ÍÒ ÔÖÓ�××Ù× ½�¾�¼¼¼ ���¼¾� ¾¾���½ ½¾�¼¼¼
��ÙÜ ÔÖÓ�××Ù× ¿���¼¼¼ ½½�¾��� ��¿��¾ ¾�¼¼¼¼
ÉÙ�ØÖ� ÔÖÓ�××Ù× ��½¾¼¼¼ ¾½�¼�½¼ �¼��¾� �¼¼¼¼¼

����� �º� � ÆÓÑ�Ö� �� Ñ��ÐÐ�× ��Ò× Ð�× ����Ö�ÒØ× �× �� ��ÙÖ�º

��Ò �� Ö�Ô�ÖØ�Ö Ð�× Ñ��ÐÐ�× �ÒØÖ� Ð�× ÔÖÓ�××Ù×¸ ÒÓÙ× ÔÖÓ��ÓÒ× Ô�Ö ��ÓÙÔ���
×Ù�××��º Ä� Ñ��ÐÐ��� �×Ø ��ÓÙÔ� �Ò ×ÓÒ Ñ�Ð��Ù ×Ù�Ú�ÒØ Ð³�Ü� ÓÑÔÖ�Ò�ÒØ
Ð� ÔÐÙ× �Ö�Ò� ÒÓÑ�Ö� �� Ñ��ÐÐ�×º ÆÓÙ× Ó�Ø�ÒÓÒ× Ð� Ö�Ô�ÖØ�Ø�ÓÒ ÔÓÙÖ ��ÙÜ
ÔÖÓ�××Ù×º ÈÙ�× ÒÓÙ× ×�Ô�ÖÓÒ× � ÒÓÙÚ��Ù Ð�× Ñ��ÐÐ�× ×Ù�Ú�ÒØ Ð� ×�ÓÒ� �Ü�
ÓÑÔÖ�Ò�ÒØ Ð� ÔÐÙ× �Ö�Ò� ÒÓÑ�Ö� �� Ñ��ÐÐ�×º ÈÙ�×ÕÙ� Ð� Ñ��ÐÐ��� Ò³�×Ø Ô�×
�ÖØ�×��Ò¸ �Ð� Ô�ÙØ ÓÒ�Ù�Ö� � ��Ò�Ö�Ö ÙÒ� ÞÓÒ� Ô�ÖØ���� �ÒØÖ� Ð�× ÔÖÓ�××Ù×
ÔÐÙ× �Ö�Ò�× ÕÙ� Ò��××��Ö�º ÌÓÙØ��Ó�×¸ �ØØ� �ÔÔÖÓ�� � �ÓÒÒ� ��× Ö�×ÙÐØ�Ø×
×�Ø�×���×�ÒØ× ��Ò× �ØØ� ÓÒ��ÙÖ�Ø�ÓÒº Ä� Ñ��ÐÐ��� ÙØ�Ð�×� ��Ò× Ð� �× �³ÙÒ�
�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �³ÓÖ�Ö� ¾ �Ø ÕÙ�ØÖ� ÔÖÓ�××Ù× �×Ø Ö�ÔÖ�×�ÒØ� ×ÙÖ Ð� ��ÙÖ� ���
���� �º½�º

ÆÓÙ× �ÐÙÐÓÒ× �ÐÓÖ× Ð� ÒÓÑ�Ö� �³ÓÔ�Ö�Ø�ÓÒ× ���ØÙ��× Ô�Ö ×�ÓÒ�� ��Ò× �×
ØÖÓ�× �× Ø�×Ø×º ÈÓÙÖ �Ð�¸ ÒÓÙ× ÓÑÔØÓÒ× � � Ð� Ñ��Ò � Ð� ÒÓÑ�Ö� �³ÓÔ�Ö�Ø�ÓÒ×

½¾�



�ÓØØ�ÒØ�× ���ØÙ��× Ô�Ö Ð�× ����Ö�ÒØ× ��ÖÒ�Ð× ÐÓÖ× �³ÙÒ� �Ø�Ö�Ø�ÓÒ ÔÓÙÖ Ð³ÓÖ�Ö�
�³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ø Ð� ÒÓÑ�Ö� �� Ñ��ÐÐ�× ÓÒ×���Ö��×º �Ò ��Ú�×�ÒØ Ð� Ö�×ÙÐØ�Ø
Ó�Ø�ÒÙ Ô�Ö Ð� Ø�ÑÔ× �� �ÐÙÐ �³ÙÒ� �Ø�Ö�Ø�ÓÒ ÒÓÙ× Ó�Ø�ÒÓÒ× Ð� ÔÙ�××�Ò� ��
�ÐÙÐ �ÜÔÖ�Ñ�� �Ò �ÄÇÈË ´�ÄÓ�Ø�Ò�¹ÔÓ�ÒØ ÇÔ�Ö�Ø�ÓÒ× È�Ö Ë�ÓÒ�µº ÆÓÙ×
Ó�Ø�ÒÓÒ× �ÐÓÖ× Ð³��Ð�Ö�Ø�ÓÒ �Ù� � Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÅÈÁ ×ÙÖ n �ÖØ�× �Ö�¹
Ô��ÕÙ�× �Ò ���ØÙ�ÒØ Ð� Ö�ÔÔÓÖØ �ÒØÖ� Ð� ÔÙ�××�Ò� �� �ÐÙÐ Ó�Ø�ÒÙ� �Ú� �×
n �ÖØ�× �Ø �ÐÐ� Ó�Ø�ÒÙ� �Ú� ÙÒ� �ÖØ�º ��× Ú�Ð�ÙÖ× ×ÓÒØ ÔÖ�×�ÒØ��× ��Ò× Ð�
Ø��Ð��Ù �º�º

ÆÓÑ�Ö� �� �ÈÍ ½ ¾ �

ÇÖ�Ö� ½

Ì�ÑÔ× �� �ÐÙÐ Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º�� ¼º�� ¼º��
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´±µ ¼ ¾� �¼

ÈÙ�××�Ò� ´��ÄÇÈËµ ½¼� ½�¿ ¾�¼
��Ð�Ö�Ø�ÓÒ » ½º� ¾º¿�

ÇÖ�Ö� ¾

Ì�ÑÔ× �� �ÐÙÐ Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º¾� ¼º�� ¼º�¼
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼ �� �¾
ÈÙ�××�Ò� ´��ÄÇÈËµ ¾½¾ ¾�¿ ¾��

��Ð�Ö�Ø�ÓÒ » ½º¾� ½º¾�

ÇÖ�Ö� ¿

Ì�ÑÔ× �� �ÐÙÐ Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º¾½ ¼º�¼ ½º¼
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼ �� ��
ÈÙ�××�Ò� ´��ÄÇÈËµ ¾�� ½�� ¾¾¿

��Ð�Ö�Ø�ÓÒ » ¼º� ¼º�

ÇÖ�Ö� �

Ì�ÑÔ× �� �ÐÙÐ Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º¾� ¼º�¼ ½º¿�
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼ ¼º�¾ ��
ÈÙ�××�Ò� ´��ÄÇÈËµ ¾½� ½�¼ ½��

��Ð�Ö�Ø�ÓÒ » ¼º� ¼º�

����� �º� � È�Ö�ÓÖÑ�Ò�× ×ÙÖ ½¸ ¾ �Ø � �ÖØ�× �Ö�Ô��ÕÙ�×º

Ä³��Ð�Ö�Ø�ÓÒ �ÔÔÓÖØ�� Ô�Ö Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ×ÙÖ ÔÐÙ×��ÙÖ× Ô�Ö�Ô��Ö�ÕÙ�× Ò³�Ø¹
Ø��ÒØ Ô�× Ð� Ú�Ð�ÙÖ ÓÔØ�Ñ�Ð�º ��Ò× Ð�× ����Ö�ÒØ× �×¸ Ð� Ø�ÑÔ× ����� �ÙÜ ÓÑ¹
ÑÙÒ��Ø�ÓÒ× ÅÈÁ �×Ø �ÑÔÓÖØ�ÒØ¸ �Ù×ÕÙ³� �¼± �Ù Ø�ÑÔ× �� �ÐÙÐº ��Ø �Ñ¹
ÔÓÖØ�ÒØ Ø�ÑÔ× �� ØÖ�Ò×��ÖØ ×³�ÜÔÐ�ÕÙ� Ô�Ö Ð� ØÖ�Ò×��ÖØ �� �ÓÒÒ��× ÚÓÐÙÑ�ÕÙ�×
ÔÓÙÚ�ÒØ Ö�ÔÖ�×�ÒØ�Ö ÙÒ ÚÓÐÙÑ� �ÑÔÓÖØ�ÒØ �Ø Ô�Ö Ð� Ø�ÑÔ× �� ÔÖ�Ô�Ö�Ø�ÓÒ ��
�× �ÓÒÒ��×º �Ò ���Ø¸ �× �ÓÒÒ��× ×ÓÒØ ØÖ�Ò×��Ö��× �ÒØÖ� Ð³��Ø� �Ø Ð� Ô�Ö�¹
Ô��Ö�ÕÙ� �� �ÐÙÐ �Ø �Ó�Ú�ÒØ �ØÖ� Ö�ÓÖ�ÓÒÒ��× �³ÙÒ� Ñ�Ò��Ö� ×�Ñ�Ð��Ö� Ô�Ö
Ð�× ��ÙÜ ÔÖÓ�××Ù× ÓÑÑÙÒ�ÕÙ�ÒØ ��Ò �³���ØÙ�Ö ÙÒ ���Ò�� �� �ÓÒÒ��×
Ó��Ö�ÒØ�×º

Å�Ñ� ×� �ØØ� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ Ò³Ó�Ö� Ô�× ��× Ô�Ö�ÓÖÑ�Ò�× �ÜØÖ�ÓÖ��Ò��Ö�×¸
�ÐÐ� Ô�ÖÑ�Ø �� ØÖ��Ø�Ö ��× �× �³ÙÒ� Ø��ÐÐ� Ò� Ô�ÖÑ�ØØ�ÒØ Ô�× �³�ØÖ� ØÖ��Ø� ×ÙÖ
ÙÒ� �ÖØ� �Ö�Ô��ÕÙ�º ÆÓÙ× ÔÖ�×�ÒØ�ÖÓÒ× �Ù ��Ô�ØÖ� ×Ù�Ú�ÒØ ÙÒ� Ô�Ö�ÐÐ�Ð�×�¹
Ø�ÓÒ ÅÈÁ Ô�ÖÑ�ØØ�ÒØ �� Ö�ØÖÓÙÚ�Ö �� �ÓÒÒ�× Ô�Ö�ÓÖÑ�Ò�×º

½¿¼



�ÓÒÐÙ×�ÓÒ

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� ����Ö�ÒØ× �× Ø�×Ø× Ô�ÖÑ�ØØ�ÒØ �� Ú�¹
Ð���Ö Ð�× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× �Ú� Ð� Ó�� �� Ô�Ö�ÐÐ�Ð�º ��× �× Ø�×Ø× ÑÓÒØÖ�ÒØ
Ð³����Ø� �� � Ó�� Ó�Ø�ÒÙ� �Ò Ø�Ö�ÒØ Ô�ÖØ� �� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÇÔ�Ò�Ä ��×
�ÐÙÐ×º ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ Ñ�× �Ò �Ú���Ò� ÙÒ� Ð�Ñ�Ø�Ø�ÓÒ �� Ð� ×ØÖ�Ø����
�� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÅÈÁº �Ò ���Ø¸ �ÐÐ�¹� ÓÒ�Ù�Ø � ��× ��Ð�Ö�Ø�ÓÒ× �Ò×�Ø�×¹
���×�ÒØ�×º ��Ò �� Ö�Ñ����Ö � � ÔÖÓ�Ð�Ñ�¸ ÒÓÙ× ���Ò�ÖÓÒ× ��Ò× Ð� ��Ô�ØÖ�
×Ù�Ú�ÒØ ÙÒ� ÒÓÙÚ�ÐÐ� ×ØÖ�Ø���� �� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ��Ò× Ð�ÕÙ�ÐÐ� ÒÓÙ× �Ñ�Ð�ÓÖ�¹
ÖÓÒ× Ð³���ÔØ�Ø�ÓÒ ��× ��ÖÒ�Ð× �� �ÐÙÐ× �ÙÜ ÞÓÒ�× �Ø Ó� ÒÓÙ× ÑÓ����ÖÓÒ× Ð�
ÔÖÓ��ÙÖ� �� ÓÑÑÙÒ��Ø�ÓÒ ÅÈÁ ��Ò �³�Ñ�Ð�ÓÖ�Ö Ð�× Ô�Ö�ÓÖÑ�Ò�× �� �ØØ�
Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒº

½¿½



½¿¾



�������� �

�Ð�ÓÖ�Ø�Ñ� ��Ð�Ö��Ò
��×ÓÒØ�ÒÙ Ô�Ö�ÐÐ�Ð� �×ÝÒ�ÖÓÒ�

Ä�× ��Ô�ØÖ�× � �Ø � ��Ö�Ú�ÒØ Ð� ÔÖ�Ñ��Ö� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ �� Ð� Ñ�Ø�Ó��
�� �Ø Ð�× Ø�×Ø× ���ØÙ�× �Ú� �ÐÐ�¹�º ��ØØ� ÔÖ�Ñ��Ö� Ú�Ö×�ÓÒ � Ô�ÖÑ�× ��
Ñ�ØØÖ� �Ò �Ú���Ò� ����Ö�ÒØ�× Ð�Ñ�Ø�Ø�ÓÒ× �Ø ÓÔØ�Ñ�×�Ø�ÓÒ× ÔÓ××��Ð�× �� Ð³�Ñ¹
ÔÐ�Ñ�ÒØ�Ø�ÓÒ �� Ð� Ñ�Ø�Ó��º ÈÖ�Ñ��Ö�Ñ�ÒØ¸ �Ð �ÔÔ�Ö��Ø Ò��××��Ö� �³���ØÙ�Ö
ÙÒ� �×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× �ÐÙÐ× �Ø ØÖ�Ò×��ÖØ× ÅÈÁ ��Ò �³Ó�Ø�Ò�Ö ÙÒ� ���¹
�Ø� ÓÔØ�Ñ�Ð�º ��ÙÜ��Ñ�Ñ�ÒØ¸ �ÖØ��Ò�× �ÓÒØ�ÓÒÒ�Ð�Ø�× Ò� Ô�ÙÚ�ÒØ Ô�× �ØÖ�
�ÑÔÐ�Ñ�ÒØ��× �Ò ÙØ�Ð�×�ÒØ Ð� ×ØÖÙØÙÖ� �� �ÓÒÒ�� �ØÙ�ÐÐ�º ÇÒ Ô�ÙØ �Ø�Ö
Ð³ÙØ�Ð�×�Ø�ÓÒ �³ÙÒ Ô�× �� Ø�ÑÔ× ÐÓ�Ð �Ø Ð� ÔÖ�×� �Ò ÓÑÔØ� �� Ñ��ÐÐ��� ÒÓÒ
ÓÒ�ÓÖÑ�º �Ø �Ò�Ò¸ ��Ò× Ð� �× �� Ð³ÙØ�Ð�×�Ø�ÓÒ �³ÙÒ ÓÖ�Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ
Ú�Ö���Ð�¸ ÙÒ ���Ò �ÑÔÓÖØ�ÒØ ÔÓÙÖÖ��Ø �ØÖ� Ó�Ø�ÒÙ �Ò ×Ô���Ð�×�ÒØ Ð�× ��ÖÒ�Ð×º

��× ÓÒ×Ø�Ø�Ø�ÓÒ× ÒÓÙ× ÓÒØ ÓÒ�Ù�Ø× � Ð� ���Ò�Ø�ÓÒ �³ÙÒ� ÒÓÙÚ�ÐÐ� ×ØÖÙØÙÖ�
�� �ÓÒÒ��× ��Ò× Ð�ÕÙ�ÐÐ� Ð� ÓÒ�ÔØ �� ÞÓÒ�× �ÓÑÓ��Ò�× ÔÖ�Ò� ÙÒ� ÔÐ�� �Ò¹
ØÖ�Ð�º Ä�× Ñ��ÐÐ�× ×ÓÒØ ÓÑÑ� ÔÖ����ÑÑ�ÒØ Ö�Ô�ÖØ��× �Ò ÞÓÒ�× �ÓÑÓ��Ò�×¸
Ñ��× � ÔÖ�×�ÒØ ��ÕÙ� ÞÓÒ� �×Ø ÑÙÒ�� �³ÙÒ ��Ù �� ��ÖÒ�Ð× ×Ô���Ð�×�× �Ò �ÓÒ¹
Ø�ÓÒ �� Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ø �� Ð� Ò�ØÙÖ� ��× �Ð�Ñ�ÒØ×º ��ØØ� ×ØÖÙØÙÖ� Ô�ÖÑ�Ø
�ÐÓÖ× �� Ð�Ú�Ö Ð�× Ð�Ñ�Ø�Ø�ÓÒ× Ó�×�ÖÚ��× �Ø �³�Ñ�Ð�ÓÖ�Ö Ð�× Ô�Ö�ÓÖÑ�Ò�× �Ù
Ó��º

�º½ ËØÖÙØÙÖ� �� ÞÓÒ�×

Ä� Ñ��ÐÐ��� �×Ø ��ÓÙÔ� �Ò ÞÓÒ�× �ÓÖÑ��× �³�Ð�Ñ�ÒØ× �� Ñ�Ñ� Ò�ØÙÖ�º Ä�×
�Ð�Ñ�ÒØ× �³ÙÒ� ÞÓÒ� ÓÒØ Ð� Ñ�Ñ� ��ÓÑ�ØÖ�� �Ø Ð� Ñ�Ñ� �×Ô�� �³�ÔÔÖÓÜ�Ñ�¹
Ø�ÓÒº ÆÓÙ× ÔÓÙÚÓÒ× ��Ò×� �ÔÔÐ�ÕÙ�Ö � �× �Ð�Ñ�ÒØ× ÙÒ ØÖ��Ø�Ñ�ÒØ ×�Ñ�Ð��Ö�º

½¿¿



��Ò×�¸ � Ô�ÖØ�Ö ��× �Ö�Ø�Ö�×Ø�ÕÙ�× �� Ð� ÞÓÒ�¸ ÒÓÙ× ÓÒ×ØÖÙ�×ÓÒ× Ð�× ��Ö¹
Ò�Ð× ÕÙ� ÐÙ� ×�ÖÓÒØ �ÔÔÐ�ÕÙ�×º ÈÓÙÖ ÔÐÙ× �³����Ø�¸ ��ÕÙ� ÞÓÒ� ÓÒ×Ø�ØÙ��
�� ÚÓÐÙÑ�× ���ØÙ�Ö� ��× �ÐÙÐ× Ñ�ØØ�ÒØ �Ò ��Ù �ÜÐÙ×�Ú�Ñ�ÒØ ��× �ÓÒÒ��×
ÔÓÖØ��× Ô�Ö �× Ñ�Ñ�× ÚÓÐÙÑ�×º ��Ò×�¸ �Ò ÔÐÙ× �� �× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×¸ ÒÓÙ×
��ÚÓÒ× ���Ò�Ö ��× ÞÓÒ�× �³�ÒØ�Ö���× ÕÙ� Ô�ÖÑ�ØØÖÓÒØ Ð� ÓÑÑÙÒ��Ø�ÓÒ �ÒØÖ�
Ð�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×º ��× ÞÓÒ�× Ô�ÙÚ�ÒØ ���Ð�Ñ�ÒØ ×�ÖÚ�Ö � ���ØÙ�Ö ÙÒ ØÖ��¹
Ø�Ñ�ÒØ ×Ô���ÕÙ� �ÙÜ �ÓÒÒ��× �ÜØÖ��Ø�× ��× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�× ÚÓ�×�Ò�×º ��Ð�
Ô�ÖÑ�Ø Ô�Ö �Ü�ÑÔÐ� �� ØÖ��Ø�Ö ÙÒ Ö�ÓÖ� ÒÓÒ ÓÒ�ÓÖÑ� �ÒØÖ� ÞÓÒ�×º

�º½º½ �ÓÒ� �ÓÑÓ��Ò�

ÍÒ� ÞÓÒ� �ÓÑÓ��Ò� �×Ø ÓÒ×Ø�ØÙ�� �³�Ð�Ñ�ÒØ× ÚÓÐÙÑ�ÕÙ�× �³ÙÒ� Ñ�Ñ� Ò�¹
ØÙÖ� ��ÓÑ�ØÖ�ÕÙ� �Ø ÑÙÒ�× �� Ð� Ñ�Ñ� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº Ä�× ��ÖÒ�Ð×
�××Ó��× � ÙÒ� ÞÓÒ� ×ÓÒØ ÓÒ×ØÖÙ�Ø× �Ò ÙØ�Ð�×�ÒØ Ð�× �ÓÒÒ��× ��ÓÑ�ØÖ�ÕÙ�× �Ø
�³�ÒØ�ÖÔÓÐ�Ø�ÓÒ ÓÑÑÙÒ�× � �× �Ð�Ñ�ÒØ×º ��Ò× Ð�× ��ÖÒ�Ð×¸ ����Ö�ÒØ�× �ÓÒ¹
Ø�ÓÒ× ×ÓÒØ �ÔÔ�Ð��× ��Ò �� �ÐÙÐ�Ö Ð�× �ÓÒÒ��× ÙØ�Ð�×��× ÐÓÖ× �Ù �ÐÙÐº ��×
�ÓÒØ�ÓÒ× ×ÓÒØ ���Ò��× ÙÒ�ÕÙ�Ñ�ÒØ Ô�Ö Ð� Ò�ØÙÖ� �� Ð� ÞÓÒ� �Ø ×ÓÒØ ������×
�Ù �ÐÙÐ

� ��× ÔÓ�ÒØ× �Ø ÔÓ��× �³�ÒØ��Ö�Ø�ÓÒ¸
� �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �� Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò� Ú�Ö× Ð³�Ð�Ñ�ÒØ Ô�Ý×�ÕÙ�¸
� �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �� Ð³�Ð�Ñ�ÒØ Ô�Ý×�ÕÙ� Ú�Ö× Ð³�Ð�Ñ�ÒØ �� Ö���Ö�Ò�¸
� �� Ð� ÓÑ�ØÖ�� �� Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ�¸
� �� Ð� Ú�Ð�ÙÖ ��× �ÓÒØ�ÓÒ× �� ��×�¸
� �Ù �Ö����ÒØ ��× �ÓÒØ�ÓÒ× �� ��×�º

ÈÐÙ×��ÙÖ× �Ò×�Ñ�Ð�× �� ��ÖÒ�Ð× ÓÒØ �Ø� ��Ú�ÐÓÔÔ�×¸ ��× ��ÖÒ�Ð× ÔÓÙÚ�ÒØ �ØÖ�
�ÔÔÐ�ÕÙ�× � ØÓÙØ ØÝÔ� �� Ñ��ÐÐ� �Ø ��× ��ÖÒ�Ð× �ÑÔÐ�Ñ�ÒØ�ÒØ ��× ÓÔØ�Ñ�×�¹
Ø�ÓÒ× �ÔÔÐ���Ð�× �ÙÜ Ñ��ÐÐ���× ��Ü���Ö�ÕÙ�×º Ä�× ��ÖÒ�Ð× ��Ò�Ö�ÕÙ�× �ÑÔÐ�¹
Ñ�ÒØ�ÒØ Ð� Ñ�Ø�Ó�� ��Ö�Ø� �Ò �º½º¿º Ä�× ��ÖÒ�Ð× ÓÔØ�Ñ�×�× ÔÓÙÖ ��Ü���Ö�×
�ÑÔÐ�Ñ�ÒØ�ÒØ Ð�× ÓÔØ�Ñ�×�Ø�ÓÒ× ��Ö�Ø�× �Ò �º½º�º

��Ò×�¸ Ð� ÓÒ×ØÖÙØ�ÓÒ ��× ��ÖÒ�Ð× �×Ø ���ØÙ�� �Ò ÓÒ�Ø�Ò�ÒØ Ð�× ×ÓÙÖ�×
��× �ÓÒØ�ÓÒ× �Ø��× ÔÐÙ× ��ÙØ �Ø ��× ×ÓÙÖ�× ��× ��ÖÒ�Ð× ÔÓÙÚ�ÒØ ×³�ÔÔÐ�ÕÙ�Ö
� Ð� ÞÓÒ�º �ØÙ�ÐÐ�Ñ�ÒØ¸ ÒÓÙ× �ÚÓÒ× Ñ�× �Ò ÔÐ�� Ð� ÔÖ�×� �Ò ��Ö�� ��×
Ñ��ÐÐ���× ��Ü���Ö�ÕÙ� �Ø Ð� ��Ú�ÐÓÔÔ�Ñ�ÒØ �³�ÙØÖ�× �Ð�Ñ�ÒØ× �×Ø �Ò ÓÙÖ×º
��ØØ� ×ØÖÙØÙÖ� Ô�ÙØ Ô�Ö �Ü�ÑÔÐ� Ô�ÖÑ�ØØÖ� Ð� ÔÖ�×� �Ò ��Ö�� �� Ñ��ÐÐ���
Ø�ØÖ���Ö�ÕÙ� �Ò ���Ò�××�ÒØ Ð�× �ÓÒØ�ÓÒ× ���ÕÙ�Ø�×º

��ØØ� �ÔÔÖÓ�� Ô�ÖÑ�Ø ���Ð�Ñ�ÒØ �³�Ö�Ö� � �Ò �ÙÖ � ��Ò× Ð�× ×ÓÙÖ�× ��× ��Ö¹
Ò�Ð× �ÖØ��Ò�× �Ò�ÓÖÑ�Ø�ÓÒ×¸ ÒÓÙ× �Ú�Ø�ÒØ �� Ð�× Ð�Ö� �Ò Ñ�ÑÓ�Ö�º È�Ö �Ü�ÑÔÐ�¸
Ð� ���Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �×Ø ×ØÓ�� ��Ò× ÙÒ� Ñ�ÖÓ¸ ÔÙ�×ÕÙ³ÙÒ ��ÖÒ�Ð ����¹
Ö�ÒØ �×Ø ÓÑÔ�Ð� ÔÓÙÖ ��ÕÙ� ÞÓÒ�º

½¿�



Ä�× �ÐÙÐ× ×ÓÒØ �ÐÓÖ× ���ØÙ�× �Ù ÑÓÝ�Ò ��× ����Ö�ÒØ× ��ÖÒ�Ð× ×Ô���ÕÙ�×º
ÌÓÙØ��Ó�×¸ ��ÕÙ� ÞÓÒ� Ò� Ô�ÙØ �ÐÙÐ�Ö ÕÙ� Ð�× ÓÒØÖ��ÙØ�ÓÒ× ÔÖÓÚ�Ò�ÒØ ��
Ñ��ÐÐ�× ÕÙ³�ÐÐ� ÓÒØ��ÒØº ��Ò �³�ÔÔÐ�ÕÙ�Ö Ð�× ÓÒØÖ��ÙØ�ÓÒ× ×ÙÖ���ÕÙ�× ×�ØÙ��×
� Ð³�ÒØ�Ö��� �ÒØÖ� ��ÙÜ ÞÓÒ�×¸ ÒÓÙ× ���Ò�××ÓÒ× �ÒØÖ� ��ÕÙ� ÞÓÒ� ÚÓ�×�Ò� ÙÒ�
ÞÓÒ� �³�ÒØ�Ö���º Ä� ×�Ø�ÓÒ ×Ù�Ú�ÒØ� ÔÖ�×�ÒØ� � ÒÓÙÚ��Ù ØÝÔ� �� ÞÓÒ�×º

�º½º¾ �ÓÒ� �³�ÒØ�Ö���

ÆÓÙ× �ÚÓÒ× ��Ö�Ø ��Ò× � ÕÙ� ÔÖ���� Ð� ØÖ��Ø�Ñ�ÒØ �ÔÔÐ�ÕÙ� �ÙÜ ÞÓÒ�× ÚÓ¹
ÐÙÑ�ÕÙ�×º ��× ÞÓÒ�× ×ÓÒØ ÓÙÔÐ��× Ô�Ö Ð� ÑÓÝ�Ò �� ÞÓÒ�× �³�ÒØ�Ö���×º ��×
�ÒØ�Ö���× Ô�ÙÚ�ÒØ �ØÖ� �ÒØÖ� ÞÓÒ�× ÔÖ�×�ÒØ�ÒØ ��× �ÒØ�ÖÔÓÐ�Ø�ÓÒ× ����Ö�ÒØ�×
ÓÙ ×ÙÖ ��× Ö�ÓÖ�× ÒÓÒ ÓÒ�ÓÖÑ�× �ÒØÖ� Ñ��ÐÐ�× ÓÙ Ð�× ��ÙÜ � Ð� �Ó�×º �¹
ØÙ�ÐÐ�Ñ�ÒØ¸ ÒÓÙ× ØÖ��ØÓÒ× ���Ò ×�Ö Ð�× Ö�ÓÖ�× ÓÒ�ÓÖÑ�×º ÆÓÙ× �ÚÓÒ× �Ù××�
ÔÖÓ�Ö�ÑÑ� Ð� Ö�ÓÖ� ÒÓÒ ÓÒ�ÓÖÑ� �ÒØÖ� ÙÒ� ÞÓÒ� Ö��Ò�� �Ø ÙÒ� ÞÓÒ� ÒÓÒ
Ö��Ò�� ��Ò× ÙÒ �× ×�ÑÔÐ� � ��ÕÙ� �Ð�Ñ�ÒØ ÕÙ��Ö�Ò�ÙÐ��Ö� �� Ð� ÞÓÒ� ÒÓÒ
Ö��Ò�� ×� ØÖÓÙÚ� �Ò Ú�×¹�¹Ú�× �� ÕÙ�ØÖ� �Ð�Ñ�ÒØ× ÕÙ��Ö�Ò�ÙÐ��Ö�× �� Ð� ÞÓÒ�
Ö��Ò��º

ÆÓÙ× ÓÑÑ�Ò�ÓÒ× Ô�Ö ���Ò�Ö ÙÒ� ÞÓÒ� ×ÙÖ���ÕÙ� � Ð³�ÒØ�Ö��� �ÒØÖ� Ð�× ÞÓÒ�×
ÚÓÐÙÑ�ÕÙ�×º ��ÐÐ�¹� �×Ø ÓÒ×Ø�ØÙ�� ��× ���× ��× �Ð�Ñ�ÒØ× ÚÓÐÙÑ�ÕÙ�× �ÒÐÙ×�×
��Ò× Ð³�ÒØ�Ö���º Ä�× ���× ÓÒ×Ø�ØÙ�ÒØ Ð³�ÒØ�Ö��� ×ÓÒØ ÓÖ��ÒØ��× �� Ñ�Ò��Ö�
� � ÕÙ� Ð�ÙÖ ÒÓÖÑ�Ð� ÔÓ�ÒØ� ØÓÙ�ÓÙÖ× Ú�Ö× Ð� Ñ�Ñ� ÞÓÒ� ÚÓÐÙÑ�ÕÙ�º ÆÓÙ×
�ÔÔ�ÐÐ�ÖÓÒ× �ØØ� ÞÓÒ�¸ Ð� ÞÓÒ� �� �ÖÓ�Ø� �Ø Ð³�ÙØÖ� ÞÓÒ� Ð� ÞÓÒ� �� ��Ù��º
��Ò× Ð� �× �³ÙÒ Ö�ÓÖ� ÒÓÒ ÓÒ�ÓÖÑ�¸ ÒÓÙ× ÓÒ×ØÖÙ�×ÓÒ× Ð³�ÒØ�Ö��� �Ú� Ð�×
���× ÔÖÓÚ�Ò�ÒØ �Ù �Ø� Ð� ÔÐÙ× Ö��Ò�º ��× ���× ×ÓÒØ �ÖÓÙÔ��× �� Ñ�Ò��Ö� �
� ÕÙ³ÙÒ �ÖÓÙÔ� �� ���× ×Ó�Ø ÚÓ�×�Ò �³ÙÒ ÙÒ�ÕÙ� �Ð�Ñ�ÒØ ÒÓÒ Ö��Ò�º

Ä�× ØÖ��Ø�Ñ�ÒØ× �ÔÔÐ�ÕÙ�× �ÙÜ �ÒØ�Ö���× ×ÓÒØ ���ØÙ�× Ô�Ö ÙÒ� ×ØÖÙØÙÖ�
������º Ä�× ��ÖÒ�Ð× ÙØ�Ð�×�× ×ÓÒØ ÔÖÓÔÖ�× � ��ÕÙ� �ÒØ�Ö��� �Ø ×ÓÒØ ÓÒ×ØÖÙ�Ø×
�Ò �ÓÒØ�ÓÒ �� Ð� ×�ØÙ�Ø�ÓÒ¸ �º�º �Ò �ÓÒØ�ÓÒ× ��× �ÒØ�ÖÔÓÐ�Ø�ÓÒ× ��× ÞÓÒ�×
ÚÓÐÙÑ�ÕÙ�× �Ø �Ù ØÝÔ� �� Ö�ÓÖ� ´ÓÒ�ÓÖÑ� ÓÙ ÒÓÒµº ÉÙ�ÐÐ� ÕÙ� ×Ó�Ø Ð�
×�ØÙ�Ø�ÓÒ¸ Ð�× ØÖ��Ø�Ñ�ÒØ× �ÓÒÒ�ÖÓÒØ Ð��Ù �ÙÜ Ñ�Ñ�× ØÝÔ�× �� Ø���× �

� �ÜØÖ�Ø�ÓÒ× ��× ��ÑÔ× � �ÐÙÐ ��× ��ÑÔ× WL �Ø WR ×ÙÖ Ð³�ÒØ�Ö���
�Ò ÙØ�Ð�×�ÒØ Ð�× �ÓÒÒ��× ÚÓÐÙÑ�ÕÙ�× ÔÓÖØ��× Ô�Ö Ð�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×
�� ��Ù�� �Ø �ÖÓ�Ø�¸

� �ÐÙÐ ��× �ÙÜ � �ÐÙÐ ��× �ÙÜ ×ÙÖ Ð³�ÒØ�Ö��� �Ò �ÓÒØ�ÓÒ ��× ��ÑÔ×
WL �Ø WR¸

� �ÔÔÐ��Ø�ÓÒ �� Ð� ÓÒØÖ��ÙØ�ÓÒ ×ÙÖ���ÕÙ� � ��ÓÙØ ��× �ÒØ��Ö�Ð�× ×ÙÖ��¹
�ÕÙ�× ´�º¿� Ô��� ��µ �ÙÜ ÞÓÒ�× �� ��Ù�� �Ø �ÖÓ�Ø�º

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �ÜØÖ�ÔÓÐÓÒ× Ð�× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� ��ÕÙ�
�Ø� �� Ð³�ÒØ�Ö��� �ÙÜ ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ��× ���× ÓÒ×Ø�ØÙ�ÒØ Ð³�ÒØ�Ö���º

½¿�



ÈÓÙÖ �Ð�¸ ÒÓÙ× Ô�Ö�ÐÐ�Ð�×ÓÒ× Ð�× �ÐÙÐ× ×ÙÖ Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ ��× ���×º
��× �ÐÙÐ× ×ÓÒØ ���ØÙ�× Ô�Ö ��× ��ÖÒ�Ð× ×Ô���ÕÙ�× ÓÒ×ØÖÙ�Ø× �Ò ×Ù�Ú�ÒØ
Ð� Ñ�Ñ� ×ØÖ�Ø���� ÕÙ� ÔÓÙÖ Ð�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×¸ ³�×Ø¹�¹��Ö� ÕÙ� Ð�× ��Ö¹
Ò�Ð× ×ÓÒØ �Ó�×�× ×Ù�Ú�ÒØ Ð�ÙÖ ���ÔØ�Ø�ÓÒ � Ð� ��ÓÑ�ØÖ�� ÔÖ�×�ÒØ� �Ø �ÔÔ�ÐÐ�ÒØ
��× �ÓÒØ�ÓÒ× �ÓÒØ Ð�× ×ÓÙÖ�× ÓÖÖ�×ÔÓÒ��ÒØ � Ð� Ò�ØÙÖ� ��× ÞÓÒ�×º ÆÓÙ×
ÓÑÔ�ÐÓÒ× ÙÒ ��ÖÒ�Ð ÔÓÙÖ ��ÕÙ� ÞÓÒ� ×ÙÖ���ÕÙ�º

��Ò× ÙÒ ×�ÓÒ� Ø�ÑÔ×¸ ÒÓÙ× �ÐÙÐÓÒ× �Ø ×ØÓ�ÓÒ× �Ò Ñ�ÑÓ�Ö� �ÐÓ��Ð� Ð�×
�ÙÜ �ÙÜ ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒº ��ØØ� Ô��×� �×Ø Ô�Ö�ÐÐ�Ð�×�� ×ÙÖ Ð�× ÔÓ�ÒØ× �³�Ò¹
Ø��Ö�Ø�ÓÒ ��× ���×º �ÓÑÑ� ÔÖ����ÑÑ�ÒØ ÙÒ ��ÖÒ�Ð ×Ô���Ð�×� ���ØÙ� �ØØ�
ÓÔ�Ö�Ø�ÓÒº

�Ò�Ò¸ Ð�× Ø�ÖÑ�× ×ÙÖ���ÕÙ�× ×ÓÒØ ��ÓÙØ�× ��Ò× ��ÙÒ� ��× ÞÓÒ�× ÚÓ�×�Ò�×º
ÈÓÙÖ �Ð�¸ ÒÓÙ× ÙØ�Ð�×ÓÒ× ��ÙÜ ��ÖÒ�Ð× ���ÔØ�× Ô�Ö�ÐÐ�Ð�×�× ×ÙÖ Ð�× ÔÓ�ÒØ×
×ÙÖ���ÕÙ�×º ��× ��ÖÒ�Ð× ÙØ�Ð�×�ÒØ ØÓÙ× ��ÙÜ Ð� Ñ�Ñ� �ÓÖÑÙÐ� �� ÕÙ��Ö�ØÙÖ�
��Ù×Ø�� � Ð³ÓÖ�Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ð� ÔÐÙ× �Ð�Ú� �Ø Ð� ��ÓÑ�ØÖ�� Ð� ÔÐÙ× Ö��Ò��º
��Ò×�¸ Ð�× �ÙÜ �� Ô�ÖØ �Ø �³�ÙØÖ� �� Ð³�ÒØ�Ö��� ×ÓÒØ Ð�× Ñ�Ñ�×¸ ³�×Ø¹�¹��Ö�
ÕÙ� Ð� ×��Ñ� Ö�×Ø� ÓÒ×�ÖÚ�Ø��º

Ê�Ñ�ÖÕÙ� ½�º ÍÒ �ÒØ�Ö�Ø �� �ØØ� ×ØÖÙØÙÖ� �×Ø Ð� ÔÓ××���Ð�Ø� �� ÑÓ����Ö
×Ù�Ú�ÒØ Ð� ÓÒØ�ÜØ� Ð� ØÖ��Ø�Ñ�ÒØ ��× �ÓÒÒ��×º È�Ö �Ü�ÑÔÐ�¸ ×� Ð� ÞÓÒ� �×Ø �
Ð³�ÒØ�Ö��� �Ú� ÙÒ �ÙØÖ� ×ÓÙ×¹�ÓÑ��Ò� Ð�× ØÖ�Ò×��ÖØ× �� �ÓÒÒ��× ÅÈÁ ×ÓÒØ
ÓÒ×���Ö�× ÓÑÑ� ÙÒ ØÖ��Ø�Ñ�ÒØ ×Ô���ÕÙ� �ÔÔÐ�ÕÙ� � �ØØ� �ÒØ�Ö���º

�º½º¿ �ÓÒ� �³�ÒØ�Ö��� ÅÈÁ

�ÓÑÑ� ��Ò× Ð� ÔÖ�Ñ��Ö� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ¸ Ð� ÚÓÐÙÑ� �� �ÐÙÐ Ô�ÙØ �ØÖ� Ö�¹
Ô�ÖØ� �Ò ÔÐÙ×��ÙÖ× ×ÓÙ×¹�ÓÑ��Ò�× ØÖ��Ø�× ��ÙÒ Ô�Ö ÙÒ Ô�Ö�Ô��Ö�ÕÙ� ÇÔ�Ò�Äº
ËÙÖ ��ÕÙ� Ô�Ö�Ô��Ö�ÕÙ� ÇÔ�Ò�Ä¸ Ð�× �ÐÙÐ× ×ÓÒØ ×ÓÙÑ�× Ô�Ö ÙÒ ÙÒ�ÕÙ� ÔÖÓ¹
�××Ù× ÅÈÁº Ä�× ÔÖÓ�××Ù× ØÖ��Ø�ÒØ ��× ÞÓÒ�× ÚÓ�×�Ò�× �Ó�Ú�ÒØ �ÐÓÖ× ���Ò��Ö
��× �ÓÒÒ��× ��Ò �� ÔÓÙÚÓ�Ö �ÐÙÐ�Ö Ð� ��Ö�Ú�� Ø�ÑÔÓÖ�ÐÐ� ��× ��ÑÔ×º ��
ØÖ�Ò×��ÖØ ×�Ö� Ö��Ð�×� � Ô�ÖØ�Ö �³ÙÒ� ÞÓÒ� �³�ÒØ�Ö��� ×Ô���ÕÙ�º ��ØØ� ÞÓÒ�
Ò³�ÙÖ� ÕÙ³ÙÒ� ÞÓÒ� ÚÓÐÙÑ�ÕÙ� ÚÓ�×�Ò�¸ Ð� ×�ÓÒ�� ���Ø Ô�ÖØ�� �³ÙÒ �ÙØÖ� ×ÓÙ×¹
�ÓÑ��Ò�º

��ØØ� ÞÓÒ� �×Ø ��Ò�Ö�� ÓÑÑ� Ð�× ÞÓÒ�× �³�ÒØ�Ö��� ÔÖ�×�ÒØ��× ÔÖ����Ñ¹
Ñ�ÒØº Ë�ÙÐ�× Ð³�ÜØÖ�ÔÓÐ�Ø�ÓÒ ��× ��ÑÔ× ×ÙÖ���ÕÙ�× �Ø Ð³�ÔÔÐ��Ø�ÓÒ �Ù �ÙÜ
����Ö�ÒØº Ä� Ô��×� �³�ÜØÖ�ÔÓÐ�Ø�ÓÒ ��× ��ÑÔ× �×Ø ���ØÙ�� �Ò ��ÙÜ Ø�ÑÔ×º
�³��ÓÖ�¸ ÒÓÙ× �ÜØÖ�ÔÓÐÓÒ× Ð�× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� Ð� ÞÓÒ� ÚÓÐÙÑ�ÕÙ� ��
Ð� Ñ�Ñ� Ñ�Ò��Ö� ÕÙ� ÔÓÙÖ ÙÒ� ÞÓÒ� �³�ÒØ�Ö��� ÒÓÒ ÅÈÁº ��Ò× ÙÒ ×�ÓÒ�
Ø�ÑÔ×¸ ÙÒ� ÓÑÑÙÒ��Ø�ÓÒ �×Ø �Ò����� ��Ò �³���Ò��Ö Ð�× ��ÑÔ× �ÜØÖ�¹
ÔÓÐ�× �Ú� Ð� ×ÓÙ×¹�ÓÑ��Ò� ÚÓ�×�Òº ��Ò× Ð� ×ÓÙ×¹�ÓÑ��Ò� ÚÓ�×�Ò¸ Ð�× Ñ�Ñ�×
�Ø�Ô�× ÓÒØ �Ø� ×Ù�Ú��×º ��Ò×�¸ ÙÒ� �Ó�× Ð� ÓÑÑÙÒ��Ø�ÓÒ Ø�ÖÑ�Ò��¸ Ð�× ��ÙÜ

½¿�



×ÓÙ×¹�ÓÑ��Ò�× ÓÒØ ÓÒÒ��××�Ò� ��× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ ��× ��ÙÜ �Ø�× ��
Ð³�ÒØ�Ö���º

Ä�× �ÐÙÐ× ��× Ø�ÖÑ�× ×ÙÖ���ÕÙ�× ×ÓÒØ �ÐÓÖ× ���ØÙ�× �� Ð� Ñ�Ñ� Ñ�Ò��Ö�
ÕÙ� ÔÓÙÖ Ð�× �ÒØ�Ö���× �ÒØÖ� ÞÓÒ�× �ÓÑÓ��Ò�×º �Ò�Ò¸ ÒÓÙ× �ÔÔÐ�ÕÙÓÒ× Ð�×
ÓÒØÖ��ÙØ�ÓÒ× ×ÙÖ���ÕÙ�× ÔÓÖØ��× Ô�Ö Ð³�ÒØ�Ö���º ��× ÓÒØÖ��ÙØ�ÓÒ× Ò� ×ÓÒØ
�ÙÑÙÐ��× ÕÙ� ��Ò× Ð� ÞÓÒ� ÚÓÐÙÑ�ÕÙ� �ÔÔ�ÖØ�Ò�ÒØ �Ù ×ÓÙ×¹�ÓÑ��Ò� ØÖ��Ø�º

��ØØ� ×ØÖ�Ø���� ÔÖ�×�ÒØ� ÔÖ�Ò�Ô�Ð�Ñ�ÒØ ØÖÓ�× �Ú�ÒØ���× ÓÑÔ�Ö�× � Ð� ×ØÖ�¹
Ø���� ÔÖ�×�ÒØ�� ��Ò× Ð� ×�Ø�ÓÒ �º¾ Ô��� ½¼�

� Ð� ÚÓÐÙÑ� �� �ÓÒÒ��× ØÖ�Ò×��Ö��× �×Ø ÑÓ�Ò× �ÑÔÓÖØ�ÒØ¸ ÔÙ�×ÕÙ� ÒÓÙ×
ØÖ�Ò×��ÖÓÒ× ��× �ÓÒÒ��× ×ÙÖ���ÕÙ�× ÔÐÙØ�Ø ÕÙ� ÚÓÐÙÑ�ÕÙ�×º

� Ð�× �ÓÒÒ��× ���Ò���× ×ÓÒØ ÓÖ�ÓÒÒ��× �� Ð� Ñ�Ñ� Ñ�Ò��Ö� ��Ò× ��ÕÙ�
ÔÖÓ�××Ù× � ÕÙ� ��Ñ�ÒÙ� Ð� Ø�ÑÔ× �� ÔÖ�¹ �Ø ÔÓ×Ø¹ØÖ��Ø�Ñ�ÒØ¸

� Ð�× ØÖ��Ø�Ñ�ÒØ× ÔÓÙÚ�ÒØ �ØÖ� �ÔÔÐ�ÕÙ�× �ÙÜ ÞÓÒ�× �³�ÒØ�Ö��� ÒÓÒ ÅÈÁ
×³�ÔÔÐ�ÕÙ�ÒØ Ò�ØÙÖ�ÐÐ�Ñ�ÒØ �ÙÜ ÞÓÒ�× �³�ÒØ�Ö��� ÅÈÁ � ÒÓÙ× ÔÓÙÚÓÒ×
Ô�Ö �Ü�ÑÔÐ� ���Ö� Ó�Ò���Ö ÙÒ Ö��Ò�Ñ�ÒØ �� Ñ��ÐÐ��� �Ú� ÙÒ� ×ÙÖ¹
��� �³���Ò�� ÅÈÁº

��Ò �³�ÐÐÙ×ØÖ�Ö Ð³ÙØ�Ð�×�Ø�ÓÒ �� �ØØ� ×ØÖÙØÙÖ� �� �ÓÒÒ��×¸ ���Ò�××ÓÒ× ÙÒ
�Ü�ÑÔÐ� ÓÑÔÓ×� �� ØÖÓ�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�× ØÖ��Ø��× Ô�Ö ��ÙÜ ÔÖÓ�××Ù× ÅÈÁº
ÍÒ ×��Ñ� Ö�ÔÖ�×�ÒØ�ÒØ �Ø �Ü�ÑÔÐ� �×Ø Ú�×��Ð� ×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� ×Ù�Ú�ÒØ�º
Ä� ÔÖÓ�××Ù× 1 ØÖ��Ø� Ð� ×ÓÙ×¹�ÓÑ��Ò� ÓÑÔÓ×� �� Ð� ÞÓÒ� ÚÓÐÙÑ�ÕÙ� 1 �Ø ��×
ÞÓÒ�× ×ÙÖ���ÕÙ�× 1 �Ø 2º Ä� ÔÖÓ�××Ù× 2 ØÖ��Ø� Ð� ×ÓÙ×¹�ÓÑ��Ò� ÓÑÔÓ×� ��×
ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�× 2 �Ø 3 �Ø ��× ÞÓÒ�× ×ÙÖ���ÕÙ�× 1′¸ 2′ �Ø 3º Ä�× ÓÑÑÙ¹
Ò��Ø�ÓÒ× ÅÈÁ ×ÓÒØ ���ØÙ��× Ô�Ö Ð�× ÞÓÒ�× ×ÙÖ���ÕÙ�× 1¸ 1′ �Ø 2¸ 2′º Ä�×
Ö�ÓÖ�× ÒÓÒ¹ÓÒ�ÓÖÑ�× ×ÓÒØ ØÖ��Ø�× Ô�Ö Ð�× ÞÓÒ�× ×ÙÖ���ÕÙ�× 1¸ 1′ �Ø 3º ��Ò×
�Ø �Ü�ÑÔÐ�¸ Ð�× ÞÓÒ�× ×ÙÖ���ÕÙ�× 1¸ 1′ ���ØÙ�ÒØ � Ð� �Ó�× ��× ÓÑÑÙÒ��¹
Ø�ÓÒ× ÅÈÁ �Ø ØÖ��Ø�ÒØ ÙÒ Ö�ÓÖ� ÒÓÒ¹ÓÒ�ÓÖÑ�º ÆÓÙ× ÙØ�Ð�×�ÖÓÒ× �Ø �Ü�ÑÔÐ�
Ô�Ö Ð� ×Ù�Ø� ÔÓÙÖ �ÐÐÙ×ØÖ�Ö ÒÓ× ÔÖÓÔÓ×º

�ÓÒÐÙ×�ÓÒ �

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� Ð� ×ØÖÙØÙÖ� �� �ÓÒÒ��× ���Ø� �³ÙÒ�
Ö�Ô�ÖØ�Ø�ÓÒ �Ò ÞÓÒ�× �ÓÑÓ��Ò�× ��× Ñ��ÐÐ�×¸ ��ÙÒ� �Ø�ÒØ ØÖ��Ø�� � Ð³����
�� ��ÖÒ�Ð× ���ÔØ�× � ×� Ò�ØÙÖ� ��ÓÑ�ØÖ�ÕÙ� �Ø ×ÓÒ �ÒØ�ÖÔÓÐ�Ø�ÓÒº ÆÓÙ× �ÚÓÒ×
���Ð�Ñ�ÒØ ��Ö�Ø ÙÒ� ×ØÖ�Ø���� �� ÓÑÑÙÒ��Ø�ÓÒ ÅÈÁ Ô�ÖÑ�ØØ�ÒØ �� Ð�Ñ�Ø�Ö
Ð� Ó�Ø ��× ØÖ�Ò×��ÖØ×º ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÒÓÙ× �ÒØ�Ö�××�Ö � Ð³ÙØ�Ð�×�Ø�ÓÒ
�� �ØØ� ×ØÖÙØÙÖ� �� �ÓÒÒ��× ÐÓÖ× �³ÙÒ �ÐÙÐº ÆÓÙ× ÔÖ�×�ÒØ�ÖÓÒ× Ð³�Ð�ÓÖ�Ø�Ñ�
�ÐÓ��Ð¸ ÔÙ�× Ð� Ö�Ô�ÖØ�Ø�ÓÒ �Ò Ø���× ��× �ÐÙÐ× �Ø �Ò�Ò Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��
�× Ø���×º

½¿�



������ �º½ � �Ü�ÑÔÐ� �� Ñ��ÐÐ��� ØÖ��Ø� Ô�Ö ��ÙÜ ÔÖÓ�××Ù×º Ä� ÔÖÓ�××Ù×
1 ØÖ��Ø� Ð� ÞÓÒ� ÚÓÐÙÑ�ÕÙ� 1º Ä� ÔÖÓ�××Ù× 2 ØÖ��Ø� Ð�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�× 2
�Ø 3º Ä�× ÓÑÑÙÒ��Ø�ÓÒ× ÅÈÁ ×ÓÒØ ���ØÙ��× Ô�Ö Ð�× ÞÓÒ�× ×ÙÖ���ÕÙ�× 1¸ 1′

�Ø 2¸ 2′º Ä� ÞÓÒ� ×ÙÖ���ÕÙ� 3 ØÖ��Ø� Ð� Ö�ÓÖ� ÒÓÒ ÓÒ�ÓÖÑ� �ÒØÖ� Ð�× ÞÓÒ�×
ÚÓÐÙÑ�ÕÙ�× 2 �Ø 3º Ä�× ÞÓÒ�× ×ÙÖ���ÕÙ�× 1 �Ø 1′ ØÖ��Ø�ÒØ ���Ð�Ñ�ÒØ Ð� Ö�ÓÖ�
ÒÓÒ¹ÓÒ�ÓÖÑ� �ÒØÖ� Ð�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�× 1 �Ø 2º

½¿�



�º¾ ��ÖÓÙÐ�Ñ�ÒØ ��× �ÐÙÐ×

�º¾º½ ÍÒ �Ð�ÓÖ�Ø�Ñ� �� � ��ÙÜ Ò�Ú��ÙÜ

Ä� �ÓÑ��Ò� �� �ÐÙÐ �×Ø ÓÒ×Ø�ØÙ� �� ����Ö�ÒØ�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�× ×�Ô�Ö��×
Ô�Ö ��× ÞÓÒ�× ×ÙÖ���ÕÙ�×º ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÙÒ �Ð�ÓÖ�Ø�Ñ� �� Ô�¹
Ö�ÐÐ�Ð� �×Ø �ÔÔÐ�ÕÙ� ��Ò× ��ÙÒ� ��× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×º �Ò×Ù�Ø�¸ Ð�× Ø�ÖÑ�×
×ÙÖ���ÕÙ�× ÔÓÖØ�× Ô�Ö Ð�× �ÒØ�Ö���× �ÒØÖ� ÞÓÒ�× ×ÓÒØ ��ÓÙØ�×º

Ä³�Ð�ÓÖ�Ø�Ñ� �� �×Ø ÓÒ×Ø�ØÙ� �� ��ÙÜ �Ø�Ô�× � ÙÒ� �Ø�Ô� ÚÓÐÙÑ�ÕÙ� �Ø
ÙÒ� �Ø�Ô� ×ÙÖ���ÕÙ�º Ä³�Ð�ÓÖ�Ø�Ñ� �ÐÓ��Ð �ÔÔÐ�ÕÙ� � Ð³�Ò×�Ñ�Ð� ��× ÞÓÒ�×
ÚÓÐÙÑ�ÕÙ�× �Ø ×ÙÖ���ÕÙ�× �×Ø ���Ð�Ñ�ÒØ ÓÒ×Ø�ØÙ� �³ÙÒ� �Ø�Ô� ÚÓÐÙÑ�ÕÙ� ´Ð�
�ÐÙÐ ���ØÙ� Ô�Ö ��ÕÙ� ÞÓÒ� ÚÓÐÙÑ�ÕÙ�µ �Ø �³ÙÒ� �Ø�Ô� ×ÙÖ���ÕÙ� ´Ð³��ÓÙØ
��× ÓÒØÖ��ÙØ�ÓÒ× ��× ÞÓÒ�× �³�ÒØ�Ö���×µº ��Ò×� ÒÓÙ× ÚÓÝÓÒ× ×� ��××�Ò�Ö ÙÒ
�Ð�ÓÖ�Ø�Ñ� �� � ��ÙÜ Ò�Ú��ÙÜº

ÆÓÙ× �ÚÓÒ× ÙÒ �Ð�ÓÖ�Ø�Ñ� �� �ÐÓ��Ð �ÔÔÐ�ÕÙ� � Ð³�Ò×�Ñ�Ð� ��× ÞÓÒ�× ÚÓÐÙ¹
Ñ�ÕÙ�× �Ø ×ÙÖ���ÕÙ�× �Ø ��× �Ð�ÓÖ�Ø�Ñ�× �� ÐÓ�ÙÜ �ÔÔÐ�ÕÙ�× �ÙÜ �Ð�Ñ�ÒØ×
�Ø ���× ��× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×º ���ÕÙ� �� ÐÓ�Ð �×Ø �Ò��Ô�Ò��ÒØ¸ ÔÙ�×ÕÙ� Ð�×
Ø�ÖÑ�× ×ÙÖ���ÕÙ�× ÔÓÖØ�× Ô�Ö Ð�× �ÒØ�Ö���× �ÒØÖ� ÞÓÒ�× ×ÓÒØ ØÖ��Ø�× ��Ò× ��×
��ÖÒ�Ð× ����Ö�ÒØ×º Ä�× �Ø�Ô�× �� Ð³�Ð�ÓÖ�Ø�Ñ� �� �ÐÓ��Ð Ô�ÙÚ�ÒØ �ØÖ� �ÔÔÐ�¹
ÕÙ��× �Ò Ô�Ö�ÐÐ�Ð�¸ � ÓÒ��Ø�ÓÒ �� Ö�×Ô�Ø�Ö �ÖØ��Ò�× ��Ô�Ò��Ò�× �ÒØÖ� Ð�×
�ÐÙÐ×º

ÆÓÙ× �ÐÐÓÒ× �ÓÒ Ñ��ÒØ�Ò�ÒØ �ÜÔÐ�ÕÙ�Ö ÓÑÑ�ÒØ ÒÓÙ× �ÚÓÒ× Ô�Ö�ÐÐ�Ð�×� ��
���ÓÒ �×ÝÒ�ÖÓÒ� Ð�× ÓÔ�Ö�Ø�ÓÒ× �� Ð³�Ð�ÓÖ�Ø�Ñ� �� �ÐÓ��Ðº ÈÓÙÖ �Ð�¸ ÒÓÙ×
ÓÑÑ�Ò�ÓÒ× Ô�Ö ���Ò�Ö Ð�× ����Ö�ÒØ�× Ø���× ÓÒ×Ø�ØÙ�ÒØ Ð³�Ú�Ò�� �³ÙÒ Ô�×
�� Ø�ÑÔ×º

�º¾º¾ �Ö�Ô�� ��× Ø���×

Ä³�Ú�Ò�� �³ÙÒ Ô�× �� Ø�ÑÔ× Ô�ÙØ �ØÖ� ��Ö�Ø� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ �Ö�Ô��
�� Ø���×º ���ÕÙ� Ô�× �� Ø�ÑÔ× �� Ð� Ñ�Ø�Ó�� ÊÃ¾ Ô�ÙØ �ØÖ� ÚÙ� ÓÑÑ�
��ÙÜ Ô�× �� Ø�ÑÔ× �³ÙÒ� Ñ�Ø�Ó�� �³�ÙÐ�Ö �Ý�ÒØ ��ÙÒ ÙÒ Ô�× �� Ø�ÑÔ×
����Ö�ÒØ×º ��Ò×�¸ ÒÓÙ× Ò� ��Ö�ÖÓÒ× Ð� �Ö�Ô�� ÕÙ� �³ÙÒ �� �× ��Ñ�¹Ô�× ��
Ø�ÑÔ×º

��Ò× ��ÙÒ� ��× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×¸ Ð�× �ÐÙÐ× ×ÓÒØ ��Ú�×�× �Ò ��ÙÜ Ø���×

� ��ÐÙÐ ��× �ÒØ��Ö�Ð�× ÚÓÐÙÑ�ÕÙ�× �Ø ×ÙÖ���ÕÙ�×¸
� �ÔÔÐ��Ø�ÓÒ �� Ð� Ñ�ØÖ�� �� Ñ�××� �Ø �Ú�Ò�� �³ÙÒ ��Ñ�¹Ô�× �� Ø�ÑÔ×º

½¿�



Ä�× ØÖ��Ø�Ñ�ÒØ× �××Ó��× � ÙÒ� ÞÓÒ� ×ÙÖ���ÕÙ� ×ÓÒØ Ö�Ô�ÖØ�× �Ò �ÒÕ Ø���×

� �ÜØÖ�Ø�ÓÒ ��× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� Ð� ÞÓÒ� �� ��Ù��¸
� �ÜØÖ�Ø�ÓÒ ��× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� Ð� ÞÓÒ� �� �ÖÓ�Ø�¸
� ��ÐÙÐ ��× �ÙÜ¸
� �ÔÔÐ��Ø�ÓÒ ��× �ÙÜ � ��Ù��¸
� �ÔÔÐ��Ø�ÓÒ ��× �ÙÜ � �ÖÓ�Ø�º

��Ò× Ð� �× �³ÙÒ� ÞÓÒ� �ÒØÖ� ��ÙÜ Ô�ÖØ��× �Ù Ñ��ÐÐ��� ØÖ��Ø��× Ô�Ö ��× ÔÖÓ¹
�××Ù× ����Ö�ÒØ×¸ Ð� Ø��� �³�ÜØÖ�Ø�ÓÒ ��× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� Ð� ÞÓÒ� ��
�ÖÓ�Ø� �×Ø ÙÒ� ÓÑÑÙÒ��Ø�ÓÒ ÅÈÁº �� Ñ�Ñ�¸ Ð³�ÔÔÐ��Ø�ÓÒ ��× �ÙÜ � �ÖÓ�Ø�
�×Ø ÙÒ� Ø��� Ú���º

��ÖØ��Ò�× Ø���× Ò� Ô�ÙÚ�ÒØ �ØÖ� �Ü�ÙØ��× ÕÙ³ÙÒ� �Ó�× �³�ÙØÖ�× Ø�ÖÑ�Ò��×º
��Ò×�¸ ÒÓÙ× ÔÓÙÚÓÒ× ÓÒ×ØÖÙ�Ö� ÙÒ �Ö�Ô�� ��× Ø���× Ö�ÔÖ�×�ÒØ�ÒØ �× ��Ô�Ò¹
��Ò�×º Ä�× ��ÙÖ�× ������ �º¾ Ô��� ×Ù�Ú�ÒØ� �Ø ������ �º¿ Ô��� ½�¾ Ö�ÔÖ�¹
×�ÒØ�ÒØ �� Ø�Ð× �Ö�Ô��× �� Ø���×º ��× �Ö�Ô��× ÓÖÖ�×ÔÓÒ��ÒØ � Ð³�Ü�ÑÔÐ�
�ÓÒÒ� ��Ò× Ð� ×�Ø�ÓÒ �º½º¿ Ô��� ½¿� ÓÑÔÓÖØ�ÒØ ��ÙÜ ×ÓÙ×¹�ÓÑ��Ò�×¸ Ð³ÙÒ
ÓÒ×Ø�ØÙ� �³ÙÒ� ÞÓÒ� �Ø Ð³�ÙØÖ� �� ��ÙÜ¸ �Ø ÔÖ�×�ÒØ�ÒØ ÙÒ Ö�ÓÖ� ÒÓÒ¹ÓÒ�ÓÖÑ�º
��Ø �Ü�ÑÔÐ� �×Ø ×��Ñ�Ø�×� ×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� ½¿�º ËÙÖ Ð�× ��ÙÖ�×
������ �º¾ Ô��� ×Ù�Ú�ÒØ� �Ø ������ �º¿ Ô��� ½�¾¸ Ð�× Ø���× �××Ó���× � ��×
ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�× ×ÓÒØ Ö�ÔÖ�×�ÒØ��× Ô�Ö ��× Ö�Ø�Ò�Ð�× �Ð�Ù×º Ä�× Ø���× �××Ó¹
���× � ��× ÞÓÒ�× ×ÙÖ���ÕÙ�× Ò� ���×�ÒØ Ô�× �ÒØ�ÖÚ�Ò�Ö �� ÓÑÑÙÒ��Ø�ÓÒ× ÅÈÁ
×ÓÒØ Ö�ÔÖ�×�ÒØ��× Ô�Ö ��× ÓÚ�Ð�× ÖÓÙ��×º Ä�× Ø���× �� ÓÑÑÙÒ��Ø�ÓÒ× ÅÈÁ
×ÓÒØ Ö�ÔÖ�×�ÒØ��× Ô�Ö ��× ÐÓ×�Ò��× ÖÓÙ��×º Ä� ÒÓÑ �³ÙÒ� Ø��� �×Ø ÓÒ×Ø�ØÙ�
�Ù ×ÓÙ×¹�ÓÑ��Ò� ÓÒØ�Ò�ÒØ Ð� ÞÓÒ� �××Ó��� � �ØØ� Ø���¸ �Ù ÒÓÑ �� �ØØ�
ÞÓÒ� �Ø �� Ð³�ÒØ�ØÙÐ� �� Ð� Ø���º

�º¾º¿ �×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× ØÖ�Ò×��ÖØ×

Ä�× ØÖ�Ò×��ÖØ× �� �ÓÒÒ��× Ú�� Ð� ���Ð�ÓØ��ÕÙ� ÅÈÁ ×ÓÒØ ��× ÓÔ�Ö�Ø�ÓÒ× Ò�
���×�ÒØ �ÒØ�ÖÚ�Ò�Ö ÕÙ� Ð�× Ö�××ÓÙÖ�× �� Ð³��Ø�º ÇÔ�Ò�Ä Ô�ÖÑ�Ø �³���ØÙ�Ö ��×
�ÐÙÐ× �� Ñ�Ò��Ö� �×ÝÒ�ÖÓÒ�º ÆÓÙ× ÔÓÙÚÓÒ× ×ÓÙÑ�ØØÖ� Ð³�Ü�ÙØ�ÓÒ �³ÙÒ�
Ø��� �Ù Ô�Ö�Ô��Ö�ÕÙ� ÇÔ�Ò�Ä �Ø Ô�Ò��ÒØ ×ÓÒ �Ü�ÙØ�ÓÒ ���ØÙ�Ö �³�ÙØÖ�×
ÓÔ�Ö�Ø�ÓÒ×º ��Ò×� �Ð �×Ø ÔÓ××��Ð� �³���ØÙ�Ö ��× �ÐÙÐ× �ÙÖ�ÒØ Ð� Ø�ÑÔ× Ô�××� �
ØÖ�Ò×��Ö�Ö ��× �ÓÒÒ��× �ÒØÖ� Ð� �ÈÍ �Ø Ð³��Ø� ÓÙ Ô�Ò��ÒØ Ð�× ÓÑÑÙÒ��Ø�ÓÒ×
ÅÈÁº

ÈÓÙÖ �Ð�¸ ÒÓÙ× ÙØ�Ð�×�ÖÓÒ× Ð� ×Ý×Ø�Ñ� �³�Ú�Ò�Ñ�ÒØ× �Ø �� �Ð� �³�ØØ�ÒØ� �ÓÙÖÒ�
Ô�Ö ÇÔ�Ò�Äº ÆÓÙ× ÔÓÙÚÓÒ× �××Ó��Ö � Ð³�Ü�ÙØ�ÓÒ �³ÙÒ ��ÖÒ�Ð ÙÒ �Ú�Ò�Ñ�ÒØ
ÕÙ� ÓÒØ��ÒØ ×ÓÒ ×Ø�ØÙØ �³�Ü�ÙØ�ÓÒ ´�Ò �ØØ�ÒØ�¸ ÓÑÑ�Ò��¸ Ø�ÖÑ�Ò��µº ��
ÔÐÙ×¸ Ð� ��Ñ�ÖÖ��� �³ÙÒ ��ÖÒ�Ð Ô�ÙØ �ØÖ� Ö�Ò�Ù ��Ô�Ò��ÒØ �� Ð� Ø�ÖÑ�Ò��×ÓÒ
�³ÙÒ� Ð�×Ø� �³�Ú�Ò�Ñ�ÒØ×¸ ³�×Ø¹�¹��Ö� ÕÙ� Ð� ×ÓÙÑ�××�ÓÒ �Ù ��ÖÒ�Ð Ò³�ÒØÖ��Ò�

½�¼



������ �º¾ � �Ö�Ô�� ��× Ø���× �××Ó�� �Ù ×ÓÙ×¹�ÓÑ��Ò� ½ Ö�ÔÖ�×�ÒØ� ×ÙÖ
Ð� ��ÙÖ� ������ �º½ Ô��� ½¿�º Ä�× Ö�Ø�Ò�Ð�× �Ð�Ù× Ö�ÔÖ�×�ÒØ�ÒØ Ð�× Ø���×
�××Ó���× � ��× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×º Ä�× ÓÚ�Ð�× �Ø ÐÓ×�Ò��× ÖÓÙ��× Ö�ÔÖ�×�ÒØ�ÒØ
Ð�× Ø���× �××Ó���× � ��× ÞÓÒ�× ×ÙÖ���ÕÙ�×º Ä�× Ø���× �� ÓÑÑÙÒ��Ø�ÓÒ
ÅÈÁ ´ÐÓ×�Ò��× ÖÓÙ��×µ ×ÓÒØ Ð���× �ÙÜ Ø���× ÅÈÁ Ö�ÔÖ�×�ÒØ��× ×ÙÖ Ð� ��ÙÖ�
������ �º¿ Ô��� ×Ù�Ú�ÒØ�º

½�½



������ �º¿ � �Ö�Ô�� ��× Ø���× �××Ó�� �Ù ×ÓÙ×¹�ÓÑ��Ò� ¾ Ö�ÔÖ�×�ÒØ� ×ÙÖ
Ð� ��ÙÖ� ������ �º½ Ô��� ½¿�º Ä�× Ö�Ø�Ò�Ð�× �Ð�Ù× Ö�ÔÖ�×�ÒØ�ÒØ Ð�× Ø���×
�××Ó���× � ��× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×º Ä�× ÓÚ�Ð�× �Ø ÐÓ×�Ò��× ÖÓÙ��× Ö�ÔÖ�×�ÒØ�ÒØ
Ð�× Ø���× �××Ó���× � ��× ÞÓÒ�× ×ÙÖ���ÕÙ�×º Ä�× Ø���× �� ÓÑÑÙÒ��Ø�ÓÒ
ÅÈÁ ´ÐÓ×�Ò��× ÖÓÙ��×µ ×ÓÒØ Ð���× �ÙÜ Ø���× ÅÈÁ Ö�ÔÖ�×�ÒØ��× ×ÙÖ Ð� ��ÙÖ�
������ �º¾ Ô��� ÔÖ����ÒØ�º

½�¾



Ô�× �ÑÑ����Ø�Ñ�ÒØ ×ÓÒ �Ü�ÙØ�ÓÒ¸ Ñ��× ÕÙ� �ÐÐ�¹� ��Ñ�ÖÖ�Ö� ÐÓÖ×ÕÙ� Ð�×
�Ú�Ò�Ñ�ÒØ× �� Ð� Ð�×Ø� �ÙÖÓÒØ ÙÒ ×Ø�ØÙØ � Ø�ÖÑ�Ò� �º

ÇÔ�Ò�Ä Ô�ÖÑ�Ø ���Ð�Ñ�ÒØ �� ���Ò�Ö ��× �Ú�Ò�Ñ�ÒØ× �ÓÒØ Ð� ×Ø�ØÙØ �×Ø ÑÓ¹
���� Ô�Ö Ð³ÙØ�Ð�×�Ø�ÙÖº ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× ���Ö� ��Ô�Ò�Ö� Ð³�Ü�ÙØ�ÓÒ �³ÙÒ
��ÖÒ�Ð �³ÙÒ� Ø��� �Ü�ÙØ�� Ô�Ö Ð� Ô�Ö�Ô��Ö�ÕÙ� ��Ø� �Ò ÐÙ� �××Ó��ÒØ ÙÒ Ø�Ð
�Ú�Ò�Ñ�ÒØº �Ò �××Ó��ÒØ ÙÒ Ø�Ð �Ú�Ò�Ñ�ÒØ � ÙÒ� Ø��� �� ÓÑÑÙÒ��Ø�ÓÒ
ÅÈÁ¸ �ÐÐ�¹� Ô�ÙØ �ØÖ� �ÒÐÙ×� ��Ò× Ð� �Ö�Ô�� �� ��Ô�Ò��Ò� ��× Ø���× ��Ö�
�Ù ÑÓÝ�Ò ��× �Ú�Ò�Ñ�ÒØ× ÇÔ�Ò�Äº ÍÒ� Ø��� �� ÓÑÑÙÒ��Ø�ÓÒ ÅÈÁ �
�ÐÓÖ× ÙÒ ÓÑÔÓÖØ�Ñ�ÒØ ×�Ñ�Ð��Ö� � ÙÒ� Ø��� ÇÔ�Ò�Äº ÍÒ� Ø��� �� ÓÑ¹
ÑÙÒ��Ø�ÓÒ �×Ø Ñ�×� �Ò �Ð� �³�ØØ�ÒØ�º �ÔÖ�× �ØØ� ×ÓÙÑ�××�ÓÒ¸ Ð� ÔÖÓ�Ö�ÑÑ�
��Ø� ÓÒØ�ÒÙ� ×ÓÒ �Ü�ÙØ�ÓÒº Ä� ØÖ�Ò×��ÖØ �� �ÓÒÒ��× Ò� ÓÑÑ�Ò�Ö� ÕÙ³ÙÒ�
�Ó�× Ð� Ø��� ×ÓÖØ�� �� Ð� �Ð� �³�ØØ�ÒØ� �º�º ÙÒ� �Ó�× ÕÙ� ØÓÙØ�× Ð�× Ø���× �ÓÒØ
�ÐÐ� ��Ô�Ò� ×ÓÒØ Ø�ÖÑ�Ò��×º

ÆÓÙ× ÚÓÙÐÓÒ× �� ÔÐÙ× Ö�Ò�Ö� ��Ô�Ò��ÒØ Ð� ���ÙØ �� ØÖ�Ò×��ÖØ �� �ÓÒÒ��× ��
Ð� Ø�ÖÑ�Ò��×ÓÒ �� Ð³�ÜØÖ�Ø�ÓÒ ��× ��ÑÔ× ÔÖÓÚ�Ò�ÒØ �� Ð� ÞÓÒ� ÚÓÐÙÑ�ÕÙ�
ÚÓ�×�Ò�º Æ��ÒÑÓ�Ò×¸ Ð� ���Ð�ÓØ��ÕÙ� ÅÈÁ Ò� Ô�ÖÑ�Ø Ô�× �� ���Ò�Ö ×�ÑÔÐ�¹
Ñ�ÒØ � ØÝÔ� �� ��Ô�Ò��Ò�º ÈÓÙÖ �Ð�¸ ÒÓÙ× �Ü�ÙØ�ÖÓÒ× Ð�× ÓÑÑ�Ò��× ��
ØÖ�Ò×��ÖØ ��Ò× ��× Ø�Ö���×º ÍÒ Ø�Ö��� �×Ø ÙÒ ÔÖÓ�××Ù× �Ü�ÙØ� �Ò Ô�Ö�ÐÐ�Ð� �Ø
Ô�ÖØ����ÒØ Ð� Ñ�ÑÓ�Ö� �Ù ÔÖÓ�××Ù× Ð³�Ý�ÒØ Ð�Ò�º ���ÕÙ� ÔÖÓ�××Ù× ´�ÔÔ�Ð�
Ø�Ö��� ÔÖ�Ò�Ô�Ðµ Ô�ÙØ Ð�Ò�Ö ÔÐÙ×��ÙÖ× Ø�Ö���× ÕÙ� �Ü�ÙØ�ÒØ ��× �Ò×ØÖÙØ�ÓÒ×
�Ò Ô�Ö�ÐÐ�Ð�º �ÙÖ�ÒØ Ð³�Ü�ÙØ�ÓÒ ��× Ø�Ö���×¸ Ð� Ø�Ö��� ÔÖ�Ò�Ô�Ð ÓÒØ�ÒÙ� ÐÙ�
�Ù××� ×ÓÒ �Ü�ÙØ�ÓÒº ��ØØ� �ÔÔÖÓ�� Ò³� � ÒÓØÖ� ÓÒÒ��××�Ò� Ô�× �Ø� �ÜÔÐÓ�¹
Ø�� �Ù×ÕÙ³�� ÔÓÙÖ ÓÙÔÐ�Ö ÙÒ �Ö�Ô�� ��× Ø���× ÇÔ�Ò�Ä �Ú� ��× �ÔÔ�Ð× ÅÈÁ
�×ÝÒ�ÖÓÒ�×º

��Ö�ÚÓÒ× �ÐÓÖ× ÙÒ� Ø��� Ö�ÔÖ�×�ÒØ�ÒØ ÙÒ� ÓÑÑÙÒ��Ø�ÓÒ ÅÈÁº Ä³�Ü�ÙØ�ÓÒ
�� �ØØ� Ø��� ��Ô�Ò� �� Ð� Ø�ÖÑ�Ò��×ÓÒ �³ÙÒ� Ð�×Ø� L �³�Ú�Ò�Ñ�ÒØ× �Ø ×ÓÒ
×Ø�ØÙØ �×Ø Ö�ÔÖ�×�ÒØ� Ô�Ö ÙÒ �Ú�Ò�Ñ�ÒØ eº ��ØØ� Ø��� ×� ��ÖÓÙÐ� ��Ò×�

� ËÓÙÑ�××�ÓÒ �� ØÖ�Ò×��ÖØ �� �ÓÒÒ��× �Ù �ÈÍ �Ù �ÈÍº Ä� ��Ô�ÖØ ��
ØÖ�Ò×��ÖØ ��Ô�Ò� �� Ð� Ø�ÖÑ�Ò��×ÓÒ �� ØÓÙ× Ð�× �Ú�Ò�Ñ�ÒØ× �� Ð� Ð�×Ø�
Lº ËÓÒ ×Ø�ØÙØ �×Ø ×ØÓ�� ��Ò× ÙÒ �Ú�Ò�Ñ�ÒØ eGPU→CPU º

� Ä� Ø�Ö��� ��Ö�� ��× ÓÑÑÙÒ��Ø�ÓÒ× ÅÈÁ �×Ø Ð�Ò�º ü � Ø�Ö��� ×ÓÒØ
�ÓÒÒ�× Ð³�Ú�Ò�Ñ�ÒØ eGPU→CPU �Ø ÙÒ �Ú�Ò�Ñ�ÒØ eMPI ÕÙ� Ö�ÔÖ�×�Ò¹
Ø�Ö� ×ÓÒ ×Ø�ØÙØº �� Ø�Ö��� ���ØÙ� �ÐÓÖ× Ð�× ÓÑÑ�Ò��× ×Ù�Ú�ÒØ�×
� ÍÒ� ÓÑÑ�Ò�� ÇÔ�Ò�Ä Ô�ÖÑ�ØØ�ÒØ �³�ØØ�Ò�Ö� Ð� �Ò �� Ð³�Ú�Ò�¹

Ñ�ÒØ eGPU→CPU �×Ø Ð�Ò��º
� Ä�× ÓÑÑÙÒ��Ø�ÓÒ× ÅÈÁ ×ÓÒØ Ð�Ò��×º
� Ä� Ø�Ö��� �ØØ�Ò� Ð� �Ò �� Ð� ÓÑÑÙÒ��Ø�ÓÒº
� Ä� ×Ø�ØÙØ �� Ð³�Ú�Ò�Ñ�ÒØ eMPI �×Ø Ô�××� � �Ø�ÖÑ�Ò��º
Ä� Ð�Ò�Ñ�ÒØ �Ù Ø�Ö��� �Ø�ÒØ ÒÓÒ �ÐÓÕÙ�ÒØ¸ Ð³�Ü�ÙØ�ÓÒ �Ù Ø�Ö���
ÔÖ�Ò�Ô�Ð ÓÒØ�ÒÙ� �ÙÖ�ÒØ Ð³�Ü�ÙØ�ÓÒ �Ù Ø�Ö��� º

½�¿



������ �º� � ÇÖ�Ö� �³�Ü�ÙØ�ÓÒ ��× Ø���× �××Ó���× �Ù ×ÓÙ×¹�ÓÑ��Ò� ½ ��
Ð³�Ü�ÑÔÐ� Ú�×��Ð� ×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� ½¿�º Ä�× Ø���× �××Ó���× �
Ð� ÞÓÒ� ÚÓÐÙÑ�ÕÙ� ×ÓÒØ Ö�ÔÖ�×�ÒØ��× �Ò �Ð�Ù �Ø ÒÓÑÑ��× � Î½ ¹ Á � ´�ÐÙÐ×
�ÒØ�ÖÒ�×µ �Ø � Î½ ¹ � � ´�Ú�Ò�� �Ò Ø�ÑÔ×µº Ä�× Ø���× �××Ó���× �ÙÜ ÞÓÒ�×
×ÙÖ���ÕÙ�× ×ÓÒØ Ö�ÔÖ�×�ÒØ��× �Ò ÖÓÙ�� �Ø ÒÓÑÑ��× � ËN◦ ÞÓÒ� ¹ � ×Ù�Ú� �³ÙÒ�
Ð�ØØÖ� Ö�ÔÖ�×�ÒØ�ÒØ Ð� Ø��� ´� � �ÜØÖ�Ø�ÓÒ ��× ��ÑÔ×¸ � � ÓÑÑÙÒ��Ø�ÓÒ
ÅÈÁ¸ � � �ÐÙÐ ��× �ÙÜ¸ � � �ÙÑÙÐ�Ø�ÓÒ �� Ð� ÓÒØÖ��ÙØ�ÓÒµº

� Ä� ØÖ�Ò×��ÖØ ��× �ÓÒÒ��× Ö��Ù�× �Ù �ÈÍ �Ù �ÈÍ �×Ø ×ÓÙÑ�×º Ä� ��Ô�ÖØ
�� � ØÖ�Ò×��ÖØ ��Ô�Ò� �� Ð� Ø�ÖÑ�Ò��×ÓÒ �� Ð³�Ú�Ò�Ñ�ÒØ eMPI �Ø ×ÓÒ
×Ø�ØÙØ �×Ø ×ØÓ�� ��Ò× Ð³�Ú�Ò�Ñ�ÒØ eº Ä� �Ò �� �× ØÖ�Ò×��ÖØ× �ÒØÖ��Ò�
���Ð�Ñ�ÒØ Ð� ��×ØÖÙØ�ÓÒ �Ù Ø�Ö��� ÔÖ����ÑÑ�ÒØ Ð�Ò�º

�Ò ÙØ�Ð�×�ÒØ �× Ñ��Ò�×Ñ�×¸ �Ð ÒÓÙ× �×Ø �ÐÓÖ× ÔÓ××��Ð� �³�×ÝÒ�ÖÓÒ�×�Ö Ð�×
�ÐÙÐ× �Ø ØÖ�Ò×��ÖØ× �� �ÓÒÒ��× ØÓÙØ �Ò ��Ö�ÒØ�××�ÒØ Ð� Ó��Ö�Ò� �Ù Ö�×ÙÐØ�Øº
�� ÔÐÙ×¸ �ØØ� �ÔÔÖÓ�� �ÑÔ��� Ð³�ÔÔ�Ö�Ø�ÓÒ �� � ����ÐÓ� �¸ ³�×Ø¹�¹��Ö� ��
�ÐÓ��� �� Ð³�Ü�ÙØ�ÓÒ �Ù ÔÖÓ�Ö�ÑÑ�¸ ÔÙ�×ÕÙ� Ð�× ÓÑÑÙÒ��Ø�ÓÒ× ÅÈÁ ×ÓÒØ
ØÓÙØ�× �Ü�ÙØ��× �Ò Ô�Ö�ÐÐ�Ð� Ô�Ö ��× Ø�Ö���×º

Ê�ÔÖ�ÒÓÒ× Ð³�Ü�ÑÔÐ� �ÓÒØ Ð� Ñ��ÐÐ��� �×Ø ×��Ñ�Ø�×� ×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� ½¿�º
��Ò× �Ø �Ü�ÑÔÐ�¸ Ð� Ñ��ÐÐ��� �×Ø Ö�Ô�ÖØ� �Ò ��ÙÜ ×ÓÙ×¹�ÓÑ��Ò�×º Ä� ×ÓÙ×¹
�ÓÑ��Ò� ½ ÓÒØ��ÒØ ÙÒ� ÞÓÒ� ÚÓÐÙÑ�ÕÙ� �Ø ��ÙÜ ÞÓÒ�× ×ÙÖ���ÕÙ�×º Ä�× ØÖ��¹
Ø�Ñ�ÒØ× �××Ó��× � � ×ÓÙ×¹�ÓÑ��Ò� �ÓÖÑ�ÒØ Ð� �Ö�Ô�� Ö�ÔÖ�×�ÒØ� ×ÙÖ Ð� �¹
�ÙÖ� ������ �º¾ Ô��� ½�½º �Ò ÙØ�Ð�×�ÒØ Ð� ×ØÖ�Ø���� �� ÓÑÑÙÒ��Ø�ÓÒ �×ÝÒ¹
�ÖÓÒ� ÔÖ�×�ÒØ�� ��Ò× �ØØ� ×�Ø�ÓÒ¸ Ð�× Ø���× ÔÓÙÖÖÓÒØ �ØÖ� �Ü�ÙØ��× Ô�Ö
ØÖÓ�× Ø�Ö���× ��Ò× Ð³ÓÖ�Ö� Ö�ÔÖ�×�ÒØ� ×ÙÖ Ð� ��ÙÖ� ������ �º�º Ä�× �Ü�ÙØ�ÓÒ×
��× Ø���× ÅÈÁ ×ÓÒØ �ÐÓÖ× ���ØÙ��× �Ò Ô�Ö�ÐÐ�Ð�º Ä� Ø�ÑÔ× �� ØÖ�Ò×��ÖØ �×Ø
�ÒØ��Ö�Ñ�ÒØ Ö�ÓÙÚ�ÖØ Ô�Ö ��× �ÐÙÐ×º

�ÓÒÐÙ×�ÓÒ

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� ÙÒ� ×ØÖÙØÙÖ� �� �ÓÒÒ��× Ö�ÔÓ×�ÒØ
×ÙÖ Ð� Ö�Ô�ÖØ�Ø�ÓÒ ��× �Ð�Ñ�ÒØ× �Ò ÞÓÒ�× �ÓÑÓ��Ò�× �Ø ×ÙÖ Ð� ×�Ô�Ö�Ø�ÓÒ ��×
�ÐÙÐ× �Ò Ø���×º ��ØØ� ×ØÖÙØÙÖ� Ô�ÖÑ�Ø �� ØÖ��Ø�Ö ��ÕÙ� ÞÓÒ� �Ú� ��×
��ÖÒ�Ð× ���ÔØ�× �ÙÜ �Ð�Ñ�ÒØ× ÕÙ³�ÐÐ� ÓÒØ��ÒØº ÆÓÙ× ÔÓÙÚÓÒ× �� ÔÐÙ× ÔÖ�Ò�Ö�
�Ò ��Ö�� ��× Ö�ÓÖ�× ÒÓÒ¹ÓÒ�ÓÖÑ�× �ÒØÖ� ÞÓÒ�× �Ò �ÔÔÐ�ÕÙ�ÒØ ÙÒ ØÖ��Ø�¹
Ñ�ÒØ ×Ô���ÕÙ� ×ÙÖ � ØÝÔ� �³�ÒØ�Ö���×º ÆÓÙ× ×ÓÑÑ�× ���Ð�Ñ�ÒØ �Ò Ñ�×ÙÖ�

½��



�³���ØÙ�Ö �ÖØ��Ò× �ÐÙÐ× �Ò Ô�Ö�ÐÐ�Ð� ��× ÓÑÑÙÒ��Ø�ÓÒ× ÅÈÁ �Ö�� � ÙÒ�
�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× Ø���×º Ä� ÔÖÓ���Ò ��Ô�ØÖ� ×�Ö� ÓÒ×�Ö� �³ÙÒ� Ô�ÖØ
� Ð� Ú�Ð���Ø�ÓÒ �Ù ØÖ��Ø�Ñ�ÒØ ��× Ö�ÓÖ�× ÒÓÒ¹ÓÒ�ÓÖÑ�× �Ø �³�ÙØÖ� Ô�ÖØ �
Ð³�Ú�ÐÙ�Ø�ÓÒ �� Ð³����Ø� �� Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× Ø���×º

��ØØ� ×ØÖÙØÙÖ� ÔÓÙÖÖ� ���Ð�Ñ�ÒØ �ØÖ� �Ø�Ò�Ù� �Ù ØÖ��Ø�Ñ�ÒØ �³�ÙØÖ�× ØÝÔ�×
�� Ñ��ÐÐ�× ´Ø�ØÖ���Ö�×¸ ÔÖ�×Ñ�¸ �Øºµ �Ø �³�ÙØÖ�× ØÝÔ�× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ ´��Ù××¹
ÄÓ��ØØÓ¸ ×ÓÙ×¹�Ð�Ñ�ÒØ×¸ �Øºººµ¸ ��Ò×� ÕÙ³� Ð� ×�ÑÙÐ�Ø�ÓÒ �³�ÙØÖ�× ×Ý×Ø�Ñ�× ��
ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒº

½��



½��



�������� �

Î�Ð���Ø�ÓÒ× �� Ð³�Ð�ÓÖ�Ø�Ñ�
�×ÝÒ�ÖÓÒ�

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× ÔÖ�×�ÒØÓÒ× ��ÙÜ Ø�×Ø× Ú�×�ÒØ � Ú�Ð���Ö Ð� ×�ÓÒ�� �Ñ¹
ÔÐ�Ñ�ÒØ�Ø�ÓÒ �� Ð³�Ð�ÓÖ�Ø�Ñ� �� Ô�Ö�ÐÐ�Ð�º ��× �× Ø�×Ø ��Ð�ÒØ ��ÙÒ ÙÒ�
�ÓÒØ�ÓÒÒ�Ð�Ø� �� �ØØ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ¸ ÔÓÙÖ �Ð� Ð� ×�Ò� ÓÒ×���Ö�� �×Ø ØÖ�×
×�ÑÔÐ� � ÒÓÙ× ÒÓÙ× ÔÐ��ÓÒ× ��Ò× ÙÒ� ÓÒ��ÙÖ�Ø�ÓÒ ��Ò× Ð�ÕÙ�ÐÐ� ÒÓÙ× ÓÒÒ��×¹
×ÓÒ× ÙÒ� ×ÓÐÙØ�ÓÒ �Ü�Ø�¸ ÒÓÙ× Ô�ÖÑ�ØØ�ÒØ �� Ú�Ð���Ö ×�ÑÔÐ�Ñ�ÒØ Ð�× �ÐÙÐ×º
Ä� ÔÖ�Ñ��Ö �× Ø�×Ø � ÔÓÙÖ �ÙØ �� Ú�Ð���Ö Ð� ÔÖ�×� �Ò ÓÑÔØ� ��× Ö��Ò�Ñ�ÒØ×
�� Ñ��ÐÐ���º Ä� ×�ÓÒ� �× Ø�×Ø Ô�ÖÑ�Ø �� Ñ�ØØÖ� �Ò �Ú���Ò� Ð³�ÔÔÓÖØ ��
Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× �ÐÙÐ× �Ø ØÖ�Ò×��ÖØ× ÐÓÖ× �³ÙÒ �ÐÙÐ Ô�Ö�ÐÐ�Ð�×� �Ú�
ÅÈÁº Ä�× ����Ö�ÒØ× �× Ø�×Ø× ×ÓÒØ ���ØÙ�× �Ò ×�ÑÔÐ� ÔÖ��×�ÓÒº

�º½ Ê��Ò�Ñ�ÒØ

�º½º½ Ê��Ò�Ñ�ÒØ h

�� �× Ø�×Ø � ÔÓÙÖ Ó���Ø�� Ð� Ú�Ð���Ø�ÓÒ �� Ð� ÔÖ�×� �Ò ÓÑÔØ� �� Ñ��ÐÐ���
ÒÓÒ ÓÒ�ÓÖÑ�º ÆÓÙ× Ò� ÓÒ×���ÖÓÒ× ÕÙ� ��× Ö��Ò�Ñ�ÒØ× Ó� ÙÒ ��Ü���Ö� �×Ø
ÚÓ�×�Ò Ô�Ö ÙÒ� �� �× ���× � ÕÙ�ØÖ� ��Ü���Ö�×º �ÓÒ×���ÖÓÒ× Ð� �ÓÑ��Ò� ��
�ÐÙÐ [0, 2] × [0, 2] × [0, 1]º ÆÓÙ× �Ò��ØÓÒ× ��Ò× � �ÓÑ��Ò� ÙÒ� ÓÒ�� ÔÐ�Ò�
×� ÔÖÓÔ����ÒØ ��Ò× Ð� ��Ö�Ø�ÓÒ �ÓÒÒ�� Ô�Ö Ð� Ú�Ø�ÙÖ V = (0.5, 0.5,

√
2/2)

�Ø ÔÓÐ�Ö�×�� �� Ñ�Ò��Ö� � � ÕÙ� Ð� ��ÑÔ �Ð�ØÖ�ÕÙ� ×Ó�Ø ÓÖ��ÒØ� ×Ù�Ú�ÒØ
(0.5, 0.5,−

√
2/2)º ��ØØ� ÓÒ�� ÔÐ�Ò� �×Ø ÑÓÒÓ�ÖÓÑ�Ø�ÕÙ� ³�×Ø¹�¹��Ö� ÕÙ�

½��



×ÓÒ �ÑÔÐ�ØÙ�� �×Ø �ÓÒÒ�� Ô�Ö

g(t) = sin(2πft) ´�º½µ

�Ú� ��Ò× Ð� �× ÔÖ�×�ÒØ f = 300ÅÀÞº Ä� �ÓÑ��Ò� �� �ÐÙÐ �×Ø ÓÑÔÓ×� ��
ØÖÓ�× ÞÓÒ�×

� [0, 1] × [0, 1] × [0, 1] ÓÑÔÓ×�� �� N3 �Ð�Ñ�ÒØ×¸
� [0, 1] × [1, 2] × [0, 1] ÓÑÔÓ×�� �� (2N)3 �Ð�Ñ�ÒØ×¸
� [1, 2] × [0, 2] × [0, 1] ÓÑÔÓ×�� �� 2× (2N)3 �Ð�Ñ�ÒØ×º

��× ØÖÓ�× ÞÓÒ�× �Ø Ð� Ñ��ÐÐ��� Ó�Ø�ÒÙ ÔÓÙÖ ÙÒ Ö��Ò�Ñ�ÒØ N = 6 ×ÓÒØ Ú�×��Ð�×
×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� �¹ÓÒØÖ�º

ÆÓÙ× ���ØÙÓÒ× �ÐÓÖ× Ð� ×�ÑÙÐ�Ø�ÓÒ �� �ØØ� ÓÒ��ÙÖ�Ø�ÓÒ �Ù×ÕÙ³� ÙÒ Ø�ÑÔ×
���Ð � 2Ò× ÔÓÙÖ ����Ö�ÒØ× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ d �Ø ����Ö�ÒØ× Ö��Ò�Ñ�ÒØ×
N º ÆÓÙ× �ÐÙÐÓÒ× Ð� ÒÓÖÑ� L2 �� Ð� ����Ö�Ò� �ÒØÖ� Ð�× ×ÓÐÙØ�ÓÒ× ÒÙÑ�Ö�ÕÙ�×
�Ø Ð� ×ÓÐÙØ�ÓÒ �Ü�Ø�º ÈÓÙÖ ÙÒ ���Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ü�¸ Ð� Ô�× �� Ø�ÑÔ× �×Ø
Ð� Ñ�Ñ� ÔÓÙÖ ØÓÙ× Ð�× Ö��Ò�Ñ�ÒØ× �Ø �Ó�×� ��Ò ÕÙ� Ð³�ÖÖ�ÙÖ �Ù� �Ù ×��Ñ�
Ø�ÑÔÓÖ�Ð ×Ó�Ø Ô�Ø�Ø�º Ä� ÓÑÔÓ×�ÒØ� Ex �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� �×Ø Ö�ÔÖ�×�ÒØ��
×ÙÖ Ð� ��ÙÖ� ������ �º½ Ô��� ×Ù�Ú�ÒØ� ÔÓÙÖ N = 6 �Ø d = 4º

ÆÓÙ× �×Ø�ÑÓÒ× �ÐÓÖ× Ð³ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó�� �ÙÜ ����Ö�ÒØ×
ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº Ä�× ÓÖ�Ö�× �� ÓÒÚ�Ö��Ò� Ó�Ø�ÒÙ× ×ÓÒØ Ö�ÔÓÖØ�×
��Ò× Ð� Ø��Ð��Ù �º½º Ä�× ÓÙÖ��× �� ÓÒÚ�Ö��Ò� ×ÓÒØ Ö�ÔÖ�×�ÒØ��× ×ÙÖ Ð�
��ÙÖ� ������ �º¾ Ô��� ½�¼º ÆÓÙ× Ó�Ø�ÒÓÒ× ��× ÓÖ�Ö�× �� ÓÒÚ�Ö��Ò� ÓÖ¹
Ö�×ÔÓÒ��ÒØ �ÙÜ ÓÖ�Ö�× Ø��ÓÖ�ÕÙ�×º

���Ö� ÇÖ�Ö� Ø��ÓÖ�ÕÙ� ÇÖ�Ö� ÒÙÑ�Ö�ÕÙ�

¼ ½ ¼º��
½ ¾ ½º�½
¾ ¿ ¾º�¼
¿ � ¿º��
� � �º��

����� �º½ � ÇÖ�Ö�× �� ÓÒÚ�Ö��Ò� Ø��ÓÖ�ÕÙ�× �Ø ÒÙÑ�Ö�ÕÙ�× ÔÓÙÖ ����Ö�ÒØ×
ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ò ÔÖ�×�Ò� �³ÙÒ Ö��Ò�Ñ�ÒØ �� Ñ��ÐÐ���º

½��



������ �º½ � �ÓÑÔÓ×�ÒØ� Ex �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� �ÐÙÐ� ×ÙÖ ÙÒ Ñ��ÐÐ���
ÔÖ�×�ÒØ�ÒØ ÙÒ Ö��Ò�Ñ�ÒØº

½��



������ �º¾ � �ÚÓÐÙØ�ÓÒ �� Ð³�ÖÖ�ÙÖ �Ò �ÓÒØ�ÓÒ �Ù Ô�× �� ��×Ö�Ø�×�Ø�ÓÒ
´���ÐÐ� ÐÓ��Ö�Ø�Ñ�ÕÙ�µ ÔÓÙÖ ����Ö�ÒØ× ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ò ÔÖ�×�Ò�
�³ÙÒ Ö��Ò�Ñ�ÒØ �� Ñ��ÐÐ���º ���Ö� ¼ � ØÖ��Ò�Ð�× �Ð�Ù×º ���Ö� ½ � ØÖ��Ò�Ð�×
�ÒÚ�Ö×�× Ú�ÖØ×º ���Ö� ¾ � �ÖÖ�× ÖÓÙ��º ���Ö� ¿ � ÐÓ×�Ò��× Ý�Òº ���Ö� � �
Ô�ÒØ��ÓÒ� Ñ�ÙÚ�º

�º½º¾ Ê��Ò�Ñ�ÒØ hp

��Ò× � ÕÙ� ÔÖ����¸ ÒÓÙ× �ÚÓÒ× ÙØ�Ð�×� ÙÒ ÓÖ�Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÓÒ×Ø�ÒØ
��Ò× Ð� Ñ��ÐÐ���º ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÙØ�Ð�×�Ö ��× ÓÖ�Ö�× ����Ö�ÒØ× ��Ò× Ð�×
ÞÓÒ�× ×Ù�Ú�ÒØ Ð�ÙÖ× Ö��Ò�Ñ�ÒØ×º ÆÓÙ× �Ó�×�××ÓÒ× Ð�× ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ
�� ���ÓÒ � �ÚÓ�Ö Ð� Ñ�Ñ� ��Ò×�Ø� �� ���Ö�× �� Ð���ÖØ� ��Ò× ��ÕÙ� ÞÓÒ�¸ �º�º
�Ò ÒÓØ�ÒØ d0 Ð³ÓÖ�Ö� �� Ð� ÞÓÒ� ÒÓÒ Ö��Ò�� �Ø d1 Ð³ÓÖ�Ö� �� Ð� ÞÓÒ� Ö��Ò��

(d0 + 1)3 = 8(d1 + 1)3 ´�º¾µ

ÔÙ�×ÕÙ³ ÙÒ �Ð�Ñ�ÒØ ÒÓÒ Ö��Ò� Ö�ÔÖ�×�ÒØ� ÙÒ ÚÓÐÙÑ� ���Ð � �Ù�Ø �Ð�Ñ�ÒØ×
Ö��Ò�×º ÆÓÙ× ÔÖ�ÒÓÒ× �ÐÓÖ× d0 = 3 �Ø d1 = 1º Ä� Ñ��ÐÐ��� �×Ø ÓÒ×Ø�ØÙ� ��
��ÙÜ ÞÓÒ�× Ù��ÕÙ�× �� Ñ�Ñ� ÚÓÐÙÑ� �Ø ÓÑÑ� ÔÖ����ÑÑ�ÒØ ÙÒ� ÓÒ��
ÔÐ�Ò� ÑÓÒÓ�ÖÓÑ�Ø�ÕÙ� ×� ÔÖÓÔ��� ��Ò× Ð� �ÓÑ��Ò�º ÆÓÙ× �ÐÙÐÓÒ× Ð³�ÖÖ�ÙÖ
ÓÑÑ�×� �Ò �Ò �� ×�ÑÙÐ�Ø�ÓÒº

Ä� ��ÙÖ� ������ �º¿ Ô��� �¹ÓÒØÖ� Ö�ÔÖ�×�ÒØ� �Ò ���ÐÐ� ÐÓ��Ö�Ø�Ñ�ÕÙ� Ð³�ÚÓ¹
ÐÙØ�ÓÒ �� Ð³�ÖÖ�ÙÖ �Ò �ÓÒØ�ÓÒ �Ù Ô�× �³�×Ô�� �Ú� Ð�× ÓÖ�Ö�× ��Ö�Ø× ÔÐÙ× ��ÙØ
´�ÖÖ�× Ú�ÖØ×µ¸ �Ú� ��× ���Ö�× ���ÙÜ � ½ ´ØÖ��Ò�Ð�× ÖÓÙ��×µ �Ø �Ú� ��× ���Ö�×

½�¼



������ �º¿ � �ÚÓÐÙØ�ÓÒ �� Ð³�ÖÖ�ÙÖ �Ò �ÓÒØ�ÓÒ �Ù Ô�× �� ��×Ö�Ø�×�¹
Ø�ÓÒ ´���ÐÐ� ÐÓ��Ö�Ø�Ñ�ÕÙ�µº ���Ö� ÓÒ×Ø�ÒØ � ½ ´ØÖ��Ò�Ð�× ÖÓÙ��×µº ���Ö�
ÓÒ×Ø�ÒØ � ¿ ´ØÖ��Ò�Ð�× �ÒÚ�Ö×�× �Ð�Ù×µº ���Ö� Ú�Ö���Ð� �½¸¿ ´�ÖÖ�× Ú�ÖØ×µº

���ÙÜ � ¿ ´ØÖ��Ò�Ð�× �ÒÚ�Ö×�× �Ð�Ù×µº

��Ò× �× ØÖÓ�× ÓÒ��ÙÖ�Ø�ÓÒ×¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ��× ÓÖ�Ö�× �� ÓÒÚ�Ö��Ò� ���ÙÜ
�

� ���Ö� ½ � 1.5¸
� ���Ö� ¿ � 3.7¸
� ���Ö� ½¹¿ � 2.0º

��Ò×�¸ ÐÓÖ× �� Ð³ÙØ�Ð�×�Ø�ÓÒ �³ÙÒ ÓÖ�Ö� Ú�Ö���Ð� ÓÙÔÐ� � ÙÒ Ö��Ò�Ñ�ÒØ ��
Ñ��ÐÐ���¸ Ð³ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó�� �×Ø �ÓÒÒ� Ô�Ö Ð� ÔÐÙ× ����Ð�
ÓÖ�Ö� �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ¸ ÓÑÑ� ÒÓÙ× ÔÓÙÚ�ÓÒ× ÒÓÙ× Ý �ØØ�Ò�Ö�º ÌÓÙØ��Ó�×¸ Ð³�Ô¹
ÔÖÓÜ�Ñ�Ø�ÓÒ �×Ø ÔÐÙ× ÔÖ��×�º

�º¾ Ë�Ð���Ð�Ø�

��Ò× � �× Ø�×Ø¸ ÒÓÙ× ��Ö�ÓÒ× � �×Ø�Ñ�Ö Ð�× Ô�Ö�ÓÖÑ�Ò�× �� Ð³�Ð�ÓÖ�Ø�Ñ�
�� Ô�Ö�ÐÐ�Ð�×� ×ÙÖ ÔÐÙ×��ÙÖ× Ô�Ö�Ô��Ö�ÕÙ�× ÇÔ�Ò�Äº ÆÓÙ× �ÐÐÓÒ× ÙØ�Ð�×�Ö Ð�
Ñ�Ñ� �ÔÔÖÓ�� ÕÙ� �ÐÐ� ÙØ�Ð�×�� ÔÖ����ÑÑ�ÒØ ��Ò× Ð� ×�Ø�ÓÒ �º�º ÆÓÙ×
�ÐÐÓÒ× ��Ø�ÖÑ�Ò�Ö ÔÓÙÖ ����Ö�ÒØ× ÒÓÑ�Ö�× �� Ô�Ö�Ô��Ö�ÕÙ�× ÙÒ� ÔÙ�××�Ò� ��
�ÐÙÐ Ó�Ø�ÒÙ� �Ú� ÙÒ Ñ��ÐÐ��� �� Ø��ÐÐ� Ñ�Ü�Ñ�Ð� �Ø �Ò ���Ù�Ö� Ð³��Ð�Ö�¹

½�½



Ø�ÓÒ �Ù� � Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒº

�º¾º½ ��× Ø�×Ø

�ÓÑÑ� ÔÖ����ÑÑ�ÒØ¸ ÒÓÙ× ÓÒ×���ÖÓÒ× ÙÒ �× Ø�×Ø ×�ÑÔÐ� ÔÓÙÖ Ð�ÕÙ�Ð ÒÓÙ×
ÓÒÒ��××ÓÒ× ÙÒ� ×ÓÐÙØ�ÓÒ �Ü�Ø� ��Ò �� ÔÓÙÚÓ�Ö Ú�Ð���Ö ���Ð�Ñ�ÒØ Ð�× �ÐÙÐ×º
Ä� �ÓÑ��Ò� �� �ÐÙÐ �×Ø ÓÒ×Ø�ØÙ� �� ÞÓÒ�× Ù��ÕÙ�× ÓÑÔÖ�Ò�ÒØ ��ÙÒ�
903 �Ð�Ñ�ÒØ×º ���ÕÙ� ÞÓÒ� �×Ø ØÖ��Ø�� Ô�Ö ÙÒ� �ÖØ� �Ö�Ô��ÕÙ�º �Ò Ø�ÖÑ� ��
Ñ�ÑÓ�Ö�¸ �� Ö�ÔÖ�×�ÒØ� ¿�Ó ¾¼¼ÅÓ Ô�Ö �ÖØ� �Ö�Ô��ÕÙ�º ÆÓÙ× ÔÖÓÔ���ÓÒ×
��Ò× � �ÓÑ��Ò� ÙÒ� ÓÒ�� ÔÐ�Ò� ���Ò�� �� Ð� Ñ�Ñ� Ñ�Ò��Ö� ÕÙ� ��Ò× Ð�
�× Ø�×Ø ÔÖ����ÒØº ÆÓÙ× ���ØÙÓÒ× � Ø�×Ø ÔÓÙÖ ��× ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ
�ÐÐ�ÒØ �� ¼ � �º ÈÓÙÖ ��ÕÙ� ���Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ¸ Ð� Ô�× �� Ø�ÑÔ× ÙØ�Ð�×�
��Ò× ��ÙÒ ��× Ø�×Ø× �×Ø Ð� Ñ�Ñ�º ÆÓÙ× �×Ø�ÑÓÒ× �ÐÓÖ× Ð� ÔÙ�××�Ò� �� �ÐÙÐ
Ô�Ö Ð� Ö�ÔÔÓÖØ �ÒØÖ� Ð� ÒÓÑ�Ö� �³ÓÔ�Ö�Ø�ÓÒ× Ò��××��Ö�× � ÙÒ� �Ø�Ö�Ø�ÓÒ �Ø Ð�
Ø�ÑÔ× ÑÓÝ�Ò �� �ÐÙÐ �³ÙÒ� �Ø�Ö�Ø�ÓÒº

ÆÓÙ× ÒÓÙ× �ÒØ�Ö�××ÓÒ× �� � Ð³�ÔÔÓÖØ �� Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× Ø���× �� �ÐÙÐ
�Ø �� ØÖ�Ò×��ÖØ ÅÈÁº ÆÓÙ× ÓÒ×���ÖÓÒ× �ÓÒ ��ÙÜ ÓÒ��ÙÖ�Ø�ÓÒ× �Ù ØÖ��Ø�¹
Ñ�ÒØ ��× Ø���×º �³ÙÒ� Ô�ÖØ¸ Ð�× Ø���× ×ÓÒØ �Ü�ÙØ��× �� Ñ�Ò��Ö� ×ÝÒ�ÖÓÒ�º
ÈÓÙÖ �Ð�¸ Ð�× Ø���× ×ÓÒØ Ö�Ò�Ù�× �ÐÓÕÙ�ÒØ�× �Ò Ö�ÕÙ�Ö�ÒØ Ð� Ø�ÖÑ�Ò��×ÓÒ ��
��ÙÒ� �³�ÐÐ� �Ú�ÒØ �� Ô�××�Ö � Ð� ×Ù�Ú�ÒØ�º �³�ÙØÖ� Ô�ÖØ¸ Ð�× Ø���× ×ÓÒØ �Ü�¹
ÙØ��× �� Ñ�Ò��Ö� �×ÝÒ�ÖÓÒ�º ��Ò× � �×¸ � ��ÕÙ� ��Ñ�¹Ô�× �� Ø�ÑÔ×¸ Ð�×
����Ö�ÒØ�× Ø���× ×ÓÒØ ×ÓÙÑ�×�× �Ø Ð�ÙÖ �Ü�ÙØ�ÓÒ ��Ö�� �Ö�� �Ù Ñ��Ò�×Ñ�
�³�Ú�Ò�Ñ�ÒØ× �ÓÙÖÒ� Ô�Ö ÇÔ�Ò�Äº ÆÓÙ× ÓÑÔ�ÖÓÒ× ���Ð�Ñ�ÒØ �× Ö�×ÙÐØ�Ø×
� Ð� ÔÙ�××�Ò� �� �ÐÙÐ �ØØ���Ò��Ð� ���Ò�� Ô�Ö Ð� ÑÓ��Ð� � ÖÓÓ��Ò� � ´ÚÓ�Ö
��¼℄µº

ÆÓÙ× ���ØÙÓÒ× � �× Ø�×Ø �Ò Ô�Ö�ÐÐ�Ð�×�ÒØ Ð�× �ÐÙÐ× ×ÙÖ ÙÒ�¸ ��ÙÜ¸ ÕÙ�ØÖ�
�Ø �Ù�Ø �ÖØ�× �Ö�Ô��ÕÙ�× ÆÚ���� Ì�×Ð� Ã¾¼Ñº �� ØÝÔ� �� �ÖØ� �Ö�Ô��ÕÙ�
ÔÓ××��� ÙÒ� Ñ�ÑÓ�Ö� �� ��Ó �Ø ÙÒ� ÔÙ�××�Ò� Ö�Ø� �� ¿º�Ì�ÐÓÔ×º

�º¾º¾ Ê�×ÙÐØ�Ø×

��Ò× Ð�× ����Ö�ÒØ× �×¸ ÒÓÙ× �ÐÙÐÓÒ× Ð� ÒÓÖÑ� L2 �ÒØÖ� Ð� ×ÓÐÙØ�ÓÒ �ÐÙÐ��
�Ø Ð� ×ÓÐÙØ�ÓÒ �Ü�Ø�º ��Ò× Ð�× ����Ö�ÒØ× �× �� ��ÙÖ� ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ�
�ÖÖ�ÙÖ L2 Ö�Ð�Ø�Ú� �Ò��Ö��ÙÖ� � 10−5 ´×Ù�Ú�ÒØ Ð³ÓÖ�Ö� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒµ¸ ÒÓÙ×
Ô�ÖÑ�ØØ�ÒØ ��Ò×� �� Ú�Ð���Ö Ð�× �ÐÙÐ×º

Ä� Ø��Ð��Ù �º¾ Ö�ÔÖ�×�ÒØ� Ð�× Ô�Ö�ÓÖÑ�Ò�× Ó�Ø�ÒÙ�× ��Ò× Ð�× ����Ö�ÒØ�× ÓÒ�¹
�ÙÖ�Ø�ÓÒ×º Ä³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× �ÐÙÐ× �Ø ØÖ�Ò×��ÖØ× Ô�ÖÑ�Ø ���Ø�Ú�Ñ�ÒØ
�� ��Ñ�ÒÙ�Ö Ð� Ø�ÑÔ× �� �ÐÙÐº ÌÓÙØ��Ó�×¸ � ���Ò Ò³�Ü��� Ô�× Ð� Ñ�Ò�ÑÙÑ

½�¾



��× Ø�ÑÔ× �� �ÐÙÐ �Ø �� ØÖ�Ò×��ÖØº ÈÓÙÖ ��× �ÐÙÐ× ���Ø× ×ÙÖ ��ÙÜ �Ø ÕÙ�ØÖ�
Ô�Ö�Ô��Ö�ÕÙ�×¸ Ð� Ø�ÑÔ× �� ØÖ�Ò×��ÖØ �×Ø ÔÖ�×ÕÙ� Ò��Ð�����Ð� ´ÑÓ�Ò× �� ¿±µº
�� Ø�ÑÔ× �� ØÖ�Ò×��ÖØ ����Ð� �×Ø �� �³ÙÒ� Ô�ÖØ �Ù ØÖ�Ò×��ÖØ �� �ÓÒÒ��× ×ÙÖ¹
���ÕÙ�×¸ � ÕÙ� Ö�ÔÖ�×�ÒØ� (d + 1)2 �Ó�× ÑÓ�Ò× �� �ÓÒÒ��× ÕÙ³ÙÒ ØÖ�Ò×��ÖØ
ÚÓÐÙÑ�ÕÙ�¸ �³�ÙØÖ� Ô�ÖØ � Ð� Ö��ÙØ�ÓÒ ��× ÔÖ�Ô�Ö�Ø�ÓÒ× ��× �ÓÒÒ��× �ÙÜ
ØÖ�Ò×��ÖØ× �ÒØÖ� Ð³��Ø� �Ø Ð� Ô�Ö�Ô��Ö�ÕÙ� �� �ÐÙÐº Ä� Ø�ÑÔ× �� ØÖ�Ò×��ÖØ �×Ø
ØÓÙØ��Ó�× �ÑÔÓÖØ�ÒØ ÐÓÖ×ÕÙ� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ �×Ø ���ØÙ�� ×ÙÖ �Ù�Ø Ô�Ö�Ô��¹
Ö�ÕÙ�× ´�ÒÚ�ÖÓÒ ¿¼±µº ��ØØ� �Ù�Ñ�ÒØ�Ø�ÓÒ ×ÓÙ���Ò� �Ù Ø�ÑÔ× �� ØÖ�Ò×��ÖØ
ÒÓÙ× ×�Ñ�Ð� �ÑÔÙØ��Ð� � Ð� ÓÑÔÐ�Ü���Ø�ÓÒ ��× ÓÑÑÙÒ��Ø�ÓÒ× �Ø � Ð³�Ù�¹
Ñ�ÒØ�Ø�ÓÒ �Ù ÚÓÐÙÑ� ØÓØ�Ð �� �ÓÒÒ��× ØÖ�Ò×��Ö��×º

ÆÓÙ× Ó�Ø�ÒÓÒ× �ÐÓÖ× ÙÒ� ��Ð�Ö�Ø�ÓÒ ÔÖÓ�� �� Ð³��Ð�Ö�Ø�ÓÒ Ø��ÓÖ�ÕÙ�º
Å�Ñ� ��Ò× Ð� �× Ó� Ð�× ØÖ�Ò×��ÖØ× Ò� ×ÓÒØ Ô�× �×ÝÒ�ÖÓÒ�×�×¸ Ð³��Ð�Ö�¹
Ø�ÓÒ �×Ø ×�Ø�×���×�ÒØ� �Ø ���Ò ×ÙÔ�Ö��ÙÖ� � Ð³��Ð�Ö�Ø�ÓÒ Ó�Ø�ÒÙ� �Ú� Ð� ÔÖ�¹
Ñ��Ö� ×ØÖ�Ø���� �� ÓÑÑÙÒ��Ø�ÓÒ ´�ÓÒÒ�� ��Ò× Ð� Ø��Ð��Ù �º� Ô��� ½¿¼µº Ä�
���Ò �� � Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ �×Ø �ÒØ�Ö�××�ÒØ ÐÓÖ×ÕÙ� ÒÓÙ× ÙØ�Ð�×ÓÒ× �Ù�Ø Ô�Ö�¹
Ô��Ö�ÕÙ�× �� �ÐÙÐ¸ �Ö Ð� Ø�ÑÔ× �� ØÖ�Ò×��ÖØ �×Ø �ÐÓÖ× �ÑÔÓÖØ�ÒØº ÈÙ�×ÕÙ�
Ð�× ÓÑÑÙÒ��Ø�ÓÒ× ×ÓÒØ ���ØÙ��× �� Ñ�Ò��Ö� �×ÝÒ�ÖÓÒ� �Ø Ò� Ö�ÕÙ��Ö�ÒØ
�ÙÙÒ ØÖ��Ø�Ñ�ÒØ ��× �ÓÒÒ��×¸ ÓÒ ÔÓÙÖÖ��Ø ×³�ØØ�Ò�Ö� � �ØØ��Ò�Ö� Ð³��Ð�Ö�¹
Ø�ÓÒ Ø��ÓÖ�ÕÙ�º ÇÖ¸ Ð³��ÓÙØ ��× ÓÒØÖ��ÙØ�ÓÒ× ÙØ�Ð�×�ÒØ Ð�× �ÓÒÒ��× Ö��Ù�× Ò�
Ô�ÙØ Ô�× �ØÖ� �×ÝÒ�ÖÓÒ�×�º �Ò ���Ø¸ � ØÖ��Ø�Ñ�ÒØ �×Ø ���ØÙ� Ô�Ö ÙÒ ��ÖÒ�Ð
ÕÙ� ��ÓÙØ� �× ÓÒØÖ��ÙØ�ÓÒ× �Ù Ø��Ð��Ù ÓÒØ�Ò�ÒØ Ð� ��Ö�Ú�� �Ò Ø�ÑÔ× ��×
��ÑÔ×º �³�×Ø ���Ð�Ñ�ÒØ ��Ò× � Ø��Ð��Ù ÕÙ� ×ÓÒØ ��ÓÙØ��× Ð�× ÓÒØÖ��ÙØ�ÓÒ×
�ÐÙÐ��× Ô�Ö Ð�× ÞÓÒ�× ÚÓÐÙÑ�ÕÙ�×º ��Ò �� Ò� Ô�× ��Ò�Ö�Ö �� ÓÒ��Ø× �³��×
Ñ�ÑÓ�Ö�¸ �× ØÖ��Ø�Ñ�ÒØ× Ò� �Ó�Ú�ÒØ Ô�× �ØÖ� ���ØÙ�× �Ò Ô�Ö�ÐÐ�Ð�º

�Ü�Ñ�ÒÓÒ× �ÐÓÖ× Ð³����Ø� �� Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ �� ØÖ�Ò×��ÖØ× ��Ò× Ð� �×
Ô�Ö�ÐÐ�Ð�×� ×ÙÖ �Ù�Ø Ô�Ö�Ô��Ö�ÕÙ�×º ÈÓÙÖ �Ð�¸ ÒÓÙ× �ÐÙÐÓÒ× Ð� �Ö�Ø�ÓÒ �Ù
Ø�ÑÔ× �� ØÖ�Ò×��ÖØ ���Ø�Ú�Ñ�ÒØ Ö�ÓÙÚ�ÖØ� Ô�Ö ÙÒ Ø�ÑÔ× �� �ÐÙÐº ÆÓØÓÒ×
Ts �Ø Ta Ð�× Ø�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ× ��Ò× Ð� �× ×ÝÒ�ÖÓÒ� �Ø �×ÝÒ�ÖÓÒ�º ËÙÔÔÓ¹
×ÓÒ× �� ÔÐÙ× ÕÙ� Ð� Ø�ÑÔ× �� �ÐÙÐ¸ ÒÓØ� Tc¸ �Ø �� ØÖ�Ò×��ÖØ¸ ÒÓØ� Tt¸ ×Ó��ÒØ Ð�×
Ñ�Ñ�× ��Ò× Ð�× ��ÙÜ �× �� ��ÙÖ�º ���Ò�××ÓÒ× �� ÔÐÙ×¸ Ð� � Ö�ÓÙÚÖ�Ñ�ÒØ �
��× �ÐÙÐ× �Ø ØÖ�Ò×��ÖØ× �Ø ÒÓØÓÒ× Ð� Trº Ä�× Ø�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ× ×³�ÜÔÖ�Ñ�ÒØ
�ÐÓÖ×

Ts = Tc + Tt,

Ta = Tc + Tt − Tr = Ts − Tr.
´�º¿µ

Ä� �Ö�Ø�ÓÒ �� Ø�ÑÔ× �³ÙÒ� �Ø�Ö�Ø�ÓÒ ���Ø�Ú�Ñ�ÒØ Ö�ÓÙÚ�ÖØ� �×Ø �ÐÓÖ× �ÓÒÒ��

½�¿



Ô�Ö

r =
Ts − Ta

Ts
. ´�º�µ

�Ò ÓÑÔ�Ö�ÒØ �ØØ� Ú�Ð�ÙÖ � Ð� �Ö�Ø�ÓÒ �� Ø�ÑÔ× Ô�××� � ���ØÙ�Ö Ð�× ØÖ�Ò×¹
��ÖØ× �� �ÓÒÒ��× Tt/Ts¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ� ÕÙ�ÒØ���Ø�ÓÒ �� Ð³����Ø� ��×
Ö�ÓÙÚÖ�Ñ�ÒØ×º ��× ��ÙÜ �Ö�Ø�ÓÒ× �� Ø�ÑÔ× ×ÓÒØ Ö�ÔÓÖØ��× ��Ò× Ð� Ø��Ð��Ù
�º¿º �ÙÜ ÓÖ�Ö�× ½¸ ¾ �Ø ¿¸ ÓÒ Ó�Ø��ÒØ ÙÒ Ö�ÓÙÚÖ�Ñ�ÒØ �Ð�Ú�º ü Ð³ÓÖ�Ö� �¸
Ð� Ö�ÓÙÚÖ�Ñ�ÒØ �×Ø ÔÐÙ× ����Ð�º ��Ð� Ô�ÙØ �ØÖ� �� � Ð� ÓÑÔÐ�Ü���Ø�ÓÒ ��×
ÓÑÑÙÒ��Ø�ÓÒ×º

��Ò �³�×Ø�Ñ�Ö Ð³����Ø� �� Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ �� �Ø �Ð�ÓÖ�Ø�Ñ�¸ ÒÓÙ× ÙØ�¹
Ð�×ÓÒ× Ð� ÑÓ��Ð� � ÖÓÓ��Ò� � ÕÙ� Ô�ÖÑ�Ø �� �ÐÙÐ�Ö Ð� ÔÙ�××�Ò� �� �ÐÙÐ
Ñ�Ü�Ñ�Ð� �³ÙÒ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒº �� ÑÓ��Ð� Ø��ÒØ ÓÑÔØ� �� ��ÙÜ �Ö�¹
Ø�Ö�×Ø�ÕÙ�× �Ù Ñ�Ø�Ö��Ð ÙØ�Ð�×� � Ð� ÔÙ�××�Ò� �� �ÐÙÐ Ö�Ø� P �Ø Ð� ��Ò��
Ô�××�ÒØ� Bº ��Ò× Ð� �× ÔÖ�×�ÒØ¸ Ð� ÔÙ�××�Ò� Ö�Ø� �×Ø �� P = 3.5Ì�ÐÓÔ× �Ø
Ð� ��Ò�� Ô�××�ÒØ� �×Ø �� B = 208��ÝØ�»×º

�� ÑÓ��Ð� ���Ò�Ø ���Ð�Ñ�ÒØ Ð³�ÒØ�Ò×�Ø� ÓÔ�Ö�Ø�ÓÒÒ�ÐÐ� I �³ÙÒ� �ÑÔÐ�Ñ�ÒØ�¹
Ø�ÓÒº ��ØØ� �Ö�Ò��ÙÖ �×Ø �ÓÒÒ�� Ô�Ö Ð� Ö�ÔÔÓÖØ �ÒØÖ� Ð� ÒÓÑ�Ö� �³ÓÔ�Ö�Ø�ÓÒ×
�ÓØØ�ÒØ�× ���ØÙ��× �Ø Ð� ÕÙ�ÒØ�Ø� �� Ñ�ÑÓ�Ö� ÐÙ� �Ø �Ö�Ø�º ��× �Ö�Ò��ÙÖ×
Ô�ÖÑ�ØØ�ÒØ �ÐÓÖ× �� �ÐÙÐ�Ö Ð� ÔÙ�××�Ò� �ØØ���Ò��Ð� PA ���Ò�Ø Ô�Ö

PA = min(P,B × I). ´�º�µ

Ä� ÔÙ�××�Ò� �ØØ���Ò��Ð� �×Ø �ÐÓÖ× �ÓÖÒ�� �³ÙÒ� Ô�ÖØ Ô�Ö Ð� ÔÙ�××�Ò� Ö�Ø�
�Ù Ô�Ö�Ô��Ö�ÕÙ� �Ø �³�ÙØÖ� Ô�ÖØ Ô�Ö Ð� ÔÙ�××�Ò� Ñ�Ü�Ñ�Ð� �××Ó��� � Ð³�Ñ¹
ÔÐ�Ñ�ÒØ�Ø�ÓÒº ��ØØ� ÔÙ�××�Ò� Ñ�Ü�Ñ�Ð� �×Ø ���Ð� �Ù ÔÖÓ�Ù�Ø �� Ð� ��Ò��
Ô�××�ÒØ� B �Ø �� Ð³�ÒØ�Ò×�Ø� ÓÔ�Ö�Ø�ÓÒÒ�ÐÐ� Iº

ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× ØÖ��Ö Ð� ÔÙ�××�Ò� �ØØ���Ò��Ð� �Ò �ÓÒØ�ÓÒ �� Ð³�ÒØ�Ò¹
×�Ø� ÓÔ�Ö�Ø�ÓÒÒ�ÐÐ�¸ ÚÓ�Ö Ð� ��ÙÖ� ������ �º� Ô��� �¹ÓÒØÖ�º ËÙÖ �ØØ� ��ÙÖ�
×ÓÒØ ���Ð�Ñ�ÒØ Ö�ÔÖ�×�ÒØ��× Ð�× �ÒØ�Ò×�Ø�× ÓÔ�Ö�Ø�ÓÒÒ�ÐÐ�× �� Ð� ÔÖ�×�ÒØ� Ð³�Ñ¹
ÔÐ�Ñ�ÒØ�Ø�ÓÒ ÔÓÙÖ ����Ö�ÒØ× ���Ö�× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ ´Ð��Ò�× Ú�ÖØ��Ð�×µº ��ØØ�
ÓÙÖ�� ÒÓÙ× �Ò��ÕÙ� ÕÙ� Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ �� Ð³�Ð�ÓÖ�Ø�Ñ� �� �×Ø ���Ò ���Ô¹
Ø�� �Ù Ñ�Ø�Ö��Ð ÙØ�Ð�×� ÔÙ�×ÕÙ� ÒÓÙ× Ò� ×ÓÑÑ�× Ô�× Ð�Ñ�Ø�× Ô�Ö Ð� ��Ò��
Ô�××�ÒØ�¸ ×�Ù� ��Ò× Ð� �× d = 1º ��Ò×�¸ ÔÓÙÖ d = 2, 3, 4¸ Ð� ÔÙ�××�ÒØ� �ØØ��¹
�Ò��Ð� �×Ø ���Ð� � Ð� ÔÙ�××�Ò� Ö�Ø�¸ ×Ó�Ø ��Ò× ÒÓØÖ� �× PA = 3.5Ì�ÐÓÔ×º
ÈÓÙÖ d = 1¸ Ð� ÔÙ�××�Ò� �ØØ���Ò��Ð� Ú�ÙØ PA = 2.5Ì�ÐÓÔ×º

ÆÓÙ× Ó�Ø�ÒÓÒ× ÙÒ� ÔÙ�××�Ò� �� �ÐÙÐ ×� ×�ØÙ�ÒØ �ÒØÖ� ¾�± �Ø ¿¼± �� Ð�

½��



������ �º� � ÈÙ�××�Ò� �ØØ���Ò��Ð� �ÓÒÒ�� ÑÓ��Ð� � ÊÓÓ��Ò� � �� Ð³�Ð�Ó¹
Ö�Ø�Ñ� �� ÔÓÙÖ ��× ���Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �ÐÐ�ÒØ �� ½ � �º

ÔÙ�××�Ò� Ñ�Ü�Ñ�Ð� �ØØ���Ò��Ð�º ÁÐ �×Ø ����Ð� �� ���Ö� Ñ��ÙÜ¸ �Ö �ÖØ��Ò×
��× Ñ�ÑÓ�Ö� ÒÓÒ Ó�Ð�×�ÒØ× ×ÓÒØ �Ò�Ú�Ø��Ð�×º ��ØØ� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÔÖ�¹
×�ÒØ� �ÓÒ �� ØÖ�× �ÓÒÒ�× Ô�Ö�ÓÖÑ�Ò�× �Ò Ø�Ö�ÒØ Ô�ÖØ� �� Ð� ×Ô���Ð�×�Ø�ÓÒ
��× ��ÖÒ�Ð× �� �ÐÙÐ¸ �� Ð� Ö��ÙØ�ÓÒ �� Ð� ÕÙ�ÒØ�Ø� �� �ÓÒÒ��× ØÖ�Ò×��Ö��×
�Ø �� Ð³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× ÓÑÑÙÒ��Ø�ÓÒ×º

�ÓÒÐÙ×�ÓÒ

��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× �ÚÓÒ× Ú�Ð��� Ð� ×�ÓÒ�� �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ �� Ð³�Ð�Ó¹
Ö�Ø�Ñ� Ô�Ö�ÐÐ�Ð� ��º �³ÙÒ� Ô�ÖØ¸ ÒÓÙ× �ÚÓÒ× �ØÙ��� Ð� Ú�Ð���Ø� ��× �ÐÙÐ×
ÐÓÖ×ÕÙ� Ð� Ñ��ÐÐ��� ÔÖ�×�ÒØ� ÙÒ� ÒÓÒ¹ÓÒ�ÓÖÑ�Ø� �Ú� ��× ���Ö�× �³�ÔÔÖÓÜ�¹
Ñ�Ø�ÓÒ ���ÙÜ �Ø ����Ö�ÒØ× �� Ô�Ö �Ø �³�ÙØÖ� �� Ð� ÒÓÒ¹ÓÒ�ÓÖÑ�Ø�º ÆÓÙ×
�ÚÓÒ× ���Ð�Ñ�ÒØ Ñ�× �Ò �Ú���Ò� Ð³�ÔÔÓÖØ �� Ð� ×ØÖ�Ø���� �� ÓÑÑÙÒ��Ø�ÓÒ
ÙØ�Ð�×�ÒØ ��× ØÖ�Ò×��ÖØ× �� �ÓÒÒ��× ×ÙÖ���ÕÙ�× �Ø ÙÒ� �×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��×
�ÐÙÐ× �Ø ØÖ�Ò×��ÖØ×º ��ØØ� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÒÓÙ× Ô�ÖÑ�Ø �ÐÓÖ× �³Ó�Ø�Ò�Ö ÙÒ�
��Ð�Ö�Ø�ÓÒ ÔÖÓ�� �� Ð³��Ð�Ö�Ø�ÓÒ Ñ�Ü�Ñ�Ð�º

½��



ÆÓÑ�Ö� �� �ÈÍ ½ ¾ � �

ÇÖ�Ö� ½

ËÝÒ�ÖÓÒ�

Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º�¾� ¼º�¿� ¼º��¾ ¼º�¼
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´±µ ¼ �½ �½ ¿¿

ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ¼º¾�� ¼º�¼ ¼º��� ½º¿�
��Ð�Ö�Ø�ÓÒ » ½º�� ¿º�¼ �º¾�

�ËÝÒ�ÖÓÒ�
Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º�¾� ¼º�¿¾ ¼º��¿ ¼º��
ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ¼º¾�� ¼º�¼¾ ¼º��� ½º��

��Ð�Ö�Ø�ÓÒ » ½º�� ¿º�� �º�¾

ÇÖ�Ö� ¾

ËÝÒ�ÖÓÒ�

Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º�½ ¼º�¿ ¼º�� ½º�¾
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´±µ ¼ �½ ½º� ¿�

ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ¼º�¼¾ ½º½� ¾º¾¿ ¿º¼�
��Ð�Ö�Ø�ÓÒ » ½º�� ¿º�½ �º½¿

�ËÝÒ�ÖÓÒ�
Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ¼º�½¿ ¼º�¿ ¼º��½ ¼º��
ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ¼º� ½º½� ¾º¿¼ �º�¼

��Ð�Ö�Ø�ÓÒ » ½º�� ¿º�� �º�¿

ÇÖ�Ö� ¿

ËÝÒ�ÖÓÒ�

Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ½º�� ½º�¼ ½º�� ¾º�
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´±µ ¼ �½ ¾ ¿¾

ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ½º¼½ ½º�� ¿º�¿ �º¼�
��Ð�Ö�Ø�ÓÒ ¼ ½º�¿ ¿º�¿ �º¼½

�ËÝÒ�ÖÓÒ�
Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ½º�� ½º�½ ½º�� ½º�¾
ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ½º¼½ ½º�� ¿º�� �º¿�

��Ð�Ö�Ø�ÓÒ » ½º�¿ ¿º�� �º¾�

ÇÖ�Ö� �

ËÝÒ�ÖÓÒ�

Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ½º�� ½º�¾ ½º�� ¾º��
ÌÖ�Ò×��ÖØ Ô�Ö �Ø�Ö�Ø�ÓÒ ´±µ ¼ �½ ¾º� ¿¼

ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ½º¾¼ ¾º¿¾ �º�� �º¼�
��Ð�Ö�Ø�ÓÒ » ½º�� ¿º�¾ �º¼�

�ËÝÒ�ÖÓÒ�
Ì�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ ´×µ ½º�� ½º�¾ ½º�� ¾º½�
ÈÙ�××�Ò� ´Ì�ÐÓÔ×µ ½º¾¼ ¾º¿¾ �º�� �º��

��Ð�Ö�Ø�ÓÒ » ½º�� ¿º�¾ �º��

����� �º¾ � È�Ö�ÓÖÑ�Ò� ×ÝÒ�ÖÓÒ� �Ø �×ÝÒ�ÖÓÒ�º

ÇÖ�Ö� ½ ¾ ¿ �

ÌÖ�Ò×��ÖØ ´±µ ¿¿ ¿� ¿¾ ¿¼
Ê�ÓÙÚÖ�Ñ�ÒØ ´±µ ¿½ ¿¾ ¿½ ½¾

����� �º¿ � �Ö�Ø�ÓÒ �Ù Ø�ÑÔ× Ô�Ö �Ø�Ö�Ø�ÓÒ �Ù� �ÙÜ ØÖ�Ò×��ÖØ× �� �ÓÒÒ��×
�Ø ���Ø�Ú�Ñ�ÒØ Ö�ÓÙÚ�ÖØº

½��



�������� �

ÅÓ��Ð�× �� �Ð×

ÆÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� ��Ò× Ð�× ��Ô�ØÖ�× ÔÖ����ÒØ× ÙÒ� Ñ�Ø�Ó�� ��Ð�Ö��Ò
��×ÓÒØ�ÒÙ� Ô�Ö�ÐÐ�Ð� �ÔÔÐ�ÕÙ�� � Ð³�Ð�ØÖÓÑ��Ò�Ø�×Ñ�º ÆÓÙ× ×ÓÑÑ�× �ÐÓÖ×
�Ò Ñ�×ÙÖ� �� ×�ÑÙÐ�Ö ��Ú�Ö×�× ÓÒ��ÙÖ�Ø�ÓÒ× �Ù ÑÓÝ�Ò �� ÑÓ��Ð�× Ô�Ý×�ÕÙ�×
Ô�ÖÑ�ØØ�ÒØ �� ×�ÑÙÐ�Ö ��× ×ÓÙÖ�× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× ÓÙ ��× Ñ�Ø�Ö��ÙÜ ×ÙÖ¹
���ÕÙ�× �Ø ÚÓÐÙÑ�ÕÙ�×º ÁÐ �×Ø ���Ð�Ñ�ÒØ �ÑÔÓÖØ�ÒØ �� ÔÓÙÚÓ�Ö ÑÓ��Ð�×�Ö ��×
×ØÖÙØÙÖ�× �Ð��Ö�× ��Ò× � ØÝÔ� �� ×�ÑÙÐ�Ø�ÓÒº ����Ö�ÒØ× ÑÓ��Ð�× �� �Ð× ÓÒØ
�Ø� ��Ú�ÐÓÔÔ�× ÔÓÙÖ Ð�× ×��Ñ�× ÒÙÑ�Ö�ÕÙ�× ��Ì� ´ÚÓ�Ö �¿�¸ ¿¼℄µ¸ �Ð�Ñ�ÒØ×
�Ò�× ´ÚÓ�Ö �¾¾℄µ ÓÙ ÚÓÐÙÑ�× �Ò�× ´ÚÓ�Ö �¿�℄µº ��× ØÖ�Ú�ÙÜ ÓÒØ ���Ð�Ñ�ÒØ �Ø� Ñ�¹
Ò�× ��Ò �� ���Ò�Ö ÙÒ ÑÓ��Ð� �� �Ð ÓÙÔÐ� � ÙÒ� Ñ�Ø�Ó�� �� ´ÚÓ�Ö ���¸ �¾℄µº
ÄÓÖ×ÕÙ³ÙÒ ÓÙÖ�ÒØ �ÖÙÐ� ��Ò× ÙÒ �Ð¸ �Ð� ��Ò�Ö� ÙÒ ×�ÓÒ� Ñ�Ñ�Ö� ×�Ò�Ù¹
Ð��Ö¸ �� ØÝÔ� Ñ�×ÙÖ� �� ��Ö� Ð�Ò��ÕÙ�¸ �Ù ×�ÓÒ� Ñ�Ñ�Ö� ��× �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐº ��ØØ� ×�Ò�ÙÐ�Ö�Ø� ��Ò�Ö� �Ò ��Ò�Ö�Ð ��× Ó×�ÐÐ�Ø�ÓÒ× �� ����× ��Ò×
Ð�× Ñ�Ø�Ó��× ÒÙÑ�Ö�ÕÙ�×º Ä� Ñ�Ø�Ó�� �� Ò³���ÔÔ� Ô�× � � Ô��ÒÓÑ�Ò�º
ÆÓÙ× ÔÖÓÔÓ×ÓÒ× ��Ò× � ��Ô�ØÖ�¸ ÙÒ� Ñ�Ø�Ó�� ÒÙÑ�Ö�ÕÙ� ÔÓÙÖ ×ÙÔÔÖ�Ñ�Ö
Ð� ×�Ò�ÙÐ�Ö�Ø� ��× ��ÑÔ×º ÆÓÙ× ÔÖ�×�ÒØÓÒ× Ð� Ñ�Ø�Ó�� ×ÙÖ ÙÒ �× ×�ÑÔÐ���
½�º Ä³�ÜØ�Ò×�ÓÒ �ÙÜ ��Ñ�Ò×�ÓÒ× ×ÙÔ�Ö��ÙÖ�× �×Ø �Ò ÓÙÖ×º

�º½ ÈÖ�Ò�Ô� ��× ÑÓ��Ð�× �� �Ð

Ä�× ����Ö�ÒØ× ÑÓ��Ð�× �� �Ð× ÕÙ� Ð³ÓÒ Ô�ÙØ ØÖÓÙÚ�Ö ��Ò× Ð� Ð�ØØ�Ö�ØÙÖ� Ö�ÔÓ×�ÒØ
×ÙÖ ÙÒ ÓÙÔÐ��� ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ��Ö�Ú�ÒØ Ð³�ÚÓÐÙØ�ÓÒ ��× ��ÑÔ×
�Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× ��Ò× Ð³�×Ô�� �Ú� ÙÒ ×Ý×Ø�Ñ� �� ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒ
´�º½ Ô��� ×Ù�Ú�ÒØ�µ ÕÙ� Ö���Ø Ð� ÔÖÓÔ���Ø�ÓÒ �Ù ÓÙÖ�ÒØ I �Ø �� Ð� ��Ö�� qº
ÆÓÙ× ÒÓØÓÒ× v Ð� Ú�Ø�××� �� ÔÖÓÔ���Ø�ÓÒ ��× ÓÒ��× Ð� ÐÓÒ� �Ù �Ð¸ l Ð³��×�××�

½��



ÙÖÚ�Ð��Ò� �Ø �l Ð� Ú�Ø�ÙÖ Ø�Ò��ÒØ ÙÒ�Ø��Ö� Ð� ÐÓÒ� �Ù �Ðº

∂tI = −v2∂lq

∂tq = −∂lI
´�º½µ

�� ×Ý×Ø�Ñ� �×Ø Ö�×ÓÐÙ � Ð³���� �³ÙÒ ×��Ñ� ÒÙÑ�Ö�ÕÙ� ½�¸ �Ò ��Ò�Ö�Ð �� Ð�
Ñ�Ñ� ��Ñ�ÐÐ� ÕÙ� Ð� ×��Ñ� ¿�º

Ä� ÓÙÔÐ��� ��× ��ÙÜ ×Ý×Ø�Ñ�× �×Ø ���ØÙ� Ô�Ö Ð³�ÒØÖÓ�ÙØ�ÓÒ �� Ø�ÖÑ�×
×ÓÙÖ�×º �³ÙÒ� Ô�ÖØ¸ ÙÒ� ×ÓÙÖ� ��Ô�Ò��ÒØ �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� Ø�Ò��ÒØ
Et = E ·�l �Ù �Ð �×Ø �ÒØÖÓ�Ù�Ø� ��Ò× Ð� ÔÖ�Ñ��Ö� �ÕÙ�Ø�ÓÒ �� ´�º½µ

∂tI = −v2∂lq +
Et

L
. ´�º¾µ

��ØØ� ×ÓÙÖ� �×Ø ÑÓ�ÙÐ�� Ô�Ö ÙÒ� �Ò�ÙØ�Ò� Lº

Ä� �ÐÙÐ �� �ØØ� �Ò�ÙØ�Ò� �×Ø ��Ð��Øº È�Ö �Ü�ÑÔÐ�¸ ÀÓÐÐ�Ò� ��Ò× �¿�℄
��Ö�Ø ÙÒ� Ñ�Ø�Ó�� ÔÓÙÖ �ÐÙÐ�Ö L ÔÓÙÖ ��× �ÔÔÐ��Ø�ÓÒ× ��Ì�º Ä�× �Ö�Ù¹
Ñ�ÒØ× ×ÓÒØ � Ð� �Ó�× Ô�Ý×�ÕÙ�× �Ø ÒÙÑ�Ö�ÕÙ�×º ÁÐ ÓÒ×���Ö� Ð� Ñ��ÐÐ� �� ���
ÓÑÑ� ÙÒ �Ð�Ò���� �ÒØÓÙÖ�ÒØ Ð� �Ð¸ � ÕÙ� ÓÒ�Ù�Ø � Ð� �ÓÖÑÙÐ�

L =
µ0

2π

�

ln
R

a
− 1

2
+

a2

2R2

�

´�º¿µ

Ó� a �×Ø Ð� Ö�ÝÓÒ �Ù �Ð �Ø R �×Ø Ð� Ö�ÝÓÒ �Ù ��×ÕÙ� �Ý�ÒØ ÙÒ� ×ÙÖ��� ���Ð� �
Ð� ×ÙÖ��� ØÖ�Ò×Ú�Ö×� �� Ð� �ÐÐÙÐ�º

��ØØ� �ÓÖÑÙÐ� Ô�ÙØ �ØÖ� ÑÓ����� ��Ò �� ×³���ÔØ�Ö �Ù ÓÙÔÐ��� �Ú� ÙÒ�
Ñ�Ø�Ó�� �Ð�Ñ�ÒØ× �Ò�× ´ÓÒØ�ÒÙ× ÓÙ ��×ÓÒØ�ÒÙ×µ¸ ��Ò× �¾¾℄ Ð³�ÙØ�ÙÖ ÔÖÓÔÓ×�
ÙÒ� �Ò�ÙØ�Ò� ���Ð� � Ð� ÑÓÝ�ÒÒ�

L =
1

M

M�

i=0

µ0

2π
ln

Ri + a

2a
´�º�µ

Ó� Ri �×Ø Ð� ��×Ø�Ò� Ñ�Ü�Ñ�Ð� �Ù �Ð �Ù i�Ñ� ���Ö� �� Ð���ÖØ� ´��Ò× ÒÓØÖ�
�× Ð�× ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒµ ÕÙ� ×ÓÒØ �Ù ÒÓÑ�Ö� �� M º Ä� Ñ�Ø�Ó�� � �Ø�
�Ù×Ø���� �� Ñ�Ò��Ö� ÔÐÙ× Ñ�Ø��Ñ�Ø�ÕÙ� ��Ò× �½¿℄º

ÈÓÙÖ Ð� ÓÙÔÐ��� ��× ��ÑÔ× ×ÙÖ Ð� �Ð¸ �Ð ×Ù�Ø �� �ÐÙÐ�Ö Ð� ��ÑÔ �Ð�¹
ØÖ�ÕÙ� Ø�Ò��ÒØ Ð� ÐÓÒ� �Ù �Ð �Ö�� � Ð³�ÒØ�ÖÔÓÐ�Ø�ÓÒ ��º �� �ÐÙÐ Ò� ÔÖ�×�ÒØ�

½��



Ô�× �� ���ÙÐØ�× Ô�ÖØ�ÙÐ��Ö�×º Å��×¸ ÔÙ�×ÕÙ� Ð� ��ÑÔ �×Ø ×�Ò�ÙÐ��Ö¸ �Ð ��ÙØ
×³�ØØ�Ò�Ö� � �ÒØ�ÖÔÓÐ�Ö ÙÒ ��ÑÔ ��Ò× ÙÒ� ÞÓÒ� �³Ó×�ÐÐ�Ø�ÓÒ× �� ����×ººº

Ä� ÓÙÔÐ��� �ÒÚ�Ö×� ÕÙ� ÓÒ×�×Ø� �Ò Ð³�ÒØÖÓ�ÙØ�ÓÒ �³ÙÒ� ×ÓÙÖ� �� ÓÙÖ�ÒØ ×ÙÖ
ÙÒ ×ÙÔÔÓÖØ Ð�Ò��ÕÙ� ��Ò× Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ Ò� ÔÖ�×�ÒØ� Ô�× ÒÓÒ ÔÐÙ×
�� ���ÙÐØ�× �� ÔÖ�Ò�Ô� � �Ð ×Ù�Ø �� �ÐÙÐ�Ö Ð³�Ø�ÓÒ �� Ð� Ñ�×ÙÖ� ÓÙÖ�ÒØ
×ÙÖ Ð�× �ÓÒØ�ÓÒ× Ø�×Ø ��º �Ú� ÙÒ� ×ÓÙÖ� �� ÓÙÖ�ÒØ¸ Ð� ×��Ñ� �� ×³�Ö�Ø

∀L ∈ M,∀ψ ∈ Hh, ×ÙÔÔ(ψ) ⊂ L,
�

L
∂tWψdx−

�

L
F (W,W,∇ψ)dx+

�

∂L\∂Ω
F (WL,WR, n)ψLds+

�

∂Ω
Fb(WL, n)ψLds = −

�

L
SψLdx.

´�º�µ

ÆÓØÓÒ× Γ Ð� ��Ñ�Ò �Ù �Ð �Ø δΓ Ð� Ñ�×ÙÖ� �� ��Ö� �××Ó�� � Γº ��ØØ� ��×ØÖ�¹
�ÙØ�ÓÒ �×Ø ���Ò�� Ô�Ö

< δΓ,ϕ >=

�

Γ
ϕ. ´�º�µ

�Ú� �× ÒÓØ�Ø�ÓÒ×¸ Ð� ×ÓÙÖ� �ÒØ�ÖÚ�Ò�ÒØ ��Ò× Ð� ×��Ñ� �� ×³�Ö�Ø

�

L
SψLdx =

� l1

l0

�

I(t, l)�l
0

�

ψL(x(l))dl ´�º�µ

Ô�Ö ���Ò�Ø�ÓÒ �� Ð� Ñ�××� �� ��Ö� �Ø �Ò ÒÓØ�ÒØ l0 �Ø l1 Ð�× ��×�××�× ×ÙÖ Ð�
�Ð Ø�Ð ÕÙ�

l([l0, l1]) = Γ ∩ L. ´�º�µ

ÁÐ �×Ø �ÓÒ �Ò ÔÖ�Ø�ÕÙ� �××�Þ ���Ð� �� ÓÙÔÐ�Ö ÙÒ ÑÓ��Ð� �� �Ð �Ú� Ð�×
�ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐº ��Ô�Ò��ÒØ¸ Ð�× Ö�×ÙÐØ�Ø× ×ÓÒØ �Ò ��Ò�Ö�Ð ���Ú�ÒØ× ÓÙ
�Ò×Ø��Ð�×¸ � �Ù×� ��× Ó×�ÐÐ�Ø�ÓÒ× �� ����×º ��× Ó×�ÐÐ�Ø�ÓÒ× �ÔÔ�Ö��××�ÒØ¸ �Ö
�Ð �×Ø ���Ò ×�Ö �ÑÔÓ××��Ð� �³�ÒØ�ÖÔÓÐ�Ö ÔÖ��×�Ñ�ÒØ ��× ��ÑÔ× ×�Ò�ÙÐ��Ö× �Ú�
��× ÔÓÐÝÒ�Ñ�×º

½��



ÈÐÙ×��ÙÖ× ×ÓÐÙØ�ÓÒ× � � ÔÖÓ�Ð�Ñ� ÓÒØ �Ø� ÔÖÓÔÓ×��×º È�Ö �Ü�ÑÔÐ� ��Ò× ��¾℄¸
Ð³�ÙØ�ÙÖ �Ø�Ò� Ð� Ñ�Ø�Ó�� ��Ú�ÐÓÔÔ�� Ô�Ö �¾¾℄ �Ù ×��Ñ� ��º ��ÐÐ�¹� ÓÒ×�×Ø�
�Ò Ð� Ö�Ô�ÖØ�Ø�ÓÒ �� Ð� ×ÓÙÖ� ��Ò× ÙÒ ÝÐ�Ò�Ö� �ÒØÓÙÖ�ÒØ Ð� �Ð �Ù ÑÓÝ�Ò �³ÙÒ�
�ÓÒØ�ÓÒ �� ÔÓÒ��Ö�Ø�ÓÒº

��Ò× Ð� ×�Ø�ÓÒ ×Ù�Ú�ÒØ�¸ ÒÓÙ× ÔÖ�×�ÒØ�ÖÓÒ× ÙÒ� Ñ�Ø�Ó�� Ô�ÖÑ�ØØ�ÒØ �� Ø�Ò�Ö
ÓÑÔØ� �� Ð� ×�Ò�ÙÐ�Ö�Ø� ��Ò�Ö�� Ô�Ö Ð� �Ð �Ò ×�Ô�Ö�ÒØ Ð�× ��ÑÔ× �Ò ÙÒ� Ô�ÖØ��
ÔÖ�×� �Ò ��Ö�� Ô�Ö Ð� Ñ�Ø�Ó�� �� �Ø ÙÒ� Ô�ÖØ�� ×�Ò�ÙÐ��Ö� ÔÖ�×� �Ò ��Ö��
Ô�Ö ÙÒ �ÐÙÐ ×�Ñ�¹�Ò�ÐÝØ�ÕÙ�º ��ØØ� Ñ�Ø�Ó�� �×Ø ×�Ò× �ÓÙØ� ÓÑÔÐ�ÕÙ�� �
Ñ�ØØÖ� �Ò Ó�ÙÚÖ� �Ò ¿�º ÆÓÙ× ÒÓÙ× ÓÒØ�ÒØÓÒ× ��Ò× � ØÖ�Ú��Ð �³�ÜÔÓ×�Ö Ð�×
����× ×ÙÖ ÙÒ ÑÓ��Ð� ½� ×�ÑÔÐ���º Ä³�ÜØ�Ò×�ÓÒ �Ù ¿� �×Ø ×�Ò× �ÓÙØ� ÔÓ××��Ð�
�Ø �Ò ÓÙÖ× �³�ØÙ��º

�º¾ ÈÖ�×� �Ò ÓÑÔØ� �� Ð� ×�Ò�ÙÐ�Ö�Ø�

ÆÓÙ× ÔÖ�×�ÒØÓÒ× ��Ò× �ØØ� ×�Ø�ÓÒ ÙÒ� Ñ�Ø�Ó�� Ô�ÖÑ�ØØ�ÒØ �³�ÔÔÐ�ÕÙ�Ö ÙÒ�
×ÓÙÖ� �� ÓÙÖ�ÒØ ��Ò× Ð� ÚÓÐÙÑ� �� �ÐÙÐº ��ØØ� ×ÓÙÖ� Ô�ÖÑ�Ø �� ÑÓ��¹
Ð�×�Ö Ð� ÔÖ�×�Ò� �³ÙÒ �Ð Ô�ÖÓÙÖÙ Ô�Ö ÙÒ ÓÙÖ�ÒØ ��Ò× Ð� ÚÓÐÙÑ� �� �ÐÙÐº
Ä� Ö�ÝÓÒÒ�Ñ�ÒØ �Ò��Ò�Ö� Ô�Ö ÙÒ� Ø�ÐÐ� ×ØÖÙØÙÖ� ÔÖ�×�ÒØ� ÙÒ� ×�Ò�ÙÐ�Ö�Ø�
�Ù ÚÓ�×�Ò��� �Ù �Ð �Ø Ò� Ô�ÙØ �ÓÒ Ô�× �ØÖ� ÓÖÖ�Ø�Ñ�ÒØ Ö�ÔÖ�×�ÒØ� ��Ò× Ð�
��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÙØ�Ð�×�� ��Ò× Ð� ×��Ñ� ��º ÆÓÙ× ØÖ��ØÓÒ× �ÓÒ ×�Ô�¹
Ö�Ñ�ÒØ Ð�× ��ÙÜ ��ÑÔ× ÔÖ�×�ÒØ×º �³ÙÒ� Ô�ÖØ Ð�× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�×
�Ñ���ÒØ× ÕÙ� �ÔÔ�ÖØ��ÒÒ�ÒØ � Ð³�×Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº �³�ÙØÖ� Ô�ÖØ¸ ÙÒ
��ÑÔ ×�Ò�ÙÐ��Ö ØÖ��Ø� ×�Ô�Ö�Ñ�ÒØº

�º¾º½ ÅÓ��Ð� ÙÒ���Ñ�Ò×�ÓÒÒ�Ð

�ÓÑÑ�Ò�ÓÒ× Ô�Ö ��Ö�Ö� Ð� ÑÓ��Ð� ½� ��Ò× Ð�ÕÙ�Ð ÒÓÙ× ��ÓÙØ�ÖÓÒ× ÙÒ�
×ÓÙÖ� ÔÓÒØÙ�ÐÐ� �� ÓÙÖ�ÒØº ÆÓÙ× ���Ù�×ÓÒ× ��× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ØÖ�¹
��Ñ�Ò×�ÓÒÒ�ÐÐ�× ½́º½ Ô��� �µ ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ½� �Ò ÓÒ×���Ö�ÒØ ��× ×ÓÐÙØ�ÓÒ×
ÕÙ� Ò� ��Ô�Ò��ÒØ ÕÙ� �³ÙÒ� Ú�Ö���Ð� �³�×Ô��¸ �� Ð� ÓÓÖ�ÓÒÒ�� ×Ù�Ú�ÒØ Ð³�Ü�
xº Ä³�ÕÙ�Ø�ÓÒ ´½º½ Ô��� �µ Ô�ÙØ �ÐÓÖ× �ØÖ� �Ö�Ø� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� �ÕÙ�Ø�ÓÒ
½� Ð��ÒØ Ð�× ÓÑÔÓ×�ÒØ�× ÒÓÒ ÒÙÐÐ�× ��× ��ÑÔ×º

∂tEy(x, t) + ∂xHz(x, t) = 0 ´�º�µ

∂tHz(x, t) + ∂xEy(x, t) = 0 ´�º½¼µ

½�¼



��Ò× Ð� ×Ù�Ø�¸ ÒÓÙ× �Ö�ÖÓÒ× �× �ÕÙ�Ø�ÓÒ× ×ÓÙ× Ð� �ÓÖÑ�

�

∂tE + ∂xH = 0

∂tH + ∂xE = 0
´�º½½µ

Ä�× Ú�Ö���Ð�× E �Ø H �Ø�ÒØ ×�Ð��Ö�×º

ÇÒ Ö�Ñ�ÖÕÙ� ÕÙ� Ð� ÓÒ��Ø�ÓÒ �� ��Ú�Ö��Ò� ÒÙÐÐ� ��× ��ÑÔ× �×Ø �ÙØÓÑ�Ø�¹
ÕÙ�Ñ�ÒØ Ú�Ö����º

Ä³�ÕÙ�Ø�ÓÒ ´�º½½µ Ô�ÙØ �ØÖ� Ñ�×� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ×Ý×Ø�Ñ� �� �Ö���Ö��×
×�Ñ�Ð��Ö� � ´¾º¿ Ô��� ¾�µ

∂tW +A∂xW = 0¸ �Ú� W =

�
E
H

�

�Ø A =

�
0 1
1 0

�

. ´�º½¾µ

�Ò ×Ù�Ú�ÒØ Ð� ×�Ø�ÓÒ ¾º¾¸ ÒÓÙ× ���Ù�×ÓÒ× �� � ×Ý×Ø�Ñ� �³�ÕÙ�Ø�ÓÒ× ÙÒ�
�ÓÖÑÙÐ�Ø�ÓÒ ��º ÆÓÙ× ÓÒ×���Ö�ÖÓÒ× ÙÒ �ÓÑ��Ò� �� �ÐÙÐ �ÓÖÑ� �³ÙÒ ×��¹
Ñ�ÒØ Ω = [a, b] ��×Ö�Ø�×� �Ò ÙÒ �Ò×�Ñ�Ð� �� n ×��Ñ�ÒØ× Li = [ai, ai+1] �Ú�
a = a0 < a1 < · · · < an = bº ÆÓÙ× ��ÓÙØÓÒ× �Ù ×Ý×Ø�Ñ� ´�º½¾µ ��× ÓÒ��Ø�ÓÒ×
Ð�Ñ�Ø�× ���Ò��× Ô�Ö ��× Ñ�ØÖ��× Ma �Ø Mbº ��× Ñ�ØÖ��× ×�ÖÓÒØ ���Ù�Ø�× ��×
�ÓÖÑÙÐ�Ø�ÓÒ× ��× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× �� Ð� Ñ�Ñ� ���ÓÒ ÕÙ� ��Ò× Ð� �×
¿�º

ÆÓÙ× ÔÖ�ÒÓÒ× ÓÑÑ� �×Ô�� ��× ×ÓÐÙØ�ÓÒ× Ð³�×Ô�� �� �ÓÒØ�ÓÒ× H2

H = {f ∈ L2(Ω),∀i, f|Li
∈ C1(Li)}. ´�º½¿µ

Ä� ×ÓÐÙØ�ÓÒ �ÔÔ�ÖØ��ÒØ �ÐÓÖ× � Ð³�×Ô�� C1([0, T ],H2)º Ä� �ÓÖÑÙÐ�Ø�ÓÒ �� �Ù
ÔÖÓ�Ð�Ñ� ×³�Ö�Ø ÓÑÑ� ×Ù�Ø¸ �Ú� M Ð� Ñ�ØÖ�� ÓÖÖ�×ÔÓÒ��ÒØ � Ð� ÓÒ��Ø�ÓÒ
Ð�Ñ�Ø� �ÔÔÐ�ÕÙ�� �Ù ÔÓ�ÒØ ÓÒ×���Ö�º

½�½



ÌÖÓÙÚ�Ö W �ÔÔ�ÖØ�Ò�ÒØ � C1([0, T ],H2)¸ Ø�Ð ÕÙ�

∀0 ≤ i ≤ n,∀ϕ ∈ H, ×ÙÔÔ(ϕ) ⊂ Li,
� ai+1

ai

∂tW ϕdx−
� ai+1

ai

F (W ,W ,∇ϕ)dx+

(1− δi+1,n)F (Wi(ai+1),Wi+1(ai+1), 1)ϕi(ai+1)−
(1 − δi,0)F (Wi(ai),Wi−1(ai),−1)ϕi(ai)+

δi+1,n(A+Mb)Wi(b)ϕi(b) + δi,0(−A+Ma)Wi(a)ϕi(a) = 0.
´�º½�µ

ÆÓÙ× �Ó�×�××ÓÒ× �� ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ� F ���ÒØÖ�

F (WL,WR, n) = An+WL +An−WR ´�º½�µ

´��¸ n = ±1µº ÆÓÙ× ��×Ö�Ø�×ÓÒ× �ÐÓÖ× Ð³�×Ô�� ��× ×ÓÐÙØ�ÓÒ× �Ò �ÔÔÖÓÜ�Ñ�ÒØ
��Ò× ��ÕÙ� �ÒØ�ÖÚ�ÐÐ� Li Ð� ×ÓÐÙØ�ÓÒ Ô�Ö ÙÒ� ÓÑ��Ò��×ÓÒ Ð�Ò���Ö� �� ÔÓÐÝ¹
Ò�Ñ�× �� Ä��Ö�Ò�� �××Ó��× �ÙÜ ÔÓ�ÒØ× �³�ÒØ��Ö�Ø�ÓÒ �� ��Ù××¹Ä���Ò�Ö� ×ÙÖ
�Ø �ÒØ�ÖÚ�ÐÐ�º

�º¾º¾ ËÓÙÖ� ÔÓÒØÙ�ÐÐ� �� ÓÙÖ�ÒØ

ÆÓÙ× �ÑÔÓ×ÓÒ× ÙÒ� ×ÓÙÖ� �� ÓÙÖ�ÒØ ÔÓÒØÙ�Ð ��Ò× Ð� �ÓÑ��Ò� �� �ÐÙÐ
×�ØÙ� �Ò x0 = 0 º ��ØØ� ×ÓÙÖ� Ô�ÙØ �ØÖ� Ñ�×� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� Ñ�××� ��
��Ö� �Ò x0 ÑÙÐØ�ÔÐ��� Ô�Ö Ð� Ú�Ð�ÙÖ �Ù ÓÙÖ�ÒØ j ÕÙ� ��Ô�Ò� �Ù Ø�ÑÔ×º �Ú�
�ØØ� ×ÓÙÖ�¸ Ð� ×Ý×Ø�Ñ� ´�º½½ Ô��� ÔÖ����ÒØ�µ ��Ú��ÒØ

�

∂tE + ∂xH = −jδx0

∂tH + ∂xE = 0
´�º½�µ

�Ò �ÔÔÐ�ÕÙ�ÒØ ÙÒ� ØÖ�Ò×�ÓÖÑ�� �� Ä�ÔÐ�� �Ò Ø�ÑÔ×¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ ×Ý×¹
Ø�Ñ� �³�ÕÙ�Ø�ÓÒ× Ú�Ö��� Ô�Ö Ð�× ØÖ�Ò×�ÓÖÑ��× �� Ä�ÔÐ�� ��× ��ÑÔ× Ẽ �Ø
H̃º

�

pẼ + ∂xH̃ = −j̃δx0

pH̃ + ∂xẼ = 0
´�º½�µ

½�¾



ÕÙ� Ô�ÙØ �ØÖ� Ñ�× ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ÔÖÓ�Ù�Ø �� ÓÒÚÓÐÙØ�ÓÒ

�
pδ δ′

δ′ pδ

�

⋆

�
Ẽ

H̃

�

=

�
−j̃δx0

0

�

´�º½�µ

È�Ö ÙÒ �ÐÙÐ ×ÝÑ�ÓÐ�ÕÙ�¸ ÒÓÙ× ÔÓÙÚÓÒ× �ÒÚ�Ö×�Ö Ð� Ñ�ØÖ�� �ÒØ�ÖÚ�Ò�ÒØ ��Ò×
Ð³�ÕÙ�Ø�ÓÒ ÔÖ����ÒØ� �Ø ��Ò×� Ó�Ø�Ò�Ö ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ �� Ð� ×ÓÐÙØ�ÓÒ Ö���Ö¹
���º ÈÓÙÖ �Ð�¸ ÒÓÙ× �ÐÐÓÒ× �ÐÙÐ�Ö Ð³�ÒÚ�Ö×� ÔÓÙÖ Ð� ÔÖÓ�Ù�Ø �� ÓÒÚÓÐÙØ�ÓÒ
�Ù ��Ø�ÖÑ�Ò�ÒØ �� �ØØ� Ñ�ØÖ�� p2δ − δ′ ⋆ δ′º Ä³�ÒÚ�Ö×� �� �ØØ� �ÜÔÖ�××�ÓÒ
�×Ø Ð� ×ÓÐÙØ�ÓÒ �ÓÒ��Ñ�ÒØ�Ð� �� Ð³�ÕÙ�Ø�ÓÒ �� À�ÐÑ�ÐÓØÞ G ���Ò�� Ô�Ö

(p2δ − δ′ ⋆ δ′) ⋆G = δ. ´�º½�µ

��ØØ� �ÓÒØ�ÓÒ � ÔÓÙÖ Ú�Ð�ÙÖ G(x) = 1
2p�ÜÔ(−p|x|)º Ä� ×ÓÐÙØ�ÓÒ �� Ð³�ÕÙ�Ø�ÓÒ

�×Ø �ÐÓÖ× �ÓÒÒ�� Ô�Ö

�
Ẽ

H̃

�

= G ⋆

�
pδ −δ′

−δ′ pδ

��
−j̃δx0

0

�

=
−j̃

2
�ÜÔ(−p|x− x0|)

�
1

×�Ò(x− x0)

�

.

´�º¾¼µ

ÆÓÙ× �Ò ���Ù�×ÓÒ× Ð³�ÜÔÖ�××�ÓÒ ��× ��ÑÔ× �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�× �Ò �ÓÒØ�ÓÒ
�Ù Ø�ÑÔ× �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ØÖ�Ò×�ÓÖÑ�Ø�ÓÒ �� Ä�ÔÐ�� �ÒÚ�Ö×�º ��Ò× � �×¸
Ð� Ø�ÖÑ� �ÜÔ(−p|x − x0|) ÓÖÖ�×ÔÓÒ� � ÙÒ Ö�Ø�Ö� �� |x− x0|º �Ò ×ÙÔÔÓ×�ÒØ
ÕÙ� Ð� ×ÓÐÙØ�ÓÒ �Ò�Ø��Ð� �×Ø ÒÙÐÐ� �Ø ÕÙ� Ð�× ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× ×ÓÒØ ��×
ÓÒ��Ø�ÓÒ× ØÖ�Ò×Ô�Ö�ÒØ�×¸ Ð� ×ÓÐÙØ�ÓÒ Ú�ÙØ

�

E(t, x) = −1
2 j(t− |x− x0|)

H(t, x) = −1
2 ×��Ò(x− x0)j(t− |x− x0|)

´�º¾½µ

��ØØ� ×ÓÐÙØ�ÓÒ ÔÖ�×�ÒØ� ÙÒ� ×�Ò�ÙÐ�Ö�Ø� �Ù ÔÓ�ÒØ x0º Ä� ��ÑÔ Ñ��Ò�Ø�ÕÙ�
�Ø Ð� ��Ö�Ú�� ×Ô�Ø��Ð� �Ù ��ÑÔ �Ð�ØÖ�ÕÙ� ×ÓÒØ ØÓÙ× ��ÙÜ ��×ÓÒØ�ÒÙ× �Ò �
ÔÓ�ÒØº ��Ò×�¸ Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� �× ��ÑÔ× ÔÖ�×�ÒØ�Ö� ��× Ó×�ÐÐ�Ø�ÓÒ× �Ù
Ò�Ú��Ù �� �ØØ� ��×ÓÒØ�ÒÙ�Ø� �Ø Ð� Ø�ÙÜ �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó�� �Ò
×�Ö� �ÑÔ�Ø��º

½�¿



�º¾º¿ �ÔÔÐ��Ø�ÓÒ ��Ö�Ø� �� Ð� ×ÓÙÖ�

ÍÒ� ÔÖ�Ñ��Ö� �ÔÔÖÓ�� ÔÓÙÖ ÔÖ�Ò�Ö� �Ò ÓÑÔØ� ÙÒ� ×ÓÙÖ� �� ÓÙÖ�ÒØ ÔÓÒ¹
ØÙ�ÐÐ� ��Ò× Ð� ×��Ñ� �� ´�º½� Ô��� ½�¾µ �×Ø �³�ÔÔÐ�ÕÙ�Ö ×� ���Ò�Ø�ÓÒ �Ò
Ø�ÒØ ÕÙ� Ñ�××� �� ��Ö� ´�º� Ô��� ½��µº

��Ò× Ð� �× ÙÒ���Ñ�Ò×�ÓÒÒ�Ð¸ �Ð� ÓÒ�Ù�Ø � �ÒØÖÓ�Ù�Ö� ��Ò× Ð� ×��Ñ� ��
ÙÒ� ×ÓÙÖ� ×ÓÙ× Ð� �ÓÖÑ�

� ai+1

ai

SψLdx =

�
I(t)
0

�

ϕi(x0). ´�º¾¾µ

�ÓÑÑ� ��Ò× Ð� �× ¿�¸ �ØØ� ×ÓÙÖ� �Ò�Ù�Ö� Ð³�ÔÔ�Ö�Ø�ÓÒ �³Ó×�ÐÐ�Ø�ÓÒ× ��Ò×
Ð� ×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ� �Ø ÙÒ� �ÙØ� �� Ð³ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó��º

�º¾º� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� È���

Ä� ×ÓÐÙØ�ÓÒ �Ü�Ø� ��× ��ÑÔ× Ö�ÝÓÒÒ�× Ô�Ö Ð� �Ð �×Ø �ÜÔÖ�Ñ�� Ô�Ö ÙÒ�
�ÓÖÑÙÐ� �� ÔÓØ�ÒØ��Ð Ö�Ø�Ö�� ´�º¾½ Ô��� ÔÖ����ÒØ�µ ÕÙ� Ò³�×Ø Ô�× ÐÓ�Ð� �Ò
Ø�ÑÔ×º �� ÔÐÙ×¸ �ØØ� ×ÓÐÙØ�ÓÒ Ò³�×Ø ÔÐÙ× Ú�Ð��Ð� ��Ò× Ð� �× �³ÙÒ� ��ÓÑ�ØÖ��
ÓÑÔÐ�ÕÙ�� ÓÙ �Ò ÔÖ�×�Ò� �� ���Ð�ØÖ�ÕÙ�× ÒÓÒ �ÓÑÓ��Ò�×º

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× ÒÓÙ× ��Ö�Ò��××ÓÒ× �� �ØØ� ÒÓÒ¹ÐÓ�Ð�Ø� �Ò
Ø�ÑÔ× �Ò Ö�ÑÔÐ���ÒØ Ð�× ��ÑÔ× Ö�ÝÓÒÒ�× Ô�Ö ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒº ÈÓÙÖ
�Ð�¸ ÓÒ×���ÖÓÒ× Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� È��� � Ð³ÓÖ�Ö� ½ �Ù Ø�ÖÑ� �� Ö�Ø�Ö�
�ÜÔ(−p|x− x0|)º

�ÜÔ(−p|x− x0|) ≃
1

1 + p|x− x0|
´�º¾¿µ

ÆÓÙ× Ó�Ø�ÒÓÒ× �ÐÓÖ× ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� Ð� ØÖ�Ò×�ÓÖÑ�� �� Ä�ÔÐ�� ��×
��ÑÔ× ×�Ò�ÙÐ��Ö×º �Ò ÒÓØ�ÒØ WS �ØØ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ¸ ÒÓÙ× �ÚÓÒ×

W̃S =
−1

2

1

1 + p|x− x0|
j̃

�
1

×��Ò(x− x0)

�

. ´�º¾�µ

ÆÓÙ× �ÔÔ�ÐÐ�ÖÓÒ× � ��ÑÔ Ð� ��ÑÔ ×�Ò�ÙÐ��Öº �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ØÖ�Ò×�ÓÖÑ�¹
Ø�ÓÒ �� Ä�ÔÐ�� �ÒÚ�Ö×�¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ� �ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� ÓÖ��Ò��Ö�

½��



Ú�Ö���� Ô�Ö WS ´�º¾�µº ��ØØ� �ÕÙ�Ø�ÓÒ �ÒÒ�Ü� �×Ø ÓÙÔÐ�� �ÙÜ �ÕÙ�Ø�ÓÒ× ��
Å�ÜÛ�ÐÐ Ô�Ö Ð³�ÒØ�ÖÑ�����Ö� �³ÙÒ Ø�ÖÑ� ×ÓÙÖ�º

|x− x0|∂tWS +WS =
−1

2
j

�
1

×��Ò(x− x0)

�

´�º¾�µ

��ØØ� ×ÓÐÙØ�ÓÒ Ú�Ö��� �ÔÔÖÓÜ�Ñ�Ø�Ú�Ñ�ÒØ Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ

∂tWS +A∂xWS =

�
jδx0

0

�

+ �ÖÖ�ÙÖ. ´�º¾�µ

Ä³�ÖÖ�ÙÖ ÓÑÑ�×� �×Ø �Ù� � Ð³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ �� È��� �Ø Ô�ÙØ �ØÖ� ��Ñ�ÒÙ��
�Ò ÙØ�Ð�×�ÒØ ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �³ÓÖ�Ö� ÔÐÙ× �Ð�Ú��¸ Ñ��× �ÒØÖ��Ò�ÒØ ÙÒ� ÓÑ¹
ÔÐ�Ü���Ø�ÓÒ ��× �ÕÙ�Ø�ÓÒ× �ÒÒ�Ü�× Ú�Ö����× Ô�Ö WSº

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ×�Ô�Ö�Ö Ð� ��ÑÔ ØÓØ�Ð Ö���Ö�� W �Ò Ð� ×ÓÑÑ�
�³ÙÒ ��ÑÔ ÔÓÖØ�ÒØ Ð� ×�Ò�ÙÐ�Ö�Ø� WS �Ø �³ÙÒ ��ÑÔ Ö��ÙÐ��Ö Wdº ÈÓÙÖ �Ð�¸
���Ò�××ÓÒ× ÙÒ� �ÓÒØ�ÓÒ φ ÓÒØ�ÒÙÑ�ÒØ ����Ö�ÒØ���Ð�¸ �ÓÒØ Ð� ×ÙÔÔÓÖØ �×Ø
ÐÓ�Ð�×� �ÙØÓÙÖ �� x0 �Ø Ø�ÐÐ� ÕÙ� φ = 1 ×ÙÖ ÙÒ ÚÓ�×�Ò��� �� x0º ÈÓ×ÓÒ× �ÐÓÖ×¸
W = Wd + φWS º

�Ò �Ò��Ø�ÒØ �ØØ� �ÜÔÖ�××�ÓÒ ��Ò× Ð³�ÕÙ�Ø�ÓÒ ´�º½¾ Ô��� ½�½µ �Ú� ÔÓÙÖ ×�¹
ÓÒ� Ñ�Ñ�Ö� Ð� Ø�ÖÑ� ×ÓÙÖ� J = (jδx0 , 0)

T ¸ ÒÓÙ× Ó�Ø�ÒÓÒ×

∂tWd +A∂xWd + φ(∂tWS +A∂xWS) = J − ∂xφAWS . ´�º¾�µ

ÈÙ�×ÕÙ� WS Ú�Ö��� ´�º¾�µ �Ø ÕÙ� φ Ú�ÙØ 1 �Ù ÚÓ�×�Ò��� �� x0¸ ÒÓÙ× Ó�Ø�ÒÓÒ×
��Ò×� Ð³�ÕÙ�Ø�ÓÒ Ú�Ö���� Ô�Ö Wd �Ú� ÙÒ Ø�ÖÑ� ×ÓÙÖ� ��Ô�Ò��ÒØ �� WS

∂tWd +A∂xWd = −∂xφAWS . ´�º¾�µ

Ä� Ø�ÖÑ� ×ÓÙÖ� �××ÙÖ� Ð� ÓÙÔÐ��� �ÒØÖ� Ð�× ��ÑÔ× Ö�ÝÓÒÒ�× Ô�Ö Ð� �Ð �Ø
Ð�× ��ÑÔ× �Ñ���ÒØ×º Ä� ×�Ò�ÙÐ�Ö�Ø� �Ù ��ÑÔ Ö�ÝÓÒÒ� �×Ø ×�ØÙ�� �Ò x0¸
ÓÖ φ �×Ø ÓÒ×Ø�ÒØ� ×ÙÖ ÙÒ ÚÓ�×�Ò��� �� x0º Ä� Ø�ÖÑ� ×ÓÙÖ� −∂xφAWS �×Ø
�ÓÒ Ö��ÙÐ��Öº Ä� ��ÑÔ Wd ÔÓÙÖÖ� �ÓÒ �ØÖ� �ÔÔÖÓÜ�Ñ� ÓÖÖ�Ø�Ñ�ÒØ �Ò
ÙØ�Ð�×�ÒØ Ð� ×��Ñ� ��º Ä� ��ÑÔ WS �×Ø ÕÙ�ÒØ � ÐÙ� �ÐÙÐ� �Ò Ö�×ÓÐÚ�ÒØ
Ð³�ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� ÓÖ��Ò��Ö� ´�º¾�µ �Ù ÑÓÝ�Ò �³ÙÒ ×��Ñ� ÊÃ¾º ÆÓÙ×
��ÚÓÒ× ÓÒÒ��ØÖ� Ws �ÙÜ ÔÓ�ÒØ× �³�ÒØ�ÖÔÓÐ�Ø�ÓÒ �� Ð� ×ÓÐÙØ�ÓÒ Wd ��Ò ��
Ö�ÓÒ×ØÖÙ�Ö� Ð� ×ÓÐÙØ�ÓÒ W = Wd + φWS º ��Ò×� ÒÓÙ× �ÐÙÐ�ÖÓÒ× Ð�× Ú�Ð�ÙÖ×
�� WS �Ò �× ÔÓ�ÒØ×º

½��



ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ÓÑÔ�Ö�Ö �ØØ� Ñ�Ø�Ó�� �Ú� Ð� Ñ�Ø�Ó�� � Ò��Ú� �
ÕÙ� ÓÒ×�×Ø� � Ö�ÔÖ�×�ÒØ�Ö Ð� ×ÓÙÖ� �� ÓÙÖ�ÒØ �Ò ÙØ�Ð�×�ÒØ Ð� ���Ò�Ø�ÓÒ �� Ð�
Ñ�××� �� ��Ö� ��Ö�Ø� ��Ò× Ð� ×�Ø�ÓÒ �º¾º¿ Ô��� ½��º

�º¾º� �ÓÑÔ�Ö��×ÓÒ ��× Ö�×ÙÐØ�Ø×

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ÓÑÔ�ÖÓÒ× Ð�× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× �Ò ÙØ�Ð�×�ÒØ Ð� Ñ�¹
Ø�Ó�� ÔÖ�×�ÒØ�� ÔÖ����ÑÑ�ÒØ �Ú� �ÙÜ Ó�Ø�ÒÙ× �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� ×ÓÙÖ� ��
ÓÙÖ�ÒØ �Ò ÙØ�Ð�×�ÒØ Ð� ���Ò�Ø�ÓÒ �� Ð� Ñ�××� �� ��Ö�º ÆÓÙ× ÓÑÔ�ÖÓÒ× Ð�×
Ø�ÙÜ �� ÓÒÚ�Ö��Ò� Ó�Ø�ÒÙ× ��Ò× Ð�× ����Ö�ÒØ× �× �Ú� �ÙÜ Ó�Ø�ÒÙ× ×�Ò×
Ð� ÔÖ�×�Ò� �³ÙÒ� ×ÓÙÖ� �� ÓÙÖ�ÒØº

ÆÓÙ× ÓÒ×���ÖÓÒ× Ð� ×��Ñ�ÒØ Ω = [−1, 1]¸ ÒÓÙ× ÔÐ��ÓÒ× �Ò 0 ÙÒ� ×ÓÙÖ� ��
ÓÙÖ�ÒØ �ÓÒØ Ð� �ÓÖÑ� �³ÓÒ�� �×Ø �ÓÒÒ�� Ô�Ö ÙÒ� �ÓÒØ�ÓÒ j

j(t) = exp

�

−
�
t− t0
τ

��

´�º¾�µ

�Ú� t0 = 1 �Ø τ = 0.4º �Ò t = 0¸ Ð�× ��ÑÔ× ×ÓÒØ ÒÙÐ×º

ÆÓÙ× ��×Ö�Ø�×ÓÒ× Ω �Ò ÙÒ ÒÓÑ�Ö� �� ×��Ñ�ÒØ× �ÑÔ��Ö ��Ò ÕÙ� Ð� ×ÓÙÖ� ��
ÓÙÖ�ÒØ ×Ó�Ø ÔÐ��� �Ù �ÒØÖ� �³ÙÒ� Ñ��ÐÐ�º

ÆÓÙ× ���ØÙÓÒ× Ð�× ×�ÑÙÐ�Ø�ÓÒ× �Ú� ����Ö�ÒØ× ÒÓÑ�Ö�× �� Ñ��ÐÐ�× �Ø ����¹
Ö�ÒØ× ÓÖ�Ö�× �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ��Ò �� �ÐÙÐ�Ö ÙÒ ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� ��
Ð� Ñ�Ø�Ó��º Ä�× ��ÙÖ�× ������ �º½ Ô��� ½�� �Ø ������ �º¾ Ô��� ½�� Ö�ÔÖ�¹
×�ÒØ�ÒØ Ð�× ��ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ� �Ü�Ø× �Ø �ÐÙÐ�× �Ò ÙØ�Ð�×�ÒØ Ð�×
��ÙÜ Ñ�Ø�Ó��×º ÆÓÙ× ÔÓÙÚÓÒ× Ó�×�ÖÚ�Ö ×ÙÖ �× ��ÙÖ�× Ð� ÔÖ�×�Ò� �³ÙÒ� Ó×�Ð¹
Ð�Ø�ÓÒ �Ù Ò�Ú��Ù �� Ð� ×ÓÙÖ� �� ÓÙÖ�ÒØ ÐÓÖ×ÕÙ³�ÐÐ� �×Ø �ÔÔÐ�ÕÙ�� �Ù ÑÓÝ�Ò
�³ÙÒ� Ñ�××� �� ��Ö�º ��ØØ� Ó×�ÐÐ�Ø�ÓÒ ��×Ô�Ö��Ø ÐÓÖ×ÕÙ� ÒÓÙ× ÙØ�Ð�×ÓÒ× Ð�
Ñ�Ø�Ó�� ÔÖ�Ò�ÒØ �Ò ÓÑÔØ� Ð� ×�Ò�ÙÐ�Ö�Ø�º ÈÓÙÖ Ð³�Ò×Ø�ÒØ¸ ÒÓÙ× Ò³�ÚÓÒ× Ô�×
ÔÖ�× �Ò ÓÑÔØ� Ð³�Ø�ÓÒ ��× ��ÑÔ× ×ÙÖ Ð� �Ðº ÁÐ �×Ø Ð��Ö ÕÙ� �ØØ� ÔÖ�×� �Ò
ÓÑÔØ� ×�Ö��Ø ��Ð��Ø� ×� Ð�× ��ÑÔ× ÔÖ�×�ÒØ�ÒØ ��× Ó×�ÐÐ�Ø�ÓÒ× ÔÖ�× �Ù �Ðº

Ä�× ÓÖ�Ö�× �� ÓÒÚ�Ö��Ò� Ó�Ø�ÒÙ× �Ú� Ð�× ����Ö�ÒØ× ÑÓ��Ð�× �� ×ÓÙÖ� ×ÓÒØ
�ÓÒÒ�× ��Ò× Ð� Ø��Ð��Ù �º½º �� Ø��Ð��Ù ÓÑÔÖ�Ò� ���Ð�Ñ�ÒØ Ð³ÓÖ�Ö� �� ÓÒÚ�Ö¹
��Ò� �� Ð� Ñ�Ø�Ó�� ½� ×�Ò× ×ÓÙÖ� �� ÓÙÖ�ÒØº ��Ò× � �×¸ ÒÓÙ× ÓÒ×���ÖÓÒ×
Ð� ×ÓÐÙØ�ÓÒ �Ü�Ø� �ÓÒÒ�� Ô�Ö

E(x, t) = cos(t− x),

H(x, t) = cos(t− x).
´�º¿¼µ

½��



������ �º½ � ���ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ� �Ú� ÔÖ�×� �Ò ÓÑÔØ� �� Ð�
×�Ò�ÙÐ�Ö�Ø�º

Ä�× ��ÑÔ× ×ÓÒØ �Ò�Ø��Ð�×�× �Ú� �× ×ÓÐÙØ�ÓÒ× �Ø �ÐÐ�¹� �×Ø �ÔÔÐ�ÕÙ�� ×ÙÖ
Ð�× �ÓÖ�× �Ù �ÓÑ��Ò� �Ù ÑÓÝ�Ò �� ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× �� Ë�ÐÚ�Ö¹Å�ÐÐ�Ö
�Ò�ÓÑÓ��Ò�×º ÇÒ Ô�ÙØ Ö�Ñ�ÖÕÙ�Ö ÕÙ� �Ø ÓÖ�Ö� �×Ø ×ÙÔ�Ö��ÙÖ � Ð³ÓÖ�Ö� Ø��Ó¹
Ö�ÕÙ� �� ÓÒÚ�Ö��Ò� �� � ÙÒ Ô��ÒÓÑ�Ò� �� ×ÙÔ�ÖÓÒÚ�Ö��Ò�º ��× Ö�×ÙÐØ�Ø×
ÑÓÒØÖ�ÒØ ÕÙ� Ð³ÙØ�Ð�×�Ø�ÓÒ �� Ð� Ñ�Ø�Ó�� ÔÖ�×�ÒØ�� �� Ô�ÖÑ�Ø �³�Ù�Ñ�Ò¹
Ø�Ö Ð³ÓÖ�Ö� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó��¸ Ñ�Ñ� ×� Ð³ÓÖ�Ö� �� Ð� Ñ�Ø�Ó��
×�ÙÐ� Ò³�×Ø Ô�× Ö�ØØÖ�Ô�º �� ÔÐÙ×¸ Ð³�ÖÖ�ÙÖ ÓÑÑ�×� �×Ø ÔÐÙ× ����Ð� ÐÓÖ×ÕÙ� Ð�
×�Ò�ÙÐ�Ö�Ø� �×Ø ÔÖ�×� �Ò ÓÑÔØ�º Ä�× �ÖÖ�ÙÖ× L2 Ó�Ø�ÒÙ�× �Ú� ÙÒ Ñ��ÐÐ���
ÓÑÔÓÖØ�ÒØ �� Ñ��ÐÐ�× ×ÓÒØ Ö�ÔÓÖØ��× ��Ò× Ð� Ø��Ð��Ù �º¾º

ÇÖ�Ö� 1 2 3 4

Ë�Ò× ×ÓÙÖ� 2.0 4.2 6.3 8.5

ËÓÙÖ� ��Ö� 0.3 1.0 1.0 1.1

ÈÖ�×� �Ò ÓÑÔØ� �� Ð�
×�Ò�ÙÐ�Ö�Ø�

4.0 4.0 3.9 3.9

����� �º½ � ÇÖ�Ö� �� ÓÒÚ�Ö��Ò� ��× ����Ö�ÒØ�× Ñ�Ø�Ó��×º

ÇÖ�Ö� 1 2 3 4

ËÓÙÖ� ��Ö� 6.3× 10−3 1.7× 10−3 2.1× 10−3 5.0× 10−4

ÈÖ�×� �Ò ÓÑÔØ� �� Ð�
×�Ò�ÙÐ�Ö�Ø�

3.9× 10−4 2.6× 10−5 3.5× 10−6 7.6× 10−7

����� �º¾ � �ÖÖ�ÙÖ L2 ÓÑÑ�×� �Ú� �Ø ×�Ò× ÔÖ�×� �Ò ÓÑÔØ� �� Ð� ×�Ò�ÙÐ�Ö�Ø�º

½��



������ �º¾ � ���ÑÔ× �Ð�ØÖ�ÕÙ� �Ø Ñ��Ò�Ø�ÕÙ� ×�Ò× ÔÖ�×� �Ò ÓÑÔØ� �� Ð�
×�Ò�ÙÐ�Ö�Ø�º

�ÓÒÐÙ×�ÓÒ

�Ò ÓÒÐÙ×�ÓÒ¸ ÒÓÙ× �ÚÓÒ× �ÒØÖÓ�Ù�Ø ��Ò× � ��Ô�ØÖ� Ð� ÔÖÓ�Ð�Ñ�Ø�ÕÙ� ��×
ÑÓ��Ð�× �� �Ð ��Ò× Ð� ×��Ñ� ��º Ä� Ö�ÝÓÒÒ�Ñ�ÒØ �³ÙÒ� ×ÓÙÖ� �� ÓÙ¹
Ö�ÒØ ÔÓÖØ�� Ô�Ö ÙÒ �Ð Ñ�Ò� Ô�ÙØ �ÒØÖ��Ò�Ö Ð³�ÔÔ�Ö�Ø�ÓÒ �³Ó×�ÐÐ�Ø�ÓÒ× ��Ò×
Ð� ×ÓÐÙØ�ÓÒ �Ø ���Ö���Ö Ð� ÔÖ��×�ÓÒ ��× Ö�×ÙÐØ�Ø×º ÆÓÙ× �ÚÓÒ× �ÐÓÖ× ÔÖ�×�ÒØ�
ÙÒ� Ñ�Ø�Ó�� Ô�ÖÑ�ØØ�ÒØ �³�ÒØÖÓ�Ù�Ö� ÙÒ� Ø�ÐÐ� ×ÓÙÖ� �Ò ÓÒ×�ÖÚ�ÒØ ÙÒ� �Ô¹
ÔÖÓÜ�Ñ�Ø�ÓÒ �³ÓÖ�Ö� �Ð�Ú�º ��Ò× � ÑÓ��Ð�¸ ÒÓÙ× ×�Ô�ÖÓÒ× Ð�× ��ÑÔ× �Ð�¹
ØÖÓÑ��Ò�Ø�ÕÙ�× �Ò ÙÒ� Ô�ÖØ�� Ö��ÙÐ��Ö� ÔÖ�×� �Ò ��Ö�� Ô�Ö Ð� ÑÓ��Ð� ��
�Ø ÙÒ� Ô�ÖØ�� ×�Ò�ÙÐ��Ö� Ú�Ö���ÒØ ÙÒ� �ÕÙ�Ø�ÓÒ �ÒÒ�Ü�º ÆÓÙ× �ÚÓÒ× �ÐÓÖ× Ñ�×
�Ò �ÙÚÖ� �ØØ� Ñ�Ø�Ó�� ��Ò× ÙÒ ×��Ñ� �� ÙÒ���Ñ�Ò×�ÓÒÒ�Ðº ��Ò× � �×¸
×�Ò× ÔÖ�×� �Ò ��Ö�� �� Ð� ×�Ò�ÙÐ�Ö�Ø�¸ Ð³ÓÖ�Ö� �Ù ×��Ñ� �×Ø ���Ö��� �Ø ��×
Ó×�ÐÐ�Ø�ÓÒ× �� ����× �ÔÔ�Ö��××�ÒØ �Ù Ò�Ú��Ù �� Ð� ×�Ò�ÙÐ�Ö�Ø�º �Ò �ÔÔÐ�ÕÙ�ÒØ
Ð� ×ØÖ�Ø���� ��Ö�Ø� ��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× Ö�ØÖÓÙÚÓÒ× ÙÒ ×��Ñ� �³ÓÖ�Ö� �Ð�Ú�
�Ø Ð�× Ó×�ÐÐ�Ø�ÓÒ× ×ÓÒØ ×ÙÔÔÖ�Ñ��×º

È�Ö Ð� ×Ù�Ø�¸ � ÑÓ��Ð� ÔÓÙÖÖ� �ØÖ� �Ø�Ò�Ù �Ù �× ØÖ���Ñ�Ò×�ÓÒÒ�Ðº ÈÓÙÖ �Ð�¸
ÒÓÙ× ��ÚÓÒ× �Ø��Ð�Ö ÙÒ� �ÕÙ�Ø�ÓÒ Ú�Ö���� Ô�Ö Ð�× ��ÑÔ× ×�Ò�ÙÐ��Ö× �Ù ÚÓ�×�¹
Ò��� �Ù �Ðº ��Ò �³Ó�Ø�Ò�Ö ÙÒ ÑÓ��Ð� ����¸ �× ��ÑÔ× ��ÚÖÓÒØ ��Ô�Ò�Ö�
ÕÙ� ��× Ô�ÖØ��× �� �Ð× ÔÖÓ��×º ÆÓÙ× �×Ô�ÖÓÒ× ��Ò×� Ó�Ø�Ò�Ö ÙÒ ÑÓ��Ð� �³ÙÒ�
�ÓÒÒ� ÔÖ��×�ÓÒ �Ø ���Ò ���ÔØ� � ÙÒ� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒº

½��



�������� ��

��ÐÙÐ �� Ñ�ØÖ�� ��
�Ô��Ø�Ò� �Ø �Ò�ÙØ�Ò� ��
×�Ø�ÓÒ �� �Ð

ÍÒ� �ÔÔÐ��Ø�ÓÒ ÙØ�Ð� ��Ò× Ð� �ÓÑ��Ò� �� Ð� ÓÑÔ�Ø���Ð�Ø� �Ð�ØÖÓÑ��Ò�Ø�ÕÙ�
ÓÒ×�×Ø� �Ò Ð� ×�ÑÙÐ�Ø�ÓÒ �³ÙÒ Ö�×��Ù �� ��Ð�× ÓÑÔÐ�Ü�× ��Ò× Ð�ÙÖ �ÒÚ�¹
ÖÓÒÒ�Ñ�ÒØº Ä�× ��ÑÔ× �ÒÚ�ÖÓÒÒ�ÒØ× ×ÓÒØ ØÖ��Ø�× Ô�Ö ÙÒ� Ñ�Ø�Ó�� ¿� �Ø
ÓÙÔÐ�× �ÙÜ ÓÙÖ�ÒØ× �ÖÙÐ�ÒØ ×ÙÖ Ð�× ��Ð�×º Ä� ÔÖÓÔ���Ø�ÓÒ ��× ÓÙÖ�ÒØ×
�Ø Ø�Ò×�ÓÒ× ×ÙÖ Ð� ��Ð� �×Ø ×�ÑÙÐ�� Ô�Ö ÙÒ� Ñ�Ø�Ó�� ½�º Ä�× �ÒØ�Ö�Ø�ÓÒ×
��× ����Ö�ÒØ× ÓÒ�ÙØ�ÙÖ× ÔÖ�×�ÒØ× ��Ò× ÙÒ ��Ð� ×ÓÒØ Ö�ÔÖ�×�ÒØ��× Ô�Ö ��×
Ñ�ØÖ��× �� Ö�×�×Ø�Ò�¸ �Ò�ÙØ�Ò�¸ �Ô��Ø�Ò� �Ø ÓÒ�ÙØ�Ò�º ��× Ñ�ØÖ��×
��Ô�Ò��ÒØ �� Ð� ��ÓÑ�ØÖ�� �� Ð� ×�Ø�ÓÒ �Ù ��Ð� �Ø �Ó�Ú�ÒØ �ØÖ� ��Ø�ÖÑ�Ò��×
ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ ��Ò× Ð� ÔÐÙÔ�ÖØ ��× �×º Ä�× ÓÒ�ÔØ× ��ÓÖ��× �� ×ÓÒØ ÔÖ�¹
×�ÒØ�× ÔÐÙ× �Ò ��Ø��Ð ��Ò× ���¸ ½�℄º ��Ò× � ��Ô�ØÖ�¸ ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××�ÖÓÒ×
�Ù �ÐÙÐ ��× Ñ�ØÖ��× �³�Ò�ÙØ�Ò� �Ø �� �Ô��Ø�Ò�º ÈÓÙÖ �Ð�¸ ÒÓÙ× ÙØ�Ð�¹
×ÓÒ× ÙÒ� Ñ�Ø�Ó�� �ÒØ��Ö�Ð� ��Ú�ÐÓÔÔ�� Ô�Ö �ºÄº Å����Ð×�Ò ´ÇÆ�Ê�µº Ä�×
�ÐÙÐ× Ò��××��Ö�× � Ð³Ó�Ø�ÒØ�ÓÒ �� �× Ñ�ØÖ��× ÔÓÙÖ ��× Ö�×��ÙÜ �� ��Ð�×
ÓÑÔÐ�Ü�× Ô�ÙÚ�ÒØ �ØÖ� ÐÓÒ�×º ÆÓÙ× �ÐÐÓÒ× �ÓÒ Ô�Ö�ÐÐ�Ð�×�Ö �ØØ� Ñ�Ø�Ó��
�Ò ÙØ�Ð�×�ÒØ Ð� ���Ð�ÓØ��ÕÙ� ÇÔ�Ò�Äº ��× ØÖ�Ú�ÙÜ ÓÒØ �Ø� Ö��Ð�×�× �ÙÖ�ÒØ Ð�×
ÔÖ�Ñ��Ö× ÑÓ�× �� �ØØ� Ø��×� �Ø ÓÒØ Ô�ÖÑ�× Ð� ÔÖ�×� �Ò Ñ��Ò �� Ð� ���Ð�ÓØ��ÕÙ�
ÇÔ�Ò�Äº

½��



������ ½¼º½ � �Ü�ÑÔÐ� �� ×�Ø�ÓÒ �� ��Ð�º

½¼º½ ÈÖÓ�Ð�Ñ� Ô�Ý×�ÕÙ�

�ÓÒ×���ÖÓÒ× ÙÒ ��Ð� ÓÒ×Ø�ØÙ� �³ÙÒ ÒÓÑ�Ö� �Ö��ØÖ��Ö� N+1 �� ÓÒ�ÙØ�ÙÖ×
�Ø �� ���Ò�× ���Ð�ØÖ�ÕÙ�×º ÈÓÙÖ ÙÒ� Ø�ÐÐ� ×ØÖÙØÙÖ�¸ ÒÓÙ× ×ÓÙ���ØÓÒ× �ÐÙÐ�Ö
Ð�× Ø�Ò×�ÓÒ× U �Ø ÓÙÖ�ÒØ× I ÔÖÓÔ���× ×ÙÖ ��ÙÒ ��× ÓÒ�ÙØ�ÙÖ× �Ù Ö�×��Ùº
ÈÓÙÖ ÙÒ ��Ð� �Ò�Ò� ÓÖ��ÒØ� ×Ù�Ú�ÒØ Ð³�Ü� z¸ I �Ø U �××Ó��ÒØ � ÙÒ Ø�ÑÔ× t
�Ø ÙÒ� ��×�××� z ×ÙÖ Ð� ��Ð� Ð�× Ú�Ø�ÙÖ× I(t, z) ∈ R

N+1 �Ø U(t, z) ∈ R
N+1º

ËÙÖ ÙÒ ��Ð� �ÓÒÒ�¸ �× �Ö�Ò��ÙÖ× Ô�Ý×�ÕÙ�× Ú�Ö���ÒØ Ð³�ÕÙ�Ø�ÓÒ ��× Ð��Ò�×
�� ØÖ�Ò×Ñ�××�ÓÒ

L∂tI +RI = ∂zU

C∂tU +GU = ∂zI
. ´½¼º½µ

Ä�× Ñ�ØÖ��× �� Ö�×�×Ø�Ò� R¸ �³�Ò�ÙØ�Ò� L¸ �� �Ô��Ø�Ò� C �Ø �� ÓÒ�Ù¹
Ø�Ò� G ��Ö�Ú�ÒØ Ð³�ÒØ�Ö�Ø�ÓÒ �ÒØÖ� Ð�× ����Ö�ÒØ× ÓÒ�ÙØ�ÙÖ× �Ù ��Ð�º ��×
Ñ�ØÖ��× �Ó�Ú�ÒØ �ÐÓÖ× �ØÖ� ÔÖ��ÐÙÐ��× �Ò ÙØ�Ð�×�ÒØ ÙÒ ÓÙØ�Ð Ø��Ö×º ��Ò× ×�ÙÐ�¹
Ñ�ÒØ ÕÙ�ÐÕÙ�× �× ØÖ�× ×�ÑÔÐ�×¸ �× Ñ�ØÖ��× ×ÓÒØ ÓÒÒÙ�× �Ò�ÐÝØ�ÕÙ�Ñ�ÒØº

�ÓÒ×���ÖÓÒ× ÙÒ� ×�Ø�ÓÒ �� ��Ð� ÓÒØ�Ò�ÒØ ÙÒ ÒÓÑ�Ö� N+1 �� ÓÒ�ÙØ�ÙÖ×
Ô�Ö���Ø× Di ����Ò�ÒØ ��Ò× ÙÒ Ñ�Ð��Ù ���Ð�ØÖ�ÕÙ� �� Ô�ÖÑ�ØØ�Ú�Ø� ε �Ø ÔÓÙÚ�ÒØ
�ØÖ� �ÒØÓÙÖ�× �³ÙÒ� ÓÙ�� �� ���Ð�ØÖ�ÕÙ�º ÍÒ �Ü�ÑÔÐ� �� ×�Ø�ÓÒ �� ��Ð�
�×Ø ÔÖ�×�ÒØ� ×ÙÖ Ð� ��ÙÖ� ������ ½¼º½º ÇÒ ÑÙÒ�Ø Ð�× �ÓÖ�× ��× ÓÒ�ÙØ�ÙÖ×
�Ø Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� ���Ð�ØÖ�ÕÙ� �³ÙÒ� ÒÓÖÑ�Ð� n ÓÖ��ÒØ�� Ú�Ö× Ð³�ÒØ�Ö��ÙÖ
ÓÑÑ� Ö�ÔÖ�×�ÒØ� ×ÙÖ Ð� ��ÙÖ� ������ ½¼º¾ Ô��� ×Ù�Ú�ÒØ�º

½�¼



������ ½¼º¾ � Ë�Ø�ÓÒ ÓÒØ�Ò�ÒØ ��ÙÜ ÓÒ�ÙØ�ÙÖ× ´Ð��Ò�× ÔÐ��Ò�×µ �Ø ÙÒ�
��×ÓÒØ�ÒÙ�Ø� �� ���Ð�ØÖ�ÕÙ� ´Ð��Ò� ÔÓ�ÒØ�ÐÐ��µ ÑÙÒ�× �� ÒÓÖÑ�Ð�× �ÒØÖ�ÒØ�×º
Ä� ÓÒØÓÙÖ �Ù ÓÒ�ÙØ�ÙÖ �ÜØ�Ö��ÙÖ �ÓÖÑ� Ð� Ð�Ñ�Ø� �Ù �ÓÑ��Ò�º

ËÙÔÔÓ×ÓÒ× �ÐÓÖ× ÕÙ� ×ÙÖ �ØØ� ×�Ø�ÓÒ �� ��Ð� Ð� ��ÑÔ �Ð�ØÖ�ÕÙ� E ��Ö�Ú�
�³ÙÒ ÔÓØ�ÒØ��Ð V ¸ �º�º E = −∇V º �Ò �Ò��Ø�ÒØ Ð� ÔÓØ�ÒØ��Ð ��Ò× Ð³�ÕÙ�Ø�ÓÒ ��
Å�ÜÛ�ÐÐ¹��Ù×× ´½º¾� Ô��� �µ¸ ÒÓÙ× Ó�Ø�ÒÓÒ× Ð³�ÕÙ�Ø�ÓÒ �� Ä�ÔÐ�� Ú�Ö����
Ô�Ö Ð� ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ�

−∇ · (ε∇V ) = 0. ´½¼º¾µ

ÇÒ Ö�Ñ�ÖÕÙ� �ÐÓÖ× ÕÙ� ×ÙÖ Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� Ô�ÖÑ�ØØ�Ú�Ø�¸ Ð� ÔÓØ�ÒØ��Ð
Ú�Ö��� ÙÒ� ÓÒ��Ø�ÓÒ �� ×�ÙØ �� Ð� �ÓÖÑ�

[n · ε∇V ] = 0. ´½¼º¿µ

�� ÔÐÙ×¸ ÒÓÙ× ÔÓÙÚÓÒ× ×ÙÔÔÓ×�Ö ÕÙ� Ð� ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ� V �×Ø ���Ð � ÙÒ�
ÓÒ×Ø�ÒØ� Vk ×ÙÖ ��ÕÙ� ÓÒ�ÙØ�ÙÖ Dk¸ ÔÙ�×ÕÙ� ��Ò× Ð�× ÓÒ�ÙØ�ÙÖ× Ð�
��ÑÔ �Ð�ØÖ�ÕÙ� �×Ø ÒÙÐº Ä� ��Ö�� qk �Ù ÓÒ�ÙØ�ÙÖ Dk �×Ø ���Ò�� Ô�Ö
Ð³�ÒØ��Ö�Ð�

qk =

�

∂Dk

n · (ε∇ · V ). ´½¼º�µ

���Ò�Ø�ÓÒ �º �Ò ÔÖ�Ò�ÒØ Ð� ÓÒ�ÙØ�ÙÖ 0 ÓÑÑ� Ö���Ö�Ò� �� ÔÓØ�ÒØ��Ð¸
Ð� Ñ�ØÖ�� �� �Ô��Ø� C ∈ MN (R) Ð�� Ð�× ��Ö��× ��× ÓÒ�ÙØ�ÙÖ× � Ð�ÙÖ×

½�½



ÔÓØ�ÒØ��Ð×º






q1
ººº
qN




 = C






V1
ººº

VN




 . ´½¼º�µ

Ä� Ñ�ØÖ�� �³�Ò�ÙØ�Ò� L Ô�ÙØ �ØÖ� �ÐÙÐ�� �� Ñ�Ò��Ö� ×�Ñ�Ð��Ö�º �Ò ���Ø¸
×ÙÔÔÓ×ÓÒ× ÕÙ� Ð� ��ÑÔ Ñ��Ò�Ø�ÕÙ� H ��Ö�Ú� �³ÙÒ ÔÓØ�ÒØ��Ð Ú�Ø�ÙÖ A¸
H = ∇×Aº ËÙÖ Ð� ×�Ø�ÓÒ ÓÒ×���Ö��¸ Ð� ��ÑÔ Ñ��Ò�Ø�ÕÙ� �×Ø Ø�Ò��ÒØ ×ÙÖ Ð�
ÔÐ�Ò �� Ð� ×�Ø�ÓÒ¸ ��Ò×� ×�ÙÐ� Ð� ÓÑÔÓ×�ÒØ� ÓÖØ�Ó�ÓÒ�Ð� �Ù ÔÓØ�ÒØ��Ð �×Ø ÒÓÒ
ÒÙÐÐ�¸ A = (0, 0,ϕ)º Ä� ��ÑÔ ×�Ð��Ö� ϕ �×Ø �ÔÔ�Ð� ÔÓØ�ÒØ��Ð Ñ��Ò�Ø�ÕÙ� ÓÙ
�ÒÓÖ� �ÙÜ Ñ��Ò�Ø�ÕÙ�º �Ò �Ò��Ø�ÒØ Ð� ÔÓØ�ÒØ��Ð Ñ��Ò�Ø�ÕÙ� ��Ò× Ð³�ÕÙ�Ø�ÓÒ
�� Å�ÜÛ�ÐÐ¹Ì�ÓÑ×ÓÒ ´½º¾� Ô��� �µ¸ �Ð Ú��ÒØ

−Δϕ = 0. ´½¼º�µ

ÆÓÙ× ÔÓÙÚÓÒ×¸ ��Ò× � �×¸ ���Ð�Ñ�ÒØ ×ÙÔÔÓ×�Ö ÕÙ� Ð� ÔÓØ�ÒØ��Ð Ñ��Ò�Ø�ÕÙ�
ϕ �×Ø ���Ð � ÙÒ� ÓÒ×Ø�ÒØ� ϕk ×ÙÖ Ð� ÓÒ�ÙØ�ÙÖ Dkº Ä³�ÒØ�Ò×�Ø� �Ù ÓÙÖ�ÒØ
Ik ×ÙÖ Ð� ÓÒ�ÙØ�ÙÖ Dk �×Ø �ÓÒÒ�� Ô�Ö

Ik =

�

∂Dk

n ·∇ · ϕ. ´½¼º�µ

���Ò�Ø�ÓÒ �º �Ò ÔÖ�Ò�ÒØ Ð� ÓÒ�ÙØ�ÙÖ 0 ÓÑÑ� Ö���Ö�Ò� �� ÔÓØ�ÒØ��Ð¸ Ð�
Ñ�ØÖ�� �³�Ò�ÙØ�Ò� L ∈ MN (R) Ð�� Ð�× ÓÙÖ�ÒØ× ��× ÓÒ�ÙØ�ÙÖ× � Ð�ÙÖ×
ÔÓØ�ÒØ��Ð× Ñ��Ò�Ø�ÕÙ�×º






ϕ1
ººº

ϕN




 = L






I1
ººº
IN




 . ´½¼º�µ

ÆÓÙ× Ö�Ñ�ÖÕÙÓÒ× �ÐÓÖ× ÕÙ� Ð�× Ñ�ØÖ��× �� �Ô��Ø�Ò� �Ø �Ò�ÙØ�Ò� Ð��ÒØ
��× �Ö�Ò��ÙÖ× Ô�Ý×�ÕÙ�× Ú�Ö���ÒØ ØÓÙØ�× ��× �ÕÙ�Ø�ÓÒ× �� Ä�ÔÐ��º ��Ò×�¸ �Ò
�ÐÙÐ�ÒØ Ð� Ñ�ØÖ�� �� �Ô��Ø�Ò� C0 �³ÙÒ� ×�Ø�ÓÒ �� ��Ð� �Ò ÔÖ�Ò�ÒØ
ÙÒ� Ô�ÖÑ�ØØ�Ú�Ø� ���ÒØ�ÕÙ�Ñ�ÒØ ���Ð� � Ð� Ô�ÖÑ�ØØ�Ú�Ø� �Ù Ú���¸ ÒÓÙ× Ó�Ø�¹
ÒÓÒ× ÙÒ� Ñ�ØÖ�� �ÓÒØ Ð³�ÒÚ�Ö×� �×Ø Ð� Ñ�ØÖ�� �³�Ò�ÙØ�Ò� �� Ð� ×�Ø�ÓÒ¸ �
ÑÙÐØ�ÔÐ��Ø�ÓÒ Ô�Ö ÙÒ� ÓÒ×Ø�ÒØ� ÔÖ�×

L =
1

c2
C−1
0 . ´½¼º�µ

½�¾



Ä� Ñ�ØÖ�� �³�Ò�ÙØ�Ò� Ô�ÙØ �ÐÓÖ× �ØÖ� �ÐÙÐ�� Ô�Ö Ð� Ñ�Ñ� ÔÖÓ��� ÕÙ� Ð�
Ñ�ØÖ�� �� �Ô��Ø� �Ò Ò� ÓÒ×���Ö�ÒØ Ô�× Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� ���Ð�ØÖ�ÕÙ�×º

½¼º¾ Ë��Ñ� ÒÙÑ�Ö�ÕÙ�

½¼º¾º½ �ÕÙ�Ø�ÓÒ �ÒØ��Ö�Ð�

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ���Ù�ÖÓÒ× �� Ð³�ÕÙ�Ø�ÓÒ �� Ä�ÔÐ�� Ú�Ö���� Ô�Ö Ð�
ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ� V ÙÒ� �ÕÙ�Ø�ÓÒ �ÒØ��Ö�Ð� Ð��ÒØ V �ÙÜ ��Ö��× �Ð�ØÖ�ÕÙ�×¸
ÔÓÙÖ �Ð� ÒÓÙ× ÒÓÙ× ��×�ÖÓÒ× ×ÙÖ ��× ØÖ�Ú�ÙÜ ���ØÙ�× � Ð³ÇÆ�Ê�º ��×
ØÖ�Ú�ÙÜ ×�Ñ�Ð��Ö�× ×ÓÒØ ÔÖ�×�ÒØ�× ��Ò× ���¸ ��℄º

�ÓÑÑ�Ò�ÓÒ× Ô�Ö �ÓÒÒ�Ö Ð�× ÒÓØ�Ø�ÓÒ× ÕÙ� ÒÓÙ× ÙØ�Ð�×�ÖÓÒ× ��Ò× Ð� ×Ù�Ø� ��
� ��Ô�ØÖ�º

ËÓ�Ø Ω ⊂ R
2¸ Ð� ×�Ø�ÓÒ �Ù ��Ð�º Ä�× N + 1 ÓÒ�ÙØ�ÙÖ× ÔÖ�×�ÒØ× ��Ò× Ð�

×�Ø�ÓÒ ×�ÖÓÒØ ÒÓØ�× (Dk)i=0,...,N ¸ ÒÓÙ× ×ÙÔÔÓ×ÓÒ× ÕÙ� Ð�× ÓÒ�ÙØ�ÙÖ× Ò� ×�
ØÓÙ��ÒØ Ô�×º Ä� ÓÒ�ÙØ�ÙÖ ¼ ×�Ö� �ÔÔ�Ð� Ö���Ö�Ò� �� Ñ�××�¸ ��Ò× Ð� �×
�³ÙÒ �ÓÑ��Ò� �ÓÖÒ�¸ Ð� �ÓÖ� �� � ÓÒ�ÙØ�ÙÖ ×�Ö� Ð� �ÓÖ� �Ù �ÓÑ��Ò�º Ä�
Ô�ÖÑ�ØØ�Ú�Ø� �Ù Ñ�Ð��Ù ÔÖ�×�ÒØ ��Ò× Ð� ×�Ø�ÓÒ �×Ø ÒÓØ�� εº ε �×Ø ÙÒ ��ÑÔ
×�Ð��Ö� ÓÒ×Ø�ÒØ Ô�Ö ÑÓÖ��ÙÜº ÆÓÙ× ×ÙÔÔÓ×�ÖÓÒ× ÕÙ� ��ÕÙ� ÓÒ�ÙØ�ÙÖ �×Ø
�ÒØÓÙÖ� Ô�Ö ÙÒ Ñ�Ð��Ù �� ÓÒ�ÙØ�Ú�Ø� ÓÒ×Ø�ÒØ�º �Ò�Ò¸ ÒÓÙ× ÒÓØÓÒ× Γ Ð�× ��×¹
ÓÒØ�ÒÙ�Ø�× �� Ð� Ô�ÖÑ�ØØ�Ú�Ø�º Ä�× ��×ÓÒØ�ÒÙ�Ø�× �Ø Ð�× �ÓÖ�× ��× ÓÒ�ÙØ�ÙÖ×
×ÓÒØ ÑÙÒ�× �³ÙÒ� ÒÓÖÑ�Ð� ÙÒ�Ø��Ö� n ÔÓ�ÒØ�ÒØ Ú�Ö× Ð³�ÒØ�Ö��ÙÖ ��× ÓÒ�ÙØ�ÙÖ×
´ÚÓ�Ö Ð� ��ÙÖ� ������ ½¼º¾ Ô��� ½�¿µº

ÆÓÙ× �ÜÔÐ��Ø�ÖÓÒ× ÔÐÙ× ÐÓ�Ò Ð�× �ÓÖÑ�× ÔÖ�×�× Ô�Ö Ð�× ÓÒ�ÙØ�ÙÖ× �Ø Ð�× ��×¹
ÓÒØ�ÒÙ�Ø�×º

Ä� ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ� V �×Ø ×ÙÔÔÓ×� C2 Ô�Ö ÑÓÖ��ÙÜº

�ÓÑ��Ò� �ÓÖÒ� �ÓÑÓ��Ò�

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÓÒ×���ÖÓÒ× ÙÒ �ÓÑ��Ò� Ω �ÓÖÒ� ¸ÓÑÑ� Ö�ÔÖ�×�ÒØ�
×ÙÖ Ð� ��ÙÖ� ������ ½¼º¾ Ô��� ½�¿ ¸ �Ø ×ÙÔÔÓ×ÓÒ× Ð� Ô�ÖÑ�ØØ�Ú�Ø� ÓÒ×Ø�ÒØ�º

Ì��ÓÖ�Ñ� �º ËÓ�Ø

G :
R
2 → R

(x, y) �→ −1
2π ÐÒ

��

x2 + y2
�. ´½¼º½¼µ

½�¿



G �×Ø ×ÓÐÙØ�ÓÒ �ÓÒ��Ñ�ÒØ�Ð� �� Ð³�ÕÙ�Ø�ÓÒ �� Ä�ÔÐ��¸ �º�º �Ù ×�Ò× ��× ��×ØÖ�¹
�ÙØ�ÓÒ×

−ΔG = δ ´½¼º½½µ

Ó� δ �×Ø Ð� Ñ�×ÙÖ� �� ��Ö�º

��ÑÓÒ×ØÖ�Ø�ÓÒº �Ò ���ÓÖ× �� Ð³ÓÖ���Ò� ΔG = 0º

È�Ö ���Ò�Ø�ÓÒ �Ù Ð�ÔÐ���Ò �Ù ×�Ò× ��× ��×ØÖ��ÙØ�ÓÒ×¸

∀ϕ ∈ D(R2), �ΔG,ϕ� =
�

R2

GΔϕ. ´½¼º½¾µ

ËÓ�Ø Bη Ð� �ÓÙÐ� �� �ÒØÖ� ¼ �Ø �� Ö�ÝÓÒ η > 0º �ÓÑÑ� G �×Ø ��Ò× L1
loc¸ ÒÓÙ×

�ÚÓÒ× �Ù××�

∀ϕ ∈ D(R2), �ΔG,ϕ� = lim
η→0+

�

R2\Bη

GΔϕ. ´½¼º½¿µ

ÆÓÙ× ÒÓØÓÒ× �ÐÓÖ× n Ð� ÒÓÖÑ�Ð� ÙÒ�Ø��Ö� ×ÙÖ ∂Bη ÔÓ�ÒØ�ÒØ Ú�Ö× Ð³ÓÖ���Ò�º ÍÒ�
�ÓÙ�Ð� �ÒØ��Ö�Ø�ÓÒ Ô�Ö Ô�ÖØ��× �ÓÒÒ�

�

R2\Bη

GΔϕ =

�

∂Bη

∂ϕ

∂n
G− ϕ

∂G

∂n
+

�

R2\Bη

ϕΔG. ´½¼º½�µ

�Ò Ô�××�ÒØ �Ò ÓÓÖ�ÓÒÒ��× ÔÓÐ��Ö�×¸ ÒÓÙ× ÚÓÝÓÒ× �ÐÓÖ× ÕÙ�

lim
η→0+

�

∂Bη

∂ϕ

∂n
G = 0, ´½¼º½�µ

ÔÙ�× ÕÙ�

lim
η→0+

�

∂Bη

∂G

∂n
ϕ = −ϕ(0). ´½¼º½�µ

�ÓÒ

�−ΔG,ϕ� = ϕ(0)

= �δ,ϕ� . ´½¼º½�µ

½��



ÆÓÙ× ÔÓÙÚÓÒ× �ÐÓÖ× �ÜÔÖ�Ñ�Ö Ð� ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� �Ò¹
Ø��Ö�Ð�¸ �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ �×Ø �ÔÔ�Ð�� ÔÓØ�ÒØ��Ð �� �ÓÙ�Ð� ÓÙ��º

Ì��ÓÖ�Ñ� �º Ä� ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ� V Ú�Ö���

�

∂Ω
(n ·∇V (y))G(x − y)− V (y)(n ·∇G(x− y)) = V (x)







1 ¸ ×� x ∈ Ω

1/2 ¸ ×� x ∈ ∂Ω

0 ¸ ×�ÒÓÒº
´½¼º½�µ

�ÓÑ��Ò� �ÓÖÒ� �Ò�ÓÑÓ��Ò�

ËÙÔÔÓ×ÓÒ× Ñ��ÒØ�Ò�ÒØ ÕÙ� Ð� �ÓÑ��Ò� Ω �×Ø �ÓÖÒ�º Ä� Ô�ÖÑ�ØØ�Ú�Ø� Ò³�×Ø ÔÐÙ×
×ÙÔÔÓ×�� ÓÒ×Ø�ÒØ�º ÆÓØÓÒ× Ωki Ð�× ×ÓÙ×¹�ÓÑ��Ò�× ×ÙÖ Ð�×ÕÙ�Ð× Ð� Ô�ÖÑ�ØØ�¹
Ú�Ø� �×Ø ÙÒ� ÓÒ×Ø�ÒØ� Ú�Ð�ÒØ εkº ËÙÖ ��ÙÒ ��× ×ÓÙ×¹�ÓÑ��Ò�×¸ Ð� ÔÓØ�ÒØ��Ð
Ú�Ö��� Ð� �ÓÖÑÙÐ�Ø�ÓÒ �ÒØ��Ö�Ð� ´½¼º½�µº

�Ò ����Ø�ÓÒÒ�ÒØ Ð�× ÓÒØÖ��ÙØ�ÓÒ× ��× ����Ö�ÒØ× ×ÓÙ×¹�ÓÑ��Ò�×¸ ÒÓÙ× �Ò ��¹
�Ù�×ÓÒ× ÙÒ� Ö�ÔÖ�×�ÒØ�Ø�ÓÒ ��Ø� �� ÔÓØ�ÒØ��Ð �ÓÙ�Ð� ÓÙ��º Ä�× �Ò���× L �Ø
R ÓÖÖ�×ÔÓÒ��ÒØ �ÙÜ Ú�Ð�ÙÖ× ÔÖ�×�ÒØ �� Ô�Ö �Ø �³�ÙØÖ� �³ÙÒ� ��×ÓÒØ�ÒÙ�Ø� ��
Ô�ÖÑ�ØØ�Ú�Ø�º

Ì��ÓÖ�Ñ� �º Ä� ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ� V Ú�Ö���

�

∂Ω
(n · ε∇V (y))G(x − y)−

�

Γ
(εL − εR)V (y)(n ·∇G(x− y))

= V (x)







εk ¸ ×� x ∈ Ωi

(εL+εR)/2 ¸ ×� x ∈ Γ

εL ¸ ×� x ∈ ∂Ω

0 ¸ ×�ÒÓÒº

´½¼º½�µ

½��



��ÑÓÒ×ØÖ�Ø�ÓÒº Ä� ÔÓØ�ÒØ��Ð Ú�Ö���
�

∂Ω
(n · ε∇V (y))G(x − y)− εV (y)(n ·∇G(x− y))+

�

Γ
(n · (εL − εR)∇V (y))G(x − y)− (εL − εR)V (y)(n ·∇G(x− y))

= V (x)







εk ¸ ×� x ∈ Ωi

εL+εR/2 ¸ ×� x ∈ Γ

εL/2 ¸ ×� x ∈ ∂Ω

0 ¸ ×�ÒÓÒº

´½¼º¾¼µ

ÌÓÙØ �³��ÓÖ�¸ Ð� Ø�ÖÑ� n · (εL − εR)∇V �×Ø ÒÙÐ �³�ÔÖ�× Ð� ÓÒ��Ø�ÓÒ �� ×�ÙØ
Ú�Ö���� Ô�Ö Ð� ÔÓØ�ÒØ��Ðº

�Ò×Ù�Ø�¸ ÔÙ�×ÕÙ� Ð� ÔÓØ�ÒØ��Ð �×Ø ÓÒ×Ø�ÒØ ×ÙÖ Ð�× ÓÒ�ÙØ�ÙÖ×¸ Ð� ÕÙ�ÒØ�Ø� εLV
�×Ø ÓÒ×Ø�ÒØ� ×ÙÖ Ð� �ÓÖ� �Ù �ÓÑ��Ò� ∂Ωº �Ò �ÔÔÐ�ÕÙ�ÒØ Ð� Ö�ÔÖ�×�ÒØ�Ø�ÓÒ
�Ù ÔÓØ�ÒØ��Ð �� �ÓÙ�Ð� ÓÙ�� � ÙÒ ��ÑÔ ×�Ð��Ö� ÓÒ×Ø�ÒØ ���Ð � ∂Ω¸ ÒÓÙ×
Ó�Ø�ÒÓÒ×

�

∂Ω
εLV (n ·∇G) = εLV







1 ¸ ×� x ∈ Ω

1/2 ¸ ×� x ∈ ∂Ω

0 ¸ ×�ÒÓÒº

´½¼º¾½µ

��Ò×�¸ �Ò �Ò��Ø�ÒØ � Ö�×ÙÐØ�Ø ��Ò× Ð� �ÓÖÑÙÐ� ÔÖ����ÒØ�¸ ÒÓÙ× Ó�Ø�ÒÓÒ× Ð�
Ö�×ÙÐØ�Ø Ö���Ö��º

�ÓÑ��Ò� ÒÓÒ �ÓÖÒ�

��Ò �� ØÖ��Ø�Ö ÙÒ �ÓÑ��Ò� ÓÙÚ�ÖØ¸ ÒÓÙ× ÔÓ×ØÙÐÓÒ× ÕÙ� Ð� �ÓÖÑÙÐ� ´½¼º½�µ Ö�×Ø�
Ú�Ð���º ��Ð� �ÕÙ�Ú�ÙØ � ÓÒ×���Ö�Ö ÕÙ� Ð� ÔÓØ�ÒØ��Ð � Ð³�Ò�Ò� �×Ø ÒÙÐº Å�Ñ�
×� � Ö�×ÙÐØ�Ø Ò³�×Ø Ô�× ��ÑÓÒØÖ�¸ �ØØ� �ÓÖÑÙÐ�Ø�ÓÒ ÓÒ�Ù�Ø � ��× Ö�×ÙÐØ�Ø×
Ú�Ð���×º

½¼º¾º¾ ��×Ö�Ø�×�Ø�ÓÒ

ÆÓÙ× �ÐÐÓÒ× Ñ��ÒØ�Ò�ÒØ ��×Ö�Ø�×�Ö Ð� �ÓÖÑÙÐ�Ø�ÓÒ Ó�Ø�ÒÙ� ��Ò× Ð�× ×�Ø�ÓÒ×
ÔÖ����ÒØ�×º ÆÓÙ× Ò� ÓÒ×���ÖÓÒ× �� ÕÙ� ��ÙÜ ØÝÔ�× �� ��ÓÑ�ØÖ��º Ä�× ÓÒØÓÙÖ×
��× ÓÒ�ÙØ�ÙÖ× �Ø Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� Ô�ÖÑ�ØØ�Ú�Ø� ×ÓÒØ ×Ó�Ø ��× �ÖÐ�× ×Ó�Ø
��× ÔÓÐÝ�ÓÒ�×º

½��



ËÙÖ ��ÕÙ� ÓÒØÓÙÖ ÔÖ�×�ÒØ ��Ò× Ð� ×�Ø�ÓÒ �ØÙ����¸ ÒÓÙ× ���Ò�××ÓÒ× ÙÒ �×¹
Ô�� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ ÓÒØ�Ò�ÒØ Ð� ÔÓØ�ÒØ��Ð �Ð�ØÖ�ÕÙ� ��Ò×� ÕÙ� ×� ��Ö�Ú��
ÒÓÖÑ�Ð�º

ËÙÖ Ð�× ÓÒØÓÙÖ× ��× ÓÒ�ÙØ�ÙÖ× ´∂Ωµ¸ ���Ò�××ÓÒ× Ð� ÕÙ�ÒØ�Ø� σ = εLn ·∇V º
��ØØ� ÕÙ�ÒØ�Ø� ÓÖÖ�×ÔÓÒ� �ÙÜ ��Ö��× Ô�Ö ÙÒ�Ø� �� ÐÓÒ�Ù�ÙÖ ÔÖ�×�ÒØ� ×ÙÖ
Ð� ÓÒ�ÙØ�ÙÖº �� Ð� Ñ�Ñ� Ñ�Ò��Ö�¸ ÒÓÙ× ���Ò�××ÓÒ× ϕ = εL+εR

2 V ×ÙÖ Ð�×
��×ÓÒØ�ÒÙ�Ø�× �� Ô�ÖÑ�ØØ�Ú�Ø� Γº

�Ú� �ØØ� ÒÓØ�Ø�ÓÒ¸ Ð� ÔÖÓ�Ð�Ñ� ×³�Ö�Ø

�

∂Ω
σ(y)G(x−y)−

�

Γ
κϕ(y)(∂nG(x−y)) =

�

εLV (x) ¸ ×� x ∈ ∂Ω

ϕ(x) ¸ ×� x ∈ Γ
´½¼º¾¾µ

�Ú� κ = 2εL+εR
εL−εR

´ÕÙ� �Ü�×Ø� ÔÙ�×ÕÙ� ���Ò� ×ÙÖ Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� Ô�ÖÑ�Ø¹
Ø�Ú�Ø�µº

ËÓ�Ø ÙÒ ÓÒØÓÙÖ �ÖÙÐ��Ö�¸ �ÓÙ�ÒØ Ð� Ö�Ð� �³ÙÒ ÓÒ�ÙØ�ÙÖ¸ ×³�Ð ÓÒ×Ø�ØÙ� ÙÒ�
Ð�Ñ�Ø� �Ù �ÓÑ��Ò� �� �ÐÙÐ¸ ÓÙ �³ÙÒ� ��×ÓÒØ�ÒÙ�Ø� ×³�Ð �×Ø �ÒÐÙ× ��Ò× Ð�
�ÓÑ��Ò� �� �ÐÙÐº ËÓ�Ø x0 ∈ R

2 ×ÓÒ �ÒØÖ� �Ø r ×ÓÒ Ö�ÝÓÒº ÍÒ ÔÓ�ÒØ ×ÙÖ �
�ÖÐ� �×Ø �ÐÓÖ× Ö�Ô�Ö� Ô�Ö Ð³�Ò�Ð� θ �ÓÖÑ� �ÒØÖ� Ð³�Ü� (0x) �Ø Ð� Ú�Ø�ÙÖ −−→x0x

x = x0 + r

�
cos(θ)
sin(θ)

�

. ´½¼º¾¿µ

ÆÓÙ× ���Ò�××ÓÒ× �ÐÓÖ× ×ÙÖ � �ÖÐ� Ð�× m1 +m2 �ÓÒØ�ÓÒ× �� ��×�

�

sm : θ → cos(mθ) ¸ ÔÓÙÖ 0 ≤ m ≤ m1

cm : θ → sin(mθ) ¸ ÔÓÙÖ 1 ≤ m ≤ m2.
´½¼º¾�µ

ËÓ�Ø ÙÒ ÓÒØÓÙÖ ÔÓÐÝ�ÓÒ�Ð �ÓÒØ Ð�× ×ÓÑÑ�Ø× (S0, . . . , SM ) ÓÖ��ÒØ�× ��Ò× Ð�
×�Ò× ��Ö�Ø ×ÓÒØ �ÓÒÒ�×º ËÙÖ ��ÕÙ� ×��Ñ�ÒØ [Sk, Si+1]¸ ÒÓÙ× ���Ò�××ÓÒ× pk
×ÓÙ×¹×��Ñ�ÒØ× �� Ñ�Ñ�× ÐÓÒ�Ù�ÙÖ×

Ii,m = [Sk +
m

pk
(Si+1 − Sk), Sk +

m+ 1

pk
(Si+1 − Sk)] ´½¼º¾�µ

ÔÓÙÖ m = 0, . . . , pk − 1º

½��



Ä�× �ÓÒØ�ÓÒ× �� ��×� fm ×ÓÒØ �ÐÓÖ× Ð�× �Ò���ØÖ��× �� �× ×ÓÙ×¹×��Ñ�ÒØ×º

ÆÓØÓÒ× �ÐÓÖ× (ψc
m)m=0,Nc Ð�× Nc �ÓÒØ�ÓÒ× �� ��×� ×ÙÖ Ð�× ÓÒ�ÙØ�ÙÖ× �Ø

(ψd
m)m=0,Nd

Ð�× Nd �ÓÒØ�ÓÒ× �� ��×� ×ÙÖ Ð�× ��×ÓÒØ�ÒÙ�Ø�× �� Ô�ÖÑ�ØØ�Ú�Ø�º

ÆÓÙ× ���Ò�××ÓÒ×¸ �� ÔÐÙ×¸ ��× ÔÓ�ÒØ× ÓÒØÖ�Ð�× ×ÙÖ ∂Ω �Ø Γº ËÙÖ Ð�× ÓÒØÓÙÖ×
�ÖÙÐ��Ö�× �Ø ÔÓÐÝ�ÓÒ�ÙÜ ÒÓÙ× ÔÖ�ÒÓÒ× ÙÒ ÒÓÑ�Ö� �� ÔÓ�ÒØ× �� ÓÒØÖ�Ð�×
�ÕÙ�Ö�Ô�ÖØ�× ���Ð �Ù ÒÓÑ�Ö� �� �ÓÒØ�ÓÒ× �� ��×� ×ÙÖ � ÓÒØÓÙÖº ��Ò×�¸
�ØØ� ��×Ö�Ø�×�Ø�ÓÒ ÓÒ�Ù�Ø � ÙÒ ×Ý×Ø�Ñ� Ð�Ò���Ö� �ÖÖ�º ÆÓÙ× ÒÓØÓÒ× �ÐÓÖ×
(xcm)m=0,Nc �Ø (xdm)m=0,Nd

Ð�× ÔÓ�ÒØ× �� ÓÒØÖ�Ð� ×ÙÖ Ð�× ÓÒ�ÙØ�ÙÖ× �Ø Ð�×
��×ÓÒØ�ÒÙ�Ø�×º

��ØØ� �ÔÔÖÓ�� �×Ø ÙÒ �× Ô�ÖØ�ÙÐ��Ö �� �Ó�Ü �� �ÓÒØ�ÓÒ× Ø�×Ø×º �Ò ���Ø¸
Ð³�ÕÙ�Ø�ÓÒ �ÒØ��Ö�Ð� Ó�Ø�ÒÙ� �×Ø ÑÙÐØ�ÔÐ��� Ô�Ö ��× �ÓÒØ�ÓÒ× Ø�×Ø× �Ø �ÒØ��Ö��º
��Ò× ÒÓØÖ� �×¸ Ð�× � �ÓÒØ�ÓÒ× � Ø�×Ø× ×ÓÒØ ��× Ñ�××�× �� ��Ö� ×�ØÙ��× ×ÙÖ
Ð�× ÔÓ�ÒØ× �� ÓÒØÖ�Ð�×º

Ä� ×Ý×Ø�Ñ� Ð�Ò���Ö� ÕÙ� ÒÓÙ× ��ÚÓÒ× Ö�×ÓÙ�Ö� Ô�ÙØ �ÐÓÖ× ×³�Ö�Ö�

�
Mcc Mcd

Mdc Mdd

��
α
β

�

=

�
Vc

0

�

. ´½¼º¾�µ

α¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ β¸ �×Ø Ð� Ú�Ø�ÙÖ ÓÒØ�Ò�ÒØ Ð�× ÓÑÔÓ×�ÒØ�× �� Ð� ��Ö��
σ¸ Ö�×Ô�Ø�Ú�Ñ�ÒØ ϕ¸ ��Ò× Ð� ��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒº Ä� ×�ÓÒ� Ñ�Ñ�Ö� Vc

ÓÒØ��ÒØ Ð�× Ú�Ð�ÙÖ× �Ù ÔÓØ�ÒØ��Ð �ÙÜ ÔÓ�ÒØ× �� ÓÒØÖ�Ð�× ×ÙÖ Ð�× ÓÒ�ÙØ�ÙÖ×º

Ä�× ÕÙ�ØÖ� ×ÓÙ×¹Ñ�ØÖ��× ÓÒØ��ÒÒ�ÒØ

Mcc =

��

∂Ω
ψc
k(y)G(xcj − y)

�

,

Mcd =

�

−
�

Γ
κψd

k(y)∂nG(xcj − y)

�

,

Mdd =

��

∂Ω
ψc
k(y)G(xdj − y)

�

,

Mdc =

��

Γ
κψd

k(y)G(xdj − y)− ψd
k(x

d
j )

�

.

´½¼º¾�µ

�Ò Ö��Ð�Ø�¸ Ð�× �ÒØ��Ö�Ð�× ÔÖ����ÒØ�× Ò� ×ÓÒØ ���Ø�× ÕÙ� ×ÙÖ Ð� ÓÒØÓÙÖ ÔÓÖØ�ÒØ
Ð� �ÓÒØ�ÓÒ �� ��×� �ÒØ��Ö��º

½��



�Ò �Ð�Ñ�Ò�ÒØ Ð� Ú�Ø�ÙÖ β¸ ÒÓÙ× Ó�Ø�ÒÓÒ× ÙÒ� �ÜÔÖ�××�ÓÒ �� α

α =
�
Mcc −McdM

−1
dd Mdc

�−1
V. ´½¼º¾�µ

�Ò �Ó�×�××�ÒØ Ð� ×�ÓÒ� Ñ�Ñ�Ö� ��Ò �³Ó�Ø�Ò�Ö ÙÒ ÔÓØ�ÒØ��Ð Ú�Ð�ÒØ ÙÒ ×ÙÖ ÙÒ
ÓÒØÓÙÖ �Ø Þ�ÖÓ ×ÙÖ Ð�× �ÙØÖ�×¸ ÒÓÙ× ÔÓÙÚÓÒ× �ÐÙÐ�Ö Ð�× ��Ö��× �××Ó���×º
È�Ö �Ü�ÑÔÐ�¸ ÔÓÙÖ Ó�Ø�Ò�Ö Ð�× ��Ö��× qkj ×ÙÖ Ð�× ÓÒ�ÙØ�ÙÖ× Dj �Ò��Ò�Ö��×
Ô�Ö ÙÒ ÔÓØ�ÒØ��Ð ÒÙÐ ×ÙÖ ØÓÙ× Ð�× ÓÒ�ÙØ�ÙÖ× �Ü�ÔØ� Ð� k��Ñ�¸ ÒÓÙ× ÔÖ�ÒÓÒ×
ÙÒ ×�ÓÒ� Ñ�Ñ�Ö� Vk ���Ò� Ô�Ö

Vk =




















0
ººº
0
1
ººº
1
0
ººº
0


























Ú�Ð�ÙÖ× ÓÖÖ�×ÔÓÒ��ÒØ �ÙÜ ÔÓ�ÒØ× ��
ÓÒØÖ�Ð�× ÔÖ�×�ÒØ× ×ÙÖ Ð� ÓÒ�ÙØ�ÙÖ kº

´½¼º¾�µ

�Ò �ÔÔÐ�ÕÙ�ÒØ Ð� �ÓÖÑÙÐ� ´½¼º� Ô��� ½�¿µ¸ ÒÓÙ× �ÐÙÐÓÒ× Ð�× ��Ö��× qkj ��×
ÓÒ�ÙØ�ÙÖ× �Ø ÓÒ×ØÖÙ�×ÓÒ× Ð� Ñ�ØÖ�� C �ÔÔ�Ð�� Ñ�ØÖ�� �� �Ô��Ø�Ò�
��Ò�Ö�Ð�×��

C =






q00 . . . qN0
ººº

ººº
q0N . . . qNN




 . ´½¼º¿¼µ

�Ò ×Ù�Ú�ÒØ Ð� ÔÖÓ��ÙÖ� ��Ö�Ø� ��Ò× ���℄¸ ÒÓÙ× �Ò ���Ù�×ÓÒ× Ð�× Ñ�ØÖ��× ��
�Ô��Ø�Ò� �Ø �Ò�ÙØ�Ò� �Ò �Ý�ÒØ �Ó�×� ÙÒ ÓÒ�ÙØ�ÙÖ �� Ö���Ö�Ò�º

Ä�× ����Ö�ÒØ× ÓÒØÓÙÖ× ÔÖ�×�ÒØ× ��Ò× ÙÒ� ×�Ø�ÓÒ Ô�ÙÚ�ÒØ �ÚÓ�Ö ÙÒ� ÐÓÒ�Ù�ÙÖ
ØÖ�× ����Ö�ÒØ�º ���ÕÙ� ÓÒØÓÙÖ �×Ø ÑÙÒ� �³ÙÒ ÒÓÑ�Ö� �� �ÓÒØ�ÓÒ× �� ��×�
�� Ñ�Ò��Ö� � � ÕÙ� Ð� Ö�ÔÔÓÖØ �ÒØÖ� ×� ÐÓÒ�Ù�ÙÖ �Ø � ÒÓÑ�Ö� ×Ó�Ø �ÓÑÓ��Ò�
×ÙÖ ØÓÙØ� Ð� ×�Ø�ÓÒº

½��



½¼º¿ È�Ö�ÐÐ�Ð�×�Ø�ÓÒ

Ä� Ö�×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� ��×Ö�Ø ��Ö�Ø ÔÖ����ÑÑ�ÒØ �×Ø ���ØÙ�� �Ò �ÔÔÐ�¹
ÕÙ�ÒØ ÙÒ �Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� ÙØ�Ð�×�ÒØ Ð� ���Ð�ÓØ��ÕÙ� ÇÔ�Ò�Äº Ä� �ÐÙÐ ��×
Ñ�ØÖ��× �� �Ô��Ø�Ò� �Ø �Ò�ÙØ�Ò� �×Ø �ÐÓÖ× ×�Ô�Ö� �Ò ÔÐÙ×��ÙÖ× �Ø�Ô�×º
��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ Ð�× Ñ�ØÖ�� Mcc¸ Mcd¸ Mdc �Ø Mdd ×ÓÒØ �ÐÙÐ��×
Ô�Ö ����Ö�ÒØ× ��ÖÒ�Ð×º ��Ò× ÙÒ ×�ÓÒ� Ø�ÑÔ×¸ Ð� Ñ�ØÖ�� �³�Ò�ÙØ�Ò� �×Ø
�ÐÙÐ�� �Ò Ö�×ÓÐÚ�ÒØ ÙÒ ×Ý×Ø�Ñ� Ð�Ò���Ö�

Mccα = V. ´½¼º¿½µ

Ó� V �ÓÙ� Ð� Ö�Ð� �� �ÙÜ Ñ��Ò�Ø�ÕÙ� �Ø α �ÓÙ� Ð� Ö�Ð� �Ù ÓÙÖ�ÒØ �Ø �×Ø
ÓÒ×ØÖÙ�Ø ÓÑÑ� �Ò ´½¼º¾� Ô��� ÔÖ����ÒØ�µº

�Ò×Ù�Ø�¸ ×� ��× ��×ÓÒØ�ÒÙ�Ø�× �� ���Ð�ØÖ�ÕÙ�× ×ÓÒØ ÔÖ�×�ÒØ�×¸ ÒÓÙ× Ö�×ÓÐÚÓÒ×
ÙÒ ×�ÓÒ� ×Ý×Ø�Ñ� Ð�Ò���Ö� ´½¼º¾� Ô��� ÔÖ����ÒØ�µº

Ä�× ��ÙÜ Ö�×ÓÐÙØ�ÓÒ× �� ×Ý×Ø�Ñ�× Ð�Ò���Ö�× �ÓÒØ �ÒØ�ÖÚ�Ò�Ö ÔÐÙ×��ÙÖ× ×�ÓÒ�×
Ñ�Ñ�Ö�× � ÙÒ Ô�Ö ÓÒ�ÙØ�ÙÖ×º ÆÓÙ× ÓÒ�Ø�ÒÓÒ× ØÓÙ× �× ×�ÓÒ�× Ñ�Ñ�Ö�×
�Ò ÙÒ� Ñ�ØÖ�� �Ø Ö�×ÓÐÚÓÒ× �Ò ÙÒ� ×�ÙÐ� �Ó�× Ð�× ×Ý×Ø�Ñ�× Ð�Ò���Ö�× �Ù ÑÓÝ�Ò
�³ÙÒ �Ð�ÓÖ�Ø�Ñ� �� Ô�ÚÓØ �� ��Ù×× Ô�Ö�ÐÐ�Ð�º

½¼º¿º½ ��ÐÙÐ ��× Ñ�ØÖ��×

Ä�× ����Ö�ÒØ�× Ñ�ØÖ��× Mcc¸ Mcd¸ Mdc �Ø Mdd ×ÓÒØ Ö�ÑÔÐ��× �� Ñ�Ò��Ö�
Ô�Ö�ÐÐ�Ð�º ÈÓÙÖ ��ÕÙ� Ñ�ØÖ��¸ ÙÒ ÛÓÖ�¹�Ø�Ñ �ÐÙÐ� ÙÒ Ø�ÖÑ� �××Ó�� � ÙÒ
�Ò��� i �Ø ÙÒ �Ò��� j �� Ð� Ñ�ØÖ��º

Ä�× �ÒØ��Ö�Ð�× �ÔÔ�Ö��××�ÒØ ��Ò× Ð�× �ÜÔÖ�××�ÓÒ× ��× Ñ�ØÖ��× Ò� ×ÓÒØ Ô�×
�ÔÔÖÓÜ�Ñ��×º ��× �ÒØ��Ö�Ð�× Ô�ÙÚ�ÒØ �ØÖ� �ÐÙÐ��× �Ü�Ø�Ñ�ÒØº

�Ò Ø�ÖÑ� �� Ø�ÑÔ× �� �ÐÙÐ¸ �ØØ� �Ø�Ô� Ö�ÔÖ�×�ÒØ� �ÒÚ�ÖÓÒ �± �Ù Ø�ÑÔ×
�� �ÐÙÐ ØÓØ�Ðº Æ��ÒÑÓ�Ò×¸ �Ð �×Ø �ÒØ�Ö�××�ÒØ �� Ð� Ö��Ð�×�Ö ×ÙÖ Ð� �ÈÍ ��Ò
�³�Ú�Ø�Ö ��× ØÖ�Ò×��ÖØ× Ô�Ö Ð� �Ù× È�Áº �Ò×Ù�Ø�¸ Ð� Ñ���ÙÖ� Ô�ÖØ�� �Ù Ø�ÑÔ×
�×Ø Ô�××�� ��Ò× Ð� ØÖ��Ø�Ñ�ÒØ ��× ×Ý×Ø�Ñ�× Ð�Ò���Ö�×º

½¼º¿º¾ È�ÚÓØ �� ��Ù×× Ô�Ö�ÐÐ�Ð�

ÄÓÖ× �� Ð� Ö��Ð�×�Ø�ÓÒ �� �ØØ� �ØÙ�� ´�ÙØÓÑÒ� ¾¼½½µ¸ �Ð Ò³�Ü�×Ø��Ø Ô�× ��
���Ð�ÓØ��ÕÙ� ���Ð� �×Ø ���� �³�Ð���Ö� Ð�Ò���Ö� ÔÓÙÖ ÇÔ�Ò�Äº ��Ò �� Ö�¹

½�¼



×ÓÙ�Ö� Ð� ×Ý×Ø�Ñ� Ð�Ò���Ö� �××Ù �� Ð� ��×Ö�Ø�×�Ø�ÓÒ �� ÒÓØÖ� ÔÖÓ�Ð�Ñ� ��
��Ô�ÖØ¸ ÒÓÙ× �ÚÓÒ× �ÓÒ ÔÖÓ�Ö�ÑÑ� ÙÒ� Ú�Ö×�ÓÒ Ô�Ö�ÐÐ�Ð� �� Ð³�Ð�ÓÖ�Ø�Ñ� �Ù
Ô�ÚÓØ �� ��Ù×× ÔÓÙÖ ÇÔ�Ò�Äº �Ù�ÓÙÖ�³�Ù�¸ ÒÓÙ× ÙØ�Ð�×�Ö�ÓÒ× ×�Ò× �ÓÙØ� ÙÒ�
���Ð�ÓØ��ÕÙ� ÓÑÑ� Î��ÒÒ��Ä ÔÖ�×�ÒØ�� ��Ò× ��¿℄º

ËÓ�Ø M ÙÒ� Ñ�ØÖ�� �� GLn(R) �Ø B ÙÒ� Ñ�ØÖ�� �� Mnm(R)º ÆÓÙ× �Ð¹
ÐÓÒ× Ñ��ÒØ�Ò�ÒØ ��Ö�Ö� Ð�× �Ø�Ô�× Ô�ÖÑ�ØØ�ÒØ �� �ÐÙÐ�Ö Ð� Ñ�ØÖ�� X ��
Mnm(R) Ø�ÐÐ� ÕÙ� MX = Bº ��× �Ø�Ô�× ×Ù�Ú�ÒØ Ð³�Ð�ÓÖ�Ø�Ñ� Ð�××�ÕÙ� �Ù
Ô�ÚÓØ �� ��Ù××º ÈÓÙÖ ÓÑÑ�Ò�Ö¸ Ð�× Ñ�ØÖ��× ×ÓÒØ ×ØÓ���× ��Ò× ÙÒ ÙÒ�ÕÙ�
Ø��Ð��Ù N �� Ø��ÐÐ� n(n +m) �� Ñ�Ò��Ö� � � ÕÙ� Ð� Ø�ÖÑ� Mij ×ÙÖ Ð� Ð��Ò�
i �Ø Ð� ÓÐÓÒÒ� j ÓÖÖ�×ÔÓÒ�� �Ù Ø�ÖÑ� �³�Ò��� i(n+m) + j ��Ò× Ð� Ø��Ð��Ù
N º ÈÓÙÖ Ð�× Ñ�Ñ�× Ö��×ÓÒ× ÕÙ³�Ù ��Ô�ØÖ� � Ô��� ��¸ Ð�× �Ò���× ��× Ø��Ð��ÙÜ
ÓÑÑ�Ò�ÒØ � Þ�ÖÓ×º ÆÓÙ× �ÚÓÒ× �Ó�×� � ØÝÔ� �� ×ØÓ���� ´ÓÐÙÑÒ¹�Ö×Øµ
�Ö Ð�× ØÖ��Ø�Ñ�ÒØ× ��Ñ�Ò��ÒØ Ð� ÔÐÙ× �³��× Ñ�ÑÓ�Ö� Ö�ÕÙ��Ö�ÒØ Ð� Ð�ØÙÖ�
�� Ð��Ò� ÓÙ Ô�ÖØ�� �� Ð��Ò�º ��Ò×� � Ö�Ò��Ñ�ÒØ �××ÙÖ� ÙÒ� Ð�ØÙÖ� Ó�Ð�×�ÒØ�
��× �ÓÒÒ��× �Ø Ð�Ñ�Ø� �ÓÒ Ð�× Ø�ÑÔ× �³��× Ñ�ÑÓ�Ö� ´ÚÓ�Ö Ð� ×�Ø�ÓÒ �º½º½µº

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× ÓÒ×���Ö�ÖÓÒ× �Ò����Ö�ÑÑ�ÒØ Ð� Ø��Ð��Ù N ÓÑÑ�
ÙÒ Ø��Ð��Ù � n(n+m) Ú�Ð�ÙÖ× �Ø ÓÑÑ� ÙÒ� Ñ�ØÖ�� � n Ð��Ò�× �Ø m ÓÐÓÒÒ�×º

ÆÓÙ× �ÔÔÐ�ÕÙ�ÖÓÒ× �Ø �Ð�ÓÖ�Ø�Ñ� ÔÓÙÖ Ö�×ÓÙ�Ö� Ð� ×Ý×Ø�Ñ� ´½¼º¾� Ô��� ½�½µº
��Ò× � �×¸ Ð� Ñ�ØÖ�� M �×Ø ���Ð� � Mcc −McdM

−1
dd Mdc¸ Ð� Ú�Ø�ÙÖ ��× �Ò¹

ÓÒÒÙ�× X �×Ø ���Ð� � α �Ø Ð� ×�ÓÒ� Ñ�Ñ�Ö� B ÓÒØ��ÒØ Ð�× ×�ÓÒ�× Ñ�Ñ�Ö�×
��Ö�Ø× �Ò ´½¼º¾� Ô��� ½�½µº

Ê���Ö�� �Ù Ô�ÚÓØ Ñ�Ü�Ñ�Ð �Ø �Ð�Ñ�Ò�Ø�ÓÒ

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �Ð�Ñ�ÒÓÒ× Ð�× Ú�Ð�ÙÖ× ×ÓÙ×¹����ÓÒ�Ð�× �� M º
ËÙÔÔÓ×ÓÒ× ÕÙ� Ð�× Ú�Ð�ÙÖ× ×ÓÙ×¹����ÓÒ�Ð�× �� M ��× i ÔÖ�Ñ��Ö�× ÓÐÓÒÒ�×
×Ó��ÒØ ÒÙÐÐ�× �Ø ÕÙ� ×�× i ÔÖ�Ñ��Ö× Ø�ÖÑ�× ����ÓÒ�ÙÜ Ú�Ð�ÒØ 1º �Ð�Ñ�ÒÓÒ×
�ÐÓÖ× Ð�× Ø�ÖÑ�× ×ÓÙ×¹����ÓÒ�ÙÜ �� Ð� i + 1��Ñ� ÓÐÓÒÒ�º ÆÓÙ× ÓÑÑ�Ò�ÓÒ×
Ô�Ö ÓÔ��Ö Ð�× Ú�Ð�ÙÖ× ×ÓÙ×¹����ÓÒ�Ð�× �� Ð� ÓÐÓÒÒ� i + 1 ��Ò× ÙÒ Ø��Ð��Ù
�ÒÒ�Ü� P º ��ØØ� Ð�ØÙÖ� �×Ø Ð� ×�ÙÐ ��× Ñ�ÑÓ�Ö� ÒÓÒ Ó�Ð�×�ÒØº ��Ò¸ ��
Ò³Ó�Ø�Ò�Ö ÕÙ� ��× ��× Ó�Ð�×�ÒØ×¸ �Ð ��Ù�Ö��Ø ØÖ�Ò×ÔÓ×�Ö Ð� Ñ�ØÖ�� N º ��¹
Ô�Ò��ÒØ¸ �Ù ÚÙ �� Ð� Ø��ÐÐ� �� �ØØ� Ñ�ØÖ�� ÓÑÔ�Ö�� �Ù ÒÓÑ�Ö� �� Ð�ØÙÖ�
ÒÓÒ Ó�Ð�×�ÒØ�¸ Ð� ���Ò Ó�Ø�ÒÙ Ò� ×�Ö��Ø Ô�× ×��Ò���Ø��º

��Ò �� Ö���Ö��Ö Ð� Ô�ÚÓØ Ñ�Ü¸ ÒÓÙ× �ÔÔÐ�ÕÙÓÒ× ÙÒ �Ð�ÓÖ�Ø�Ñ� �� Ö��ÙØ�ÓÒ
Ô�Ö�ÐÐ�Ð� ´ÚÓ�Ö ��℄µ ��Ò �³�ÜØÖ��Ö� Ð� Ú�Ð�ÙÖ Ñ�Ü�Ñ�Ð� pmax �Ù Ø��Ð��Ù P ��Ò×�
ÕÙ� ×ÓÒ �Ò��� imax ��Ò× Ð� Ø��Ð��Ùº ÈÓÙÖ �Ð� ÒÓÙ× ���Ò�××ÓÒ× ÙÒ �ÒØ��Ö p
Ø�Ð ÕÙ� 2p >= nº ÆÓÙ× �ÔÔÐ�ÕÙÓÒ× �ÐÓÖ× Ð³�Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� ��Ö�Ø �Ò ½¼º½

½�½



�Ú� ÔÓÙÖ ÓÔ�Ö�Ø�ÓÒ �� Ö��ÙØ�ÓÒ Ð³�ÔÔÐ��Ø�ÓÒ

x, y �→
�

x ¸ ×� |x| > |y|
y ¸ ×�ÒÓÒº

´½¼º¿¾µ

ü ��ÕÙ� �Ø�Ö�Ø�ÓÒ �� �Ø �Ð�ÓÖ�Ø�Ñ�¸ ��ÙÜ ÑÓ�Ø��× �³ÙÒ ×ÓÙ×¹Ø��Ð��Ù �� P
×ÓÒØ ÓÑÔ�Ö��× Ø�ÖÑ� � Ø�ÖÑ�º Ä� Ö�×ÙÐØ�Ø �� Ð³ÓÔ�Ö�Ø�ÓÒ �� Ö��ÙØ�ÓÒ �×Ø
�ÐÓÖ× ÓÒ×�ÖÚ� ��Ò× Ð� ÔÖ�Ñ��Ö� ÑÓ�Ø�� �Ù Ø��Ð��Ùº Ä³�Ø�Ö�Ø�ÓÒ ×Ù�Ú�ÒØ� ØÖ��Ø�
�ÐÓÖ× ÙÒ Ø��Ð��Ù �� Ø��ÐÐ� ��ÙÜ �Ó�× ÔÐÙ× Ô�Ø�Ø�º ��Ò×�¸ �ÔÖ�× Ð� ��ÖÒ��Ö� �Ø�Ö�¹
Ø�ÓÒ¸ Ð� ÔÖ�Ñ��Ö Ø�ÖÑ� �Ù Ø��Ð��Ù ÓÒØ��ÒØ Ð� Ú�Ð�ÙÖ ��Ö���º ��Ø �Ð�ÓÖ�Ø�Ñ�
Ô�ÖÑ�Ø �� Ö��Ù�Ö� ÙÒ Ø��Ð��Ù �Ò Ò³���ØÙ�ÒØ ÕÙ� ��× Ð�ØÙÖ�× Ó�Ð�×�ÒØ�× �Ø
×�Ò× �Ò��Ò�Ö�Ö �³��× ÓÒÙÖÖ�ÒØ× �Ò Ñ�ÑÓ�Ö�º

��Ø �Ð�ÓÖ�Ø�Ñ� Ô�ÙØ �ØÖ� ÑÓ���� ��Ò �� Ñ��ÒØ�Ò�Ö ÙÒ ×�ÓÒ� Ø��Ð��Ù ÓÒØ�¹
Ò�ÒØ Ð³�Ò��� ��Ò× Ð� Ø��Ð��Ù �Ò�Ø��Ð �� Ð� Ú�Ð�ÙÖ ÓÒ×�ÖÚ��º ÈÓÙÖ �Ð�¸ �Ð ×Ù�Ø
�³�ÔÔÐ�ÕÙ�Ö Ð�× Ñ�Ñ�× ÓÔ�Ö�Ø�ÓÒ× � � ×�ÓÒ� Ø��Ð��Ùº

����ÖÒ�Ð ÚÓ�� Ö ��Ù Ø � ÓÒ ´ ÓÒ×Ø �ÒØ � ¸
ÓÒ×Ø �ÒØ × � Þ � ¸
���ÐÓ��Ð � ÐÓ�Ø ∗ Èµß

»» ÆÙÑ�ÖÓ �Ù ÛÓÖ��Ø�Ñ
�ÒØ � � ��Ø��ÐÓ��Ð��� ´ ¼ µ �

� ÐÓ�Ø Ô½ �
� ÐÓ�Ø Ô¾ �

»» �ÓÙÐ� ×ÙÖ Ð � × ×ÓÙ×−Ø � � Ð � �Ù Ü �� È �� Ø � � Ð Ð �
»» ÙÒ� ÔÙ�××�Ò� �� ¾ º
�ÓÖ ´ �ÒØ Ð � Ú � Ð�� � Ð � Ú � Ð ��½� Ð � Ú � Ð −−µß
»» Ä�ØÙÖ� �� Ð � ÔÖ�Ñ��Ö� ÑÓ� Ø � � �Ù Ø � � Ð � �Ù º
Ô½ � È� � ℄ �

»» ¾ ÔÙ�××�Ò� Ð � Ú � Ð − ½
�ÒØ ØÓÛ�ÔÓÛ�Ð � ½ �� ´ Ð �Ú � Ð −½µ�

»» Ä�ØÙÖ� �� Ð � ×�ÓÒ�� Ú� Ð �ÙÖ × �
»» − Ð � ÛÓÖ��Ø�Ñ � × Ø �  Ø � � ´ � � ØÛÓ�ÔÓÛ�Ðµ
»» − Ð � Ú� Ð �ÙÖ � Ü � × Ø � ´ �·ØÛÓ�ÔÓÛ�Ð � × � Þ � µ
Ô¾ � ¼ �
� � ´ � � ØÛÓ�ÔÓÛ�Ð ²² ´ �·ØÛÓ�ÔÓÛ�Ðµ � × � Þ � µß

½�¾



Ô¾ � È� � ·ØÛÓ�ÔÓÛ�Ð ℄ �
�

� � Ö Ö � � Ö ´�ÄÃ��ÄÇ��Ä�Å�Å���Æ��µ �

»» ÆÓÙ× �ÚÓÒ× � Ð Ó Ö × Ð Ù� Ð � × ��ÙÜ ÑÓ� Ø � � × �Ù
»» ×ÓÙ×−Ø � � Ð � �Ù �� È �� Ø � � Ð Ð � ¾�´ Ð � Ú � Ð −½µº

»» �ÔÔ Ð � � Ø � ÓÒ �� Ð ³ ÓÔ� Ö� Ø � ÓÒ �� Ö��Ù Ø � ÓÒ �
»» ÓÔ�Ö� Ø � ÓÒ º
� � ´ � � ØÛÓ�ÔÓÛ�Ðµß
È � � ℄ � ÓÔ� Ö� Ø � ÓÒ ´Ô½ ¸ Ô¾ µ �

�

� � Ö Ö � � Ö ´�ÄÃ��ÄÇ��Ä�Å�Å���Æ��µ �
�

�

�Ð�ÓÖ�Ø�Ñ� ½¼º½ � �Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� �� Ö��ÙØ�ÓÒº

ÆÓÙ× ���Ò��ÓÒ× �ÐÓÖ× Ð�× Ð��Ò�× i+1 �Ø imax �� N ¸ ��Ò �� Ö�Ñ�Ò�Ö Ð� Ô�ÚÓØ
Ð� ÔÐÙ× �Ö�Ò� ×ÙÖ Ð� ����ÓÒ�Ð�º ��ØØ� ÓÔ�Ö�Ø�ÓÒ ×³���ØÙ� �� Ñ�Ò��Ö� Ô�Ö�ÐÐ�Ð�
�Ò ���Ø�ÒØ � ��ÕÙ� ÛÓÖ�¹�Ø�Ñ Ð³���Ò�� ��× Ú�Ð�ÙÖ× ÓÖÖ�×ÔÓÒ��ÒØ � ×ÓÒ
ÒÙÑ�ÖÓº Ä�× Ð�ØÙÖ�× �Ø �Ö�ØÙÖ�× ×ÓÒØ Ó�Ð�×�ÒØ�×º �� ÔÐÙ×¸ ÐÓÖ× �� �ØØ�
ÓÔ�Ö�Ø�ÓÒ¸ ÒÓÙ× ��Ú�×ÓÒ× Ð� Ð��Ò� imax Ô�Ö Ð� Ú�Ð�ÙÖ �Ù Ô�ÚÓØ pmaxº ���
Ô�ÖÑ�Ø �³�ÓÒÓÑ�×�Ö ÙÒ� Ð�ØÙÖ� �Ò Ñ�ÑÓ�Ö�º

Ê�×Ø� �ÐÓÖ× � �Ð�Ñ�Ò�Ö Ð�× Ø�ÖÑ�× �� Ð� ÓÐÓÒÒ� i+1 ×�ØÙ�� ×ÓÙ× Ð� ����ÓÒ�Ð�¸
�º�º � Ö��Ð�×�Ö Ð�× ÓÔ�Ö�Ø�ÓÒ×

Nα,β = Nα,β −Nα,i+1Ni+1,β. ´½¼º¿¿µ

ÔÓÙÖ i+ 2 ≤ α ≤ n �Ø i+ 2 ≤ β ≤ n+m

ÈÓÙÖ �Ð� ÒÓÙ× ���ØÓÒ× � �ØØ� ÓÔ�Ö�Ø�ÓÒ (n−i−1)(n+m−i−1) ÛÓÖ�¹�Ø�Ñ×
�Ò���× Ô�Ö ��ÙÜ �ÒØ��Ö× i+2 ≤ α ≤ n �Ø i+2 ≤ β ≤ n+mº ÍÒ ÛÓÖ�¹�Ø�Ñ Ð�Ø
�ÐÓÖ× Ð�× Ú�Ð�ÙÖ× Nα,β¸ Nα,i+1 �Ø Ni+1,β¸ ÔÙ�× ���ØÙ� Ð³ÓÔ�Ö�Ø�ÓÒ ÔÖ����ÒØ�º
Ä�× Ø�ÖÑ�× ×ÓÙ×¹����ÓÒ�ÙÜ �� N Ò� ×ÓÒØ Ô�× Ñ�× � �ÓÙÖº Ä�ÙÖ× Ú�Ð�ÙÖ× �ÔÖ�×
�ØØ� ÓÔ�Ö�Ø�ÓÒ ×ÓÒØ ÓÒÒÙ�× � Ð³�Ú�Ò� �Ø Ò� ×�ÖÓÒØ �ÓÒ ÔÐÙ× ÙØ�Ð�×��×º ÆÓÙ×
ÔÖ�Ò�ÖÓÒ× ×�ÑÔÐ�Ñ�ÒØ ��Ö�� � Ò� ÔÐÙ× Ð�× Ð�Ö�¸ Ñ��× � ÙØ�Ð�×�Ö Ð�ÙÖ× Ú�Ð�ÙÖ×
ÓÒÒÙ�× �º�º 1 ÔÓÙÖ Ð�× Ø�ÖÑ�× ����ÓÒ�ÙÜ �Ø 0 ÔÓÙÖ Ð�× Ø�ÖÑ�× ×ÓÙ×¹����ÓÒ�ÙÜº

Ä�× �Ø�Ô�× ÔÖ����ÒØ�× ×ÓÒØ Ö�Ô�Ø��× �Ù×ÕÙ³� �Ð�Ñ�Ò�Ø�ÓÒ �� ØÓÙ× Ð�× Ø�ÖÑ�×

½�¿



×ÓÙ×¹����ÓÒ�ÙÜº �ÓÑÑ� ��Ø ÔÖ����ÑÑ�ÒØ¸ ×�ÙÐ× Ð�× Ø�ÖÑ�× ×ÙÖ¹����ÓÒ�ÙÜ
×ÓÒØ Ö��ÐÐ�Ñ�ÒØ �Ö�Ø× �Ò Ñ�ÑÓ�Ö�¸ Ð�× �ÙØÖ�× Ø�ÖÑ�× ÓÒØ ��× Ú�Ð�ÙÖ× ÓÒÒÙ�×¸
Ñ��× ÒÓÒ �ÐÙÐ��×º

Ê�ÑÓÒØ��

��ØØ� �Ø�Ô� ÓÒ×�×Ø� �Ò Ð³�Ð�Ñ�Ò�Ø�ÓÒ ��× Ø�ÖÑ�× ×ÙÖ¹����ÓÒ�ÙÜ �� Ð� Ñ�ØÖ��
N º �Ò Ô�ÖØ�ÒØ �� Ð� ��ÖÒ��Ö� Ð��Ò� �Ø �Ò Ö�ÑÓÒØ�ÒØ �Ù×ÕÙ³� Ð� ÔÖ�Ñ��Ö�¸ ÒÓÙ×
�ÒÒÙÐÓÒ× Ð�× Ø�ÖÑ�× ÔÐ��× �Ù¹��××Ù× �Ù Ø�ÖÑ� ����ÓÒ�Ð �ÓÒØ Ð� Ú�Ð�ÙÖ �×Ø 1º
�ÔÖ�× Ð� ÔÖ�Ñ��Ö� �Ø�Ö�Ø�ÓÒ¸ Ð�× Ø�ÖÑ�× �� Ð� ÓÐÓÒÒ� n �� N ×ÓÒØ ØÓÙ× ÒÙÐ×
�Ø Ð�× �ÙØÖ�× Ú�Ð�ÙÖ× �� Ð� Ô�ÖØ�� �� N ÓÖÖ�×ÔÓÒ��ÒØ � M ×ÓÒØ �Ò��Ò��×º
�Ò ���Ø¸ Ð�× Ø�ÖÑ�× 1 � n − 1 �� Ð� ��ÖÒ��Ö� Ð��Ò� �� N ×ÓÒØ ØÓÙ× ÒÙÐ×º ��
Ð� Ñ�Ñ� Ñ�Ò��Ö�¸ �ÔÖ�× Ð� i��Ñ� �Ø�Ö�Ø�ÓÒ ×�ÙÐ�× Ð�× Ú�Ð�ÙÖ× �� Ð� ÓÐÓÒÒ� i
×�ÖÓÒØ ÑÓ�����× ��Ò×� ÕÙ� Ð�× Ú�Ð�ÙÖ× �� N ÓÖÖ�×ÔÓÒ��ÒØ � Ð� Ñ�ØÖ�� Bº

ÆÓÙ× ÔÓÙÚÓÒ× �ÓÒ Ò³���ØÙ�Ö Ð� Ö�ÑÓÒØ�� ÕÙ� ×ÙÖ Ð� Ô�ÖØ�� �� N ÓÖÖ�×ÔÓÒ¹
��ÒØ � Ð� Ñ�ØÖ�� Bº Ä�× �ÙØÖ�× Ú�Ð�ÙÖ× Ò³ÓÒØ Ô�× �³�ÑÔÓÖØ�Ò� ��Ò× Ð� �ÐÙÐ
�Ø ×ÓÒØ ÓÒÒÙ�× � ÔÖ�ÓÖ�¸ �Ò �Ò �� ØÖ��Ø�Ñ�ÒØ Ð� Ô�ÖØ�� �� N ÓÖÖ�×ÔÓÒ��ÒØ
� M ÓÒØ��Ò�Ö��Ø Ð³���ÒØ�Ø�º

��Ö�ÚÓÒ× Ð³�Ð�Ñ�Ò�Ø�ÓÒ ��× Ø�ÖÑ�× ×ÙÖ¹����ÓÒ�ÙÜ �� Ð� ÓÐÓÒÒ� iº �ÓÑÑ�
ÐÓÖ× �� Ð� ��×�ÒØ�¸ ÒÓÙ× ���ØÓÒ× � �ØØ� ÓÔ�Ö�Ø�ÓÒ (n − i)m ÛÓÖ�¹�Ø�Ñ×
�Ò���× Ô�Ö ��ÙÜ �ÒØ��Ö× 1 ≤ α ≤ n − i �Ø n ≤ β ≤ n + mº ÍÒ ÛÓÖ�¹�Ø�Ñ
�³�Ò��� (α,β) ���ØÙ�Ö� �ÐÓÖ× Ð³ÓÔ�Ö�Ø�ÓÒ ×Ù�Ú�ÒØ�

Nα,β = Nα,β −Nα,iNi,β. ´½¼º¿�µ

Ä�× Ð�ØÙÖ�× �Ø �Ö�ØÙÖ�× Ñ�ÑÓ�Ö� ×ÓÒØ ��Ò× � �× Ó�Ð�×�ÒØ�× �Ø Ò� ��Ò�Ö�ÒØ
Ô�× �� ÓÒ��Ø× �³�Ö�ØÙÖ�º

ÍÒ� �Ó�× �ØØ� �Ø�Ô� Ø�ÖÑ�Ò��¸ Ð� Ô�ÖØ�� �� N ÓÖÖ�×ÔÓÒ��ÒØ � B ÓÒØ��ÒØ Ð�
×ÓÐÙØ�ÓÒ �Ù ×Ý×Ø�Ñ� Ð�Ò���Ö� �� ��Ô�ÖØº

½¼º� Ê�×ÙÐØ�Ø×

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× �ÓÒÒÓÒ× ÕÙ�ÐÕÙ�× Ö�×ÙÐØ�Ø× Ó�Ø�ÒÙ× �Ú� Ð³ÓÙØ�Ð ��¹
Ö�Ø ��Ò× � ��Ô�ØÖ�º ��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �ØÙ��ÓÒ× Ð� ÓÒÚ�Ö��Ò�
�� Ð� Ñ�Ø�Ó�� ��Ò× ÙÒ �× Ó� Ð³ÓÒ ��×ÔÓ×� �³ÙÒ� Ú�Ð�ÙÖ �Ü�Ø� ��× Ñ�ØÖ��×
Ö���Ö���×º ��Ò× ÙÒ ×�ÓÒ� Ø�ÑÔ×¸ ÒÓÙ× ÒÓÙ× �ÒØ�Ö�××�ÖÓÒ× � ÙÒ �× ÓÑ¹

½��



ÔÐ�Ü� ÓÑÔÓÖØ�ÒØ ÙÒ �Ö�Ò� ÒÓÑ�Ö� �� ÓÒØÓÙÖ× �Ø ÓÑÔ�ÖÓÒ× ÒÓ× Ö�×ÙÐØ�Ø×
�Ø Ø�ÑÔ× �� �ÐÙÐ � �ÙÜ Ó�Ø�ÒÙ× �Ú� ÙÒ ÓÙØ�Ð �� Ö���Ö�Ò� ×�ÕÙ�ÒØ��Ð �ÔÔ�Ð�
Ä�ÔÐ����ÐÙÐ �Ø ��Ú�ÐÓÔÔ� � Ð³ÇÆ�Ê�º

½¼º�º½ �ÓÒÚ�Ö��Ò�

�ÓÒ×���ÖÓÒ× ÙÒ �× ×�ÑÔÐ� ÔÓÙÖ Ð�ÕÙ�Ð ÒÓÙ× ÓÒÒ��××ÓÒ× ÙÒ� ×ÓÐÙØ�ÓÒ �Ü�Ø�º
��ØØ� ×�Ø�ÓÒ �×Ø ��Ö�Ø� ×ÙÖ Ð� ��ÙÖ� ������ ½¼º¿ Ô��� ×Ù�Ú�ÒØ�º �ÐÐ� �×Ø
ÓÒ×Ø�ØÙ�� �� ��ÙÜ ÓÒ�ÙØ�ÙÖ �ÖÙÐ��Ö� �� Ö�ÝÓÒ× Ö�×Ô�Ø��× r1 = 4ÑÑ �Ø
r2 = 3ÑÑ¸ �ÓÒØ Ð�× �ÒØÖ�× ×ÓÒØ �×Ô��× �³ÙÒ� ��×Ø�Ò� d = 10ÑÑº ��Ò×
�ØØ� ÓÒ��ÙÖ�Ø�ÓÒ Ð� �Ô��Ø� �×Ø �ÓÒÒ�� Ô�Ö

C =
2πε

cosh−1(
d2−r21−r22

2r1r2
)
= 34.91Ô�»Ñ. ´½¼º¿�µ

ÆÓÙ× ���ØÙÓÒ× Ð� �ÐÙÐ �� Ð� �Ô��Ø� �� �ØØ� ×�Ø�ÓÒ �Ò ÔÖ�Ò�ÒØ ����Ö�ÒØ×
ÒÓÑ�Ö�× �� �ÓÒØ�ÓÒ× �� ��×� �Ø �ÐÙÐÓÒ× Ð³�ÖÖ�ÙÖ ÓÑÑ�×�º

Ä� ��ÙÖ� ������ ½¼º� Ô��� ×Ù�Ú�ÒØ� Ö�ÔÖ�×�ÒØ� Ð� ÐÓ��Ö�Ø�Ñ� �� Ð³�ÖÖ�ÙÖ �Ò
�ÓÒØ�ÓÒ �Ù ÒÓÑ�Ö� N �� �ÓÒØ�ÓÒ× �� ��×� Ô�Ö ÓÒ�ÙØ�ÙÖº Ä³�ÖÖ�ÙÖ e Ú�ÙØ
�ÐÓÖ×

e(N) = O(exp(N)−k) ´½¼º¿�µ

�Ú� k = 0.8º ÇÒ Ô�ÙØ Ö�Ñ�ÖÕÙ�Ö ÕÙ� Ð³�ÖÖ�ÙÖ Ö�Ð�Ø�Ú� ×Ø��Ò� � �ÒÚ�ÖÓÒ 10−9º

½¼º�º¾ Ë�Ø�ÓÒ ÓÑÔÐ�Ü�

��Ò× �ØØ� ×�Ø�ÓÒ¸ ÒÓÙ× �ÐÙÐÓÒ× Ð� Ñ�ØÖ�� �Ô��Ø� �³ÙÒ� ×�Ø�ÓÒ ÓÑÔÐ�Ü�
ÓÑÔÓ×�� �� �¼ ÓÒ�ÙØ�ÙÖ×¸ �¼ ��×ÓÒØ�ÒÙ�Ø�× �� ���Ð�ØÖ�ÕÙ� �Ø ÙÒ ÔÐ�Ò ��
Ñ�××�º ��Ð� Ö�ÔÖ�×�ÒØ� �¾½¼ ���Ö�× �� Ð���ÖØ�º Ä� ��ÙÖ� ������ ½¼º� Ô��� ½��
Ö�ÔÖ�×�ÒØ� Ð�× ÓÒØÓÙÖ× ��× ÓÒ�ÙØ�ÙÖ× �Ò �Ð�Ù �Ø ��× ���Ð�ØÖ�ÕÙ�× �Ò ÖÓÙ��×º
��× ÓÒØÓÙÖ× ×ÓÒØ ÔÐ��× �Ù¹��××Ù× �³ÙÒ ÔÐ�Ò �� Ñ�××� Ô�Ö���Ø�Ñ�ÒØ ÓÒ�Ù¹
Ø�ÙÖº

Ä�× Ñ�ØÖ��× �� �Ô��Ø�Ò� �Ø �Ò�ÙØ�Ò� ×ÓÒØ �ÐÓÖ× �ÐÙÐ��× �Ò ÙØ�Ð�×�ÒØ
Ð³ÓÙØ�Ð ÔÖ�×�ÒØ� �� ��Ò×� ÕÙ� Ô�Ö ÙÒ �ÙØÖ� ÓÙØ�Ð �ÓÒØ Ð�× Ö�×ÙÐØ�Ø× ×�ÖÚ�ÖÓÒØ ��
Ö���Ö�Ò�º

½��



������ ½¼º¿ � Ë�Ø�ÓÒ �� ��Ð� ÓÑÔÓÖØ�ÒØ ��ÙÜ ÓÒ�ÙØ�ÙÖ× ÔÓÙÖ Ð�ÕÙ�ÐÐ�
ÒÓÙ× ��×ÔÓ×ÓÒ× �³ÙÒ� �ÓÖÑÙÐ� �ÓÒÒ�ÒØ Ð� �Ô��Ø�Ò� �Ø Ð³�Ò�ÙØ�Ò�º ÆÓÙ×
ÙØ�Ð�×ÓÒ× �ØØ� ÓÒ��ÙÖ�Ø�ÓÒ ��Ò× Ð³�ØÙ�� �� ÓÒÚ�Ö��Ò� �� Ð� Ñ�Ø�Ó��º

������ ½¼º� � ÄÓ��Ö�Ø�Ñ� �� Ð³�ÖÖ�ÙÖ �Ò �ÓÒØ�ÓÒ �Ù ÒÓÑ�Ö� �� �ÓÒØ�ÓÒ×
�� ��×� ÐÓÖ× �Ù �ÐÙÐ �� Ð� �Ô��Ø�Ò� �� Ð� ×�Ø�ÓÒ Ö�ÔÖ�×�ÒØ�� ×ÙÖ Ð� ��ÙÖ�
������ ½¼º¿º

½��



������ ½¼º� � Ë�Ø�ÓÒ ÓÑÔÐ�Ü�º

ÆÓÙ× ���ØÙÓÒ× Ð�× �ÐÙÐ× �Ò ÙØ�Ð�×�ÒØ ��ÙÜ �ÖØ�× �Ö�Ô��ÕÙ�× ����Ö�ÒØ�× �

� ÆÚ���� ���ÓÖ� �Ì� ��¼ Ì�¸
� ÆÚ���� ���ÓÖ� �Ì� ��¼º

Ä�× Ñ�ØÖ��× Ó�Ø�ÒÙ�× ����Ö�ÒØ �³ÙÒ� Ú�Ð�ÙÖ Ö�Ð�Ø�Ú� �� 10−5¸ � ÕÙ� Ú�Ð���
ÒÓØÖ� �ÐÙÐº Ä� Ø�ÑÔ× �� �ÐÙÐ Ó�Ø�ÒÙ �Ú� Ð³�Ð�ÓÖ�Ø�Ñ� ×�ÕÙ�ÒØ��Ð �×Ø �� 19
Ñ�ÒÙØ�×º Ä³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ ÇÔ�Ò�Ä �×Ø �ÒØÖ� ¾¼ �Ó�× �Ø ½¼¼ �Ó�× ÔÐÙ× Ö�Ô���
´ÚÓ�Ö Ø��Ð��Ù ½¼º½µº Ä�× ��ÙÜ ÓÙØ�Ð× ���ØÙ�ÒØ Ð�× �ÐÙÐ× �Ò �ÓÙ�Ð� ÔÖ��×�ÓÒº

��ÖØ� �Ö�Ô��ÕÙ� Ì�ÑÔ× �� �ÐÙÐ ´×µ ×Ô���ÙÔ

ÆÚ���� ���ÓÖ� �Ì� ��¼ Ì� 10.6 ½½�
ÆÚ���� ���ÓÖ� �Ì� ��¼ 60.2 ½�

����� ½¼º½ � Ì�ÑÔ× �� �ÐÙÐ �� Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ Ô�Ö�ÐÐ�Ð�º

�ÓÒÐÙ×�ÓÒ

�Ò ÓÒÐÙ×�ÓÒ¸ ÒÓÙ× �ÚÓÒ× ÔÖÓ�Ö�ÑÑ� ÙÒ �Ð�ÓÖ�Ø�Ñ� Ô�Ö�ÐÐ�Ð� Ô�ÖÑ�ØØ�ÒØ
�� �ÐÙÐ�Ö Ð�× Ñ�ØÖ��× �� �Ô��Ø�Ò� �Ø �Ò�ÙØ�Ò� �³ÙÒ� ×�Ø�ÓÒ ÓÑÔÐ�Ü�
�� ��Ð�º ��Ø �Ð�ÓÖ�Ø�Ñ� �×Ø �Ù ÑÓ�Ò× ¾¼ �Ó�× ÔÐÙ× Ö�Ô��� ÕÙ� Ð³�Ð�ÓÖ�Ø�Ñ�
×�ÕÙ�ÒØ��Ðº �� ØÖ�Ú��Ð � �Ø� Ö��Ð�×� �Ù ���ÙØ �� Ð� Ø��×� ÔÓÙÖ ÙÒ� ÔÖ�×� �Ò Ñ��Ò
�³ÇÔ�Ò�Äº ÆÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� ��ÙÜ �× Ø�×Ø× Ô�ÖÑ�ØØ�ÒØ �� Ú�Ð���Ö Ð�×

½��



Ö�×ÙÐØ�Ø× �ÓÙÖÒ�× Ô�Ö �Ø ÓÙØ�Ðº �³ÙÒ� Ô�ÖØ¸ ÒÓÙ× �ÚÓÒ× Ú�Ö��� Ð� ÓÒÚ�Ö��Ò�
�� Ð� Ñ�Ø�Ó�� ��Ò× ÙÒ �× ×�ÑÔÐ� Ó� ÒÓÙ× ��×ÔÓ×ÓÒ× �³ÙÒ� ×ÓÐÙØ�ÓÒ �Ü�Ø�º
�³�ÙØÖ� Ô�ÖØ¸ ÒÓÙ× �ÚÓÒ× ÓÑÔ�Ö� Ð�× Ñ�ØÖ��× �ÐÙÐ��× ��Ò× ÙÒ �× ÓÑÔÐ�Ü�
�Ú� Ð�× Ö�×ÙÐØ�Ø× �³ÙÒ Ó�� �� Ö���Ö�Ò� �ÑÔÐ�Ñ�ÒØ�ÒØ Ð� Ñ�Ñ� Ñ�Ø�Ó��º

½��



�ÓÒÐÙ×�ÓÒ ��Ò�Ö�Ð�

��ØØ� Ø��×� �Ø��Ø ÓÒ×�Ö�� � Ð³�ØÙ�� �³ÙÒ� Ñ�Ø�Ó�� ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ�
Ô�Ö�ÐÐ�Ð�×�� ×ÙÖ �ÖØ�× �Ö�Ô��ÕÙ�× �Ù ÑÓÝ�Ò ��× ���Ð�ÓØ��ÕÙ�× ÇÔ�Ò�Ä �Ø
ÅÈÁº ��× ØÖ�Ú�ÙÜ ×³�Ò×Ö�Ú�ÒØ ��Ò× Ð� ��Ö� �Ù ÔÖÓ��Ø �Ê��Ì �Ò�Ò� Ô�Ö
���»�Ë»ÅÊÁË ��Ò× Ð� ��Ö� �³ÙÒ ÔÖÓ��Ø �³�ÒÒÓÚ�Ø�ÓÒ �Ù�Ð� Ê�ÈÁ�º ��
ÔÖÓ��Ø � ÔÓÙÖ Ó���Ø�� �³�Ò�Ù×ØÖ��Ð�×�Ö ÙÒ� Ñ�Ø�Ó�� ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ�
��Ú�ÐÓÔÔ�� Ô�Ö Ð³ÇÆ�Ê� �Ø �� Ð� Ô�Ö�ÐÐ�Ð�×�Öº

��Ò× ÙÒ ÔÖ�Ñ��Ö Ø�ÑÔ×¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� Ð�× �ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ ��Ò×�
ÕÙ� ÕÙ�ÐÕÙ�× Ú�Ö��ÒØ�× �� �× �ÕÙ�Ø�ÓÒ× ´�ÕÙ�Ø�ÓÒ× �� Å�ÜÛ�ÐÐ �Ú� ÓÖÖ�¹
Ø�ÓÒ �� ��Ú�Ö��Ò�¸ ÑÓ��Ð� ÈÅÄµº ÆÓÙ× �ÚÓÒ× ÑÓÒØÖ� ÕÙ� ØÓÙ× �× ×Ý×Ø�Ñ�×
×� Ñ�ØØ�ÒØ ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ×Ý×Ø�Ñ� �ÝÔ�Ö�ÓÐ�ÕÙ� Ð�Ò���Ö� ×ÝÑ�ØÖ�ÕÙ�¸ ÓÙ
×Ý×Ø�Ñ� �� �Ö���Ö��×¸ �Ø ÕÙ³�Ð �×Ø �ÓÒ �ÑÔÓÖØ�ÒØ �� ��×ÔÓ×�Ö �� Ñ�Ø�Ó��×
ÒÙÑ�Ö�ÕÙ�× ÔÖ��×�× �Ø ÓÔØ�Ñ�×��× ÔÓÙÖ Ð�× �ÔÔÖÓ��Öº

ÆÓÙ× �ÚÓÒ× �Ò×Ù�Ø� �Ö�Ø ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ����Ð� �××Ó��� � ÙÒ ×Ý×Ø�Ñ� ��
�Ö���Ö��× ÕÙ�ÐÓÒÕÙ�¸ ÔÙ�× ÒÓÙ× �Ò �ÚÓÒ× ���Ù�Ø ÙÒ� �ÓÖÑÙÐ�Ø�ÓÒ ��Ð�Ö��Ò
��×ÓÒØ�ÒÙ�º ÆÓÙ× �ÚÓÒ× ��Ö�� � ��Ö��Ö ÙÒ� �ÖØ��Ò� ��Ò�Ö�Ð�Ø� ��Ò× ÒÓØÖ�
�ÔÔÖÓ�� ��Ò �� ÔÓÙÚÓ�Ö ÙØ�Ð�×�Ö Ð³ÓÙØ�Ð ÕÙ� ÒÓÙ× �ÚÓÒ× ��Ú�ÐÓÔÔ� ÔÓÙÖ Ö�¹
×ÓÙ�Ö� ����Ö�ÒØ× ×Ý×Ø�Ñ�×º Ä� �ÓÖÑÙÐ�Ø�ÓÒ �� ÕÙ� ÒÓÙ× �ÚÓÒ× Ó�Ø�ÒÙ� ���Ø
�ÒØ�ÖÚ�Ò�Ö ÙÒ �ÙÜ ÒÙÑ�Ö�ÕÙ� �Ø ÙÒ �ÙÜ �� �ÓÖ�º ��Ò× �ØØ� �ØÙ��¸ ÒÓÙ× �ÚÓÒ×
ÙØ�Ð�×� ÙÒ �ÙÜ ���ÒØÖ� �ÒØÖÓ�Ù�×�ÒØ ÙÒ� ��××�Ô�Ø�ÓÒ ÕÙ� �Ñ�Ð�ÓÖ� Ð� ×Ø���Ð�Ø�
�Ù ×��Ñ�º �Ò �ØÙ���ÒØ Ð³�Ò�Ö��� �××Ó��� � Ð� ×ÓÐÙØ�ÓÒ¸ ÒÓÙ× �ÚÓÒ× ��Ø�Ö¹
Ñ�Ò� ÙÒ� ÔÖÓÔÖ��Ø� ��Ú�ÒØ �ØÖ� Ú�Ö���� Ô�Ö Ð�× �ÙÜ �� �ÓÖ� ��Ò �� ��Ö�ÒØ�Ö
Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�º

ÍÒ� �Ó�× Ð� �ÓÖÑÙÐ�Ø�ÓÒ �� �Ø��Ð��¸ ÒÓÙ× �ÚÓÒ× ��×Ö�Ø�×� Ð� ×ÓÐÙØ�ÓÒ ×ÙÖ ÙÒ�
��×� �ÓÖÑ�� �� ÔÖÓ�Ù�Ø× Ø�Ò×ÓÖ��Ð× �� ÔÓÐÝÒ�Ñ�× �� Ä��Ö�Ò��º Ä�× ÔÓ�ÒØ×
�³�ÒØ�ÖÔÓÐ�Ø�ÓÒ ×ÙÖ Ð�×ÕÙ�Ð× ×ÓÒØ ÓÒ×ØÖÙ�Ø× �× ÔÓÐÝÒ�Ñ�× ×ÓÒØ Ð�× ÔÓ�ÒØ×
�� ��Ù××¹Ä���Ò�Ö�º ��ÙÜ¹� ÒÓÙ× ÓÒØ ���Ð�Ñ�ÒØ ×�ÖÚ� � ���Ò�Ö ��× �ÓÖÑÙÐ�×
�� ÕÙ��Ö�ØÙÖ� Ô�ÖÑ�ØØ�ÒØ �³�×Ø�Ñ�Ö Ð�× �ÒØ��Ö�Ð�× ×ÙÖ���ÕÙ�× �Ø ÚÓÐÙÑ�ÕÙ�×
ÔÖ�×�ÒØ�× ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ ��º �� �Ó�Ü �� �ÓÖÑÙÐ�× �� ÕÙ��Ö�ØÙÖ� �Ø ��
��×� �³�ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ô�ÖÑ�Ø ���Ð�Ñ�ÒØ �� ×�ÑÔÐ���Ö Ð�× �ÐÙÐ× ��× ����Ö�ÒØ×

½��



Ø�ÖÑ�× �ÒØÖ�ÒØ ��Ò× Ð� �ÓÖÑÙÐ�Ø�ÓÒ �� � Ð� Ñ�ØÖ�� �� Ñ�××� �×Ø ����ÓÒ�Ð�¸
Ð� Ñ�ØÖ�� �� Ö�����Ø� �×Ø ����ÓÒ�Ð� Ô�Ö �ÐÓ×º

�ÓÑÑ� ÒÓÙ× Ð³�ÚÓÒ× Ñ�ÒØ�ÓÒÒ�¸ �× ØÖ�Ú�ÙÜ ÓÒØ ÔÓÙÖ �ÙØ �� ÔÖÓ�Ù�Ö� ÙÒ
Ó�� �Ò�Ù×ØÖ��Ðº ��Ð� �ÑÔÓ×� �³ÙÒ� Ô�ÖØ ����Ø� �Ø ����Ð�Ø�¸ Ñ��× ���Ð�Ñ�ÒØ
Ð� ÔÓ××���Ð�Ø� �� ØÖ��Ø�Ö ÙÒ� �ÖØ��Ò� Ú�Ö��Ø� �� ÔÖÓ�Ð�Ñ�× Ô�Ý×�ÕÙ�×º ÆÓÙ×
�ÚÓÒ× �ÓÒ Ñ�× �Ò ÔÐ�� ����Ö�ÒØ× ÑÓ��Ð�× �� Ñ�Ø�Ö��ÙÜ �Ø ×ÓÙÖ�× �Ò ÒÓÙ×
��×�ÒØ ×ÙÖ Ð�× ÔÖÓÔÖ��Ø�× �××ÙÖ�ÒØ Ð³�Ü�×Ø�Ò� �Ø Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ �Ø
Ð� ×Ø���Ð�Ø� �Ù ×��Ñ�º ��× ����Ö�ÒØ× ÑÓ��Ð�× ÒÓÙ× ÓÒØ Ô�ÖÑ�× �³���ØÙ�Ö
����Ö�ÒØ�× ×�ÑÙÐ�Ø�ÓÒ× ÔÓÙÖ Ð�×ÕÙ�ÐÐ�× ÒÓÙ× ��×ÔÓ×�ÓÒ× �� ÓÑÔ�Ö��×ÓÒ× �Ú�
�³�ÙØÖ�× ×��Ñ�×º

Ä� ×Ù�Ø� �� � Ñ�ÒÙ×Ö�Ø � �Ø� ÓÒ×�Ö�� � Ð³�ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ Ô�Ö�ÐÐ�Ð� �� Ð�
Ñ�Ø�Ó�� ��º ÆÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ� ÙÒ� ÔÖ�Ñ��Ö� �ÔÔÖÓ�� ��Ò× Ð�ÕÙ�ÐÐ� Ð�
Ñ��ÐÐ��� �×Ø ×�Ô�Ö� �Ò ÞÓÒ� �ÓÑÓ��Ò� ØÖ��Ø�� Ô�Ö ÙÒ ÙÒ�ÕÙ� ��Ù �� ��ÖÒ�Ð×º
ÆÓÙ× �ÚÓÒ× ÔÖÓ�Ö�ÑÑ� ÙÒ� Ú�Ö×�ÓÒ ÓÔØ�Ñ�×�� ÔÓÙÖ Ñ��ÐÐ��� ��Ü���Ö�ÕÙ�
�� Ð� Ñ�Ø�Ó�� ��º ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ Ô�Ö�ÐÐ�Ð�×� Ð�× �ÐÙÐ× ×ÙÖ ÔÐÙ×��ÙÖ×
�ÖØ�× �Ö�Ô��ÕÙ�× �Ù ÑÓÝ�Ò �� Ð� ���Ð�ÓØ��ÕÙ� ÅÈÁº ��Ò× �ØØ� Ú�Ö×�ÓÒ¸ ÒÓÙ×
ÓÑÑÙÒ�ÕÙÓÒ× �ÒØÖ� ×ÓÙ×¹�ÓÑ��Ò�×¸ Ð�× �ÓÒÒ��× Ö�Ð�Ø�Ú�× � ÙÒ� ÓÙ�� ��
Ñ��ÐÐ�× ÚÓÐÙÑ�ÕÙ�×º ÆÓÙ× �ÚÓÒ× �Ò×Ù�Ø� ÔÖÓ��� �Ù Ø�×Ø �� �Ø ÓÙØ�Ðº ��× Ø�×Ø×
ÓÒØ Ô�ÖÑ�× �� Ú�Ð���Ö Ð�× Ö�×ÙÐØ�Ø× �� Ð� Ñ�Ø�Ó�� �Ø ÓÒØ ÑÓÒØÖ� Ð³����Ø� ��
Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ×ÙÖ �ÖØ� �Ö�Ô��ÕÙ�º ÌÓÙØ��Ó�×¸ Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÅÈÁ ×³�×Ø
Ö�Ú�Ð�� Ô�Ù ����¸ �Ö Ð� Ø�ÑÔ× �� ØÖ�Ò×��ÖØ ��× �ÓÒÒ��× ��Ú��ÒØ �Ö�Ò� Ô�Ö
Ö�ÔÔÓÖØ �Ù Ø�ÑÔ× �� �ÐÙÐº

ÆÓÙ× �ÚÓÒ× �ÐÓÖ× Ñ�× �Ò ÔÐ�� ÙÒ� ×�ÓÒ�� Ú�Ö×�ÓÒ �� �ØØ� Ñ�Ø�Ó�� ��º
��Ò× �ÐÐ�¹�¸ Ð� Ñ��ÐÐ��� �×Ø � ÒÓÙÚ��Ù ×�Ô�Ö� �Ò ÞÓÒ�× �ÓÑÓ��Ò�×¸ Ñ��× ��¹
ÙÒ� �³�ÒØÖ� �ÐÐ�× �×Ø ØÖ��Ø�� Ô�Ö ÙÒ ��Ù �� ��ÖÒ�Ð× ×Ô���Ð�×�×º ��ØØ� ×ØÖÙØÙÖ�
�� �ÓÒÒ�� ÔÓÙÖÖ� �ØÖ� �ÒÖ���� �� ����Ö�ÒØ× ØÝÔ�× Ñ��ÐÐ�× �Ø �³�ÒØ�ÖÔÓÐ�Ø�ÓÒº
�ØÙ�ÐÐ�Ñ�ÒØ¸ ÙÒ� �ÒØ�ÖÔÓÐ�Ø�ÓÒ ��×�� ×ÙÖ Ð�× ÔÓ�ÒØ× �� ��Ù××¹ÄÓ��ØØÓ �×Ø
��Ú�ÐÓÔÔ��º ÆÓÙ× �ÚÓÒ× ���Ð�Ñ�ÒØ ÑÓ���� Ð� Ñ�Ø�Ó�� �� ÓÑÑÙÒ��Ø�ÓÒ
ÅÈÁº ��Ò× � �×¸ ÒÓÙ× ØÖ�Ò×��ÖÓÒ× ÙÒ�ÕÙ�Ñ�ÒØ ��× �ÓÒÒ��× ×ÙÖ���ÕÙ�× �
ÕÙ� ��Ñ�ÒÙ� �ÓÖØ�Ñ�ÒØ Ð� ÚÓÐÙÑ� �� �ÓÒÒ��× � ØÖ�Ò×��Ö�Öº �³�ÙØÖ� Ô�ÖØ¸ ÒÓÙ×
�ÚÓÒ× Ñ�× �Ò ÔÐ�� ÙÒ� ×ØÖ�Ø���� �³�×ÝÒ�ÖÓÒ�×�Ø�ÓÒ ��× �ÐÙÐ× �Ø ØÖ�Ò×¹
��ÖØ �� �ÓÒÒ�� ÒÓÙ× Ô�ÖÑ�ØØ�ÒØ �� ÓÒØ�ÒÙ�Ö � ���ØÙ�Ö ��× �ÐÙÐ× �ÙÖ�ÒØ
Ð�× ÓÑÑÙÒ��Ø�ÓÒ×º ÆÓÙ× �ÚÓÒ× �ÐÓÖ× �×Ø�Ñ� Ð³����Ø� �� �ØØ� Ñ�Ø�Ó��
�Ò �ÐÙÐ�ÒØ Ð� ÔÙ�××�Ò� �� �ÐÙÐ �ÓÙÖÒ� Ô�Ö Ð³ÓÙØ�Ð �Ò ÙØ�Ð�×�ÒØ ����Ö�ÒØ×
ÒÓÑ�Ö�× �� �ÖØ�× �Ö�Ô��ÕÙ�×º ÆÓÙ× �ÚÓÒ× �ÐÓÖ× ÓÒ×Ø�Ø� ÕÙ� ÒÓÙ× Ó�Ø�ÒÓÒ×
ÙÒ� ��Ð�Ö�Ø�ÓÒ ÔÖÓ�� �� Ð³��Ð�Ö�Ø�ÓÒ Ø��ÓÖ�ÕÙ�º

��Ò× ��ÙÜ ÓÙÖØ× ��Ô�ØÖ�×¸ �Ò�Ò¸ ÒÓÙ× �ÚÓÒ× ÔÖ�×�ÒØ�× ��× Ö�×ÙÐØ�Ø× ÕÙ�
ÒÓÙ× �ÚÓÒ× Ó�Ø�ÒÙ× �Ò Ô�Ö�ÐÐ�Ð� �Ù ×Ù��Ø ÔÖ�Ò�Ô�Ð �� �ØØ� Ø��×� �

� ÙÒ� ÒÓÙÚ�ÐÐ� Ñ�Ø�Ó�� ÔÓÙÖ �Ð�Ñ�Ò�Ö Ð� ×�Ò�ÙÐ�Ö�Ø� �Ù ��ÑÔ �Ð�ØÖÓ¹
Ñ��Ò�Ø�ÕÙ� ��Ò× Ð�× ÓÙÔÐ���× �ÒØÖ� ��× ÑÓ��Ð�× �� �Ð× �Ø Ð� ÑÓ��Ð�

½�¼



��º ÆÓÙ× ÑÓÒØÖ� ×ÙÖ ��× �× ½� ØÖ�× ×�ÑÔÐ�×¸ ÕÙ� �ØØ� �ÔÔÖÓ��
Ô�ÖÑ�Ø ���Ø�Ú�Ñ�ÒØ �� ×ÙÔÔÖ�Ñ�Ö Ð� Ô��ÒÓÑ�Ò� �� ����× �

� Ð� ��×Ö�ÔØ�ÓÒ �� Ð� Ô�Ö�ÐÐ�Ð�×�Ø�ÓÒ ÇÔ�Ò�Ä �� Ð³�Ð�ÓÖ�Ø�Ñ� �� ��Ù××
ÔÓÙÖ ��Ð�Ö�Ö ´�³ÙÒ ��Ø�ÙÖ �� Ð³ÓÖ�Ö� �� �¼µ Ð� �ÐÙÐ ��× Ñ�ØÖ��×
�� �Ô��Ø�Ò� �Ø �³�Ò�ÙØ�Ò� ��Ò× Ð�× ÑÓ��Ð�× �� Ð��Ò�× �� ØÖ�Ò×¹
Ñ�××�ÓÒº

½�½



½�¾



���Ð�Ó�Ö�Ô���

�½℄ À�Ð�Ò� ��ÖÙÕ �Ò� ��ÖÒ�Ö� À�ÒÓÙÞ�Øº �ØÙ�� �×ÝÑÔØÓØ�ÕÙ� �Ù ×Ý×Ø�Ñ�
�� Ñ�ÜÛ�ÐÐ �Ú� Ð� ÓÒ��Ø�ÓÒ �ÙÜ Ð�Ñ�Ø�× ��×ÓÖ��ÒØ� �� ×�ÐÚ�Ö¹Ñ�ÐÐ�Ö
��º �ÓÑÔØ�× Ö�Ò�Ù× �� Ð³����Ñ�� ��× ×��Ò�×º Ë�Ö�� ½¸ Å�Ø��Ñ�Ø�ÕÙ�¸
¿½�´½¼µ �½¼½��½¼¾�¸ ½��¿º

�¾℄ ����ÖÖ��Ñ�Ò� ��Ò��Ð� �Ò� Ä�ÙÖ�Ò� À�ÐÔ�ÖÒº �ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�×
��×ÓÖ��ÒØ�× ÔÓÙÖ Ð� ×Ý×Ø�Ñ� �� Ñ�ÜÛ�ÐÐ ��Ò× Ð� Ú��� �Ò ��Ñ�Ò×�ÓÒ ¿º
�ÓÑÔØ�× Ö�Ò�Ù× �� Ð³����Ñ�� ��× ×��Ò�×º Ë�Ö�� ½¸ Å�Ø��Ñ�Ø�ÕÙ�¸
¿¼�´¾¼µ �½¼½½�½¼½¿¸ ½���º

�¿℄ Â��Ò¹È��ÖÖ� ��Ö�Ò��Öº � Ô�Ö��ØÐÝ Ñ�Ø��� Ð�Ý�Ö �ÓÖ Ø�� ��×ÓÖÔØ�ÓÒ Ó�
�Ð�ØÖÓÑ��Ò�Ø� Û�Ú�×º ÂÓÙÖÒ�Ð Ó� ÓÑÔÙØ�Ø�ÓÒ�Ð Ô�Ý×�×¸ ½½�´¾µ �½���
¾¼¼¸ ½���º

��℄ ÂÈ ��Ö�Ò��Öº ÈÐ�ÕÙ�× Ñ�Ò�× �ÙÜ ����Ö�Ò�× �Ò��×º ÁÒ ��Ñ� �ÓÐÐÓÕº ÁÒØº
�ÜÔÓ×º �ÓÑÔ�Øº �Ð�ØÖÓÑ��Òº´��Åµ¸ Ô���× ¾���¿¼¿¸ ½��¾º

��℄ �ÙÝ � �Ð�ÐÐÓ�º ÈÖ��Ü ×ÙÑ× �Ò� Ø���Ö �ÔÔÐ��Ø�ÓÒ×º Ì��Ò��Ð Ö�ÔÓÖØ¸
��ÖÒ���� Å�ÐÐÓÒ ÍÒ�Ú�Ö×�ØÝ̧ ½��¼º

��℄ �º �ÓÙÕÙ�Øº ��Ö�Ø�Ö�×�Ø�ÓÒ �� ×ØÖÙØÙÖ�× Ö�ÝÓÒÒ�ÒØ�× Ô�Ö ÙÒ�
Ñ�Ø��Ó�� �� ØÝÔ� ��Ð�Ö��Ò ��×ÓÒØ�ÒÙ �××Ó��� � ÙÒ� Ø��Ò�ÕÙ� ��
�ÓÑ��Ò� �Ø��×º È�� Ø��×�×¸ ÍÒ�Ú�Ö×�Ø� �� Æ��¹ËÓÔ��� �ÒØ�ÔÓÐ�×¸ ¾¼¼�º

��℄ �Ö�Ò�Ó�×� �ÓÙÖ��Ð¸ È��ÖÖ�¹�Ð��Ò Å�Þ�Ø¸ È��Ð�ÔÔ� À�ÐÐÙÝ̧ �Ø �Ðº Ê�×ÓÐÙ¹
Ø�ÓÒ Ó� Ø�� ÒÓÒ¹×Ø�Ø�ÓÒ�ÖÝ ÓÖ ��ÖÑÓÒ� Ñ�ÜÛ�ÐÐ �ÕÙ�Ø�ÓÒ× �Ý � ��×ÓÒ¹
Ø�ÒÙÓÙ× �Ò�Ø� �Ð�Ñ�ÒØ Ñ�Ø�Ó�º �ÔÔÐ��Ø�ÓÒ ØÓ �Ò �Ñ� ´�Ð�ØÖÓÑ��Ò�Ø�
�ÑÔÙÐ×�µ �×�º ÁÒ ÈÖÓ����Ò�× Ó� Ø�� ½¼Ø� �ÒØ�ÖÒ�Ø�ÓÒ�Ð ÓÒ��Ö�Ò� ÓÒ
ÓÑÔÙØ�Ò� Ñ�Ø�Ó�× �Ò �ÔÔÐ��� ×��Ò�× �Ò� �Ò��Ò��Ö�Ò� ÓÒ �ÓÑÔÙØ�Ò�
Ñ�Ø�Ó�× �Ò �ÔÔÐ��� ×��Ò�× �Ò� �Ò��Ò��Ö�Ò�¸ Ô���× �¼���¾¾¸ ½��¾º

��℄ À��Ñ �Ö�Þ�×º �Ò�ÐÝ×� �ÓÒØ�ÓÒ�ÐÐ�¸ ÚÓÐÙÑ� �º Å�××ÓÒ¸ ½��¿º

��℄ �º �Ö�ÞÞ�¸ Ìº Âº Êº ÀÙ���×¸ Äº �º Å�Ö�Ò�¸ �Ò� �º Å�×Ù�º Å�Ü�� ��×ÓÒØ�¹
ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó�× �ÓÖ ��ÖÝ �ÓÛº ÂÓÙÖÒ�Ð Ó� Ë��ÒØ�� �ÓÑÔÙØ�Ò�¸
¾¾¹¾¿´½¹¿µ �½½��½��¸ ¾¼¼�º

�½¼℄ ÌÖ�×Ø�Ò ����Ð¸ ÂÓ×�Ô� ���ÖÐ�×¸ �Ò� ËØ�Ô��Ò� Ä�ÒØ�Ö�º ÅÙÐØ�¹�ÈÍ �¹
�Ð�Ö�Ø�ÓÒ Ó� � ��Ì� Ñ�Ø�Ó� �ÓÖ ÑÓ��Ð�Ò� �ÙÑ�Ò �ÜÔÓ×ÙÖ� ØÓ �Ð�ØÖÓ¹
Ñ��Ò�Ø� Û�Ú�×º Ê�×��Ö� Ê�ÔÓÖØ ÊÊ¹���¾¸ ÁÒÖ��¸ �ÔÖ�Ð ¾¼½½º

½�¿



�½½℄ Æ�ÓÐ�× ��×Ø�Ð¸ ��ÖÝ �Ó��Ò¸ �Ò� Å�Ö �ÙÖÙ��º �ÔÔÐ��Ø�ÓÒ Ó� ��×ÓÒØ�¹
ÒÙÓÙ× ��Ð�Ö��Ò ×Ô�ØÖ�Ð Ñ�Ø�Ó� ÓÒ ��Ü����Ö�Ð �Ð�Ñ�ÒØ× �ÓÖ ��ÖÓ�ÓÙ×Ø�º
ÂÓÙÖÒ�Ð Ó� �ÓÑÔÙØ�Ø�ÓÒ�Ð �ÓÙ×Ø�×¸ ½�´¼¾µ �½���½��¸ ¾¼¼�º

�½¾℄ È�ØÖ�� ���ÖÐ�Ø¸ ÂÖº �Ò� Ë�ÑÓÒ Ä��ÖÙÒ��º ÆÙÑ�Ö��Ð �Ò�ÐÝ×�× Ó� Ø��
��Ò�Ö�Ð�Þ�� Å�ÜÛ�ÐÐ �ÕÙ�Ø�ÓÒ× ´Û�Ø� �Ò �ÐÐ�ÔØ� ÓÖÖ�Ø�ÓÒµ �ÓÖ ��Ö���
Ô�ÖØ�Ð� ×�ÑÙÐ�Ø�ÓÒ×º Å�Ø�º ÅÓ��Ð× Å�Ø�Ó�× �ÔÔÐº Ë�º¸ ½�´½½µ �½����
½���¸ ¾¼¼�º

�½¿℄ ��Ú��Ö �Ð��Ý×º �×ÝÑÔØÓØ�× �Ò� ÒÙÑ�Ö��Ð �Ò�ÐÝ×�× �ÓÖ Û�Ú� ���Ö�Ø�ÓÒ
�Ý Ø��Ò Û�Ö�×º Ì��×�×¸ ÍÒ�Ú�Ö×�Ø� �� Î�Ö×��ÐÐ�×¹Ë��ÒØ ÉÙ�ÒØ�Ò �Ò �Ú�¹
Ð�Ò�×¸ ���Ñ��Ö ¾¼¼�º

�½�℄ Âº�º �Ð�Ñ�ÒØ×¸ �Ð�ÝØÓÒ Êº È�ÙÐ¸ �Ò� �ºÌº ���Ñ×º �ÓÑÔÙØ�Ø�ÓÒ Ó� Ø��
�Ô��Ø�Ò� Ñ�ØÖ�Ü �ÓÖ ×Ý×Ø�Ñ× Ó� ���Ð�ØÖ�¹Ó�Ø�� ÝÐ�Ò�Ö��Ð ÓÒ�Ù¹
ØÓÖ×º �Ð�ØÖÓÑ��Ò�Ø� �ÓÑÔ�Ø���Ð�ØÝ̧ Á��� ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ �Å�¹
½�´�µ �¾¿��¾��¸ ÆÓÚ ½���º

�½�℄ ��ÖÒ�Ö�Ó �Ó��ÙÖÒ �Ò� ���¹Ï�Ò� Ë�Ùº ÌÚ� ÖÙÒ��¹�ÙØØ� ÐÓ�Ð ÔÖÓ��¹
Ø�ÓÒ ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò �Ò�Ø� �Ð�Ñ�ÒØ Ñ�Ø�Ó� �ÓÖ ÓÒ×�ÖÚ�Ø�ÓÒ Ð�Û×º
��º ��Ò�Ö�Ð �Ö�Ñ�ÛÓÖ�º Å�Ø��Ñ�Ø�× Ó� �ÓÑÔÙØ�Ø�ÓÒ¸ �¾´½��µ ��½½��¿�¸
½���º

�½�℄ ��ÖÝ �Ó��Ò¸ ��Ú��Ö ��ÖÖ��Ö�×¸ �Ò� Ë���×Ø��Ò È�ÖÒ�Øº � ×Ô�Ø��Ð
����¹ÓÖ��Ö ��Ü����Ö�Ð ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó� ØÓ ×ÓÐÚ� Ñ�Ü¹
Û�ÐÐ³× �ÕÙ�Ø�ÓÒ× �Ò Ø�Ñ� �ÓÑ��Òº ÂÓÙÖÒ�Ð Ó� �ÓÑÔÙØ�Ø�ÓÒ�Ð È�Ý×�×¸
¾½�´¾µ �¿�¼�¿�¿¸ ¾¼¼�º

�½�℄ Èº�º �ÓÑ��×º Å�ÖÓ¹ÓÒ��× � ÌÓÑ� ½¸ Ä��Ò�×¸ �Ù���× �Ø �Ú�Ø�×º Å�ÖÓ¹
ÓÒ��×º �ÙÒÓ�¸ ¾¼¼�º

�½�℄ Êº �ÓÙÖ�ÒØ �Ò� ÃºÇº �Ö���Ö��×º ËÙÔ�Ö×ÓÒ� �ÐÓÛ �Ò� Ë�Ó� Ï�Ú�×º
ÆÙÑ��Ö ÚÓÐº ¾½ �Ò �ÔÔÐ��� Ñ�Ø��Ñ�Ø��Ð ×��Ò�×º ËÔÖ�Ò��Ö¹Î�ÖÐ��¸
½���º

�½�℄ �Ò��× �Ö�×Ø�ØØÓº ÇÔØ�Ñ�×�Ø�ÓÒ �� Ñ�Ø�Ó��× ÒÙÑ�Ö�ÕÙ�× ÔÓÙÖ Ð�
Ô�Ý×�ÕÙ� ��× ÔÐ�×Ñ�×º �ÔÔÐ��Ø�ÓÒ �ÙÜ ���×��ÙÜ �� Ô�ÖØ�ÙÐ�× ��Ö���×º
È�� Ø��×�×¸ ÍÒ�Ú�Ö×�Ø� ÄÓÙ�× È�×Ø�ÙÖ ¹ ËØÖ�×�ÓÙÖ�¸ ¾¼½¾º

�¾¼℄ �Ò��× �Ö�×Ø�ØØÓ �Ò� È��Ð�ÔÔ� À�ÐÐÙÝº Ê�×ÓÐÙØ�ÓÒ Ó� Ø�� ÎÐ�×ÓÚ¹Å�ÜÛ�ÐÐ
×Ý×Ø�Ñ �Ý ÈÁ� ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó� ÓÒ �ÈÍ Û�Ø� ÇÔ�Ò�Äº
ÁÒ ��ÅÊ��Ë³½½ � ÅÙÐØ�×�Ð� ÓÙÔÐ�Ò� Ó� ÓÑÔÐ�Ü ÑÓ��Ð× �Ò ×��ÒØ��
ÓÑÔÙØ�Ò�¸ ÚÓÐÙÑ� ¿� Ó� �Ë�ÁÅ ÈÖÓº¸ Ô���× ¾���¾��º ��È Ë�º¸ Ä�×
ÍÐ�×¸ ¾¼½¾º

�¾½℄ �ÐÓÖ��Ò �� ÎÙÝ×Ø �Ò� �Ö�Ò�×Ó Ë�ÐÚ�Ö�Ò�º �ÔÙ¹��Ð�Ö�Ø�� ÒÙÑ�Ö��Ð
×�ÑÙÐ�Ø�ÓÒ× Ó� Ø�� �ÒÙ�×�Ò ��× ÓÒ Ø�Ñ�¹��Ô�Ò��ÒØ �ÓÑ��Ò×º �ÓÑÔÙØ�Ö
È�Ý×�× �ÓÑÑÙÒ��Ø�ÓÒ×¸ ½��´¿µ ��¿¾��¿�¸ ¾¼½¿º

�¾¾℄ �º ���ÐÚ��º � Ò�Û Ø��Ò�ÕÙ� �ÓÖ �ÙÖ�Ø� �Ò� ×Ø��Ð� ÑÓ��Ð�Ò� Ó�
�Ö��ØÖ�Ö�ÐÝ ÓÖ��ÒØ�� Ø��Ò Û�Ö�× �Ò Ø�� ��Ø� Ñ�Ø�Ó�º �Ð�ØÖÓÑ��Ò�Ø�
�ÓÑÔ�Ø���Ð�ØÝ̧ Á��� ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ ��´¾µ ��½���¾¿¸ Å�Ý ¾¼¼¿º

½��



�¾¿℄ Â��ÝÙ�Ò ��Ò� �Ò� ��ÓÒ��Ù� ÏÙº ��Ò�Ö�Ð�Þ�� Ô�Ö��ØÐÝ Ñ�Ø��� Ð�Ý�Ö
�ÓÖ Ø�� ��×ÓÖÔØ�ÓÒ Ó� ÔÖÓÔ���Ø�Ò� �Ò� �Ú�Ò�×�ÒØ Û�Ú�× �Ò ÐÓ××Ð�×× �Ò�
ÐÓ××Ý Ñ����º Å�ÖÓÛ�Ú� Ì��ÓÖÝ �Ò� Ì��Ò�ÕÙ�×¸ Á��� ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸
��´½¾µ �¾¾½��¾¾¾¾¸ �� ½���º

�¾�℄ ÄÓÙÐ� ��ÞÓÙ�¸ ËØ�Ô��Ò� Ä�ÒØ�Ö�¸ ËØ�Ô��Ò�� ÄÓ�Ö�Ò��Ð¸ �Ò� Ë�Ö�� È�¹
Ô�ÖÒÓº �ÓÒÚ�Ö��Ò� �Ò� ×Ø���Ð�ØÝ Ó� � ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ø�Ñ�¹
�ÓÑ��Ò Ñ�Ø�Ó� �ÓÖ Ø�� ¿� ��Ø�ÖÓ��Ò�ÓÙ× Ñ�ÜÛ�ÐÐ �ÕÙ�Ø�ÓÒ× ÓÒ ÙÒ¹
×ØÖÙØÙÖ�� Ñ�×��×º �Ë�ÁÅ � Å�Ø��Ñ�Ø��Ð ÅÓ��ÐÐ�Ò� �Ò� ÆÙÑ�Ö��Ð
�Ò�ÐÝ×�×¸ ¿�´¼�µ �½½���½½��¸ ¾¼¼�º

�¾�℄ �ÖÙÒÓ �ÓÖÒ�Ø¸ Î�Ò�ÒØ ÅÓÙÝ××�Ø¸ �Ò� ýÒ��Ð ÊÓ�Ö��Ù�Þ¹�Ö�×º Å�Ø��Ñ�¹
Ø��Ð ×ØÙ�Ý Ó� � �ÝÔ�Ö�ÓÐ� Ö��ÙÐ�Ö�Þ�Ø�ÓÒ ØÓ �Ò×ÙÖ� ��Ù××³× Ð�Û ÓÒ×�Ö¹
Ú�Ø�ÓÒ �Ò Å�ÜÛ�ÐÐ¹ÎÐ�×ÓÚ �ÔÔÐ��Ø�ÓÒ×º Å�Ø�º ÅÓ��Ð× Å�Ø�Ó�× �ÔÔÐº
Ë�º¸ ¾¾´�µ �½½�¼¼¾¼¸ ¾�¸ ¾¼½¾º

�¾�℄ Ãº Çº �Ö���Ö��×º ËÝÑÑ�ØÖ� �ÝÔ�Ö�ÓÐ� Ð�Ò��Ö ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º
�ÓÑÑÙÒ��Ø�ÓÒ× ÓÒ ÈÙÖ� �Ò� �ÔÔÐ��� Å�Ø��Ñ�Ø�×¸ �´¾µ �¿���¿�¾¸
½���º

�¾�℄ Ëº�º ���Ò�Ýº �Ò �Ò�×ÓØÖÓÔ� Ô�Ö��ØÐÝ Ñ�Ø��� Ð�Ý�Ö¹��×ÓÖ��Ò� Ñ���ÙÑ
�ÓÖ Ø�� ØÖÙÒ�Ø�ÓÒ Ó� ��Ø� Ð�ØØ��×º �ÒØ�ÒÒ�× �Ò� ÈÖÓÔ���Ø�ÓÒ¸ Á���
ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ ��´½¾µ �½�¿¼�½�¿�¸ �� ½���º

�¾�℄ ��Û��� �Ó�Ð�Û×�� �Ò� È��ÖÖ�¹�ÖÒ�Ù� Ê�Ú��ÖØº ÆÙÑ�Ö��Ð
�ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ó� �ÝÔ�Ö�ÓÐ� ×Ý×Ø�Ñ× Ó� ÓÒ×�ÖÚ�Ø�ÓÒ Ð�Û×¸ ÚÓÐÙÑ�
½½� Ó� �ÔÔÐ��� Å�Ø��Ñ�Ø��Ð Ë��Ò�×º ËÔÖ�Ò��Ö¹Î�ÖÐ��¸ Æ�Û �ÓÖ�¸
½���º

�¾�℄ Ã�ÖÓÒÓ× �ÖÓÙÔº ÇÔ�ÒÐº �ØØÔ×�»»ÛÛÛº��ÖÓÒÓ×ºÓÖ�»ÓÔ�ÒÐ»º

�¿¼℄ �º �Ù���ÙØ¸ Èº �ÓÙ�Ý̧ Æº ÊÓÙÚÖ��×¸ �º ��Ò Å³À�Ñ��¸ �º È�ÕÙ�ÙÜ¸
�Ò� �º Ê��Ò��Üº Æ�Û Ø��Ò Ó�Ø�� Û�Ö� �ÓÖÑ�Ð�×Ñ �ÓÖ ��Ø� Ñ�¹
Ø�Ó�º ÁÒ �Ð�ØÖÓÑ��Ò�Ø�× �Ò ��Ú�Ò�� �ÔÔÐ��Ø�ÓÒ× ´Á����µ¸ ¾¼½½
ÁÒØ�ÖÒ�Ø�ÓÒ�Ð �ÓÒ��Ö�Ò� ÓÒ¸ Ô���× ¿���¿��¸ Ë�ÔØ ¾¼½½º

�¿½℄ È��Ð�ÔÔ� À�ÐÐÙÝº ÆÙÑ�Ö��Ð Ö�×ÓÐÙØ�ÓÒ Ó� Ø�� ��ÖÑÓÒ� Å�ÜÛ�ÐÐ
�ÕÙ�Ø�ÓÒ× �Ý � ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò �Ò�Ø� �Ð�Ñ�ÒØ Ñ�Ø�Ó�º Ì��×�×¸
�ÓÐ� Ò�Ø�ÓÒ�Ð� ×ÙÔ�Ö��ÙÖ� �� Ð³��ÖÓÒ�ÙØ�ÕÙ� �Ø �� Ð³�×Ô��¸ Â�ÒÙ�ÖÝ
½���º

�¿¾℄ È��Ð�ÔÔ� À�ÐÐÙÝ̧ ÂÓÒ�Ø��Ò ÂÙÒ�¸ �Ø �Ðº ÌÛÓ¹�Ù�� ÓÑÔÖ�××��Ð� ×�ÑÙÐ�¹
Ø�ÓÒ× ÓÒ �ÔÙ ÐÙ×Ø�Öº ¾¼½�º

�¿¿℄ Âº Ëº À�×Ø��Ú�Ò �Ò� Ìº Ï�Ö�ÙÖØÓÒº À���¹ÓÖ��Ö ÒÓ��Ð ��×ÓÒØ�ÒÙÓÙ×
��Ð�Ö��Ò Ñ�Ø�Ó�× �ÓÖ Ø�� Å�ÜÛ�ÐÐ ����ÒÚ�ÐÙ� ÔÖÓ�Ð�Ñº È��ÐÓ×º ÌÖ�Ò×º
Êº ËÓº ÄÓÒ�º Ë�Öº � Å�Ø�º È�Ý×º �Ò�º Ë�º¸ ¿�¾´½�½�µ ���¿��¾�¸ ¾¼¼�º

�¿�℄ Â�Ò Ëº À�×Ø��Ú�Ò �Ò� Ì�Ñ Ï�Ö�ÙÖØÓÒº ÆÓ��Ð ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò
Ñ�Ø�Ó�×¸ ÚÓÐÙÑ� �� Ó� Ì�ÜØ× �Ò �ÔÔÐ��� Å�Ø��Ñ�Ø�×º ËÔÖ�Ò��Ö¸ Æ�Û
�ÓÖ�¸ ¾¼¼�º �Ð�ÓÖ�Ø�Ñ×¸ �Ò�ÐÝ×�×¸ �Ò� �ÔÔÐ��Ø�ÓÒ×º

½��



�¿�℄ Êº ÀÓÐÐ�Ò� �Ò� Ä�ÖÖÝ Ë�ÑÔ×ÓÒº ��Ò�Ø�¹����Ö�Ò� �Ò�ÐÝ×�× Ó� �ÑÔ ÓÙ¹
ÔÐ�Ò� ØÓ Ø��Ò ×ØÖÙØ× �Ò� Û�Ö�×º �Ð�ØÖÓÑ��Ò�Ø� �ÓÑÔ�Ø���Ð�ØÝ̧ Á���
ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ �Å�¹¾¿´¾µ ������¸ Å�Ý ½��½º

�¿�℄ Áº Â��Ö�Ýº ��Ò�Ø�¹ÎÓÐÙÑ� Ë�ÑÙÐ�Ø�ÓÒ× Ó� Å�ÜÛ�ÐÐ³× �ÕÙ�Ø�ÓÒ× ÓÒ
ÍÒ×ØÖÙØÙÖ�� �Ö��×º È�� Ø��×�×¸ ÍÒ�Ú�Ö×�ØÝ Ó� Å�Ò�ØÓ��¸ Ï�ÒÒ�Ô��¸
Å�Ò�ØÓ��¸ ��Ò���¸ ¾¼½½º

�¿�℄ �º ÂÓ�Ò�Ò¸ Âº¹�º Ê�Ñ�Ð�¸ �Ò� �º ��ÙÞ��Ò�º ��ÓÑ�ØÖ��Ð Ú�Ð���ØÝ Ó� ÙÖ¹
Ú�Ð�Ò��Ö �Ò�Ø� �Ð�Ñ�ÒØ×º ÂÓÙÖÒ�Ð Ó� �ÓÑÔÙØ�Ø�ÓÒ�Ð È�Ý×�×¸ ¾¿¿´¼µ �¿��
� ¿�¾¸ ¾¼½¿º

�¿�℄ �º ÂÓ�Ò×ÓÒ �Ò� Âº È�Ø��Ö�ÒØ�º �Ò �Ò�ÐÝ×�× Ó� Ø�� ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò
Ñ�Ø�Ó� �ÓÖ � ×�Ð�Ö �ÝÔ�Ö�ÓÐ� �ÕÙ�Ø�ÓÒº Å�Ø�º �ÓÑÔº¸ ��´½�¿µ �½�¾�¸
½���º

�¿�℄ Ë���×Ø��Ò ÂÙÒ�º Å�Ø�Ó��× �³�Ð�Ñ�ÒØ× �Ò�× �³ÓÖ�Ö� �Ð�Ú� ÔÓÙÖ Ð�
×�ÑÙÐ�Ø�ÓÒ ÒÙÑ�Ö�ÕÙ� �� Ð� ÔÖÓÔ���Ø�ÓÒ �³ÓÒ��×º ÍÒ�Ú�Ö×�Ø� ÄÓÙ�×
È�×Ø�ÙÖº ÁÒ×Ø�ØÙØ �� Ê���Ö�� Å�Ø��Ñ�Ø�ÕÙ� �Ú�Ò�� ´ÁÊÅ�µ¸ ËØÖ�×¹
�ÓÙÖ�¸ ¾¼¼�º Ì��×�¸ ÍÒ�Ú�Ö×�Ø� ÄÓÙ�× È�×Ø�ÙÖ¸ ËØÖ�×�ÓÙÖ�¸ ¾¼¼�º

��¼℄ �º ÃÐ��Ò�Ö¸ Ìº Ï�Ö�ÙÖØÓÒ¸ Âº �Ö����¸ �Ò� Âº Ëº À�×Ø��Ú�Òº ÆÓ��Ð
��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó�× ÓÒ �Ö�Ô��× ÔÖÓ�××ÓÖ×º Âº �ÓÑÔÙØº
È�Ý×º¸ ¾¾�´¾½µ ����¿����¾¸ ¾¼¼�º

��½℄ Ë�Ö�Ù�� Ëº ÃÓÑ�××�ÖÓÚº ÅÙÐØ���Ñ�Ò×�ÓÒ�Ð ÒÙÑ�Ö��Ð ×��Ñ� �ÓÖ Ö�×�×¹
Ø�Ú� Ö�Ð�Ø�Ú�×Ø� Ñ��Ò�ØÓ�Ý�ÖÓ�ÝÒ�Ñ�×º ÅÓÒØ�ÐÝ ÆÓØ��× Ó� Ø�� ÊÓÝ�Ð
�×ØÖÓÒÓÑ��Ð ËÓ��ØÝ¸ ¿�¾´¿µ �����½¼¼�¸ ¾¼¼�º

��¾℄ ��Ú�� �º ÃÓÔÖ�Ú�º Å�ØÖ� ���ÒØ�Ø��× �Ò� Ø�� ��×ÓÒØ�ÒÙÓÙ× ×Ô�ØÖ�Ð �Ð�¹
Ñ�ÒØ Ñ�Ø�Ó� ÓÒ ÙÖÚ�Ð�Ò��Ö Ñ�×��×º Âº Ë�º �ÓÑÔÙØº¸ ¾�´¿µ �¿¼½�¿¾�¸
¾¼¼�º

��¿℄ ��Ú�� �º ÃÓÔÖ�Ú� �Ò� �Ö��ÓÖ ��××Ò�Öº ÇÒ Ø�� ÕÙ��Ö�ØÙÖ� �Ò� Û���
�ÓÖÑ �Ó��× �Ò ÓÐÐÓ�Ø�ÓÒ ØÝÔ� ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò ×Ô�ØÖ�Ð �Ð�Ñ�ÒØ
Ñ�Ø�Ó�×º Âº Ë�º �ÓÑÔÙØº¸ ��´¾µ �½¿��½��¸ ¾¼½¼º

���℄ ��Ú�� �º ÃÓÔÖ�Ú�¸ ËØ�Ô��Ò Äº ÏÓÓ�ÖÙ�¸ �Ò� Åº �º ÀÙ××��Ò�º �ÓÑÔÙØ�¹
Ø�ÓÒ Ó� �Ð�ØÖÓÑ��Ò�Ø� ×�ØØ�Ö�Ò� Û�Ø� � ÒÓÒ¹ÓÒ�ÓÖÑ�Ò� ��×ÓÒØ�ÒÙÓÙ×
×Ô�ØÖ�Ð �Ð�Ñ�ÒØ Ñ�Ø�Ó�º ÁÒØ�ÖÒ�Ø�ÓÒ�Ð ÂÓÙÖÒ�Ð �ÓÖ ÆÙÑ�Ö��Ð Å�Ø�Ó�×
�Ò �Ò��Ò��Ö�Ò�¸ �¿´½µ �½¼��½¾¾¸ ¾¼¼¾º

���℄ Ä�Ð�� ÃÖ�ÚÓ�ÓÒÓÚ� �Ò� ÊÙ���Ò É�Òº �Ò �Ò�ÐÝ×�× Ó� Ø�� ×Ô�ØÖÙÑ Ó�
Ø�� ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó�º �ÔÔÐ��� ÆÙÑ�Ö��Ð Å�Ø��Ñ�Ø�×¸
��´¼µ �½ � ½�¸ ¾¼½¿º

���℄ Ìº Ä���Ú��Ö� �Ò� Ìº ÀÙØØÙÒ�Òº � ÒÓÒ¹ÙÒ��ÓÖÑ ��×�× ÓÖ��Ö �ÓÖ Ø�� ��×¹
ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó� Ó� Ø�� ¿� ��××�Ô�Ø�Ú� Û�Ú� �ÕÙ�Ø�ÓÒ Û�Ø�
Ô�Ö��ØÐÝ Ñ�Ø��� Ð�Ý�Öº Âº �ÓÑÔÙØº È�Ý×º¸ ¾¾�´½¿µ ��½����½�¼¸ ¾¼½¼º

���℄ Èº Ä�×��ÒØ �Ò� Èº¹�º Ê�Ú��ÖØº ÇÒ � �Ò�Ø� �Ð�Ñ�ÒØ Ñ�Ø�Ó� �ÓÖ ×ÓÐÚ�Ò�
Ø�� Ò�ÙØÖÓÒ ØÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒº Å�Ø�º Ê�×º ��ÒØ�Ö¸ ÍÒ�Úº Ó� Ï�×ÓÒ×�Ò¹
Å���×ÓÒ¸ ����Ñ� ÈÖ�××¸ Æ�Û �ÓÖ�¸ ½���º

½��



���℄ Å�ØØ� Ä�××�×¸ ÂÙ��� Ä�Ù��ÓÒ�Ò¸ �Ò� �Ö��� ËÓÑ�Ö×�ÐÓº �ÓÑÔÐ�Ü Ö��¹
Ñ�ÒÒ��Ò Ñ�ØÖ� �Ò� ��×ÓÖ��Ò� �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ×º ÂÓÙÖÒ�Ð ��
Å�Ø��Ñ�Ø�ÕÙ�× ÈÙÖ�× �Ø �ÔÔÐ�ÕÙ��×¸ �¼´�µ ��¿� � ���¸ ¾¼¼½º

���℄ ËÓÔ��� Ä�ÙÖ�Ò×º À��� �ÙÖ�Ý �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �ÓÖ ���Ö�Ø�ÓÒ ÔÖÓ�Ð�Ñ×º
Ì��×�×¸ ÍÒ�Ú�Ö×�Ø� È�ÙÐ Ë���Ø��Ö ¹ ÌÓÙÐÓÙ×� ÁÁÁ¸ Å�Ö� ¾¼½¼º

��¼℄ Èº �º Ä�Ü �Ò� Êº Ëº È��ÐÐ�Ô×º ÄÓ�Ð �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �ÓÖ ��××�Ô�¹
Ø�Ú� ×ÝÑÑ�ØÖ� Ð�Ò��Ö ����Ö�ÒØ��Ð ÓÔ�Ö�ØÓÖ×º �ÓÑÑº ÈÙÖ� �ÔÔÐº Å�Ø�º¸
½¿ ��¾�����¸ ½��¼º

��½℄ È��ÖÖ�¹�Ð��Ò Å�Þ�Ø¸ ËØ�Ô��Ò È��ÒØ�Ò�Ö�¸ �Ò� ���� Ê��ÑÓÙÒ�º ÁÒØ�Ö¹
ÔÖ�Ø�Ø�ÓÒ ��×Ô�Ö×�Ú� �Ù Ñ�Ð��Ù ÈÅÄ �� ��Ö�Ò��Öº �º Êº ���º Ë�º È�Ö�×
Ë�Öº Á Å�Ø�º¸ ¿¾�´½µ ������¸ ½���º

��¾℄ È��ÖÖ�¹�Ð��Ò Å�Þ�Ø¸ Ä�ÓÒ�Ð Ë��Ù�¸ �Ò� ��Ð��Ø� ���º ËÙÖ Ð³�Ü�×Ø�Ò� �Ø
Ð³ÙÒ��Ø� ��× ×ÓÐÙØ�ÓÒ× ÔÓÙÖ Ð� ×Ý×Ø�Ñ� �� Å�ÜÛ�ÐÐ ��ÖÑÓÒ�ÕÙ� �Ò ÔÖ�¹
×�Ò� �� ÓÙ��× �� ��Ö�Ò��Öº �º Êº ���º Ë�º È�Ö�× Ë�Öº Á Å�Ø�º¸
¿¿¿´�µ ������¼�¸ ¾¼¼½º

��¿℄ �º¹�º ÅÙÒÞ¸ Èº ÇÑÒ�×¸ Êº Ë�Ò����Ö¸ �º ËÓÒÒ�Ò�Ö���Ö¸ �Ò� Íº ÎÓ�º
��Ú�Ö��Ò� ÓÖÖ�Ø�ÓÒ Ø��Ò�ÕÙ�× �ÓÖ Å�ÜÛ�ÐÐ ×ÓÐÚ�Ö× ��×�� ÓÒ � �ÝÔ�Ö¹
�ÓÐ� ÑÓ��Ðº Âº �ÓÑÔÙØº È�Ý×º¸ ½�½´¾µ ������½½¸ ¾¼¼¼º

���℄ �Ð�ÝØÓÒ Êº È�ÙÐ �Ò� �º�º ���Ø��Öº �ÓÑÔÙØ�Ø�ÓÒ Ó� Ø�� ØÖ�Ò×Ñ�××�ÓÒ Ð�Ò�
�Ò�ÙØ�Ò� �Ò� �Ô��Ø�Ò� Ñ�ØÖ��× �ÖÓÑ Ø�� ��Ò�Ö�Ð�Þ�� �Ô��Ø�Ò�
Ñ�ØÖ�Üº �Ð�ØÖÓÑ��Ò�Ø� �ÓÑÔ�Ø���Ð�ØÝ̧ Á��� ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ �Å�¹
½�´�µ �½���½�¿¸ ÆÓÚ ½���º

���℄ �ºÊº È�ÙÐº �Ò�ÐÝ×�× Ó� ÅÙÐØ�ÓÒ�ÙØÓÖ ÌÖ�Ò×Ñ�××�ÓÒ Ä�Ò�×º Ï�Ð�Ý¹
ÁÒØ�Ö×��Ò�º Ï�Ð�Ý̧ ¾¼¼�º

���℄ Äº È���ÖÒ�Ø¸ �º ��ÖÖ��Ö�×¸ Ëº È�ÖÒ�Ø¸ �ºÄº Å����Ð×�Ò¸ �º ÊÓ���Ö¸ �Ò�
Èº ���ÓÒ�º ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó� �ÔÔÐ��� ØÓ �Ð�ØÖÓÑ��Ò�Ø�
ÓÑÔ�Ø���Ð�ØÝ ÔÖÓ�Ð�Ñ× � �ÒØÖÓ�ÙØ�ÓÒ Ó� Ø��Ò Û�Ö� �Ò� Ø��Ò Ö�×�×Ø�Ú�
Ñ�Ø�Ö��Ð ÑÓ��Ð×º Ë��Ò�¸ Å��×ÙÖ�Ñ�ÒØ Ì��ÒÓÐÓ�Ý̧ Á�Ì¸ ¾´�µ �¿���
�¼½¸ ÆÓÚ�Ñ��Ö ¾¼¼�º

���℄ Î�××�Ð�Ò Åº È�Ø�ÓÚ �Ò� ÄÙ��Þ�Ö Æº ËØÓÝ�ÒÓÚº ��ÓÑ�ØÖÝ Ó� Ö���Ø�Ò�
Ö�Ý× �Ò� �ÒÚ�Ö×� ×Ô�ØÖ�Ð ÔÖÓ�Ð�Ñ×º ÈÙÖ� �Ò� �ÔÔÐ��� Å�Ø��Ñ�Ø�×
´Æ�Û �ÓÖ�µº ÂÓ�Ò Ï�Ð�Ý ² ËÓÒ×¸ ÄØ�º¸ �����×Ø�Ö¸ ½��¾º

���℄ ��Ö�× Â Ê��ÐØÓÒ �Ò� �ÓÑ�Ò�ÕÙ� Ä È�ÙÐº �Ò�ÐÝ×�× Ó� ×ØÖÙØÙÖ�× ÓÒØ��¹
Ò�Ò� ×��ÖÔ Ó�Ð�ÕÙ� Ñ�Ø�Ð ����× �Ò ��Ø� Ù×�Ò� Ñ�ÑÔ×º �ÒØ�ÒÒ�× �Ò�
ÈÖÓÔ���Ø�ÓÒ¸ Á��� ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ ��´�µ �¾����¾��¼¸ ¾¼½¼º

���℄ ��Ö�× Â Ê��ÐØÓÒ¸ �ÓÑ�Ò�ÕÙ� Ä È�ÙÐ¸ Á�Ò Â �Ö���Ó�¸ �Ò� ��Ó�Ö�Ý Ë À�Ð¹
ØÓÒº Ì�� ØÖ��ØÑ�ÒØ Ó� ��ÓÑ�ØÖ��ÐÐÝ ×Ñ�ÐÐ ×ØÖÙØÙÖ�× �Ò ��Ø� �Ý Ø�� ÑÓ¹
����Ø�ÓÒ Ó� �××��Ò�� Ñ�Ø�Ö��Ð Ô�Ö�Ñ�Ø�Ö×º �ÒØ�ÒÒ�× �Ò� ÈÖÓÔ���Ø�ÓÒ¸
Á��� ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ �¿´½¾µ ��½¾���½¿�¸ ¾¼¼�º

��¼℄ Â��Ö�Ý Ê�Ù�º ËÝÑÑ�ØÖ� ÔÓ×�Ø�Ú� ×Ý×Ø�Ñ× Û�Ø� �ÓÙÒ��ÖÝ ��Ö�Ø�Ö�×Ø�
Ó� ÓÒ×Ø�ÒØ ÑÙÐØ�ÔÐ��ØÝº ÌÖ�Ò×º �Ñ�Öº Å�Ø�º ËÓº¸ ¾�½´½µ �½���½��¸
½���º

½��



��½℄ È¹� Ê�Ú��ÖØ �Ò� ÂÅ Ì�ÓÑ�×º ÈÖ�Ñ�Ð �Ý�Ö�� �Ò�Ø� �Ð�Ñ�ÒØ Ñ�Ø�Ó�× �ÓÖ
¾Ò� ÓÖ��Ö �ÐÐ�ÔØ� �ÕÙ�Ø�ÓÒ×º Å�Ø��Ñ�Ø�× Ó� ÓÑÔÙØ�Ø�ÓÒ¸ ¿½´½¿�µ �¿�½�
�½¿¸ ½���º

��¾℄ Ïº Âº Ê���Ö �Ò� Êº �º ÄÓÛÖ��º Ì�� Ù×� Ó� Ð�××��Ð Ð�Ü��Ö���Ö��× Ö��Ñ�ÒÒ
×ÓÐÚ�Ö× Û�Ø� ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò Ñ�Ø�Ó�×º ÁÒØ�ÖÒ�Ø�ÓÒ�Ð ÂÓÙÖÒ�Ð �ÓÖ
ÆÙÑ�Ö��Ð Å�Ø�Ó�× �Ò �ÐÙ��×¸ �¼´¿¹�µ ��������¸ ¾¼¼¾º

��¿℄ Ãº ÊÙÔÔ¸ �º ÊÙ�ÓÐ�¸ �Ò� Âº Ï��Ò�Ù�º Î��ÒÒ��Ä ¹ � À��� Ä�Ú�Ð Ä�Ò��Ö
�Ð���Ö� Ä��Ö�ÖÝ �ÓÖ �ÈÍ× �Ò� ÅÙÐØ�¹�ÓÖ� �ÈÍ×º ÁÒ ÁÒØÐº ÏÓÖ�×�ÓÔ ÓÒ
�ÈÍ× �Ò� Ë��ÒØ�� �ÔÔÐ��Ø�ÓÒ×¸ Ô���× �½���¸ ¾¼½¼º

���℄ ÂË Ë�Ú���¸ ÏÌ ËÑ�Ø�¸ �Ò� �Ê È�ÙÐº ÅÓÑ�ÒØ Ñ�Ø�Ó� �ÐÙÐ�Ø�ÓÒ Ó�
Ø�� Ô�Ö¹ÙÒ�Ø¹Ð�Ò�Ø� Ô�Ö�Ñ�Ø�Ö× Ó� ��Ð� �ÙÒ�Ð�×º ÁÒ �Ð�ØÖÓÑ��Ò�Ø�
�ÓÑÔ�Ø���Ð�ØÝ̧ ½���º ËÝÑÔÓ×�ÙÑ Ê�ÓÖ�º �ÓÑÔ�Ø���Ð�ØÝ �Ò Ø�� ÄÓÓÔº¸
Á��� ÁÒØ�ÖÒ�Ø�ÓÒ�Ð ËÝÑÔÓ×�ÙÑ ÓÒ¸ Ô���× ��½����º Á���¸ ½���º

���℄ Ä�ÙÖ�ÒØ Ë�Û�ÖØÞº Å�Ø�Ó��× Ñ�Ø��Ñ�Ø�ÕÙ�× ÔÓÙÖ Ð�× ×��Ò�×
Ô�Ý×�ÕÙ�×¸ ÚÓÐÙÑ� ¿º À�ÖÑ�ÒÒ¸ ½��½º

���℄ Ìº�º�º Ë�Ò�ÓÖº ÁÑÔ���Ò� �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �ÓÖ �ÑÔ�Ö��ØÐÝ ÓÒ�Ù¹
Ø�Ò� ×ÙÖ���×º �ÔÔÐ��� Ë��ÒØ�� Ê�×��Ö�¸ Ë�Ø�ÓÒ �¸ �´½µ ��½���¿�¸
½��¼º

���℄ �Ö�Ò� ËÓÒÒ�Ñ�ÒÒ¸ Â��Ò¹��Ö�×ØÓÔ�� ÂÓÐÝ̧ �Ò� ��ÖÒ�Ö� È�ÕÙ�ÙÜº ÎÙÐ¹
Ò�Ö���Ð�ØÝ Ó� � Ñ�××�Ð� ���Ò� �ÔÑ �ØØ��º ÁÒ �ÙÖÓÔ��Ò ËÙÖÚ�Ú���Ð�ØÝ
ÏÓÖ�×�ÓÔ¸ ¾¼¼�º

���℄ ��ÒÒ�× Åº ËÙÐÐ�Ú�Òº �Ò ÙÒ×ÔÐ�Ø ×Ø�Ô ¿¹� ÔÑÐ �ÓÖ Ù×� Û�Ø� Ø�� ��Ø�
Ñ�Ø�Ó�º Å�ÖÓÛ�Ú� �Ò� �Ù���� Ï�Ú� Ä�ØØ�Ö×¸ Á���¸ �´�µ �½���½��¸
ÂÙÐ ½���º

���℄ �ÐÐ�Ò Ì��ÓÚ� �Ò� ËÙ×�Ò � À��Ò�××º �ÓÑÔÙØ�Ø�ÓÒ�Ð �Ð�ØÖÓ�ÝÒ�Ñ�×º
Ì�� �Ò�Ø�¹����Ö�Ò� Ì�Ñ�¹�ÓÑ��Ò Ñ�Ø�Ó�º Ì��Ö� ���Ø�ÓÒº �ÖØ��
�ÓÙ×�¸ ¾¼¼�º

��¼℄ Ë�ÑÙ�Ð Ï�ÐÐ��Ñ×¸ �Ò�Ö�Û Ï�Ø�ÖÑ�Ò¸ �Ò� ��Ú�� È�ØØ�Ö×ÓÒº ÊÓÓ¹
��Ò� � �Ò �Ò×���Ø�ÙÐ Ú�×Ù�Ð Ô�Ö�ÓÖÑ�Ò� ÑÓ��Ð �ÓÖ ÑÙÐØ�ÓÖ� �Ö��Ø�ØÙÖ�×º
�ÓÑÑÙÒ��Ø�ÓÒ× Ó� Ø�� ��Å¸ �¾´�µ ������¸ ¾¼¼�º

��½℄ Âº¹Èº ÏÖ�Ò��Öº ÆÙÑ�Ö��Ð Ö���Ø�ÓÒ �ÖÓÑ ��Ø�¹ÔÑÐ× � � ÓÑÔ�Ö�×ÓÒ Ó�
Ø�� ×ÔÐ�Ø ÔÑÐ Û�Ø� Ø�� ÙÒ×ÔÐ�Ø �Ò� �× ÔÑÐ×º �ÒØ�ÒÒ�× �Ò� ÈÖÓÔ���Ø�ÓÒ¸
Á��� ÌÖ�Ò×�Ø�ÓÒ× ÓÒ¸ �¼´¿µ �¾���¾��¸ Å�Ö ¾¼¼¾º

��¾℄ �º ���Óº Ì�� �ÔÔÐ��Ø�ÓÒ Ó� ��×ÓÒØ�ÒÙÓÙ× ��Ð�Ö��Ò �Ð�Ñ�ÒØ
Ø�Ñ�¹�ÓÑ��Ò Ñ�Ø�Ó� �Ò Ø�� ��×��Ò¸ ×�ÑÙÐ�Ø�ÓÒ �Ò� �Ò�ÐÝ×�× Ó� ÑÓ��ÖÒ
Ö���Ó �Ö�ÕÙ�ÒÝ ×Ý×Ø�Ñ×º È�� Ø��×�×¸ ÍÒ�Ú�Ö×�ØÝ Ó� Ã�ÒØÙ�Ý̧ ¾¼½½º
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Résumé

Cette thèse s'inscrit dans un projet d'innovation duale RAPID financé par DGA/DS/MRIS et appelé
GREAT faisant intervenir la société Axessim, l'ONERA, INRIA, l'IRMA et le CEA. Ce projet a pour but
la mise en place d'une solution industrielle de simulation électromagnétique basée sur une méthode
Galerkin  Discontinue  (GD)  parallèle  sur  maillage  hexaédrique.  Dans  un  premier  temps,  nous
établissons un schéma numérique adapté à un système de loi de conservation. Nous pouvons ainsi
appliquer cette approche aux équations de Maxwell, mais également à tout système hyperbolique.
Dans un second temps, nous mettons en place une parallélisation à deux niveaux de ce schéma.
D'une part, les calculs sont parallélisés sur carte graphique au moyen de la bibliothèque OpenCL.
D'autre  part,  plusieurs  cartes  graphiques  peuvent  être  utilisées,  chacune  étant  pilotée  par  un
processus  MPI.  De  plus,  les  communications  MPI  et  les  calculs  OpenCL sont  asynchronisés
permettant d'obtenir une forte accélération.

Mots-clés : Galerkin Discontinue, équations de Maxwell, OpenCL, MPI, parallélisation.

Abstract

This thesis is part of a dual innovation project funded by RAPID DGA/DS/MRIS and called GREAT
involving  Axessim  company,  ONERA,  INRIA,  IRMA  and  the  CEA.  This  project  aims  at  the
establishment  of  an  industrial  solution  of  electromagnetic  simulation  based  on  a  method
Discontinuous Galerkin (DG) on parallel hexahedral mesh. First, we establish a numerical scheme
adapted to a conservation law system. We can apply this approach to the Maxwell equations but
also to any hyperbolic system. In a second step, we set up a two-level parallelization of this scheme.
On the one hand, the calculations are parallelized on graphics card using the OpenCL library. On the
other hand, multiple graphics cards can be used, each driven by a MPI process. In addition, MPI
communications and OpenCL computations are launched asynchronously in order to obtain a strong
acceleration.

Keywords: Discontinuous Galerkin, Maxwell equations, OpenCL, MPI, parallelization.


