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X(k) X (jk (Xn))n C (Jk) k � 0 (Xn)n

Der (C JxK) k � 0

jk (X) = X(k) .

C JxK Der (C JxK)
Der (C JxK)

0

Der (C JxK) (C JxK)n
(Xn)n2N ⇢ Der (C JxK) X 2 Der (C JxK)

f 2 C JxK
⇣

LXn
(f)
⌘

n2N
⇢ C JxK

LX (f) 2 C JxK
b� (Cn, 0) ⇢ Der (C JxK)

k � 0 Derk (C JxK)
k Der (C JxK)

C JxK dDi↵ (Cn, 0)

� 2 dDi↵ (Cn, 0)

�
1

= � (x
1

) , . . . ,�n = � (xn)



x
1

, . . . xn �
1

, . . . ,�n 2 C JxK
D

0

� � m/m2 ! m/m2

(x
1

, . . . , xn)

✓

@�i
@xj

(0, . . . , 0)

◆

i,j

2 GLn (C) .

f =
X

k2Nn

a
k

xk 2 C JxK ,

f � 2 dDi↵ (Cn, 0)

�⇤ (f) =
X

k2Nn

a
k

�k1

1

· · ·�kn
n 2 C JxK .

dDi↵ (Cn, 0)
dDi↵ (Cn, 0)

(Cn, 0)

dDi↵ (Cn, 0)
(C JxK)n

Cn+1 (x,y) = (x, y
1

, . . . , yn)

x � 2 dDi↵
�

Cn+1, 0
�

�⇤ (x) =
x dDi↵

fib

�

Cn+1, 0
�

G(k)
Id

⇢ dDi↵ (Cn, 0) �

� (xi)� xi 2 mk+1

i = 1, . . . , n G(k)
Id

k G(1)

Id

dDi↵ (Cn, 0; Id) := G(1)

Id

.

dDi↵
fib

�

Cn+1, 0; Id
�

� 2 dDi↵ (Cn, 0) �⇤ �mk+1

�

⇢ mk+1 k � 0

jk (�) : Jk ! Jk

k� �
Jk k � 0

� 2 dDi↵ (Cn, 0)



C JxK
dDi↵ (Cn, 0) (C JxK)n

D : dDi↵ (Cn, 0)⇥ dDi↵ (Cn, 0) ! R
(�, ) 7! sup

f2m
(� (�⇤ (f) , ⇤ (f)))

dDi↵ (Cn, 0)

(�n)n ⇢ dDi↵ (Cn, 0)
k � 0 (jk (�n))n ⇢ C (Jk) C�

C (Jk) �(k) � (jk (�n))n

C (Jk) k � 0 (�n)n
dDi↵ (Cn, 0) k � 0

jk (�) = �
(k) .

(�n)n2N ⇢ dDi↵ (Cn, 0)

� 2 dDi↵ (Cn, 0) f 2 C JxK
(�⇤

n (f))n2N ⇢ C JxK �⇤ (f) C JxK

k � 0 G(k)
Id

⇢ dDi↵ (Cn, 0)

k dDi↵ (Cn, 0)

dDi↵
fib

(Cn, 0) dDi↵
fib

(Cn, 0; Id) dDi↵ (Cn, 0)

(dn)n�0

⇢ N>0

(�n)n�0

⇢ dDi↵ (Cn, 0)
n � 0

�n (x) = x+ Pdn
(x)

�

mod mdn+1

�

,

Pdn (x) dn
�

�[n]
�

n�0

�[n] = �n � · · · � �
0

n � 0

� 2 dDi↵ (Cn, 0)
n � 0 �n �

n � 0

�n � · · · � �
0

(x) = x+ Pd
0

(x) + · · ·+ Pdn
(x)

�

mod mdn+1

�

(dn)n�0

⇢ N>0

G ⇢ dDi↵ (Cn, 0)
Y
1

, Y
2

Der (C JxK) G� �2G

LY
1

� � = � � LY
2

.

�⇤ (Y1

) = Y
2

Y
2

Y
1

�
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� (x) = (�
1

(x) , . . .�n (x))

Y
1

(x) =
X

i=1,...,n

↵i (x)
@

@xi

Y
2

(x) =
X

i=1,...,n

�i (x)
@

@xi

�⇤ (Y1

) = Y
2

i = 1, . . . , n

�i (� (x)) =
X

j=1,...,n

@�i
@xj

(x)↵j (x) ,

D�.Y
1

= Y
2

� � ,

Y
1

Y
2

� n
Y
2

� � �i (�1 (x) , . . . ,�n (x)) i = 1, . . . , n D�
�

Der (C JxK)

� 2 dDi↵ (Cn, 0) �⇤ :
Der (C JxK) ! Der (C JxK) X 7! �⇤ (X)

Y
1

Y
2

� 2 dDi↵ (Cn, 0) U 2 C JxK⇥

�⇤ (Y1

) = U.Y
2

;

Y
1

Y
2

dDi↵
�

C3, 0
�

n C Jx,yK⇥ b� (Cn, 0)

X 2 b� (Cn, 0)
f 2 C JxK

(

L�0
X (f) = f

L�(k+1)

X (f) := LX
⇣

L�k
X (f)

⌘

, k � 0

exp (tX) t 2 C

exp (tX)
⇤
(f) :=

X

k�0

tk

k!
L�k
X (f) .



X t 2 C
X �t

X := exp (tX)

�t
X (x) =

⇣

exp (tX)
⇤
(x

1

) , . . . , exp (tX)
⇤
(xn)

⌘

,

�t
X (x) x = (x

1

, . . . , xn)
t 2 C

X 2 b� (Cn, 0)

adX : b� (Cn, 0) ! b� (Cn, 0)

Y 7! [X,Y ]

(

(adX)
�0

:= Id

(adX)
�(k+1)

:= adX � (adX)
�k , 8k 2 N .

X, Y 2 b� (Cn, 0) t 2 C

exp (tX)⇤ (Y ) = exp (adtX) (Y ) ,

exp (adtX) (Y ) =
X

k�0

tk

k!
(adX)

�k
(Y ) = Y +

t

1!
[X,Y ] +

t2

2!
[X, [X,Y ]] + . . . .

t 2 C

� 2 dDi↵ (Cn, 0)

F 2 Der
2

(C JxK) � = ' � exp (F ) ' 2 dDi↵ (Cn, 0)
D

0

� k � 2

Derk (C JxK) G(k�1)

Id

� 2 G(k�1)

Id

k � 1 F 2 Derk (C JxK) k
exp (F ) = �

X 2 b� (Cn, 0) ⌧ 2 m ⇢ C JxK
�⌧X X ⌧

t 2 C ⌧
dDi↵ (Cn, 0)

C2

X,Y 2 b� (Cn, 0) [X,Y ] = 0

⌧ 2 m ⇢ C JxK �⌧Y 2 dDi↵ (Cn, 0)

(�⌧Y )
⇤
(X) = X � LX (⌧)

1 + LY (⌧)
Y .



' := �⌧Y
f 2 C JxK

(�⌧Y )
⇤
(f) (x) :=

X

k�0

(⌧ (x))k

k!
L�k
X (f) (x) .

' := �⌧Y X

'⇤ (X) :=
�

'�1

�

⇤ (X) .

X 2 b� (Cn, 0)

X = XS +XN , XS , XN 2 b� (Cn, 0) [XS , XN ] = 0 ,

XS (resp.XN ) k� Jk
(resp. )

k� X = XS +XN X

k � 0 k (X) = jk (XS) + jk (XN ) jk (X)

' 2 dDi↵ (Cn, 0) '⇤ (X) = '⇤ (XS) + '⇤ (XN )
'⇤ (X)

X 2 b� (Cn, 0)
X = XS +XN XS

XS = S (�) � := (�
1

, . . . ,�n) 2 Cn

S (�) := �
1

x
1

@

@x
1

+ · · ·+ �nxn
@

@xn
.

Der (C JxK)
xkS (µ) k 2 I I

I := {k = (k
1

, . . . kn) 2 (Z��1

)
n | kj } ,

µ 2 Cn µ = (0, . . . , 0, µi, 0, . . . 0)
"
i

ki = �1

� 2 Cn xkS (µ)

L(�)

h�,ki := �
1

k
1

+ · · ·+ �nkn .



�, µ 2 Cn l,m 2 Zn

⇥

xlS (�) ,xmS (µ)
⇤

= xl+m (h�,miS (µ)� hµ, liS (�)) .

⇥

xlS (�) ,xmS (µ)
⇤

=
X

i,j=1,...,n

�iµjx
l.xi

@

@xi
(xmxj) .

@

@xj

�
X

i,j=1,...,n

�iµjx
m.xj

@

@xj

�

xlxi

�

.
@

@xi
.

@

@xi
(xmxj) =

8

<

:

mix
m.

xj

xi
i 6= j

(1 +mj)x
m i = j

@

@xj

�

xlxi

�

=

8

<

:

ljx
l.
xi

xj
i 6= j

(1 + li)x
l i = j

.

⇥

xlS (�) ,xmS (µ)
⇤

=
X

i,j=1,...,n

�iµjx
l+mmixj

@

@xj
�

X

i,j=1,...,n

�iµjx
m+lljxi

@

@xi

= xl+m (h�,miS (µ)� hµ, liS (�)) .

X 2 Der (C JxK)

X =
X

k2I
xkS (µ

k

) ,

Der (C JxK)
X

X = S (�) + XN

XN :

XN =
X

k2I
xkS (µ

k

) .

[XS , XN ] = 0

8k 2 I, hk,�i 6= 0 =) µ
k

= 0 .

xk XN



X,Y 2
b� (Cn, 0) S (µ)
µ 2 Cn Der

2

(C JxK)
(

X = S (µ) +XN XN 2 Der
2

(C JxK) , [S (µ) , XN ] = 0

Y = S (µ) + YN YN 2 Der
2

(C JxK) , [S (µ) , YN ] = 0.

X Y � D
0

� = diag (�
1

, . . . ,�n)

�
1

, . . . ,�n 2 C⇤ � = ' � exp (F ) F 2 Der
2

(C JxK) ' 2 dDi↵ (Cn, 0)
D

0

� = diag (�
1

, . . . ,�n)

[S (µ) , F ] = 0 .

[S (µ) , F ] = 0

F =
X

k2I
xkS (�

k

) ,

hµ,ki 6= 0 =) �
k

= 0

�
P (x) := (D

0

�)
�1 · x P ��

X Ỹ := P ·
�

Y � P�1

�

P Y

Ỹ �
P � �

�
F 2 Der

2

(C JxK) exp (F ) = �

exp (F )⇤ (S (µ)) = S (µ) + [F, S (µ)] +
1

2!
[F, [F, S (µ)]] + . . .

exp (F )⇤ (S (µ)) = S (µ)

[F, S (µ)] +
1

2!
[F, [F, S (µ)]] + . . . = 0 .

[F, S (µ)] = 0 ord ([F, S (µ)]) = q
1

� 1
(F ) � 2

ord
⇣

( F )
�j
(S (µ))

⌘

� q
1

+ 1 ,

j � 2 ( )

q
1

= ord ([F, S (µ)]) = ord

✓

1

2!
[F, [F, S (µ)]] + . . .

◆

� q
1

+ 1 .

D
0

� µi 6= µj

i 6= j



c⌦1 (C JxK) c⌦1

Cn Der (C JxK) C JxK�

( x
1

, . . . xn)
⇣

@
@x

1

, . . . , @
@xn

⌘

c⌦1 (C JxK)
C JxK� n x

1

, . . . , xn

p 2 N pème

c⌦1 (C JxK)

c⌦p (C JxK) :=
p̂

c⌦1 (C JxK)

c⌦p p�

0� c⌦0 (C JxK) := C JxK

c⌦p C JxK c⌦p

f (x)
f (x) dxi

1

^ · · · ^ dxip ,i1 < · · · < ip
k� p�

b⌦ (C JxK) :=
+1
�
p=0

c⌦p (C JxK)

b⌦ Cn d
b⌦

b⌦ C JxK
d ^

Di↵ (Cn, 0) b⌦ (C JxK)

C�
f 2 C JxK �⇤ (f)

8↵,� 2 b⌦ (C JxK) 8� 2 Di↵ (Cn, 0) �⇤ (↵ ^ �) = �⇤ (↵) ^ �⇤ (�)

8� 2 Di↵ (Cn, 0) �⇤ � d = d � �⇤

b⌦

� 2 dDi↵ (Cn, 0) �⇤ : b⌦ ! b⌦
↵ 7! �⇤ (↵)

X 2 b� (Cn, 0) ↵ 2 b⌦ (C JxK) LX (↵) ↵
X LX

k � 0 LX : c⌦k (C JxK) �! c⌦k (C JxK) C�
f 2 C JxK f LX (f)



LX b⌦ (C JxK) ↵,� 2 b⌦ (C JxK)
LX (↵ ^ �) = LX (↵) ^ � + ↵ ^ LX (�)

LX � d = d � LX

b⌦

X 2 b� (Cn, 0) LX : b⌦ ! b⌦ ↵ 7! LX (↵)

( )

↵ 2 b⌦ (C JxK) X 2 b� (Cn, 0)

exp (X)
⇤
(↵) = exp

�

LX
�

(↵) =
X

k�0

1

k!
L�k
X (↵) .

0�
1�

p�
1� d
LX exp (X)

⇤

0� d ^

�⇤ � d = d � �⇤ �⇤ (↵ ^ �) =
�⇤ (↵) ^ �⇤ (�)

� 2 dDi↵ (Cn, 0) X 2 b� (Cn, 0) ✓ 2 b⌦ (C JxK)

�⇤
⇣

L�⇤ (X) (✓)
⌘

= LX (�⇤ (✓)) .

p � 0

c⌦p �

⇤
//

 L
� (X)

✏✏

c⌦p

LX
✏✏

c⌦p
�

⇤
// c⌦p .

Cn+1 x = (x,y) = (x, y
1

, . . . , yn)
Cn+1

hdxi dx b⌦ = b⌦ (C Jx,yK)
✓ 2 b⌦ ✓ = dx ^ ⌘ ⌘ 2 b⌦

hdxi b⌦

✓ 2 b⌦ (C Jx,yK) X 2 b�
�

Cn+1, 0
�

� := exp (X) 2 dDi↵
�

Cn+1, 0
�

LX (x) = 0 LX (✓) 2 hdxi
�⇤ (x) = x �⇤ (✓) 2 ✓ + hdxi

✓ 2 b⌦ �⇤
n (✓) 2 ✓ + hdxi n � 0 �⇤ (✓) 2 ✓ + hdxi



C3 (x,y) := (x, y
1

, y
2

)
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dy

1

^ dy
1

x
.
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�

C3, 0
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LX (x) 2 hxi
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1

x

◆

.b⌦ (C Jx,yK) ⌫ =
1

x
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LX
✓
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x
.✓
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1
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x
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.b⌦ (C Jx,yK) LX (x) 2 hxi .
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�⇤ (x) = x x�⇤ (!) 2 x! + hdxi .

b�!
�

C3, 0
�

dDi↵!
�

C3, 0
�



X
{x = x

1

} {x = x
2

} !|x=x
1

!|x=x
2

(exp (X))
⇤
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⌘
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⌘
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0
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�
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norm

] +
X

l�2

1

l!
ad�lF (Y

norm

) .

Y
norm

= xS (1, a
1

, a
2

) + (�+ c (v))S (0,�1, 1)

[F, Y
norm

] =
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<

:

�ck
0

+mvk0

+m � ck
0

+m

k
0

ck
0

vm
X

k�k
0

+1

kckv
k

9

=

;

S (0,�1, 1) .

l � 0
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⇣
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�(l+1)

F (Y
norm

)
⌘

� ord
⇣

ad�lF (Y
norm

)
⌘

+m ,

ord
⇣

ad�lF (Y
norm

)
⌘

� lm+ k
0

+ 1 .

 ⇤ (X) = X + [F,X] +
X

l�2

1

l!
ad�lF (Y

norm

)

= xS (1, a
1

, a
2

) +
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<

:
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k
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k=k
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ckv
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!

+

0
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k�k
0

+m+1
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k

1

A

9

=

;

S (0,�1, 1) ,

k � k
0
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k
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+m�1

X

k=k
0

ckv
k

!

+

0

@

X

k�k
0

+m+1

c̃kv
k
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A .
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1

+a
2

2 C\Q0

a0
1

+a0
2

2
C\Q0
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1

a
1

+ a
2

m0 :=
1

a0
1

+ a0
2

(c, c0) 2 (vC JvK)2 ord (c) =

k
0

� 1 ord (c0) = k0
0

� 1
8

>

>

<

>

>

:

c (v) =
X

k�k
0

ckv
k

c0 (v) =
X

k�k0
0

c0kv
k

ck
0

+m = 0 c0k0
0

+m0 = 0 m 2 N>0
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>

>

>

>

>

<

>

>

>

>

>

>

>

>
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:

Z = x2

@

@x
+ (��� c (y

1

y
2

) + a
1

x) y
1

@

@y
1

+(�+ c (y
1

y
2

) + a
2

x) y
2

@

@y
2

Z 0 = x2

@

@x
+ (��0 � c0 (y

1

y
2

) + a0
1

x) y
1

@

@y
1

+(�0 + c0 (y
1

y
2

) + a0
2

x) y
2

@

@y
2

.

� 2 dDi↵
�

C3, 0
�

�⇤ (Z) = Z 0

� (x, y
1

, y
2

) =

2

6

6

6

6

6

6

6

6

4

0

@

1 0 0
0 ✓

1

0
0 0 ✓

2

1

A � exp (↵Z + �vmS (1, a
1

, a
2

))

ou
0

@

1 0 0
0 0 ✓

1

0 ✓
2

0

1

A � exp (↵Z + �vmS (1, a
1

, a
2
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↵,� 2 C, ✓
1

, ✓
2

2 C � = 0 m /2 N>0

c 6= 0

(�, a
1

, a
2

, c
1

(v) , c
2

(v)) =

2

4

(�0, a0
1

, a0
2

, c0 (✓
1

✓
2

v))
ou (respectivement)

(��0, a0
2

, a0
1

,�c0 (✓
1

✓
2

v)) .

� 2 dDi↵
�

C3, 0
�

�⇤ (Z) = Z 0
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1

, y
2

) (�, a
1

, a
2

) = (�0, a0
1

, a0
2

) (�, a
1

, a
2

) =
(��0, a0

2

, a0
1

) y
1

y
2

(�, a
1

, a
2

) = (�0, a0
1

, a0
2

) D
0

� =

diag (1,!
1

,!
2

) ✓
1

, ✓
2

2 C⇤  := (D
0

�)
�1 �� ' : v 7! (✓

1

✓
2

) v c̃ := c0 �'

 ⇤ (Z) = eZ = x2

@

@x
+ (��� c̃ (y

1

y
2

) + a
1

x) y
1

@

@y
1

+(�+ c̃ (y
1

y
2

) + a
2

x) y
2

@

@y
2

.



Z = Z̃ c = c̃ G 2 b�
�

C3, 0
�

 = exp (G)

G = g
0

(x, v)
@

@x
+ g

1

(x, v) y
1

@

@y
1

+ g
2

(x, v) y
2

@

@y
2

,

gi 2 m ⇢ C Jx, vK i = 1, 2 g
0

2 m2 ⇢ C Jx, vK

G = A (x, v)S (0,�1, 1) +B (x, v)S (0, a
1

, a
2

) + C (x, v)S (1, 0, 0) ,
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>

>

<

>

>

>

>

:

A =
P

i,j�0, i+j�1

Ai,jxivj

B =
P

i,j�0, i+j�1

Bi,jxivj

C =
P

i��1,j�0, i+j�1

Ci,jxivj .

Z eZ

(

Z = ZS + ZN , ZS , ZN , [ZS , ZN ] = 0

eZ = eZS + eZN , eZS , eZN ,
h

eZS , eZN

i

= 0 .

8

>

<

>

:

ZS = eZS = S (0,��,�)
ZN = xS (1, a

1

, a
2

) + c (v)S (0,�1, 1)
eZN = xS (1, a

1

, a
2

) + c̃ (v)S (0,�1, 1) ,

 ⇤ (Z) = eZ =)
(

 ⇤ (ZS) = eZS

 ⇤ (ZN ) = eZN .

(x, v) G
(x, v)

F = B (x, v)S

✓

0,
1

m

◆

+ C (x, v)S (1, 0) ,

m =
1

a
1

+ a
2

Z eZ

X := xS

✓

1,
1

m

◆

.

exp (F )⇤ (X) = X

exp (F )⇤ (X) = X + [F,X] +
1

2!
[F, [F,X]] + . . .

[F,X] +
1

2!
[F, [F,X]] + . . . = 0 .



[F,X] = x
⇣

C � LS(1, 1

m ) (C)
⌘

S (1, 0) + x
⇣

C � LS(1, 1

m ) (B)
⌘

S

✓

0,
1

m

◆

.

ord (F ) � 2 l � 0

ord
⇣

ad
�(l+1)

F (X)
⌘

� ord
⇣

ad�lF (X)
⌘

+ 1 ,

[F, Y ] = 0

(

C � LS(1, 1

m ) (C) = 0

C � LS(1, 1

m ) (B) = 0 .
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<

>

>
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✓
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m

◆
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Ci,j �Bi,j

✓

i+
j

m

◆

= 0 , i, j � 0, i+ j � 1

C�1,j = 0 , j � 2 ,

i+
j

m
6= 1 Ci,j = 0 B = C

F = (↵x+ �vm)S

✓

1,
1

m

◆

,

(↵,�) 2 C2 � = 0 m /2 N

G = A (x, v)S (0,�1, 1) + (↵x+ �vm)S (1, a
1

, a
2

) .

{x = 0} ZN
eZN G

exp (G)⇤ (ZN ) = eZN {x = 0}

exp
�

G|{x=0}
�

⇤
⇣

(ZN )|{x=0}
⌘

=
⇣

eZN

⌘

|{x=0}
,

(ZN )|{x=0} +
h

G, (ZN )|{x=0}
i

+
1

2!

h

G,
h

G, (ZN )|{x=0}
ii

+ . . . =
⇣

eZN

⌘

|{x=0}
,

c (v)S (0,�1, 1) +
h

G|{x=0}, (ZN )|{x=0}
i

+
1

2!

h

G|{x=0},
h

G|{x=0}, (ZN )|{x=0}
ii

+ . . .

= c̃ (v)S (0,�1, 1) .

h

G|{x=0}, (ZN )|{x=0}
i

=
�

m

8

<

:

X

k�k
0

kckv
k+m
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=

;

S (0,�1, 1) .



n � 1 :

�

adG|{x=0}

��n ⇣
(ZN )|{x=0}

⌘

=
�n

mn

8

<

:

X

k�k
0

k (k +m) . . . (k + (n� 1)m) ckv
k+nm

9

=

;

S (0,�1, 1) .

(0, k, k) k < k
0

+m

8k < k
0

+m, ck = c̃k .

k
0

= k0
0

m 2 N k
0

2 N>0

i.e. c 6= 0 c̃ 6= 0 k = k
0

+m

0 = c̃k
0

+m = ck
0

+m +
�

m
k
0

ck
0

=
�

m
k
0

ck
0

,

� = 0 k 2 N ck = c̃k c = c̃
 = exp (G)

G = A (x, v)S (0,�1, 1) + (↵x+ �vm)S (1, a
1

, a
2

) ,

A =
X

i,j�0, i+j�1

Ai,jx
ivj � = 0 m /2 N>0

c 6= 0 A (x, v) = ↵c (v) 2

C JvK
c = c̃ Z = Z̃ A (x, v)

exp (G)⇤ (ZN ) = ZN

[G,ZN ] +
1

2!
[G, [G,ZN ]] + . . . = 0 .

ord (G) � 2
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⇣
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1
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2

)
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1
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2
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⌘
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(↵x+ �vm)LS(1,a
1
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2

)
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1
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2

)

(A) = 0 .

c 6= 0 � = 0

↵
v

m
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@A

@x
+

v

m

@A

@v
.

A (x, v) =
X
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Ai,jx
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(

A
0,j = ↵cj , j � 0

Ai,j = 0 , i � 1, j � 0 .

A (x, v) = ↵c (v) 2 C JvK ,

G = ↵ZN = ↵ (xS (1, a
1

, a
2

) + c (v)S (0,�1, 1)) .



c = 0 m 2 N>0

(i, j) 2 N2\ {(0, 0)}
✓

i+
j

m

◆

Ai,j = 0

m /2 Q0

A = 0 = ↵c

G = (↵x+ �vm)S (1, a
1

, a
2

) .

c = 0 m /2 N>0

� = 0 A = 0 = ↵c

G = ↵xS (1, a
1

, a
2
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 = exp (G) = (D
0

�)
�1 � �

dSN ⇤
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�

C3, 0
�
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n

� 2 dDi↵
�

C3, 0
�

| �⇤ (Y ) = Y
o

.

Y 2 dSN ⇤ p = (�, a
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2
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@
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1

y
2

)) y
1

@
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1
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2
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1

y
2
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2
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2

2 C a
1
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2

/2 Q0
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X

k�k
0

ckv
k 2 vk0C JvK,k

0
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1

a
1
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2

2 N>0

ck
0
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c 6= 0 m /2 N>0

dIsot (Y ) =

(

diag (1, ✓
1

, ✓
2

) � exp (↵Y )

�

�

�

�

�
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1
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2
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1

✓
2

v) = c (v)

)

;

c = 0 m 2 N>0
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:
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, ✓
2

) � exp
�
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1
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2
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1

, ✓
2
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;
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2
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✓
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P
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ckvk 2 vC JvK k
0
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, a
2
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a
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+ a
2

/2 Q0
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1

a
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� 2 dDi↵
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C3, 0
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�⇤

✓
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�+ c (v)
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, a
2

)

◆
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x

�+ cmvm
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1
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2
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�+ c (v)

✓

x
@
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+

v

m

@
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◆

=
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�+ c (v)
S

✓
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m

◆
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 2 dDi↵
�
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 ⇤ (X) =
x

�+ cmvm
S

✓
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◆
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g
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@
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1
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exp
�

↵lvlS
�

1, 1
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✓
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�
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1
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2
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1
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2
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1

a
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Y
norm
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1
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Y
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✓
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/2 Q0

⌘ 2 {0, 1} ⌘ = 0 m :=
1

a
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2

/2 N>0
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�

C3, 0
�
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�⇤ ((1 + g (x,y))Z) = (1 + �x+ f (y
1

y
2
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GZ ⌧ 2 C Jx,yK
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⇤
(GZ) =

1
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GZ .
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LZ (⌧) =
1

F
� 1
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⌧
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+(1 + ⌘0 (y
1

y
2

)
m
+ a0

2

x) y
2

@

@y
2

,



a
1

, a
2

, a0
1

, a0
2

2 C a
1

+ a
2

, a0
1

+ a0
2

/2 Q0

⌘, ⌘0 2 {0, 1} ⌘ = 0
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⇣
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⇣
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⇣
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⇣
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0

2
C Jx, vK⇥

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

�
0

+ x
@�

0

@x
+

v

m0
@�

0

@v
= (� + �x�
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⇣
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⇣
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1 + ⌘ ((�
1

�
2

) (0, v))m
.

D
0

�
a
1

a
2

(a0
1

, a0
2

) = (a
2

, a
1

) � = �1

Z,Z 0 2 dSN
orb,⇤

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

Z = x2

@

@x
+ (�1� ⌘ (y

1

y
2

)
m
+ a

1

x) y
1

@

@y
1

+(1 + ⌘ (y
1

y
2

)
m
+ a

2

x) y
2

@

@y
2

,

Z 0 = x2

@

@x
+ (�1� ⌘0 (y
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� 2 dDi↵
�

C3, 0
�

�⇤ (Z) = GZ 0 .



GZ 0 (�, �, f (v)) 2 C⇤ ⇥ C ⇥ vC JvK  2 dDi↵
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Y 2 �
�

C3, 0
�
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@
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1
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2
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@

@y
1
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2
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2
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2
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@

@y
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diag

SN
diag,nd

Y 2 SN
diag

Y
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1,(1,1,0) + F
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X
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0
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1

k
2

)
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k
0yk1

1

yk2
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Y 2 SN
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SN
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y
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x
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Y
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LY (dx) 2 hdxi LY (!) 2 hdxi .



S ⇢ C⇤ � S⇥
�
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Di↵!
�
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�
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�
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Y 2 SNdiag,! res (Y ) = 1 Y
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�
+
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S
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�
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@
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1

+ a
2
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1

y
2

�
+
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+
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+
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S
+
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arg(i�),⌘ S� 2 S
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diag,0 �̂ 2 dDi↵
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�
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�
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�
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x 2 C
y := (y

1
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1
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1
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1

+ · · ·+ kn
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y
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1
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1
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1
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n
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1

, . . . , xm)
C {x} C {x}⇥ C {x}

n = 0
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n = 0
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↵ � r

r 2 R>0

↵,� 2 R ↵ < � S (r,↵,�)

S (r,↵,�) = {x 2 C | 0 < |x| < r ↵ < arg (x) < �} .

✓ 2 R ⌘ 2 R�0
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Cn+1 ✓ ⌘ S ⇢ Cn+1

r > 0 r 2 (R>0

)
n ✏ > 0

S � S
⇣
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2
� ✏, ✓ +

⌘

2
+ ✏
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2
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1

� S
2

.

✓ ⌘
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✓ ⌘
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⌘
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1
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⇣
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Di↵
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{Di↵
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fib
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�, 2 Di↵
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(S✓,⌘; Id)
�

0

2 Di↵
fib

(S, Id)  
0

2 Di↵
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T ⇢ �

0
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0

� �
0

✓ ⌘
S ⇢ C

S 2
\
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(< (x) ,= (x) , kyk)



✓ ⇡
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f̂ (x,y) =
X

k�0

fk (y)x
k =

X
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0
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fj
0

,jx
j
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C Jx,yK = C JxK JyK = C JyK JxK
k·k Cn+1

f S (r,↵,�)⇥D (0, r) f̂
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�
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x
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�
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fk (y)x
k

�

�

�

�

�

�

 AS0,K,N |x|N+1

(x,y) 2 S0 ⇥K
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x

f̂ S (r,↵,�)⇥D (0, r)
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0
S (r,↵,�)⇥D (0, r)

f S (r,↵,�)⇥D (0, r)
S0 ⇢ S (r,↵,�) K ⇢ D (0, r) AS0,K , BS0,K > 0
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✓
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⇣
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⌘
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, . . . , @
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⇣
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⇣
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⇣
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2
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1
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2
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�
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✓,� ⇥D (0, r) ,

�

�

�

B
⇣

f̂
⌘

(t,y)
�

�

�

 M exp (� |t|) .

�✓,�,⇢ := A1
✓,� [ (0, ⇢)
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✓
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⇣
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> �
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✓
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⇣
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⇣
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✓
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z (x) = Q̂ (x)y (x)

Q̂ (x) =

✓

q̂
1

(x) 0
0 q̂

2

(x)

◆

2 GL
2

(C JxK)

q̂
1

(0) = q̂
2

(0) = 1

x2

dy

dx
(x) = A (x)y (x) + F̂ (x,y (x)) ,

A (x) =

✓

��+ a
1

x 0
0 �+ a

2

x

◆

, F̂ (x,y (x)) =

✓

F̂
1

(x,y (x))
F̂
2

(x,y (x))

◆

,

(a
1

, a
2

) = (â
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Ŷ
prep

= Y
0

+DC +RR ,

Y
0

:= �C + x
⇣

x @
@x + a

1

y
1

@
@y

1

+ a
2

y
2

@
@y

2

⌘

C := �y
1

@
@y

1

+ y
2

@
@y

2

R := y
1

@
@y1 + y

2

@
@y

2

D (x,y) = d (y
1

y
2

) + xD(1) (x,y) = d (y
1

y
2

) + x

 

Ŝ
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Ỹ (N)

✓

⌘

= Y
0

+
⇣

d(N+1) (y
1

y
2

) + xN+1D(N+1)

✓ (x,y)
⌘

C

+xN+1R(N+1)

✓ (x,y)R .

D(N+1) (x,y) :=

 

L
˜Y (N)

(�) + xN D̃(N)

xN+1

!

� ��1

� (x,y)

D(N+1)

✓ (x,y) :=

0

@

L
˜Y

(N)

✓

(�) + xN D̃(N)

✓

xN+1

1

A � ��1

� (x,y) .

✓ 6= arg (±�) 2 R/2⇡Z

Y
0

:= Y|{x=0}





Y (N)

O
�

xN
�

↵
+

2 O (S
+

) ,↵� 2 O (S�)

LY (N)

(↵±) = xM+1A± (x,y) ,

M 2 N A± 2 O (S±)

↵± (x,y)

↵± (x,y)

Y
0

:= �C + x
⇣

x @
@x + a

1

y
1

@
@y

1

+ a
2

y
2

@
@y2

⌘

� 2 C⇤

a
1

+ a
2

/2 Q0

C := �y
1

@
@y

1

+ y
2

@
@y

2

R := y
1

@
@y1 + y

2

@
@y

2

� 6= 0 ✏ 2
i

0,
⇡

2

h

r > 0

S
+

(r, ✏) := S
⇣

r, arg (i�)� ⇡

2
� ✏, arg (i�) +

⇡

2
+ ✏
⌘

S� (r, ✏) = S
⇣

r, arg (�i�)� ⇡

2
� ✏, arg (�i�) +

⇡

2
+ ✏
⌘

.

O
�

xN+2

�

N > 0

Y (N+2) = Y
0

+
⇣

c (y
1

y
2

) + xN+2D(N+2) (x,y)
⌘

C + xN+2R(N+2) (x,y)R

Y (N+2)

± = Y
0

+
⇣

c (y
1

y
2

) + xN+2D(N+2)

± (x,y)
⌘

C + xN+2R(N+2)

± (x,y)R
S± (r, ✏)⇥D (0, r))



D(N+2), R(N+2) y arg (±�)
arg (±i�) D(N+2)

± , R(N+2)

±

< (a
1

+ a
2

) ,

⌘ 2 ]⇡, 2⇡[

(

 
+

2 Di↵
fib

�

S
arg(i�),⌘; Id

�

 � 2 Di↵
fib

�

S
arg(�i�),⌘; Id

�

 ± : (x,y) 7!
⇣

x,y +
⇣

kyk2
⌘⌘

,

Y (N+2)

±

Y
norm

:= x2

@

@x
+ (��+ a

1

x� c (y
1

y
2

)) y
1

@

@y
1

+ (�+ a
2

x+ c (y
1

y
2

)) y
2

@

@y
2

,

c (v) 2 vC {v} v := y
1

y
2

 ±

 ± (x,y) = Id (x,y) + xNP
(N)

± (x,y) ,

P
(N)

± = (0, P
1,±, P2,±) S± (r, ✏)⇥

�

C2, 0
�

r > 0 ✏ > ⌘
2

y

Y 2 SN
diag,0

⌘ 2 ]⇡, 2⇡[ (�
+

,��)

(

�
+

2 Di↵
fib

�

S
arg(i�),⌘; Id

�

�� 2 Di↵
fib

�

S
arg(�i�),⌘; Id

�

(�±)⇤ (Y ) = x2

@

@x
+ (��+ a

1

x� c (y
1

y
2

)) y
1

@

@y
1

+ (�+ a
2

x+ c (y
1

y
2

)) y
2

@

@y
2

=: Y
norm

,

� 2 C⇤ < (a
1

+ a
2

) > 0 c (v) 2 vC {v} v := y
1

y
2



f : U ! C g : U ! R
+

L > 0 u 2 U |f (u)|  L.g (u)

Y (N+2)

± = Y
0

+D±C +R±R,

(

D± (x,y) = c (y
1

y
2

) + xN+2D(N+2)

± (x,y)

R± (x,y) = xN+2R(N+2)

± (x,y) ,

N 2 N>0

c (v) 2 vC {v} D(N+2)

± , R(N+2)

± S± (r, ✏)⇥
�

C2, 0
�

kyk1 < (a
1

+ a
2

) > 0
r > 0

�

C2, 0
�

'
+

'� S
+

(r, ✏) ⇥
�

C2, 0
�

S� (r, ✏) ⇥
�

C2, 0
�

Y (N+2)

±

YC,± := Y
0

+ C±C ,

C± (x,y) = D± � '�1

± (x, z)

'± (x,y) = (x, y
1

exp (⇢± (x,y)) , y
2

exp (⇢± (x,y))) ,

⇢± (x,y) = xN+1⇢̃± (x,y) S± (r, ✏)⇥
�

C2, 0
�

kyk1
'�1

±

'�1

± (x, z) =
�

x, z
1

�

1 + xN+1# (x, z)
�

, z
2

�

1 + xN+1# (x, z)
��

,

# S± (r, ✏)⇥
�

C2, 0
�

kzk1

C± (x, z) = c (z
1

z
2

) + xN+1C(N+1)

± (x, z) ,

c (v) C± S± (r, ✏)⇥
�

C2, 0
�

kzk1
YC,± := Y

0

+ C±C

C± (x, z) = c (z
1

z
2

) + xN+1C(N+1)

± (x, z) ,

N 2 N>0

c (v) 2 vC {v} C(N+1)

± S± (r, ✏)⇥
�

C2, 0
�

kzk1
< (a

1

+ a
2

) > 0
r > 0

�

C2, 0
�

 
+

 � S
+

(r, ✏) ⇥
�

C2, 0
�

S� (r, ✏) ⇥
�

C2, 0
�

YC,±

Y
norm

:= Y
0

+ c (v) C .

 ± (x, z) = (x, z
1

exp (��± (x, z)) , z
2

exp (�± (x, z))) ,

�± (x, z) = xN �̃± (x, z) S± (r, ✏)⇥
�

C2, 0
�

kzk1



 ± =  ± � '±

Z± := Y
0

+ C± (x,y) C + xR(1)

± (x,y)R ,

C±, R
(1)

± S± (r, ✏)⇥
�

C2, 0
�

kyk1
A± (x,y) S± (r, ✏)⇥

�

C2, 0
�

kyk1
M 2 N>0

r > 0
�

C2, 0
�

↵± S± (r, ✏)⇥
�

C2, 0
�

LZ± (↵±) = xM+1A± (x,y) ,

↵± (x,y) = xM ↵̃± (x,y) ↵̃± S± (r, ✏) ⇥
�

C2, 0
�

kyk1

'±  ±
S± (r, ✏) ⇥

�

C2, 0
�

f±, g± S± (r, ✏) ⇥
�

C2, 0
�

0 x := (x,y) 0 S± (r, ✏)⇥
�

C2, 0
�

�± : (x,y) 7! (x, y
1

exp (f± (x,y)) , y
2

exp (g± (x,y)))

S± (r, ✏)⇥
�

C2, 0
�

r > 0
�

C2, 0
�

M = N+1 A± = �R(N+2)

± ↵± = ⇢± Z± = Y (N+2)

±
M = N A± = �C(N+1)

± ↵± = �± Z± = YC,±
'±  ±
S± (r, ✏)⇥

�

C2, 0
�

'±  ±



D'± · Y (N+2)

± =

0

B

@

L
Y

(N+2)

±
(x)

L
Y

(N+2)

±
(y

1

exp (⇢± (x,y)))

L
Y

(N+2)

±
(y

2

exp (⇢± (x,y)))

1

C

A

=

0

B

B

@

x2

⇣

L
Y

(N+2)

±
(y

1

) + y
1

⇣

L
Y

(N+2)

±
(⇢±)

⌘⌘

exp (⇢± (x,y))
⇣

L
Y

(N+2)

±
(y

2

) + y
2

⇣

L
Y

(N+2)

±
(⇢±)

⌘⌘

exp (⇢± (x,y))

1

C

C

A

=

0

@

x2

(��+ a
1

x�D± (x,y)) y
1

exp (⇢± (x,y))
(�+ a

2

x+D± (x,y)) y
2

exp (⇢± (x,y))

1

A

�

L
Y

(N+2)

±
(⇢±) = �xN+2R(N+2)

±
�

= (Y
0

+ C±C) � '± (x,y)

= YC,± � '± (x,y) ,

('±)⇤
⇣

Y (N+2)

±
⌘

= YC,±

D ± · YC,± =

0

@

LYC,± (x)
LYC,± (z

1

exp (�� (x, z)))
LYC,± (z

2

exp (� (x, z)))

1

A

=

0

@

x2

�

LYC,± (z
1

) + z
1

�

LYC,± (�)
��

exp (�� (x, z))
�

LYC,± (z
2

) + z
2

�

LYC,± (�)
��

exp (� (x, z))

1

A

=

0

@

x2

(��+ a
1

x� c (z
1

z
2

)) z
1

exp (�� (x, z))
(�+ a

2

x+ c (z
1

z
2

)) z
2

exp (� (x,y))

1

A

�

LYC,± (�±) = �xN+1C(N+1)

±
�

= (Y
0

+ c (u) C) �  ± (x, z)

= Y
norm

�  ± (x, z) ,

( ±)⇤ (YC,±) = Y
norm

f±, g± S± (r, ✏) ⇥
�

C2, 0
�

kyk1

�± : (x,y) 7! (x, y
1

exp (f± (x,y)) , y
2

exp (g± (x,y))) .

r > 0
�

C2, 0
�

�±
x = (x, y

1

, y
2

) x0 = (x0, y0
1

, y0
2

) S± (r, ✏)⇥
�

C2, 0
�

�± (x) = �± (x0)



�± x x = x0 (y
1

, y
2

) 6= (y0
1

, y0
2

)

k(y
1

� y0
1

, y
2

� y0
2

)k1 > 0 .

k(y
1

� y0
1

, y
2

� y0
2

)k1 = |y
1

� y0
1

| > 0 D
y

y = (y
1

, y
2

)

�

�

�

�

�

ef±(x) � ef±(x
0)

y
1

� y0
1

�

�

�

�

�


(z

1

,z
2

)2[(y
1

,y
2

),(y0
1

,y0
2

)]

�

�D
y

�

ef±
�

(x, z
1

, z
2

)
�

�

1 .

0 =
�

�

�

y
1

ef±(x) � y0
1

ef±(x
0)
�

�

�

=
�

�

�

ef±(x)

�

�

�

. |y
1

� y0
1

| .
�

�

�

�

�

1 +
y0
1

ef±(x)

.
ef±(x) � ef±(x

0)

y
1

� y0
1

�

�

�

�

�

�
�

�

�

ef±(x)

�

�

�

. |y
1

� y0
1

| .
 

1�
�

�

�

�

y0
1

ef±(x)

�

�

�

�

.

�

�

�

�

�

ef±(x) � ef±(x
0)

y
1

� y0
1

�

�

�

�

�

!

�
�

�

�

ef±(x)

�

�

�

. |y
1

� y0
1

| .

0

@1�
�

�

�

�

y0
1

ef±(x)

�

�

�

�

.
(z

1

,z
2

)2[(y
1

,y
2

),(y0
1

,y0
2

)]

�

�D
y

�

ef±
�

(x, z
1

, z
2

)
�

�

1 .

1

A

�

C2, 0
�

= D (0, r) f±

S± (r, ✏)⇥D (0, 3r
1

+ �)⇥D (0, 3r
2

+ �)

� > 0 r
1

= r
2

z
1

7! ef±(x,z
1

,z
2

) z
2

0 3r
1

= 3r
2

z
2

7! ef±(x,z
1

,z
2

) z
1

0
3r

1

= 3r
2

(z
1

,z
2

)2[(y
1

,y
2

),(y0
1

,y0
2

)]

�

�D
y

�

ef±
�

(x, z
1

, z
2

)
�

�

1  3

4r
1

. exp

 

x2S±(r,✏)⇥D(0,r)

(|f± (x)|)
!

,

0 =
�

�

�

y
1

ef±(x) � y0
1

ef±(x
0)
�

�

�

�
�

�

�

ef±(x)

�

�

�

. |y
1

� y0
1

| .
 

1� 3

4
exp

 

x2S±(r,✏)⇥D(0,r)

(2 |f± (x)|)
!!

.

f± (x) !
x!0

0 r, r
1

r
2

0

exp

 

x2S±(r,✏)⇥D(0,r)

(2 |f± (x)|)
!

 5

4
<

4

3
.

0 =
�

�

�

y
1

ef±(x) � y0
1

ef±(x
0)
�

�

�

�
�

�

�

ef±(x)

�

�

�

|y
1

� y0
1

|
16

> 0 ,



y
1

6= y0
1

0 =
�

�

�

y
1

e⇢(x) � y0
1

e⇢(x
0)
�

�

�

> 0

(y
1

, y
2

) = (y0
1

, y0
2

) �± S± (r, ✏)⇥
�

C2, 0
�

�± S± (r, ✏)⇥
�

C2, 0
�

S± (r, ✏)⇥
�

C2, 0
�

�±
�

S± (r, ✏)⇥
�

C2, 0
��

S± (r, ✏)⇥
�

C2, 0
�

� = 1
⇣

� 6= 0

x 7! �x exp (�i arg (�)) .S± (r, ✏) S± (r, ✏)

a
1

a
2

⌘

Z± = Y
0

+ C± (x,y) C + xR(1)

± (x,y)R

=

0

B

B

@

x2

y
1

⇣

� (1 + C± (x,y)) + a
1

x+ xR(1)

± (x,y)
⌘

y
2

⇣

1 + C± (x,y) + a
2

x+ xR(1)

± (x,y)
⌘

1

C

C

A

< (a
1

+ a
2

) > 0 C±, R
(1)

± S± (r, ✏) ⇥ D (0, r) kyk1
x (t) := (x (t) , y

1

(t) , y
2

(t))
t � 0

X± :=
±i

1 +
�

a
2

�a
1

2

�

x+ C±
Z± ,

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

dx

dt
=

±ix2

1 +
�

a
2

�a
1

2

�

x+ C±
dy

1

dt
=

±iy
1

1 +
�

a
2

�a
1

2

�

x+ C±

⇣

� (1 + C± (x,y)) + a
1

x+ xR(1)

± (x,y)
⌘

dy
2

dt
=

±iy
2

1 +
�

a
2

�a
1

2

�

x+ C±

⇣

1 + C± (x,y) + a
2

x+ xR(1)

± (x,y)
⌘

x (t) = x
0

= (x
0

, y
1,0, y2,0) 2 S± (r, ✏)⇥D (0, r) .

(t,x
0

) 7! �t
X±

(x
0

) X± t � 0 x
0

�0

X± (x
0

) = x
0



prx (⌦+

) x

✏ 2
i

0,
⇡

2

h

S± (r, ✏) , S± (r0, ✏) r, r0 > 0

⌦± t � 0

S± (r0, ✏)⇥D (0, r0) ⇢ ⌦± ⇢ S± (r, ✏)⇥D (0, r) ,

x
0

2 ⌦± t 7! x (t) :=
�t

X±
(x

0

) t � 0 x (t) ! 0 t ! +1

t 7! x (t) t � 0
t ! +1

⌦± r r0

x
0

2 ⌦± X±

�±,x
0

:=
n

�t
X± (x

0

) , t � 0
o

.

± = + ± = �
a := a

1

+ a
2

b := a
2

�a
1

2

± = +
8
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>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

dx

dt
=

ix2

1 + bx+ C
+

dy
1

dt
= iy

1

 

�1 +

 

a
2

+R(1)

+

(x,y)

1 + bx+ C
+

(x,y)

!

x

!

dy
2

dt
= iy

2

 

1 +

 

a
2

+R(1)

+

(x,y)

1 + bx+ C
+

(x,y)

!

x

!

x (t) = x
0

= (x
0

, y
1,0, y2,0) 2 S

+

(r, ✏)⇥D (0, r) .



|x (t)| |y
1

(t)| |y
2

(t)| ✓ (t) :=
arg (x (t))
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>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

:

d |x (t)|
dt

= |x (t)|<
✓

ix (t)

1 + bx (t) + C
+

(x (t))

◆

d |y
1

(t)|
dt

= |y
1

(t)|<
 

ix (t)

 

a
2

+R(1)

+

(x (t))

1 + bx (t) + C
+

(x (t))

!!

d |y
2

(t)|
dt

= |y
2

(t)|<
 

ix (t)

 

a
2

+R(1)

+

(x (t))

1 + bx (t) + C
+

(x (t))

!!

d✓ (t)

dt
= =

✓

ix (t)

1 + bx (t) + C
+

(x (t))

◆

.

⇣ 2 C R,B > 0 ⌃
+

(⇣, R,B)
R i⇣̄R

+

⇡ � 2 arcsin (B) = 2 arccos (B)

⌃
+

(⇣, R,B) := {x 2 D (0, R) | = (⇣x) > B |⇣x|}
=

�

x 2 D (0, R) | � arccos (B) < arg (x)� arg
�

i⇣̄
�

< arccos (B)
 

.

M,R > 0 ⇥
+

(R,M)
�

⇥� (R,M)
�

R R
+

�

R�
�

2 arccos (M)

⇥
+

(R,M) := {x 2 D (0, R) | < (x) > M |x|}
= {x 2 D (0, R) | � arccos (M) < arg (x) < arccos (M)}

⇥� (R,M) := {x 2 D (0, R) | < (x) < �M |x|}
= {x 2 D (0, R) | � arccos (M) < arg (x)� ⇡ < arccos (M)}

< (a) > 0 !0 2
i

0, <(a)
|a|
h

⌃
+

(a, r,!0)
iR>0

|arg (i)� arg (ia)| = |arg (a)| < arccos (!0) .

0 < arccos (!0)� |arg (a)| < ⇡

2

0 < cos (arccos (!0)� |arg (a)|) < 1 .

!

! 2 ]cos (arccos (!0)� |arg (a)|) , 1[ ,

⌃
+

(1, r,!) ⇢ ⌃
+

(a, r,!0) x 2 ⌃
+

(1, r,!)

� arccos (!) < arg (x)� ⇡

2
< arccos (!) ,

|arg (x)� arg (i.a)| < arccos (!) + |arg (a)|
( )

< arccos (!0)
( ).



⌃
+

(1, r,!) ,⌃
+

(a, r,!0) ,⇥
+

(r, µ) ,⇥� (r, µ) , S
+

(r, ✏)

µ 2
⇤

0,
p
1� !2

⇥

⇥
+

(r, µ) \ ⌃
+

(1, r,!) 6= ;
⇥� (r, µ) \ ⌃

+

(1, r,!) 6= ;

S
+

(r, ✏) ⇢ ⌃
+

(1, r,!) [⇥
+

(r, µ) [⇥� (r, µ) .

0 < ✏ < arccos (µ)
t 7! x (t) t 7! x (t) = (x (t) , y

1

(t) , y
2

(t))
⌃

+

(1, r,!) ,⇥
+

(r, µ) ,⇥� (r, µ)

r, r
1

, r
2

> 0 ⌃
+

(1, r,!)⇥D (0, r)
t � 0 t 7! |x (t)| |y

1

(t)| |y
2

(t)|
t 0 t ! +1



0 < r0 < r 0 < r0
1

< r
1

0 < r0
2

< r
2

⌦
+

t � 0

S
+

(r0, ✏)⇥D (0, r0) ⇢ ⌦
+

⇢ S
+

(r, ✏)⇥D (0, r) .

x
0

2 ⇥
+

(r0, µ)
⇣

x
0

2 ⇥� (r0, µ)
⌘

t 7! ✓ (t) = arg (x (t)) , t � 0

x (t) ⇥
+

(r0, µ)
⇣

⇥� (r0, µ)
⌘

t
0

� 0 t � t
0

x (t) 2 ⌃
+

(1, r,!)

� 2 ]0,min (!, µ)[ �0 2 ]0,!0[ r > 0
x = (x,y) 2 S

+

(r, ✏)⇥D (0, r)
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>

:

�

�

�

�

1

1 + bx+ C
+

(x)
� 1

�

�

�

�

< �
�

�

�

�

�

a
2

+R(1)

+

(x)

1 + bx+ C
+

(x)
� a

2

�

�

�

�

�

< �0 .

x 2 S
+

⇥D (0, r)
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>

>

>

<

>

>

>

:

� |x| (1 + �) < <
✓

ix

1 + bx+ C
+

(x)

◆

< |x| (1 + �)

� |x|
⇣

�

�

�

a

2

�

�

�

+ �0
⌘

< <
 

ix

 

a
2

+R(1)

+

(x,y)

1 + bx+ C
+

(x,y)

!!

< |x|
⇣

�

�

�

a

2

�

�

�

+ �0
⌘

.

x 2 ⌃
+

(1, r,!)

<
✓

ix

1 + bx+ C
+

(x)

◆

< � |x| (! � �) ;

x 2 ⌃
+

(a, r,!0)
⇣

x 2 ⌃
+

(1, r,!)
⌘

<
 

ix

 

a
2

+R(1)

+

(x,y)

1 + bx+ C
+

(x,y)

!!

< � |x| (!0 � �0) ;

x 2 ⇥� (r, µ)
⇣

⇥
+

(r, µ)
⌘

=
✓

ix

1 + bx+ C
+

(x)

◆

< � |x| (µ� �)

 

=
✓

ix

1 + bx+ C
+

(x)

◆

> |x| (µ� �)

!

.

t � 0

� (1 + �) |x (t)|2 < d|x(t)|
dt < (1 + �) |x (t)|2

x (t) 2 S
+

(r, ✏)⇥D (0, r)

|x (t)| > |x
0

|
1 + (1 + �) |x

0

| t ;



t � 0 x (t) 2 ⌃
+

(1, r,!)

d |x (t)|
dt

< � (! � �) |x (t)|2

(

d|y
1

(t)|
dt < � (!0 � �0) |y

1

(t)| |x (t)|
d|y

2

(t)|
dt < � (!0 � �0) |y

2

(t)| |x (t)|
t 7! |x (t)| , |y

1

(t)| |y
2

(t)| t � 0
x (t) 2 ⌃

+

(1, r,!)

t � 0 x (t) 2 ⇥� (r, µ)
⇣

⇥
+

(r, µ)
⌘

d✓

dt
(t) < � (µ� �) |x (t)| < � (µ� �) |x

0

|
1 + (1 + �) |x

0

| t
 

d✓

dt
(t) > (µ� �) |x (t)| > (µ� �) |x

0

|
1 + (1 + �) |x

0

| t

!

t 7! ✓ (t) x (t) 2
⇥� (r, µ)

⇣

⇥
+

(r, µ)
⌘

✓
0

= ✓ (0) x
0

= x (0) 2 ⇥� (t, µ) \⌃
+

(1, r,!)
⇣

⇥
+

(r, µ) \⌃
+

(1, r,!)
⌘

x (t) 2 ⇥� (r, µ)
⇣

⇥
+

(r, µ)
⌘

✓ (t) < ✓
0

�
✓

µ� �

1 + �

◆

ln (1 + (1 + �) |x
0

| t)
 

✓ (t) > ✓
0

+

✓

µ� �

1 + �

◆

ln (1 + (1 + �) |x
0

| t)
!

.

x (t) 2 ⌃
+

(1, r,!)

t � t
0

:=

⇣

exp
⇣

1+�
µ��

�

✓
0

� ⇡
2

� arccos (!)
�

⌘

� 1
⌘

(1 + �) |x
0

|

 

t
0

:=

⇣

exp
⇣

1+�
µ��

�

⇡
2

� arccos (!)� ✓
0

�

⌘

� 1
⌘

(1 + �) |x
0

|

!

.

t � t
0

t
0

x (t) 2 ⇥
+

(r, µ)

✓ (t) > ✓
0

+

✓

µ� �

1 + �

◆

ln (1 + (1 + �) |x
0

| t)

> ✓
0

+

✓

µ� �

1 + �

◆

ln

✓

exp

✓

1 + �

µ� �

⇣

✓
0

� ⇡

2
� arccos (!)

⌘

◆◆

= ✓
0

+
⇡

2
� arccos (!)� ✓

0

=
⇡

2
� arccos (!)

� arccos (!) < arg (x (t))� ⇡

2
< 0 .

x (t) 2 ⌃
+

(1, r,!)

t
0


exp

⇣⇣

1+�
µ��

⌘

(✏+ arcsin (!))
⌘

(1 + �) |x
0

| .



⌃
+

(1, r,!)⇥D (0, r) t � 0
t 7! |x (t)| , |y

1

(t)| |y
2

(t)|
t x (t) ⌃

+

(1, r,!)\⇥� (r, µ)
⇣

⌃
+

(1, r,!)\⇥
+

(r, µ)
⌘

⌃
+

(1, r,!) t 7! ✓ (t)
x (t) ⌃

+

(1, r,!)

x (t) ⇥� (r, µ)
⇣

⇥
+

(r, µ)
⌘

(�✓) resp ✓ x (✓)
x (t)
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>

>

>
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>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

d |x|
d (�✓) = � |x|

<
⇣

ix
1+bx+C

+

(x)

⌘

=
⇣

ix
1+bx+C

+

(x)

⌘  |x| . 1 + �

µ� �

 

d |x|
d✓

= |x|
<
⇣

ix
1+bx+C

+

(x)

⌘

=
⇣

ix
1+bx+C

+

(x)

⌘  |x| . 1 + �

µ� �

!

d |y
1

|
d (�✓) = � |y

1

|
<
✓

ix

✓

a
2

+R
(1)

+

(x,y)

1+bx+C
+

(x,y)

◆◆

=
⇣

ix
1+bx+C

+

(x)

⌘  |y
1

| .
�

�

a
2

�

�+ �0

µ� �

 

d |y
1

|
d✓

= |y
1

|
<
✓

ix

✓

a
2

+R
(1)

+

(x,y)

1+bx+C
+

(x,y)

◆◆

=
⇣

ix
1+bx+C

+

(x)

⌘  |y
1

| .
�

�

a
2

�

�+ �0

µ� �

!

d |y
2

|
d (�✓) = � |y

2

|
<
✓

ix

✓

a
2

+R
(1)

+

(x,y)

1+bx+C
+

(x,y)

◆◆

=
⇣

ix
1+bx+C

+

(x)

⌘  |y
2

| .
�

�

a
2

�

�+ �0

µ� �

 

d |y
2

|
d✓

= |y
2

|
<
✓

ix

✓

a
2

+R
(1)

+

(x,y)

1+bx+C
+

(x,y)

◆◆

=
⇣

ix
1+bx+C

+

(x)

⌘  |y
2

| .
�

�

a
2

�

�+ �0

µ� �

!

.

✓
0

:= ✓ (0) x
0

:= x (0) 2 ⇥� (r, µ)
⇣

⇥
+

(r, µ)
⌘

t  t
0
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>
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>
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>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

|x (t)|  |x
0

| exp
✓

1 + �

µ� �
(✓

0

� ✓ (t))

◆

 

|x (t)|  |x
0

| exp
✓

1 + �

µ� �
(✓ (t)� ✓

0

)

◆

!

|y
1

(t)|  |y
1,0| exp

 

�

�

a
2

�

�+ �0

µ� �
(✓

0

� ✓ (t))

!

 

|y
1

(t)|  |y
1,0| exp

 

�

�

a
2

�

�+ �0

µ� �
(✓ (t)� ✓

0

)

!!

|y
2

(t)|  |y
2,0| exp

 

�

�

a
2

�

�+ �0

µ� �
(✓

0

� ✓ (t))

!

 

|y
1

(t)|  |y
1,0| exp

 

�

�

a
2

�

�+ �0

µ� �
(✓ (t)� ✓

0

)

!!

.

⌦
+

x = (x, y
1

, y
2

) 2 S
+

(r, ✏)⇥D (0, r)



= (x) � ! |x|
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>
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>

>

<

>

>

>

>

>

>

>

>

:

|x|  r exp

✓

1 + �

µ� �
(arg (x)� arcsin (!))

◆

|y
1

|  r
1

exp

 

�

�

a
2

�

�+ �0

µ� �
(arg (x)� arcsin (!))

!

|y
2

|  r
2

exp

 

�

�

a
2

�

�+ �0

µ� �
(arg (x)� arcsin (!))

!

= (x)  �! |x|
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>

>

>

>

:

|x|  r exp

✓

1 + �

µ� �
(⇡ � arcsin (!)� arg (x))

◆

|y
1

|  r
1

exp

 

�

�

a
2

�

�+ �0

µ� �
(⇡ � arcsin (!)� arg (x))

!

|y
2

|  r
2

exp

 

�

�

a
2

�

�+ �0

µ� �
(⇡ � arcsin (!)� arg (x))

!

⌦
+

t � 0
⌦

+

t � 0 ⌦
+

t
0

� 0 ⌃
+

(1, r,!)

S
+

(r0, ✏)⇥D (0, r0) ⇢ ⌦
+

⇢ S
+

(r, ✏)⇥D (0, r) ,
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>

<
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>

>

>

>

:

r0 = r exp

✓

�
✓

1 + �

µ� �

◆

(✏+ arcsin (!))

◆

< r

r0
1

= r
1

exp

 

�
 

�

�

a
2

�

�+ �0

µ� �

!

(✏+ arcsin (!))

!

< r
1

r0
2

= r
2

exp

 

�
 

�

�

a
2

�

�+ �0

µ� �

!

(✏+ arcsin (!))

!

< r
2

.

x
0

= (x
0

,y
0

) 2 ⌃
+

(1, r,!) ⇥D (0, r)
t � 0
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>

>

>

<

>

>

>

:

|x (t)|  |x
0

|
1+(!��)|x

0

|t
|y

1

(t)|  |y
1,0|

(1+(1+�)|x
0

|t)
!0��0
1+�

|y
1

(t)|  |y
2,0|

(1+(1+�)|x
0

|t)
!0��0
1+�

,

0 t ! +1

⌦� ± = �

⌧ := x
x2

⌧ · (Z±) = 1
⌧ Z± A± (x,y)

S± (r, ✏) ⇥
�

C2, 0
�

kyk1 M 2 N>0

x
0

2 ⌦±

↵± (x
0

) := �
ˆ
�±,x

0

xM+1A± (x) ⌧



�±,x
0

x
0

7! ↵± (x
0

) ⌦±

LZ± (↵±) = xM+1A± (x)

↵± (x,y) = xM ↵̃± (x,y) ↵̃± ⌦± kyk1

↵± (x
0

) = �
ˆ

+1

0

x (t)M+1 A± (x (t))

x (t)2
ix (t)2

1 + bx (t) + C
+

(x (t))
t

= �i

ˆ
+1

0

x (t)M+1 A± (x (t))

1 + bx (t) + C
+

(x (t))
t .

x (t) 2 ⌦± t � 0 A± (x,y) kyk1
�

�

�

�

�

x (t)M+1 A± (x (t))

1 + bx (t) + C
+

(x (t))

�

�

�

�

�

 C |x (t)|M+1 ky (t)k1 ,

C > 0 x
0

t t � 0

�

�

�

�

�

x (t)M+1 A± (x (t))

1 + bx (t) + C
+

(x (t))

�

�

�

�

�

 C ky
0

k
✓

|x
0

|
1 + (! � �) |x

0

| t

◆M+1

1

(1 + (1 + �) |x
0

| t)
!0��0
1+�

= O
t!+1

✓

1

tM+1

◆

↵± ⌦± ↵±
K ⇢ ⌦± K L > 0

x 2 K
�

�

�

�

A± (x)

1 + bx+ C
+

(x)

�

�

�

�

 L.

K ⌦± ⇢ S± (r, ✏)⇥
�

C2, 0
�

S± (r, ✏)
0 /2 S± (r, ✏) � > 0 x = (x, y

1

, y
2

) 2 K � < |x| < r
B > 0 x

0

2 K
t � 0

|x (t)|  B
|x

0

|
1 + (! � �) |x

0

| t .

�

�

�

�

�

x (t)M+1 A± (x (t))

1 + bx (t) + C
+

(x (t))

�

�

�

�

�

 LBM+1

|x
0

|M+1

(1 + (! � �) |x
0

| t)M+1

 LBM+1rM+1

(1 + (! � �) �t)M+1

,

↵±
K ⇢ ⌦± ⌦±
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Y, Ỹ 2 [Y
norm

]
fib,Id ⇥ 2 Di↵

fib

�

C3, 0; Id
�

⇥⇤ (Y ) = Ỹ �± �̃±
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1

, ỹ
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