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Introduction

Cette thèse a pu être menée suite au contrat EDF-CIFRE 2017/0476. Elle s’est déroulée au
sein du département Mécanique des Fluides, Énergie et Environnement (MFEE) sur le site
EDF Lab à Chatou, en collaboration avec l’Institut de Recherche Mathématique Avancée
(IRMA, UMR 7501) à Strasbourg.

1 Contexte industriel

1.1 Sûreté des réacteurs à eau pressurisée (REP)

La France compte à l’heure actuelle 57 réacteurs nucléaires. EDF, en tant qu’exploitant, est
responsable de la sûreté de ces installations. En pratique, la stratégie de défense en profon-
deur est appliquée : plusieurs niveaux de protection sont mis en place, s’échelonnant gra-
duellement de procédures en fonctionnement nominal, à la prévention des incidents plus ou
moins graves jusqu’à la gestion de crise en cas d’accident. La philosophie de cette doctrine
consiste à questionner la vulnérabilité de chaque dispositif de sûreté, et de le doubler par un
autre dispositif indépendant. L’objectif global est ainsi de maintenir le confinement de la ra-
dioactivité quoi qu’il arrive. Dans ce cadre, la R&D d’EDF développe des outils numériques
visant à simuler des scénarios accidentels. Leur étude permet d’améliorer en permanence
la sûreté des installations, que ce soit pour la conception des nouveaux réacteurs comme
les EPR (European Pressurized Reactor), lors des réexamens périodiques de sûreté des cen-
trales, ou encore pour évaluer l’extension de la durée d’exploitation des réacteurs actuels
au-delà de 40 ans.

Les réacteurs français sont tous des réacteurs à eau pressurisée (REP). Leur principe
général est le suivant : la réaction nucléaire de fission a lieu dans le coeur du réacteur, situé
dans la cuve. Ce coeur est composé par des assemblages combustibles (entre 150 et 200),
regroupant chacun 264 crayons. Un crayon est en fait un tube entouré d’une gaine en alliage
de zirconium, où sont empilées 272 pastilles de combustible. La gaine constitue donc la
première barrière d’étanchéité empêchant la dispersion de radioactivité des produits de la
réaction de fission. Le fluide caloporteur est l’eau, qui va extraire la chaleur produite lors
de la réaction nucléaire. Les échanges de chaleur ont lieu grâce à trois circuits indépendants
(figure 1) :

• le circuit primaire, dans lequel de l’eau pressurisée à 155 bars extrait la chaleur issue
de la réaction de fission en circulant à travers le coeur au contact des crayons des
assemblages combustible. La température de cette eau est d’environ 300 °C. Le circuit
primaire constitue la deuxième barrière de confinement de la radioactivité, la dernière
barrière étant l’enceinte du bâtiment réacteur.

• l’eau du circuit secondaire, à plus basse pression (entre 60 et 80 bars), est chauffée par
l’eau du circuit primaire dans le générateur de vapeur (GV) jusqu’à 280 °C. La vapeur
ainsi créée va alimenter les turbines, qui elles mêmes vont actionner l’alternateur pour
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générer de l’électricité. La vapeur passe enfin dans le condenseur et revient à l’état
liquide. Ainsi, contrairement au circuit primaire où l’eau reste toujours à l’état liquide
en fonctionnement nominal, le changement de phase est inhérent au fonctionnement
du circuit secondaire.

• le circuit tertiaire, qui permet de refroidir la vapeur du circuit secondaire afin de la
recondenser.

FIGURE 1 – Schéma décrivant le fonctionnement d’un réacteur à eau pressurisée (REP) ;
source : IRSN

Cette thèse s’intéresse à des scénarios accidentels pouvant hypothétiquement affecter le cir-
cuit primaire du réacteur, au cours desquels des écoulements multiphasiques peuvent appa-
raître. Le champ d’application des modèles sur lesquels nous avons travaillé concerne plus
généralement tout type d’écoulements multiphasiques comprenant de l’eau pouvant subir
un changement de phase.

1.2 Scénarios accidentels étudiés

Cette thèse vise à simuler les scénarios accidentels suivants :

• l’Accident de Perte de Réfrigérant Primaire (APRP), dans lequel on envisage une brèche
dans le circuit primaire, entraînant une dépressurisation brutale conduisant à la vapo-
risation soudaine de l’eau liquide pressurisée en vapeur ;

• l’explosion vapeur, qui pourrait se produire suite à un accident grave menant à la fonte
du coeur : en effet, le mélange de combustible et de gaine fondus, appelé corium,
extrêmement chaud, pourrait percer la cuve et entrer en contact avec de l’eau plus
froide qui pourrait être retenue dans le puits de cuve. L’écart de température serait tel
que l’eau subirait une vaporisation très brutale, qui conduirait à la formation d’ondes
de choc très violentes.

Les phénomènes précédents impliquent des situations de transitoires rapides, dans les-
quelles l’eau liquide va brutalement se vaporiser, causant des ondes de choc pouvant poten-
tiellement endommager les structures. Etant donné la dangerosité des phénomènes étudiés,
les manipulations et installations expérimentales sont très complexes à mettre en oeuvre et
relativement peu de données sont disponibles. Les essais principaux ayant permis de déve-
lopper le logiciel thermohydraulique de référence CATHARE [BB90], listés dans [CS17], ont
eu lieu dans les années 80 et 90 sur le site du CEA à Grenoble et constituent une base de don-
nées encore largement utilisée. A l’heure actuelle, les outils de modélisation, notamment les
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outils CFD, permettent de suppléer partiellement aux essais expérimentaux à grande échelle
(de toutes façons quasiment impossibles à réaliser), car ils permettent notamment de mieux
évaluer les incertitudes d’une mesure expérimentale, et de cibler précisément les manipula-
tions complémentaires à mettre en place.

Compte-tenu de cette importance des outils numériques, les logiciels de simulation doivent
répondre à un cahier des charges très strict pour être certifiés par l’Autorité de Sûreté Nu-
cléaire (ASN). En particulier, le guide 28 de l’ASN [17] précise ainsi qu’un code de calcul se
doit d’être vérifié puis validé :

• la vérification consiste à s’assurer que les équations du modèle proposé sont correcte-
ment résolues d’un point de vue mathématique et informatique ; dans cette thèse, nous
nous sommes attachés à utiliser des modèles pour lesquels des solutions analytiques
pouvaient être exhibées, et à réaliser des études de convergence en maillage permet-
tant de vérifier la consistance des méthodes numériques utilisées (voir chapitres 1, 3,
5) ;

• la validation consiste à éprouver la pertinence physique de notre modèle en se com-
parant à des données expérimentales. Dans cette thèse, nous nous sommes essentiel-
lement appuyés sur des cas tests de type SUPERCANON [Rie78], visant à simuler un
APRP (voir chapitre 3).

2 Contexte scientifique

Les écoulements mis en jeu dans les situations accidentelles d’intérêt sont donc des écou-
lements multiphasiques subissant des situations de transitoires rapides, où les composants
suivants peuvent être présents :

• l’eau, présente sous forme liquide comme sous forme vapeur ;

• les gaz, qualifiés d’incondensables, dont l’air ambiant, présent dans le bâtiment réac-
teur, et les éventuels produits de dégradation de la gaine (hydrogène...) ;

• éventuellement, dans le cas de l’explosion vapeur, le corium fondu.

Nous précisons le vocabulaire utilisé dans la suite de ce manuscrit :

• "composant" désigne une substance chimique donnée (l’eau, qui peut être présente
sous forme liquide ou sous forme vapeur).

• "phase" désigne un état de la matière (liquide, gazeux ou solide). Un écoulement avec
du liquide et une phase gazeuse constituée d’un mélange de vapeur et d’air est donc
un écoulement diphasique. Par extension, on considère que deux liquides immiscibles
consituent deux phases : un écoulement avec deux phases liquides immiscibles et une
phase gazeuse sera appelé un écoulement triphasique.

• "champ" désigne un composant dans une phase donnée ; ainsi, un écoulement tripha-
sique avec de l’eau liquide, de l’eau vapeur, de l’air et du corium fondu sera appelé un
écoulement à quatre champs.
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2.1 Ecoulements diphasiques eau-vapeur

La représentation des écoulements diphasiques eau-vapeur est un enjeu de modélisation
depuis plus de 50 ans. Elle part le plus souvent de l’idée intuitive suivante, proposée notam-
ment dans [Ish75] : décrire un écoulement multiphasique comme une juxtaposition d’écou-
lements monophasiques, séparés par des interfaces mobiles. Dans cette thèse, des approches
eulériennes sont considérées, par opposition aux approches lagrangiennes dans lesquelles
on cherche à suivre exactement les interfaces au cours du temps. Les approches eulériennes
reposent sur des méthodes de moyennisation qui peuvent être spatiales, temporelles ou sta-
tistiques. On parle dans ce cas d’interfaces diffuses.

Parmi les approches eulériennes, on distingue deux grandes familles de modèles :

• les modèles homogènes, dans lesquels on suppose un équilibre cinématique entre l’eau
liquide et l’eau vapeur. Une seule vitesse commune est donc considérée pour décrire
l’écoulement, si bien que le mélange est considéré comme un seul et même fluide.

• les modèles bifluides, dans lesquels chaque phase possède son propre champ de vi-
tesse.

Dans cette thèse, des modèles homogènes sont étudiés dans les chapitres 1 et 3 tandis
qu’un modèle de type bifluide est proposé au chapitre 4.

2.1.1 Modèles homogènes

Dans les modèles homogènes, une seule vitesse est donc considérée pour décrire l’écoule-
ment, si bien que le mélange est traité comme étant un seul et même fluide. On peut noter
que le déséquilibre de vitesses peut aussi être réintroduit à l’aide d’une corrélation, comme
dans les modèles de dérive (Drift-flux-model en anglais) [ambroso2008drift].

La difficulté des modèles homogènes réside dans la construction d’une équation d’état
pour le mélange, cohérente avec les premier et second principes de la thermodynamique.
La plupart des modèles homogènes construisent cette équation à l’aide d’une ou plusieurs
hypothèses d’équilibre supplémentaire(s) entre les phases. Un modèle homogène complè-
tement équilibré (HEM : Homogeneous Equilibrium Model en anglais, voir par exemple
[Cle00]) suppose ainsi, en plus de l’équilibre en vitesse, l’équilibre en pression, en tempéra-
ture et en potentiel chimique entre les phases. Un modèle est dit homogène relaxé (HRM :
Homogeneous Relaxed Model en anglais) quand au moins une hypothèse d’équilibre est
relaxée. Des modèles HRM peuvent ainsi supposer l’égalité des pressions liquide et vapeur
[ACK00 ; Kap+01 ; GM03] ou l’égalité des températures [ACK00 ; FKA12], ou encore l’égalité
des pressions et la saturation de la vapeur d’eau [Dow+96 ; BK90 ; Fau+00].

Dans cette thèse, nous avons travaillé sur le modèle homogène proposé dans [BH05 ;
Jao01] et étudié ensuite notamment dans [Fac08 ; Mat10 ; Jun13 ; HS06]. Dans ce modèle, la
seule hypothèse d’équilibre est l’équilibre cinématique : chaque phase possède en effet sa
propre pression, sa propre température et son propre potentiel chimique. L’équation d’état
de mélange est construite afin de satisfaire le second principe de la thermodynamique par
maximisation de l’entropie de mélange. Gérer des écoulements complètement hors équilibre
thermodynamique peut en effet être nécessaire pour simuler certains transitoires rapides,
comme cela a été mis en évidence dans [Hur17] pour l’expérience SUPERCANON [Rie78].
En effet, on observe dans l’expérience SUPERCANON des "undershoots" de pression sous
la pression de saturation, suggérant que l’eau persiste à l’état liquide en deça de la pression
de saturation théorique. Il semble ainsi que les simulations à l’équilibre thermodynamique,
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sans prise en compte de l’état transitoire dans lequel l’écoulement persiste quelques instants
hors de l’équilibre thermodynamique, surestiment parfois les niveaux de pression attendus
d’environ une dizaine de bars [Hur17].

De plus, il a été mis en évidence que certaines hypothèses d’équilibre partiel pouvaient
mener à la perte du caractère strict de la concavité de l’entropie de mélange [BH05 ; Gha18 ;
FM19], ce qui peut avoir des conséquences sur les propriétés du modèle (voir section 2.3).

L’avantage des modèles homogènes est leur structure convective simple, de type Eu-
ler. De plus, ils dégénèrent naturellement vers les cas monophasiques. En revanche, ils sont
parfois insuffisants, notamment pour les écoulements fortement stratifiés ou pour certaines
applications où connaître les vitesses phasiques est essentiel. C’est le cas de l’explosion va-
peur : estimer les écarts de vitesse permet d’évaluer l’aire interfaciale et donc les effets de
dislocations des gouttes de corium, responsables d’un transfert de chaleur massif vers le
liquide susceptible de déclencher une explosion [Ber00 ; Mei+14].

2.1.2 Modèles bifluides

Dans les modèles bifluides, par exemple [BN86 ; Kap+01 ; GSS98 ; JGS06 ; Coq+02 ; GS02],
chaque phase possède son propre champ de vitesse, mais aussi sa propre équation d’état.
Ainsi, il n’y a pas à construire d’équation d’état de mélange, puisque la thermodynamique
est gérée phase par phase. De plus, les modèles bifluides permettent de traiter les écoule-
ments hors-équilibre, étant donné qu’ils définissent naturellement une pression, une tempé-
rature et un potentiel chimique pour chaque phase.

Les modèles bifluides ont une structure convective plus complexe que les modèles ho-
mogènes, avec des valeurs propres plus nombreuses. Les coûts de calcul associés à leur
simulation sont souvent plus importants comparés aux modèles homogènes, notamment si
les valeurs propres du modèle sont trop proches les unes des autres, obligeant à utiliser des
maillages avec des cellules suffisamment petites pour les distinguer.

Dans cette thèse, un modèle multiphasique à quatre champs et trois phases (une phase
liquide contenant de l’eau pure ; une autre phase liquide, non miscible avec la précédente,
consitituée de corium fondu; une dernière phase gazeuse formée d’un mélange miscible de
gaz incondensable et de vapeur d’eau) a été proposé, reposant sur la même démarche de mo-
délisation que celle utilisée pour construire les modèles multiphasiques [Coq+02 ; GHS04 ;
Hér07 ; Hér08 ; Hér16 ; HL16 ; HM19b].

2.2 Aspects thermodynamiques

Le présent travail s’intéresse en particulier aux aspects thermodynamiques de la modélisa-
tion, notamment dans les chapitres 1, 2, 3.

2.2.1 Equations d’état réalistes

Avec la construction thermodynamique proposée pour les modèles homogènes étudiés dans
[BH05 ; Fac08 ; Mat10], la loi d’état de mélange est obtenue par maximisation de l’entropie de
mélange, qui s’écrit comme la somme des entropies phasiques pondérées par les fractions
de masse. Ainsi, la thermodynamique de mélange est déterminée à partir des lois d’état
phasiques. Dans le cas des modèles bifluides, la thermodynamique étant découplée phase
par phase, il faut également se doter de lois d’état phasiques réalistes.
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Les lois d’état phasiques admissibles doivent respecter des critères de convexité afin
d’assurer l’hyperbolicité des modèles utilisés (voir section 2.3). Pour prendre en compte
les états hors-équilibres (voir section 2.1.1), il faut également pouvoir étendre les équations
d’état phasiques au-delà de leur domaine de définition usuel (dans le domaine liquide pour
une loi d’état vapeur et respectivement). Elles doivent de plus être des lois d’état complètes.
Cela signifie que toutes les grandeurs thermodynamiques phasiques doivent pouvoir être
définies sans ambiguité à partir de l’équation d’état. Par exemple, si on choisit le triplet
(s, τ, e) où s est l’entropie massique, τ le volume spécifique et e l’énergie interne spécifique,
les changements de plans thermodynamiques sont calculés grâce à la relation de Gibbs :

Tds− Pdτ = de,

où T est la température, et P la pression. D’autres choix de plans thermodynamiques sont
possibles, en considérant d’autres triplets que (s, τ, e) : ils sont recensés par exemple dans
[FM19]. En revanche, les lois d’état cubiques, très souvent utilisées pour décrire les hydro-
carbures dans l’industrie [Pri08], ne sont pas directement admissibles pour nos modèles.
Les exprimer sous forme complète demande un travail attentif [GM12] et impose certaines
contraintes, notamment en termes de convexité [FM19].

Classiquement, les lois d’état analytiques les plus utilisées dans le cadre nucléaire sont
des lois d’état analytiques de gaz raides (stiffened gas : SG en anglais), une extension du
gaz parfait modifiée pour reproduire la raideur de l’eau, dont les coefficients sont en géné-
ral ajustés empiriquement à l’aide d’un point expérimental comme proposé dans [Dau+14].
On peut également citer la loi Noble-Able Stiffened Gas (NASG) [LS16], une extension du
gaz raide qui donne des résultats intéressants en ajoutant un coefficient translatant le vo-
lume spécifique. Malheureusement, la précision de ces lois reste limitée autour du point de
fonctionnement choisi, ce qui peut s’avérer restrictif pour des simulations de type APRP ou
explosion vapeur dans lesquelles une vaste gamme de pressions et de températures sont
observées, si bien que des lois d’état plus réalistes sont parfois nécessaires pour améliorer la
qualité des simulations.

Des lois de référence sont disponibles pour l’eau : il s’agit de la formulation IAPWS-97
[WK08]. Malheureusement, elle ne peut pas être utilisée en pratique dans les codes indus-
triels de CFD en raison de son coût CPU prohibitif. Il est donc nécessaire de proposer une
tabulation de cette loi d’état, compatible avec nos exigences de vérification des codes de
calcul fixées dans [17]. En effet, la vérification impose de ne pas tabuler les grandeurs ther-
modynamiques indépendamment, sans quoi la relation de Gibbs, permettant de changer de
plan thermodynamique de façon consistante, ne serait plus satisfaite. Dans le chapitre 1, une
tabulation respectant ces principes a été utilisée. En plus de sa construction délicate, une loi
tabulée impose l’utilisation de méthodes numériques très robutes. C’est pourquoi une étude
de lois d’état analytiques a été proposée au chapitre 2, afin d’identifier un compromis entre
la simplicité du gaz raide et les difficultés numériques d’une loi tabulée.

2.2.2 Situations hors-équilibre thermodynamique

Dans cette thèse, nous nous intéressons à la simulation d’écoulements persistant plus long-
temps en déséquilibre thermodynamique que dans les situations usuelles (où l’hypothèse de
l’équilibre thermodynamique instantané est suffisante). En revanche, nos modèles ne nous
permettent pas de simuler des états métastables. La distinction entre états hors équilibre et
états métastables est rappelée dans [Anc17] : un état métastable est un état d’équilibre ther-
modynamique local, dont on peut s’écarter à condition d’appliquer une perturbation suf-
fisamment importante tandis qu’un écoulement hors-équilibre est dans un état thermody-
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namique instable qui revient "lentement" (c’est-à-dire de façon non instantanée) vers l’équi-
libre thermodynamique. Une façon originale de prendre en compte les états métastables a
été proposée dans [JM16 ; Gha18 ; GJM19], en considérant une même équation d’état (l’équa-
tion de Van der Waals) pour les deux phases liquide et vapeur.

Les modèles homogènes issus du modèle [BH05] permettent donc de représenter des
écoulements hors équilibre thermodynamique. Partant d’un écoulement caractérisé par les
fractions phasiques Y = (α, y, z), où α est la fraction volumique de vapeur, y la fraction de
masse de vapeur et z la fraction d’énergie de vapeur, le retour à l’équilibre a lieu grâce à des
termes sources qui s’écrivent :

Yequilibre −Y
λ

,

où Yequilibre représentent les fractions de volume, de masse et d’énergie de vapeur à l’équi-
libre thermodynamique. On peut noter que les modèles bifluides comprennent eux aussi
des termes sources traduisant le retour à l’équilibre, ce qui demande de définir encore da-
vantage d’échelles de temps de relaxation [Loc16]. Dans [Hur19], d’autres formes de termes
sources ont été proposées, en s’inspirant des termes sources utilisés dans les modèles homo-
gènes issus de [BH05] : ces nouvelles fermetures permettent de réduire un peu le nombre
d’échelles de temps à définir.

Malheureusement, peu de références bibliographiques sont disponibles concernant cette
échelle de temps de relaxation, si bien qu’il est difficile de proposer une loi d’évolution pour
λ en se fondant sur des considérations physiques. On peut citer le chapitre 1 de la thèse
d’Ancellin [Anc17] qui recense quelques travaux concernant les aspects de thermodyna-
mique hors-équilibre, ou encore la proposition de Bilicki et Kestin dans [BK90], qui a été
réétudiée récemment dans la thèse de Lochon [Loc+17].

2.2.3 Importance des incondensables

Dans les situations accidentelles considérées, d’autres gaz en plus de la vapeur d’eau peuvent
être présents : l’air ambiant, qui peut se dissoudre dans l’eau via une éventuelle brèche, ou
encore les produits de dégradation de la gaine du combustible tels que l’hydrogène. Ces gaz
sont désignés dans ce manuscrit par le terme "incondensables" car, dans nos applications
d’intérêt, ils ne sont présents que sous forme gazeuse et ne sont pas susceptibles de changer
d’état. Des études expérimentales [HZW15] ont mis en évidence que la condensation était
fortement influencée par la proportion de gaz incondensables relativement à la vapeur dans
la phase gazeuse. Ce paramètre est également déterminant dans la probabilité d’observer ou
non une explosion vapeur [ANT90]. Des études numériques ont reproduit cette influence,
comme dans [Bac+12].

Ainsi, les propriétés thermodynamiques de changement de phase, telle que la tempéra-
ture de saturation, sont modifiées par la présence des incondensables et il semble essentiel
de proposer des modèles capables de les prendre en compte, comme c’est d’ailleurs le cas
dans les codes industriels de référence utilisés pour simuler une explosion vapeur [Mei+14 ;
BB90]. C’est pourquoi les chapitres 3 et 4 de cette thèse s’intéressent à des modèles dans
lesquels on introduit les incondensables en plus de l’eau liquide et de la vapeur d’eau.

2.3 Structure mathématique des modèles étudiés

Afin d’être en mesure de proposer des solutions analytiques permettant de vérifier nos mo-
dèles selon les règles fixées par [17], il est primordial de s’assurer que les modèles multipha-
siques considérés possèdent certaines propriétés mathématiques essentielles :

xv



• Hyperbolicité : elle garantit la stabilité des solutions en temps ; si cette condition
n’est pas respectée, on s’expose à des explosions de la solution numérique en temps
fini, comme montré par exemple dans [HH05]. Pour les modèles considérés dans
cette thèse, on montrera que la (stricte) concavité des entropies phasiques implique
la (stricte) hyperbolicité des modèles.

• Existence d’une inégalité d’entropie pour le système global : c’est cette inégalité qui
permet de sélectionner la solution physique pertinente en assurant le second principe
y-compris dans les chocs.

• Unicité des relations de saut : cette propriété, évidente pour les modèles homogènes
construits sur le système d’Euler, est aussi vérifiée par les modèles bifluides de type
[Coq+02] grâce au caractère linéairement dégénéré de l’onde de couplage.

Ces propriétés seront systématiquement étudiées pour tous les modèles utilisés dans
cette thèse. Si elles ont souvent été examinées dans le cas diphasique eau liquide - eau
vapeur, les travaux concernant les modèles multiphasiques à au moins trois champs sont
moins nombreux : on peut citer les références [Bac+12 ; H M19] qui s’intéressent à des
modèles homogènes à trois champs et les travaux [Hér16 ; Hér07 ; MHR16 ; BH19 ; SS19 ;
HM19b ; HM19a] qui concernent des modèles bifluides.

3 Objectifs des travaux

Cette thèse vise ainsi à améliorer la simulation de certains scénarios accidentels de type
APRP ou explosion vapeur, en s’intéressant notamment aux changements de phase dans
des écoulements qui persistent en dehors de l’équilibre thermodynamique lors de transi-
toires rapides très brutaux. Cela passe en particulier par le choix de lois d’état phasiques les
plus réalistes possibles, ainsi que par la prise en compte des gaz incondensables pouvant
être présents.

Dans le chapitre 1, le modèle diphasique homogène eau-vapeur [BH05] est muni d’une
loi d’état tabulée à partir de la formulation IAPWS-97 [WK08]. Le code est notamment vé-
rifié à l’aide d’études de convergence sur des problèmes de Riemann, pour lesquels on a
construit une solution analytique. Des premiers résultats de validation ont pu être obtenus,
en utilisant pour le temps de relaxation λ une loi que nous avons proposée en nous appuyant
sur la théorie de la nucléation. Cependant, le couplage requiert des schémas numériques à
la fois précis et robustes, tels que le schéma de relaxation proposé dans [CC08], et induit
certaines difficultés numériques qui pourraient s’avérer limitantes sur d’autres configura-
tions. C’est pourquoi nous avons passé en revue différentes lois d’état classiques pour l’eau
liquide et vapeur dans le chapitre 2 : le but était d’identifier des lois d’état admissibles (c’est-
à-dire, complètes et avec les bonnes propriétés de convexité), si possible analytiques, afin de
trouver un compromis entre la simplicité des lois d’état de type stiffened gas et la lourdeur
d’une tabulation comme celle utilisée au chapitre 1. Cette étude a mis en évidence que la
loi NASG modifiée comme dans [BCL19], en prenant une capacité thermique massique à
pression constante Cp fonction de la température (appelée NASG-CK dans ce chapitre) était
relativement proche de IAPWS-97, notamment pour l’eau liquide. Le chapitre 3 étudie une
extension du modèle homogène [BH05] prenant en compte des gaz incondensables. Le mo-
dèle obtenu, déjà étudié théoriquement dans [H M19], a été vérifié et utilisé pour simuler un
cas test SUPERCANON [Rie78], en utilisant la loi NASG-CK identifiée au chapitre 2 pour
représenter l’eau liquide. Le chapitre 4 propose un autre modèle permettant de prendre en
compte les incondensables, ainsi que le corium fondu pour permettre de simuler une ex-
plosion vapeur. Ce chapitre est un chapitre de pure modélisation, qui présente la construc-
tion du modèle. Enfin, le chapitre 5 propose un travail transversal à l’ensemble de la thèse,
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concernant des aspects numériques liés à la sortie de structure d’ondes en dehors du do-
maine de calcul. En effet, les cas de transitoires rapides étudiés peuvent faire apparaître des
ondes de choc ou des ondes de détente, susceptibles de quitter le domaine d’étude avant la
fin de la simulation. Le chapitre 5 poursuit un travail initié dans la thèse de Colas [Col19],
qui met en évidence une inconsistance des conditions limites classiquement utilisées dans
certains codes industriels.

4 Synthèse des travaux

Chapitre 1 : Simulations d’écoulements eau-vapeur hors-équilibre thermodyna-
mique à l’aide d’un modèle homogène muni d’une loi d’état tabulée

Dans ce premier chapitre, on s’intéresse à la simulation d’écoulements ne comportant que de
l’eau liquide et de l’eau vapeur (sans gaz incondensables), dans des configurations où le re-
tour à l’équilibre thermodynamique n’est pas instantané. Le modèle considéré est le modèle
diphasique homogène proposé dans les références [BH05 ; Jao01 ; Hel05] et déjà largement
étudié dans la littérature (cf par exemple [Fac08 ; Mat10 ; Jun13 ; HS06]). Il permet de gérer
des écoulements hors-équilibre thermodynamique, puisque la seule hypothèse d’équilibre
entre les deux phases est l’hypothèse initiale d’équilibre de vitesse : chaque phase possède sa
propre pression P, sa propre température T et son propre potentiel chimique µ. Le système
d’équations aux dérivées partielles du modèle final repose sur le système d’Euler, complété
par trois équations portant sur les fractions Y = (α, y, z) phasiques de vapeur où α est la
fraction de volume, y la fraction de masse et z la fraction d’énergie z :
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∂
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L’originalité de ce travail est de munir ce modèle homogène de lois d’état phasiques réa-
listes. Il s’agit de lois tabulées, obtenues à partir de la formulation IAPWS-97 [WK08], une
des lois d’état industrielles de référence pour l’eau, qui s’avère malheureusement trop coû-
teuse en temps de calcul pour être utilisée telle quelle dans des codes CFD. La construction
de la loi tabulée est une tâche délicate. En effet, afin de pouvoir effectuer des changements de
variables thermodynamiques cohérents (en particulier, obtenir la pression P et la tempéra-
ture T à partir du volume spécifique τ et de l’énergie interne massique e et réciproquement),
les grandeurs thermodynamiques ne doivent pas être tabulées indépendamment les unes
des autres. La méthode utilisée consiste à choisir un potentiel thermodynamique (ici le po-
tentiel chimique µ(P, T) dans le plan pression température) et à construire la tabulation de
façon à vérifier l’équivalent de la relation de Gibbs dans ce plan thermodynamique :

dµ = τdP− sdT.

Evidemment, la relation de Gibbs n’est pas vérifiée analytiquement par la loi tabulée : les
inversions thermodynamiques sont calculées via des algorithmes de Broyden dont il est im-
portant de s’assurer d’un niveau de précision suffisant à convergence. La donnée d’un bon
point de départ est essentielle à la robustesse d’un tel algorithme et peut poser problème
dans certaines configurations trop brutales.
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La méthode numérique employée est classique. Elle est fondée sur la méthode des pas
fractionnaires [Yan68] et utilise un splitting de Lie-Trotter d’ordre 1. A chaque itération, le
système convectif est d’abord résolu à l’aide de schémas volume finis explicites d’ordre 1 :





∂

∂t
(ρY) +

∂

∂x
(ρUY) = 0,

∂

∂t
(ρ) +

∂

∂x
(ρU) = 0,

∂

∂t
(ρU) +

∂

∂x
(
ρU2 + P

)
= 0,

∂

∂t
(ρE) +

∂

∂x
(U(ρE + P)) = 0,

et dans un second temps, l’équilibre thermodynamique est calculé à l’aide d’un algorithme
proposé initialement dans [FKA12], puis les termes sources sont appliqués en résolvant im-
plicitement le système suivant :





∂

∂t
(ρY) =

ρ(Yequilibre −Y)
λ

,

∂

∂t
(ρ) = 0,

∂

∂t
(ρU) = 0,

∂

∂t
(ρE) = 0.

Pour s’assurer de la consistance de notre loi d’état, des cas tests de vérification ont été mis
en place : il s’agit de problèmes de Riemann, construits étape par étape de manière à être
capable d’en exhiber une solution analytique. De très nombreuses configurations ont été
testées, en faisant varier :

• la nature des ondes qui sont générées au cours du temps, que l’on peut contrôler
en imposant que certaines ondes soient transparentes : les cas tests de cette étude
contiennent soit des ondes pures (une seule onde de choc ou une seule onde de contact),
ou soit une onde de choc et une onde de contact ;

• l’échelle de temps de relaxation λ utilisée : des cas tests de convection pure (λ → ∞)
et des cas tests avec convection puis relaxation instantanée vers l’équilibre thermody-
namique (λ = 0) ont été étudiés ;

• les lois d’états phasiques utilisées pour fermer le modèle : en plus de notre loi tabulée,
nous avons vérifié notre code à l’aide de lois de gaz raides ;

• la nature des états gauche et droite initiaux, qui peuvent être diphasiques ou mono-
phasiques.

Cette étude a mis en évidence que la loi tabulée imposait l’utilisation de schémas numé-
riques particulièrement robustes : le schéma de VFRoe-ncv [BGH00] a ainsi été mis en dé-
faut, tandis que le schéma de relaxation proposé par Chalons et Coulombel [CC08] s’est
rélévé presque aussi robuste que le schéma de Rusanov [Rus61] tout en étant plus efficace
et bien plus précis. En terme de résultat, la loi d’état tabulée permet bien de retrouver les
mêmes ordres de convergence que les lois de gaz raides classiques. On a tout de même re-
levé que dans certains cas, pour des maillages très fins, la convergence est limitée par le seuil
de précision choisi dans les algorithmes de Broyden utilisés pour les inversions thermody-
namiques, ce qui n’est pas restrictif à condition de le choisir suffisamment petit.
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La dernière partie de ce chapitre propose un modèle original pour l’échelle de temps de
relaxation λ > 0 caractérisant le retour à l’équilibre thermodynamique. Peu de références
sont disponibles dans la littérature pour caractériser cette échelle de temps. Des "modèles-
jouets" ont été utilisés dans [Hur17] et ont mis en évidence l’importance de ce paramètre
pour améliorer le réalisme des simulations dans des configurations de type SUPERCA-
NON [Rie78]. Le modèle proposé s’appuie sur la théorie classique de la nucléation (cf par
exemple [Deb96]) et utilise des hypothèses simplificatrices utilisées notamment dans [CH06]
ou [Mar06]. Le modèle est le suivant :

tnuc =
( a0

∆P

)3
exp

(
ϕEa

kBT

)
,

où Ea est une énergie d’activation qui s’écrit : Ea =
16πγ3

3(∆P)2 , avec γ obtenu à l’aide d’une

corrélation de IAPWS 94 [PD14]. L’intérêt du modèle est d’introduire des comportements
plus physiques que dans les modèles-jouets proposés dans [Hur17] avec un nombre réduit
de paramètres à fixer par l’utilisateur (a0 et ϕ).

Wall Outflow

P = 150 bar ; T = 593.15 K

u = 10 m/s

0

x (m)

1

FIGURE 2 – Détente en paroi dans du liquide en aval d’une vanne fermée brutalement : quelques
bulles de vapeur vont apparaître près de la paroi.

Ce premier modèle a été testé sur une configuration très simple schématisée sur la fi-
gure 2 : une détente près d’une paroi dans du liquide mis en mouvement (par exemple,
lors de la fermeture soudaine d’une vanne). Les résultats obtenus sont avant tout qualitatifs.
Des comportements complexes, avec des effets de seuil suggérant une persistance obser-
vable de l’écoulement hors de l’équilibre thermodynamique avant un retour assez brutal à
l’équilibre, ont pu être mis en évidence, notamment en prenant ϕ proche de 0. Le paramètre
ϕ ∈ [0, 1] caractérise la nature de la nucléation (homogène quand ϕ = 1 ou hétérogène
sinon). La présence des impuretés facilite la formation de bulles, ce qui est traduit dans
le modèle par une diminution de l’énergie d’activation en prenant ϕ < 1. Les premiers
résultats numériques obtenus suggèrent que la nucléation hétérogène est plus appropriée
que la nucléation homogène pour expliquer les effets hors-équilibre. Le rôle des impuretés
nous apparaît donc comme essentiel pour comprendre les effets thermodynamiques hors-
équilibre car ce sont elles qui vont aider à initier la vaporisation (qui est rendue très difficile
dans de l’eau pure, quand la nucléation est homogène) et qui pourraient expliquer une cer-
taine variabilité des "runs" dans l’expérience SUPERCANON [Rie78]. Or, les micro-bulles de
gaz incondensables dissoutes dans l’eau constituent des impuretés presque incontournables
dans nos écoulements d’intérêt, ce qui nous conforte dans notre conviction que la prise en
compte des incondensables est essentielle pour augmenter la qualité de nos simulations,
comme nous l’envisagerons dans les chapitres 3 et 4.

Chapitre 2 : Etude de quelques équations d’état classiques pour l’eau liquide et
l’eau vapeur dans le plan pression-température

Une loi d’état tabulée comme celle du chapitre 1 reste assez lourde à programmer de façon
consistante avec la relation de Gibbs et nécessite des méthodes numériques très robustes.

xix



L’idéal serait de disposer de lois d’état phasiques analytiques plus simples à utiliser et qui
garantiraient tout de même un bon niveau de précision. Ce chapitre passe en revue quelques
lois d’état classiques pour représenter l’eau liquide puis l’eau vapeur, et ambitionne de les
hiérarchiser en termes de précision relativement à la loi de référence IAPWS-97 [WK08].

Dans ce chapitre, nous rappelons d’abord que les lois d’état admissibles pour nos mo-
dèles multiphasiques doivent satisfaire un certain nombre de critères : il doit s’agir de lois
d’état complètes, permettant des inversions de plans thermodynamiques aisées et vérifiant
certains critères de positivité et de convexité.

Les lois d’état passées en revue sont les suivantes :

• la loi d’état de gaz raide (stiffened gas en anglais) ;

• la loi d’état Noble-Able stiffened gas (NASG) [LS16] et son extension proposée dans
[BCL19] (désignée par le sigle NASG-CK), qui considère une capacité thermique à
pression constante Cp fonction de la température, en s’appuyant sur les coefficients de
la loi Chemkin [Kee+96], qui est également testée ;

• les lois cubiques, et plus particulièrement la loi Soave-Redlich-Kwong (SRK) (cf par
exemple [Pri08 ; GSP11]) ; ces dernières lois sont classiquement données sous forme
incomplète, et un travail attentif a été mené, en s’appuyant sur [GM12], afin de la ré-
exprimer sous une forme complète.

Nous avons choisi pour cette étude certains critères de comparaison nous permettant de
hiérarchiser ces lois d’état en termes de précision. Notre premier parti pris est de travailler
uniquement dans le plan pression-température. Ainsi, toutes les lois d’état ont été exprimées
en termes de potentiel chimique µ fonction de la pression P et de la température T. Cette
formulation permet de déduire facilement les grandeurs suivantes, à l’aide des dérivées pre-
mières et secondes de µ en fonction de P et T : l’entropie massique s, le volume spécifique
τ, la capacité thermique spécifique à pression constante Cp ainsi que αp le coefficient de di-
latation thermique à pression constante et χT le coefficient de compressibilité à température
constante. Nos comparaisons reposent sur le calcul des erreurs relatives errφ pour chacune
des équations d’état testées (notée EOS), avec φ l’une des six grandeurs précédentes (µ, s, τ,
Cp, αp, ou χT) :

errφ =

∣∣∣∣
φEOS − φIAPWS

φIAPWS

∣∣∣∣ .

Les lois d’état ont été étudiées avec les paramètres classiquement utilisés dans la littéra-
ture, ainsi qu’avec des paramètres obtenus en minimisant les erreurs relatives sur certaines
grandeurs (µ, τ et Cp). Les comparaisons ont été effectuées sur de grands domaines liquide
et vapeur. L’optimisation des coefficients des lois d’état s’est avérée assez ardue : la diffi-
culté majeure est d’optimiser les coefficients pour minimiser l’erreur à la fois sur le potentiel
chimique et sur l’ensemble de ses dérivées successives. Les domaines de validité d’une loi
d’état en termes de pression et de température sont souvent disjoints pour les différentes
variables considérées, en particulier pour la vapeur.

Les principaux résultats obtenus sont les suivants :

• Nous avons pu illustrer quantitativement la dégradation du niveau de précision d’une
loi d’état de gaz raide lorsqu’elle est calée comme dans [Dau+14], en "linéarisant" la
loi d’état autour d’un point de référence. Les résultats sont relativement satisfaisants
pour le potentiel chimique et l’entropie ; en revanche, le gaz raide est moins précis pour
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estimer le volume spécifique τ et la capacité thermique Cp, à hautes températures pour
le liquide, et sur presque tout le domaine pour la vapeur (à l’exception d’un domaine
d’une quizaine de bars centré sur le point de référence).

• La loi SRK donne pour la vapeur des résultats comparables au gaz raide, tout en amé-
liorant significativement la précision sur τ. Les résultats de cette étude sont plus miti-
gés pour le liquide, sauf à très hautes températures.

• La loi NASG étend significativement le domaine de précision du gaz raide, notam-
ment pour le volume spécifique τ. Prendre une capacité thermique Cp dépendante de
la température n’a pas d’effet majeur sur la précision pour la vapeur. En revanche, l’ex-
tension NASG-CK nous est apparue comme le meilleur compromis parmi l’ensemble
des lois testées dans cette étude pour le liquide.

La loi NASG-CK a donc été choisie pour représenter le liquide dans le chapitre 3. De
façon générale, il semble intéressant d’employer la loi NASG, aussi bien pour l’eau liquide
que pour l’eau vapeur, car cette loi possède une forme analytique presque aussi simple que
le gaz raide tout en améliorant significativement l’estimation du volume spécifique.

Chapitre 3 : Un modèle homogène avec prise en compte des gaz incondensables,
muni d’une loi d’état liquide réaliste semi-analytique (la loi "Noble-Able-Chemkin
stiffened gas")

Ce chapitre considère une extension du modèle du chapitre 1 capable de prendre en compte
les gaz incondensables. Ce modèle a déjà été étudié dans [H M19], où la construction d’une
loi de mélange thermodynamique satisfaisant le second principe a été présentée. Il a égale-
ment été utilisé dans sa forme équilibrée muni de lois phasiques de gaz raides dans [Bac+12].
Dans ce chapitre, nous commençons par rappeler les grandes étapes de modélisation abou-
tissant au modèle [H M19], selon les principes déjà utilisés dans l’annexe du chapitre 1. Nous
détaillons particulièrement les conséquences des hypothèses hybrides de miscibilité. En ef-
fet, contrairement au cas diphasique eau-vapeur sans incondensables, la dégénérescence du
modèle vers les cas monophasiques ou les cas à deux champs doit être examinée avec atten-
tion.

La grande originalité de ce travail consiste à munir ce modèle d’une loi d’état NASG-CK
[BCL19] pour l’eau liquide, comme identifié au chapitre 2. La présence des incondensables
complique le calcul de l’équilibre thermodynamique par rapport à l’algorithme initial pro-
posé dans [FKA12] : il se ramène à la résolution d’un système non-linéaire de deux équa-
tions à deux inconnues, ce qui impose d’utiliser un algorithme de Broyden ou une double-
dichotomie parfois un peu délicats à mettre en oeuvre. La vapeur et les incondensables sont
décrits à l’aide de lois d’état de gaz raides. En effet, une loi NASG avait au départ été en-
visagée pour la vapeur, mais nous avons constaté que son emploi complexifierait encore le
calcul de l’équilibre thermodynamique, puisqu’il faudrait alors résoudre un système couplé
de trois équations à trois inconnues dans ce cas. Ainsi, alors que le modèle muni de trois lois
de gaz raides comme dans [Bac+12] est très simple à simuler, la complexité augmente très
rapidement dès que l’on utilise simultanément deux lois analytiques un peu plus réalistes.

Le modèle a été implémenté et vérifié, en construisant des problèmes de Riemann sui-
vant les mêmes principes qu’au chapitre 1. Un cas de validation SUPERCANON [Rie78] a
été mis en place.
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Chapitre 4 : Un modèle triphasique à quatre champs pour des écoulements com-
prenant des phases miscibles et immiscibles

Le chapitre 4 est un chapitre de modélisation pure qui présente un modèle multifluide ori-
ginal visant à simuler des écoulements comprenant de l’eau liquide l, de l’eau vapeur v, des
incondensables g et du corium fondu s. Le modèle est construit pas à pas, suivant une dé-
marche similaire à celle mise en oeuvre dans les références [Coq+02 ; GHS04 ; Hér07 ; Hér16 ;
HM19b]. La spécificité de ce travail est que les écoulements d’intérêt comportent à la fois
une phase miscible (la phase gazeuse, composée de vapeur d’eau et d’incondensables) et des
phases non-miscibles (les deux phases d’eau liquide et de corium fondu ainsi que la phase
gazeuse). En effet, dans le cadre barotrope, lorsque tous les champs du modèle forment
des phases non-miscibles, des résultats ont pu être démontrés dans [SS19] lorsque la vitesse
d’interface est la vitesse d’une des phases : il s’agit notamment de la convexité de l’entropie
de mélange ou de la symétrisation des systèmes multiphasiques constitués d’un nombre ar-
bitraire N ≥ 2 de composants non-miscibles. En revanche, dans des modèles multifluides
avec au moins une phase constituée d’un mélange miscible, comme dans [HM19b], la géné-
ralisation mathématique en dimension supérieure n’est pas triviale et doit être étudiée au
cas par cas, comme dans ce chapitre.

Le point de départ de la modélisation est un système de lois de conservation de masse, de
moment et d’énergie pour chaque champ, incluant des termes non-conservatifs traduisant
les échanges entre les constituants :





∂tαk + vI .∇αk = Φk
∂tmk +∇.(mkuk) = Γk

∂t(mkuk) +∇.(mkuk ⊗ uk) +∇(αkPk) + ∑
k′ 6=k

πkk′∇αk′ = SQk

∂t(αkEk) +∇.(αkuk(Ek + Pk))− ∑
k′ 6=k

πkk′∂tαk′ = SEk

Afin d’être en mesure de gérer correctement les termes non-conservatifs ∑
k′ 6=k

πkk′∇αk′ , nous

nous restreignons à des modèles admettant une inégalité d’entropie et des relations de
sauts définies de façon unique. Nous commençons par nous doter d’une entropie naturelle
pour le système (la somme des entropies phasiques), qui vérifie une inégalité d’entropie
admissible. Ce choix de modélisation conduit à des fermetures imposées pour les termes
πkk′ par la définition de la vitesse d’interface vI , ainsi qu’à des contraintes permettant de
construire des termes sources satisfaisant l’inégalité d’entropie. D’autre part, certains choix
particuliers de vI [Coq+12 ; Gui07] conduisent à une onde de couplage linéairement dé-
générée et permettent ainsi d’obtenir l’unicité des relations de saut champ par champ : il
s’agit des cas avec une vitesse vI "décentrée" (i.e. égale à l’une des vitesses phasiques, par
exemple celle du corium us) ou alors du cas où vI vaut la vitesse moyenne de l’écoulement
vI = um = 1

∑
k

mk
∑
k

mkuk.

Le modèle ainsi obtenu est d’abord appréhendé sans spécifier de fermeture pour vI : en
particulier, la matrice de convection est explicitée de façon générale. L’hyperbolicité du mo-
dèle est démontrée (en dehors des cas de résonance). La nature des ondes du système est
ensuite examinée. Les relations de saut définissant les chocs de façon unique sont données.
Enfin, nous démontrons que le système est symétrisable pour tout vI , ce qui garantit grâce
au théorème de Kato [Kat75] l’existence d’une unique solution locale en temps régulière au
problème de Cauchy loin de la résonance.

D’autres propriétés sont ensuite étudiées en fixant vI = us. Le domaine thermodyna-
mique admissible de positivité des énergies internes est ainsi préservé par le modèle au
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cours du temps, de même que les équilibres de pression, cohérents avec la loi de Dalton :
Pl = Pv + Pg = Ps. Enfin, les effets de relaxation de pression ont été examinés : il s’agit
de s’assurer que le système isolé (sans transferts de masse, de moment ou d’énergie), sans
convection, relaxe bien vers l’équilibre de pression prescrit par la loi de Dalton. La relaxa-
tion vers l’équilibre de pression est bien vérifiée par le système, à condition que les écarts
de pression ∆l P = Pl − (Pv + Pg) et ∆sP = Ps − (Pv + Pg) soient suffisamment petits. Ce
seuil de pression a été estimé et n’est pas restrictif pour des applications de type nucléaire.
Nous avons également mis en évidence que le retour à l’équilibre peut s’accompagner d’os-
cillations stables. Des comportements similaires ont déjà été observés dans la littérature et
ce chapitre se termine par un inventaire des effets constatés pour plusieurs modèles bi-
fluides lors de l’examen du processus de relaxation de pression : l’effet de seuil apparaît dès
que le modèle comporte une équation d’énergie [BH20 ; HM19b] tandis que les oscillations
sont susceptibles de se produire dès que le modèle comprend au moins trois phases non-
miscibles [BH19 ; BH20] (elles sont absentes dans les modèles diphasiques, y-compris dans
le modèle avec une phase miscible [HM19b]).

Chapitre 5 : Analyse d’erreur numérique portant sur des conditions limites dis-
crètes pour le système d’Euler

Dans nos cas d’application de scénarios accidentels, il est possible que des structures d’ondes
rapides telles que des ondes de choc ou des ondes de détente quittent le domaine de calcul
Ω avant la fin de la simulation (figure 3). Dans ce cas, les conditions limites discrètes im-
posées sur le bord du domaine ∂Ω pourraient avoir une influence sur les résultats. Nous
insistons bien sur le fait que la frontière ∂Ω est purement artificielle : il s’agit d’une frontière
numérique, que l’utilisateur peut déplacer à sa guise en agrandissant le domaine de calcul
Ω.

Ce chapitre prolonge l’étude du chapitre 3 de la thèse de Colas [Col19]. Il s’intéresse
à l’erreur numérique due aux conditions limites artificielles imposées sur les frontières du
domaine de calcul dans des cas mono-dimensionnels. Plus précisément, en considérant le
système d’Euler monophasique, nous avons réalisé des études de convergence en maillage
à l’aide de problèmes de Riemann, en faisant en sorte qu’une onde de choc ou une onde
détente quitte entièrement le domaine Ω avant la fin de la simulation (les autres ondes étant
toujours à cet instant à l’intérieur de Ω, afin d’isoler les effets de chaque type d’onde). Nous
précisons que les conditions limites envisagées ne nécessitent aucune information sur l’ex-
térieur du domaine Ω.

x

t

0 Ω Ω∞ = R

T

R+

αL

FIGURE 3 – Domaine de calcul borné Ω  Ω∞, avec Ω∞ un domaine infini en espace.

Les conditions limites étudiées sont prescrites en définissant un état extérieur Wn
ext arti-

ficiel dans une cellule virtuelle, symétrique à la cellule Wn
i du bord du domaine par rapport

à la frontière ∂Ω : les flux numériques de bord sont ainsi calculés de la façon suivante :

gn
1/2 = g(Wn

ext,1, Wn
1) and gn

N+1/2 = g(Wn
N , Wn

ext,N).

Plusieurs types de conditions limites ont été comparées :
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• une formulation BC0 dans laquelle l’état de bord Wn
i est dupliqué dans la cellule exté-

rieure : Wn
1 = Wn

ext,1 ou Wn
N = Wn

ext,N (il s’agit d’une formulation classique, souvent
utilisée dans les codes industriels) ;

• une formulation BCr, construite en supposant que l’onde qui sort du domaine est une
onde de détente : l’état Wn

ext est alors construit à partir des invariants de Riemann
conservés dans la détente, et en intuitant la vitesse extérieure via la relation un

ext =
2un

N − un
N−1.

• une formulation BCs, dite de champ lointain, dans laquelle on considère que la cellule
de bord est reliée via une cellule virtuelle de taille infiniment grande à droite du do-
maine à l’état initial droit W0

R (voir figure 3).

Ces conditions limites ont été testées pour différent schémas numériques : le schéma
VFRoe-ncv [GHS03 ; GHS02], le schéma VFRoe-ncv avec relaxation d’énergie [GHS02], basé
sur le schéma original de Coquel et Perthame dans [CP98], un schéma de relaxation proposé
par Chalons et Coulombel [CC08] et un schéma de Rusanov.

Avec le schéma VFRoe-ncv, la sortie de l’onde de détente ne pose pas de problème
lorsque la formulation BC0 classique est employée. La formulation BCr, pourtant construite
spécifiquement pour être plus cohérente avec le passage d’une onde détente, n’apporte pas
d’amélioration significative de la précision. En revanche, dans les cas tests avec sortie d’une
onde de choc, la solution numérique obtenue n’est pas consistante avec la solution analy-
tique attendue lorsque la formulation BC0 est utilisée. La formulation BCs proposée génère
quant à elle une solution consistante. Malheureusement, nous ne sommes pas parvenus à
expliquer théoriquement ce résultat.

Un comportement très étrange a été observé lorsque les schémas de relaxation ont été
testés. En effet, ces schémas supposent l’introduction d’un paramètre qui doit satisfaire une
condition sous-caractéristique afin d’assurer la stabilité numérique, qui s’écrit sous la forme :

a > max
(

cl(τl , el)

τl
,

cr(τr, er)

τr

)
.

Dans le cas où une onde de détente quitte le domaine Ω, la condition BC0 permet d’obtenir
une solution numérique consistante seulement si le paramètre de relaxation est exactement
égal à la borne inférieure imposée par la condition sous-caractéristique, c’est-à-dire si :

a = max
(

cl(τl , el)

τl
,

cr(τr, er)

τr

)
.

A nouveau, nous n’avons pas d’argument théorique permettant d’expliquer cette observa-
tion.

Enfin, quand une onde de choc quitte le domaine, la formulation BCs ne permet plus
d’obtenir une formulation consistante avec le schéma de relaxation [CC08] ou le schéma de
Rusanov. Nous ne sommes donc pas encore parvenus à exhiber une formulation de condi-
tions limites discrètes permettant d’obtenir une solution numérique consistante lorsqu’une
onde de choc sort du domaine de calcul compatible avec tous les schémas numériques.

Les deux annexes suivantes présentent des travaux réalisés en marge de cette thèse sur
des thématiques complémentaires.
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Annexe A : Un modèle homogène triphasique compressible avec trois phases im-
miscibles

Cet article présente un modèle original, construit à partir du modèle diphasique utilisé au
chapitre 1, permettant de représenter des écoulements triphasiques avec trois phases non-
miscibles. Des simulations visant à reproduire un accident de réactivité (RIA en anglais, voir
[IRSN_RIA]) sont réalisées.

Annexe B : Simulation d’un modèle diphasique compressible à l’aide d’une mé-
thode de Lattice-Boltzmann

Le modèle du chapitre 3 est simulé à l’aide d’une méthode de Lattice-Boltzmann. Une ap-
proche cinétique, similaire à ce qui a été fait dans [Dru+19], est présentée. Des cas tests
d’explosion vapeur sont réalisés.

5 Valorisation des travaux

Les travaux présentés dans ce manuscrit ont fait l’objet des éléments de valorisation sui-
vants :

• Les travaux du chapitre 1 ont été publiés dans la revue Computers & Fluids sous la
référence :

P. Helluy, O. Hurisse and L. Quibel, Assessment of numerical schemes for complex
two-phase flows with real equations of state, Computer & Fluids, 196 (104347), 2019.

Ils ont été présentés au congrès international ICIAM 9 (Valence, juillet 2019).

• Les travaux du chapitre 2 ont été entrepris à la suite de la Semaine d’Études Maths-
Entreprise (SEME) ayant eu lieu à Strasbourg en novembre 2018, où un sujet de re-
cherche a été proposé et étudié. Le travail de la SEME a été retranscrit dans un rapport
disponible sur HAL sous la référence :

L. Quibel, P. Helluy, M. Chion, P. Ricka. Mélanger des gaz raides pour créer de nou-
velles lois d’état. Rapport de recherche, IRMA, Université de Strasbourg ; EDF R&D,
2019. (hal-02114552)

• Les travaux du chapitre 3 font l’objet d’un preprint en cours de rédaction.

Ils devaient être exposés lors d’une présentation orale au "Workshop on Compressible
Multiphase Flows" (Strasbourg, mai 2020), annulé en raison de la pandémie de Covid-
19. Un exposé sur des sujets similaires est de plus prévu à la conférence ATH’2020, qui
a été reportée à l’automne 2020.

• Les travaux du chapitre 4 ont été acceptés pour publication dans ESAIM :Mathematical
Modelling and Numerical Analysis, sous la référence :

J.-M.. Hérard , O. Hurisse and L. Quibel, A four-field three-phase flow model with both
miscible and immiscible components, ESAIM :Mathematical Modelling and Numerical
Analysis, 2020.

• Les travaux du chapitre 5 ont été présentés lors du congrès FVCA IX (Bergen, juin
2020) et apparaissent dans les proceedings associés sous la référence :

C. Colas, M. Ferrand, J.-M. Hérard, O. Hurisse, E. Le Coupanec, and L. Quibel, A Nu-
merical Convergence Study of some Open Boundary Conditions for Euler Equations,
2020, Springer Proceedings in Mathematics & Statistics, ISBN 978-3-030-43650-6, Vol
323.
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• L’annexe A contient un travail lié à cette thèse, présenté au "Workshop on Compres-
sible Multiphase Flows" (Strasbourg, mai 2018) et apparaissant dans les proceedings
associés sous la référence :

O. Hurisse and L. Quibel, A homogeneous model for compressible three-phase flows
involving heat and mass transfer. ESAIM : Proceedings and Surveys, 66 (2019) 84-108.

• L’annexe B contient un travail lié à cette thèse, présenté lors du congrès internatio-
nal FVCA IX (Bergen, juin 2020) et apparaissant dans les proceedings associés sous la
référence :

P. Helluy, O. Hurisse and L. Quibel, Simulation of a liquid-vapour compressible flow
by a Lattice Boltzmann Method, 2020, Springer Proceedings in Mathematics & Statis-
tics, ISBN 978-3-030-43650-6, Vol 323.
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Chapter 1

Simulations of out-of-equilibrium
two-phase flows with a homogeneous
model equipped with a look-up table
as equation of state

The main content of this chapter has been published under the reference:

P. Helluy , O. Hurisse and L. Quibel, Assessment of numerical schemes for complex two-
phase flows with real equations of state, Computer & Fluids, 196 (104347), 2019.

After a brief introduction, this article is reproduced. Some additionnal test cases and
results are last presented in two additional appendixes (see appendix 1.E about verification
work and appendix 1.F about relaxation time).

Synthesis of the chapter

We study in this chapter a homogeneous model, able to describe a mixture out of the ther-
modynamical equilibrium. Indeed, the only equilibrium assumption in the model is a kine-
matic equilibrium.

First, the homogeneous model is built step by step from extensive quantities. The key
point of the modelling is the definition of the mixture entropy from Gibbs phasic relations:
indeed, it enables to build a complete EOS for the mixture. The resulting model can be
written as the Euler equations for the mixture quantities in addition to three equations on
volume, mass and energy vapor fractions. These phasic fractions are convected and submit-
ted to source terms, defined in accordance with the second principle of thermodynamics.
Two closures must be defined by the user :

• an equation of state for both phases;

• a time scale, appearing in the source terms for fractions, characterizing the return to-
wards the thermodynamical equilibrium.

This chapter has two main goals :
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• verifying the coupling of the homogeneous model with a complex equation of state, a
look-up table (LuT) for both phases;

• proposing a simplified model for the relaxation time scale, based on the nucleation
theory.

The realistic equation of state used in this chapter is a look-up table, based on the IAPWS-
IF97 formulation [WK08]. Such complex equations of state require very robust numerical
schemes. Three numerical schemes have been compared through convergence studies on
several Riemann problems : the Rusanov scheme, a VF-Roe scheme and a relaxation scheme,
proposed by Chalons and Coulombel [CC08]. Only the Rusanov scheme and the relaxation
scheme are robust enough to achieve the coupling with the look-up table. The verification
study highlights that the relaxation scheme is more accurate as well as more efficient than
the Rusanov scheme, which is very interesting for industrial test cases.

Many Riemann problems have been considered. First, only the convective part of the
model (without source terms) has been taken into account with two so-called out-of-equilibrium
Riemann problems studied in the article. Two additionnal Riemann problems with isolated
waves (only a shock wave or only a contact wave) are presented in appendix 1.E of this
chapter. The results illustrate how the relaxation scheme improves accuracy compared with
the Rusanov scheme : the accuracy gain is significant for the contact wave, as soon as the
mesh size is fine enough.

At-equilibrium Riemann problems have then been considered : after the convection step,
the mixture fractions instantaneously tend towards the fractions satisfying the thermody-
namical equilibrium. This supplementary step does not create particular problems (see arti-
cle and appendix 1.E). We insist on the fact that the possibility to recover analytical solutions
with complex equations of state like look-up tables is on its own a result. Nevertheless, a nu-
ance has to be mentioned : the last Riemann problem presented in appendix 1.E highlights
the accuracy limitation due to thermodynamical inversions occuring in the look-up table.

Unfortunately, such verification work cannot be achieved for a rarefaction wave because
exact solutions cannot be built with enough accuracy. At best, a reference solution can be
obtained, as presented in appendix 1.B, which is not enough to get a convergence curve.

In the homogeneous model, the return to the equilibrium is ensured by a relaxation pro-
cess in accordance with the second law of thermodynamics. This relaxation process involves
a characteristic time λ, which needs to be defined by the user. Very few references are avail-
able in the litterature about such out-of-equilibrium time scales and building a closure based
on physical considerations is a difficult task. In the last part of the article, we focus on a sim-
ple test case : vaporisation occuring near a wall due to a rarefaction wave. The aim is to
evaluate the strong influence of λ on the numerical results. First, constant values λ have
been studied; then, we propose a very simplified model for λ based on the nucleation the-
ory. Even if this latter simplified model is not completely physical, it enables to get complex
and interesting behaviors. In appendix 1.F, some additionnal simulations with several time
scales obtained with the nucleation closure are presented.
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Abstract

Some accidental scenarii studied in the framework of the nuclear safety analysis involve
liquids undergoing strong pressure drops at high temperature. In order to perform realis-
tic simulations of such situations, a code based on a model that can handle both the ther-
modynamical disequilibrium between liquid and vapor and complex equations of state is
required. We propose herein to test a homogeneous model built on the basis of the Euler
system of equations and complemented by a mixture pressure law. The latter is defined in
accordance with the Gibbs relation on the basis of the phasic pressures which are defined
through a look-up table based on the IAPWS-97 formulation. A wide range of verifica-
tion problems (Riemann problems) is then studied to assess the behavior of the numerical
schemes for this complex equation of state. The tested relaxation scheme is the best compro-
mise between accuracy and stability. At last, a simple test case of vaporisation near a wall is
investigated in order to test some return to thermodynamical-equilibrium time-scale based
on the nucleation theory.

Introduction

A nuclear pressurized water reactor (PWR) is composed of several heat exchangers in which
the water is used as a heat-transfer medium and can undergo phase change (vaporisation
and condensation). A PWR contains two main loops in which water flows in liquid or
vapour state: the primary and the secondary circuits, exchanging heat through the steam
generator. The primary circuit contains liquid water which collects the heating power of the
nuclear core and brings it into the steam-generator. In this circuit, the temperature can reach
320◦C and, to avoid vaporisation, the pressure is maintained at 155 bars, that means, above
the saturation pressure. In the steam generator, the primary coolant flows into pipes that
are surrounded by the water of the secondary circuit. The secondary fluid enters the steam
generator as liquid. It then receives heat of the primary coolant on contact with the primary
pipes and vaporizes. The steam-generator’s outlet of the secondary circuit is then mainly
composed of steam. The latter is used to generate electric power through turbines and it
is afterwards condensed (through the use of an other heat-exchanger and a third circuit) to
re-enter the steam generator as liquid. In this secondary circuit, the pressure level is much
lower than in the primary circuit (in the range 50− 70 bars, depending on the steam gener-
ator).

When the reactor is at nominal operating point, the mass transfer and the heat exchanges
imply small thermodynamical variations. Nevertheless, when accidental scenarii are con-
sidered, brutal thermodynamical variations are assumed. For instance, if one focuses on the
breaches in the shell of the primary circuit, two major scenarii are studied.

• The Loss Of Coolant Accident (or LOCA) corresponds to a breach for which the pri-
mary liquid coolant enters into contact with the air of the reactor building at 1 bar. The
violent pressure drop from 155 bars to 1 bar implies a rapid blowdown and the prop-
agation of a depressurization wave into the primary circuit. This depressurization is
associated with the vaporisation of the primary coolant.

• When a breach in a pipe that contains the primary coolant in the steam generator
occurs, the pressurized liquid water enters into contact with a steam-liquid mixture at
a lower pressure. As in the LOCA situation, a depressurization wave propagates into
the primary circuit leading to the steam creation in the primary loop.

These two scenarii are associated with high pressure drops and high temperatures. In such
situations, the fast transients can thus lead to non-equilibrium thermodynamics [Bar90].
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Hence, the simulation of such rapid transients requires a model in which the thermody-
namical disequilibria between the two phases are taken into account.

A first class of models that can be used for such scenarii is the so-called two-fluid model
as those proposed in [BN86; Kap+01; GSS98; JGS06; Coq+02; GS02]. In this class of mod-
els, the full thermodynamical disequilibrium is accounted for, in terms of the pressure, the
temperature and the chemical potential (or Gibbs free enthalpy). Moreover, each phase is
described by its own velocity. This two-velocity assumption has a drawback when deal-
ing with the numerical simulation. Indeed, these models can possess eigenvalues that are
very close to each other, for instance in situations involving a strong drag force. In order
to distinguish the different waves associated with these close eigenvalues on the numeri-
cal approximations, one can thus have to deal with meshes that contain small enough cells,
leading to an unaffordable computational cost for industrial applications in 3D. In the se-
quel, we choose to present a model that possesses a simpler eigenstructure. The latter makes
the assumption that the two phases have the same velocity and is based on a model relying
on the Euler set of equations. Therefore, the model inherits the Euler eigenstructure and
enters the so-called class of the homogeneous models.

Most of two-phase flow homogeneous models proposed since around 40 years are based
on one or more thermodynamical equilibrium assumptions (for instance: [Kap+01; ACK00;
Fac08; FKA12; GM03; Dow+96; Fau+00]). The homogeneous model used in this work does
not make any equilibrium assumption for the thermodynamics: the phasic temperatures,
pressures and chemical potentials may be different within each phase. On the one hand,
this choice has been made to account for the full thermodynamical disequilibrium: the pres-
sure disequilibrium may allow to enrich the model by introducing a bubble dynamics model
as proposed in [GS02; Dru17; Dru+19]. On the other hand, this allows to tackle some speci-
ficity of the mixture Equations Of States (EOS) obtained with equilibrium assumptions. It
has indeed been reported that equilibrium assumptions may lead to a loss of strict concavity
of the mixture entropy [BH05; Gha18; FM19] and then to non-uniqueness of solutions of the
Riemann problems.

This homogeneous model proposed in [BH05; Jao01; Hel05], and studied for instance in
[Fac08; Mat10; Jun13; HS06], is based on the Euler system of equations complemented by a
complex pressure law and by three unknowns: a volume fraction, a mass fraction and an
energy fraction. These fractions allow to quantify the gap to the equilibrium state, reached
when the system is isolated from the surroundings. In the model, the return to this equilib-
rium state is ensured by three source terms on the fractions involving a unique relaxation
time-scale law. The whole model is built in order to be consistent with the second law of
thermodynamics and is hyperbolic if each phasic entropy is concave with respect to the
phasic specific volume and the phasic specific internal energy, and if the mixture tempera-
ture is positive [FM19; Hur14; Hur17]. The model and its properties are presented in section
1.1.

The model has been tested either on Riemann problems [Hur14; HHL16] and on simula-
tions reproducing elementary experimental facilities [Hur17]. In both cases, the phasic EOS
were defined through Stiffened Gas EOS [MMS04] which is an extension of the perfect gas
EOS. Even if the results presented in [Hur17] are satisfactory, the Stiffened Gas EOS is too
rough to describe accurately all the thermodynamical properties of the water on situations
with large variations of the thermodynamical states, such as those depicted above. A look-
up table has then been developed, based on the idea of [Hof17] and using the IAPWS-97
[WK08] formulation as input data. The main recipes of this look-up table are presented in
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section 1.2.

The whole numerical scheme is described in section 1.3. In [Hur14; Hur17; HHL16],
the numerical schemes used to compute the numerical approximations of the solutions of
the model were all robust enough to deal with Stiffened Gas EOS. Unfortunately, few of
these numerical schemes are able to handle complex EOS as the one proposed in section
1.2. Indeed, three numerical schemes for the convective part have been tested : the Rusanov
scheme [Rus61], a VFRoe-ncv scheme [BGH00] and a relaxation scheme [CC08], based on
the ideas of [Sul98; CP98; Bou04; CGS12]. In practise, problems of robustness have been
encountered with VFRoe-ncv scheme used with the look-up table; therefore, only Rusanov
scheme and the relaxation scheme have been compared when using it. In section 1.4, their
behavior is then studied on a wide range of Riemann problems for the EOS defined through
the look-up table of section 1.2. This verification procedure is mandatory to grasp the be-
havior of the numerical schemes in canonical situations. Furthermore it is required in the
framework of the safety studies, where proofs of confidence on the simulation tools are to
be given. The relaxation scheme is the best compromise between accuracy and robustness
when using the look-up table.

In [Hur17], the impact of the relaxation time-scale law has been shown by the mean of
toy laws. These laws have no physical background, and they are based on the observations
reported in [Dow+96]. In section 1.5, we propose a model for the relaxation time-scale on
the basis of the classical nucleation theory [Deb96], with some simple assumptions used in
[CH06] or [Mar06]. Since the nucleation theory only holds for the birth of steam bubbles
in liquid, we have chosen a situation where the domain is entirely filled with liquid and
where steam production remains reasonable: a depressurization occuring near a wall. This
case can be schematic of what happens downstream a valve suddendly closed in a pipe in
which high pressurized water flows. On can note that a very similar phenomenon occurs in
the early stage of the SUPERCANON experiment reported in [Rie78] and which was repro-
duced in [Hur17].
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1.1 A homogeneous model for two-phase flows

In this section, the considered model is only briefly presented in intensive variables. The
whole building approach is available in appendix 1.A, starting from an extensive descrip-
tion of the system by a volume V (in m3) of the mixture, corresponding to a massM (in kg)
and an internal energy E (in J).

Thermodynamically, each phase k = l, v (liquid or vapor) is described by its own com-
plete equation of state, expressed as a specific entropy sk(τk, ek) (JK−1kg−1) as a function of
τk the specific volume (m3kg−1) and ek the specific energy (Jkg−1) and satisfying the Gibbs
relation:

Tkdsk = dek + Pkdτk, (1.1)

where
1
Tk

=
∂sk

∂ek

∣∣∣∣
τk

;
Pk

Tk
=

∂sk

∂τk

∣∣∣∣
ek

. (1.2)

Let us introduce the volume fraction αk, the mass fraction yk and the energy fraction zk of
phase k:

Yk = (αk, yk, zk). (1.3)

These fractions satisfy conservation relations:

1 = αl + αv ; 1 = yl + yv ; 1 = zl + zv, (1.4)

and vary in accordance with the second principle of thermodynamics (cf appendix 1.A).
Thanks to them, phasic quantities can be expressed from the mixture quantities:

τk =
αk

yk
τ ; ek =

zk

yk
e. (1.5)

The mixture entropy s is defined as:

s(Y, τ, e) = ylsl(τl , el) + yvsv(τv, ev). (1.6)

Using phasic Gibbs relations (1.1), thermodynamical mixture quantities can be deduced
from phasic ones; they read:

P(Y, τ, e) =
αl

Pl
Tl
+ αv

Pv
Tv

zl
Tl
+ zv

Tv

;
1
T
(Y, τ, e) =

zl

Tl
+

zv

Tv
. (1.7)

The set of partial differential equations in conservative form is:





∂

∂t
(ρY) +

∂

∂x
(ρUY) = ρΓ,

∂

∂t
(ρ) +

∂

∂x
(ρU) = 0,

∂

∂t
(ρU) +

∂

∂x
(
ρU2 + P

)
= 0,

∂

∂t
(ρE) +

∂

∂x
(U(ρE + P)) = 0.

(1.8)

with the following source terms:

Γ =

(
ᾱl − αl

λ
,

ȳl − yl

λ
,

z̄l − zl

λ

)
,
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where (ᾱl , ȳl , z̄l) are the equilibrium fractions which maximize the mixture entropy for a
given (τ, e). The user must specify one EOS (see section 1.2) for each phase and the time-
scale λ > 0 describing the return to the thermodynamical equilibrium (see section 1.5 and
appendix 1.C).

It can been shown that this model has interesting mathematical properties. These prop-
erties are summarized here and the reader can refer to [BH05; FM19; Jao01; Hel05; Mat10;
Jun13; Hur17; HQ19] for more details.

• The eigenstructure of the model is composed of 2 genuinely non-linear waves associ-
ated to the eigenvalues U ± c, where c is the mixture sound speed, and one linearly
degenerate wave associated to the eigenvalue U.

• The model is hyperbolic provided that the phasic entropies sk are concave (see (H7)
in appendix 1.A) and that the mixture temperature is non-negative. The condition
on the mixture temperature is of importance. Indeed, the concavity of the entropies
together with the positivity of the mass fractions guarantees that c2/T is non-negative.
However some simple EOS (as the Van der Waals EOS) admit non-positive energy.
This may lead to non-positive energy fractions and a possible drawback is to get a
negative mixture temperature even when assumption (H9) (see appendix 1.A) holds.
Such situations can then correspond to a loss of hyperbolicity.

• Shocks are defined in a unique manner through the Rankine-Hugoniot relations.

• Assuming classical assumptions on the initial and boundary conditions for the frac-
tions, and provided that the equilibrium fractions remain in [0, 1]3, the fractions remain
in [0, 1]3.
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1.2 Complex equations of state

In order to close the model presented in section 1.1, we need to specify: one EOS for each
phase in terms of the specific entropy (τk, ek) 7→ sk(τk, ek), and a law for the time-scale λ
which describes the return to the thermodynamical equilibrium defined by W̄. We focus
here on the phasic EOS.

A classical way to deal with steam-liquid simulation is to use Stiffened Gas EOS [MMS04].
These EOS are extensions of the perfect gas EOS. They are associated with quite simple for-
mula involving five parameters. The specific phasic entropy then reads:

sk(τk, ek) = Cv,k ln
(
(ek −Πkτk)τ

γk−1
k

)
+ s0

k , (1.9)

where Cv,k is the heat capacity, −Πk is the minimal pressure1, γk is the adiabatic coefficient
(γk > 1) and s0

k is a reference specific-entropy.

In the situations that we intend to address, the domain of evolution of the thermody-
namical quantities is important and these Stiffened Gas EOS may be not accurate enough, at
least not for all the quantities. A more complex EOS with a better description of the proper-
ties of the fluids on wide domains is thus needed. Such EOS have been proposed, as Cubic
EOS or Viriel formulations, but they are unfortunately not in complete form [FM19], which
means that some thermodynamical quantities may not be defined. The IAPWS-97 formu-
lation [WK08] is defined in a complete form since the the EOS is given as the Gibbs free
enthalpy with respect to the pressure and the temperature. Nevertheless, this function is
very complex and an important drawback is the high computational cost which is a crucial
point for the simulation of fluid dynamics. In order to decrease this computational cost, a
Look-up Table (LuT) has been implemented on the basis of the IAPWS-97 formulation2.

We describe here how this LuT is built. Since the model deals with non-equilibrium ther-
modynamics and since each phase has to possess its own EOS, a LuT is built for each phase.

The (P, T)-plane is chosen as an entry of the LuT and the Gibbs free enthalpy µk(P, T) is
given for each phase. In order to remain consistent with the Gibbs relation for each phase
(1.1), all the other quantities have to be computed from the derivatives of

µk(P, T) = ek(P, T) + Pτk(P, T)− Tsk(P, T).

Indeed, by differentiating µk and by using the phasic Gibbs relation (1.1) we get:

dµk = τkdP− skdT,

so that the specific volume and the specific entropy are respectively defined as:

τk(P, T) = ∂µk/∂P|T and sk(P, T) = −∂µk/∂T|P.

The specific energy then follows ek(P, T) = µk(P, T)− Pτk(P, T) + Tsk(P, T).

Remark 1.1 — In order to fulfill the phasic Gibbs relation (1.1), the quantities τk, sk and ek
should not be tabulated independently. �

1The phasic entropy and the phasic sound speeds are defined for Pk > −Πk; and the phasic temperature is
positive for Pk > −Πk

2The methodology proposed here to build a LuT is obviously not restricted to the IAPWS formulation.
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As in [Hof17], the thermodynamical plane (P, T) is discretized using a Quadtree ap-
proach which is balanced to get a regular discretization of the plane, enabling a quick re-
search through the look-up table in practical simulations. Some domains of the (P, T)-plane
are refined. This is actually the case: in the neighborhood of the saturation curve, at low
pressures, at low temperatures and at high pressures on the saturation curve. The LuT used
in the next sections has been built for pressures from 0.1 bar to 219 bars, so that we avoid
vicinity of the critical point. The temperature range is [283.0 K; 1070.0 K].

Figure 1.1 shows some visualizations of the quadtree mesh for different ranges of pres-
sures and temperatures. On each cell of the (P, T)-plane, the IAPWS-97 Gibbs enthalpy µk is
interpolated using a polynomial spline in P and T. The most important point is to preserve
the Gibbs relations (1.1). It is required that µk belongs to C1 on the whole domain. Therefore,
splines of order 3 are used and a specific treatment is applied to each cell connected to wider
cells. For these cells, at each node that is common with a wider cell, the values of µk and its
derivatives are not obtained from IAPWS-97. These values are replaced by the values of µk
and its derivatives computed from the interpolated spline of the wider cell. Hence we en-
sure the continuity of the interpolated value µk and of its derivatives with respect to P and T
at the junction between the cells of different sizes. For this purpose, the computation of the
spline coefficients is then done by decreasing order of the size of the cells. The final level of
refinement of the quadtree is chosen so as to get a relative error between the IAPWS values
of µk and the interpolated values less than a threshold. In the LuT used in the next sections,
this threshold has been chosen equal to 10−5, and the final mesh contains more than 163000
cells.

The use of meshes based on quadtree techniques is a great advantage because it allows
the local refinement of the description together with a reasonable computational cost for the
search of the cell in which the properties have to be estimated. In fact, for a given (P0, T0),
the cost of the search of the quadtree’s cell containing (P0, T0) is proportional to the depth
of this cell in the quadtree structure (i.e. the smaller the target cell is, the more expensive its
search is).

Figure 1.1 – Mesh of the (P, T)-plane. The left figure shows the whole mesh, and the log-like
domain corresponds to the mesh refinement around the saturation curve. The two
figures on the right show zooms on the saturation curve zone.

We are dealing with compressible phenomena so that the model of section 1.1 has to be
discretized in conservative form (numerical schemes are described in section 1.3). Hence the
“natural” variables for the conservative part of the model are (τ, e). Since the LuT EOS is
defined in the (P, T)-plane, and in order to maintain the consistency of the thermodynamical
description through a complete LuT, we need to compute the change of variables (τk, ek) 7→
(Pk, Tk). More precisely, for any value of the specific volume τ0

k and specific energy e0
k , we
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have to find the pressure Pk and the temperature Tk that fulfill:
{

ek(Pk, Tk) = e0
k ,

τk(Pk, Tk) = τ0
k ,

(1.10)

where the functions (Pk, Tk) 7→ ek(Pk, Tk) and (Pk, Tk) 7→ τk(Pk, Tk) are obtained from the
LuT. From a numerical point of view, the computation of an approximate solution of (1.10)
through a Newton-type algorithm can be tricky and it requires an accurate initial guess of
the solution. For this purpose, a second LuT has been built for each phase. This second
LuT is based on a non-balanced quadtree for the (τ, e)-plane. At each vertice (τi

k, ei
k) of the

mesh corresponds a couple (Pi
k, Ti

k) such that ek(Pi
k, Ti

k) = ei
k and τk(Pi

k, Ti
k) = τi

k. This second
LuT is not used directly, but using bilinear interpolation, it represents a database to provide
initial guesses to solve the general problem (1.10). With the help of this second LuT, solving
(1.10) requires less iterations and it is more robust. For the sections below, this second LuT
contains 166000 cells.

Remark 1.2 — In practice, considering the Stiffened Gas EOS as a reference, the order of
magnitude of the computation costs is 700 times higher for the direct IAPWS formulation
and it is 8 times higher with the LuT EOS as depicted above. Obviously, the gain in CPU
time strongly depends on the test case and on the LuT used (the local refinement and the
depth of the quadtree are strongly involved). �
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1.3 Numerical method

The overall numerical method is based on a fractional step method [Yan68] using a Lie-
Trotter splitting. The initial condition problem associated with system of equations (1.8) can
be written:

∂

∂t
(W) = − ∂

∂x
(F (W)) + G(W), W(t = 0) = W0, (1.11)

where F correspond to the convective flux and G to the source terms. A straightforward
Lie-Trotter splitting has been chosen here. It consists in solving at time t = tn the following
two sub-systems during a time step ∆tn:

(i)
∂

∂t
(Wa) = −

∂

∂x
(F (Wa)) , Wa(tn) = Wn, (1.12)

which gives Wa(tn + ∆tn);

(ii)
∂

∂t
(Wb) = G(Wb), Wb(t = tn) = Wa(tn + ∆tn). (1.13)

Since this splitting is first order with respect to time, each sub-system is solved using
first order schemes.

The first sub-system takes into account the convective part. For that purpose, first-order
explicit and conservative finite volumes schemes are used. Their general form for a one-
dimensional framework with cells Ωi is:

|Ωi|(Wn+1
i −Wn

i ) = −∆tn((F(Wn
i , Wn

i+1)− F(Wn
i−1, Wn

i )), (1.14)

where Wn
i denotes the space-average value of W on the cell Ωi at time tn. The time step ∆tn

is computed from the variable Wn
i and from the mesh size |Ωi| in order to fulfill stability

constraint. The two-point numerical flux F depends on the used scheme. In the follow-
ing, we have tested three different schemes: Rusanov scheme [Rus61], a VFRoe-ncv scheme
using variables (Y, τ, U, P) [BGH00] and the relaxation scheme proposed in [CC08]. These
schemes are described in section 1.3.1.

The second sub-system (1.13) corresponds to a system of ordinary derivative equations.
In this sub-system, the return to equilibrium is accounted for. Since the time-step is com-
puted to fulfill a stability constraint of the numerical scheme used for the first sub-system,
this second step is achieved using an implicit scheme. The latter is detailed in section 1.3.2.

Remark 1.3 — For the sake of simplicity, each sub-system is solved using a unique time-
step and the time-step for solving the source-terms step is the time-step computed for the
convective part.

1.3.1 Numerical schemes for the convective sub-system

This section is devoted to the numerical schemes used to compute the two-point numerical
fluxes F considering two neighboring cells. The quantities in the cell on the left (resp. right)
of the interface between the two cells are denoted by a subscript l (resp. r).

Rusanov scheme (see [Rus61]) and VFRoe-ncv scheme using variables (u, P, τ) (see [BGH00])
are very classical and the details about these schemes can be found in the previous refer-
ences.
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The studied relaxation scheme was initially proposed in [CC08] and it is based on the
work of [Sul98; CP98; Bou04; JX95]. The main idea is to compute the numerical flux on
the basis of an enlarged hyperbolic system associated with a strong relaxation term. This
enlarged system is chosen so that all its characteristic fields are linearly degenerate. Hence,
the solution of the associated Riemann problem at each interface between two cells is easy
to compute. The relaxation term, accounted for in the enlarged system by a source term,
then allows to recover formally the initial system of equations.

We follow here the proposition detailed in [CC08]. One additional scalar unknown T is
introduced with the initial condition:

∀x, T (0, x) = τ(0, x).

A new pressure Π is also defined, which can be seen as a linearization of the pressure P with
respect to the variable τ around T :

Π = P(Y, T , e) + a2(T − τ), (1.15)

where a is a positive parameter. At last, a relaxation specific total energy Σ is introduced in
order to be consistent with the pressure Π:

Σ =
u2

2
+ e +

Π2 − P2(Y, T , e)
2a2 , (1.16)

We set Z the enlarged variable: Z = (Y, τ, U, Σ, T ). The enlarged system to solve is then the
following: 




∂t(ρY) + ∂x(ρYU) = 0,
∂tρ + ∂x(ρU) = 0,
∂t(ρU) + ∂x(ρU2 + Π) = 0,
∂t(ρΣ) + ∂x(ρUΣ + UΠ) = 0,

∂t(ρT ) + ∂x(ρT U) =
1
ε

ρ(τ − T ),

(1.17)

where the relaxation source terms for T are characterized by the parameter ε ≥ 0. A crucial
point is that all the characteristic fields of the convective part of system (1.17) are linearly
degenerate and associated with the speed waves:

λ1 = Ul − aτl , λ2 = U∗, λ3 = Ur + aτr, (1.18)

with:
U∗ =

1
2
(Ul + Ur) +

1
2a

(Πl −Πr). (1.19)

The parameter a, that appears in the definitions of Π and σ (resp. (1.15) and (1.16)), should
satisfy a stability condition [Bou04] which is related to the sub-characteristic condition for
the enlarged system (1.17):

a > max
(

cl(Yl , τl , el)

τl
,

cr(Yr, τr, er)

τr

)
, (1.20)

where c(Y, τ, e) denotes the sound speed associated with the pressure law P:

c(Y, τ, e) = −τ2 ∂

∂τ
(P)
∣∣∣∣
Y,s

.

Moreover, a is chosen so that the eigenvalues fulfill the relation:

λ1 < λ2 < λ3, (1.21)
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where λk is detailed in (1.18); this last condition is equivalent to:

τ∗l > 0 and τ∗r > 0. (1.22)

Thanks to relations (1.21), the self-similar solution Z (x/t, Zl , Zr) of the Riemann prob-
lem at the interface separating two cells (l and r) for the convective part of system (1.17) can
be written:

Z
( x

t
, Zl , Zr

)
=





Zl , if x/t < λ1
Z∗l , if λ1 < x/t < λ2
Z∗r , if λ2 < x/t < λ3
Zr, if λ3 < x/t

(1.23)

with
τ∗l = τl +

1
a
(U∗ −Ul) ; τ∗r = τr −

1
a
(U∗ −Ur) ; (1.24)

Σ∗l = Σl +
1
a
(ΠlUl −Π∗U∗); Σ∗r = Σr −

1
a
(ΠrUr −Π∗U∗) ; (1.25)

T ∗l = Tl ; T ∗r = Tr ; Y∗l = Yl ; Y∗r = Yr ; (1.26)

U∗l = U∗r = U∗ ; Π∗l = Π∗r = Π∗ (1.27)

where we have set:
Π∗ =

1
2
(Πl + Πr) +

a
2
(Ul −Ur)

and where U∗ is given in (1.19). From a numerical point of view, we have chosen an instan-
taneous relaxation: ε → 0. As a consequence, we have T → τ, Π → P and Σ → E, so that
the two-point numerical flux corresponding to the relaxation scheme [CC08] is solely based
on the value Z (x/t = 0, Zl , Zr) of the solution Z at the interface between the two-cells l and
r. It reads:

F(Wl , Wr) =

(
YU
τ

,
U
τ

,
U2

τ
+ Π,

UΣ
τ

+ UΠ
)

,

where Y, τ, U, and Σ are the components ofZ (x/t = 0, Zl , Zr) and where Π also arises from
the solution Z (x/t = 0, Zl , Zr).

Remark 1.4 — For all the simulations that we have performed, the choice of a in agreement
with the constraint (1.20) has always been sufficient to ensure that the constraint (1.21) was
fulfilled. �

We briefly recall some important properties of the relaxation scheme, proved in [CC05]
for a more general context of Euler system with several pressures. In the following, index j
refers to one mesh cell:

• L1 stability: ρn+1
j > 0 and en+1

j > 0 ∀j;

• discrete entropy inequality:

ρSn+1
j ≤ ρSn

j −
∆t
∆x
{(ρSu)(0; Zj

n; Zj+1
n)− (ρSu)(0; Zj−1

n; Zj
n)};

• maximum principle:

min(Sn
j−1, Sn

j , Sn
j+1) ≤ Sn+1

j ≤ max(Sn
j−1, Sn

j , Sn
j+1).
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1.3.2 Numerical scheme for the source-term sub-system

The second sub-system (1.13) corresponds to a system of ordinary differential equations:





∂

∂t
(Y) =

Y(τ, e)−Y
λ

,

∂

∂t
(ρ) = 0,

∂

∂t
(ρU) = 0,

∂

∂t
(ρE) = 0.

(1.28)

We first remark that the specific volume and the specific energy are constant, as a conse-
quence it can be written in an equivalent manner:





∂

∂t
(Y(t)) =

Y(τ(0), e(0))−Y(t)
λ(t)

,

∂

∂t
(ρ(t)) = 0,

∂

∂t
(U(t)) = 0,

∂

∂t
(e(t)) = 0.

(1.29)

Obviously, when the parameter λ is constant, system (1.29) can be integrated exactly. Thus,
in system (1.29), λ(t) is replaced by its initial value λ(0), and the approximate solutions for
the fraction are then computed as the exact solutions of the approximated sub-system:

∂

∂t
(Y(t)) =

Y(τ(0), e(0))−Y(t)
λ(0)

. (1.30)

For an initial condition given by the value at time tn, the final approximation at time tn+1 =
tn + ∆tn then reads:





Y(tn+1) = Y(tn) e

−∆tn

λ(tn) + Y(tn) (1− e

−∆tn

λ(tn) ),
ρ(tn+1) = ρ(tn),
U(tn+1) = U(tn),
e(tn+1) = e(tn).

(1.31)

Remark 1.5 — It can easily be checked than when dealing with instantaneous thermody-
namical relaxation, λ(0) → 0, the scheme gives Y(tn+1) → Y(tn). The associated ther-
modynamical states then correspond to the states that maximize the mixture entropy at
(τ, e)(tn). When Y(tn) ∈]0, 1[, the pressure, temperature and chemical potential equilibria
are ensured. �

Remark 1.6 — The update formula (1.31) for the fraction Y(tn+1) is a barycenter between
Y(tn) and Y(tn). Hence, provided that Y(tn) and Y(tn) lie in [0, 1]3, Y(tn+1) also lies in
[0, 1]3. �
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1.4 Approximate solutions of Riemann problems

In this section, the numerical schemes of section 1.3 are assessed by the mean of Riemann
Problems. For that purpose, Stiffened Gas EOS and the LuT of section 1.2 have been used.
Considering the consistency of the schemes or the asymptotic rate of convergence, it could
be sufficient to focus on Stiffened Gas EOS. Nevertheless, verification procedure can be
seen as an unbiased tool to compare numerical schemes with respect to a known reference-
solution. Different aspects can thus be compared as: the accuracy with respect to the mesh-
size, the accuracy with respect to the CPU-time -which is very important for industrial
applications-, the behavior for canonical solutions as isolated waves.

In the following, several Riemann problems are considered for the model of section 1.1.
They are only composed of contact waves and shock waves. As depicted on figure (1.2),
we consider: a ghost wave for the field U − c, a contact wave U and a shock wave U + c.
Depending on the test case, the contact wave U and the shock U + c may be ghost waves
in order to study the accuracy of the schemes for isolated waves. The analytical rarefaction
waves are far more complex to evaluate with accuracy when using the LuT, as depicted in
appendix 1.B. We do not consider these regular waves in the sequel.

Considering that the model of section 1.1 possesses a convective part and source terms
that bring the system back to the thermodynamical equilibrium, “out-of-equilibrium” Rie-
mann problems -with λ→ ∞- and “at-equilibrium” Riemann problem -with λ→ 0- are pro-
posed. For out-of-equilibrium Riemann problems, only the convective part of the numerical
procedure is considered. For the latter, the analytical solutions of the Riemann problem
are computed using the mixture EOS for Y = Y. In the simulation, we apply the whole
scheme of section 1.3 based on a Lie-splitting: we first account for the convective terms with
an out-of-equilibrium mixture EOS, and the thermodynamical equilibrium is then enforced
through the source terms. The aim of these tests is to check the convergence of the relaxation
approach for the simulation of cases where the mixture EOS is not regular (in particular the
sound speed of the mixture EOS at-equilibrium).

The general setting of the Riemann problems is the following, see figure (1.2). We con-
sider the one-dimensional domain x ∈ [0 m, 1 m] and the initial discontinuity is located at
xd = 1/2 m. This domain is discretized using uniform meshes. The exact solution consists
in the left and right initial states, respectively denoted by 1 and 3 on figure (1.2), separated
by a uniform intermediate state, denoted by 2 on figure (1.2). When two ghost waves are
imposed, the state 2 obviously coincides with the state 1 or 3. For each EoS, Stiffened Gas or
LuT, we can compute the analytical solution of the Riemann problem. In the case of the LuT
EoS, the initialization of each state must be done carefully because the LuT is defined on the
(P, T)−plane and the use of an other plane may lead to a loss of accuracy. This is obviously
not the case for Stiffened Gas EoS. The method used to compute the analytical solutions of
the Riemann problem is classical. Several different test cases have been considered. The ta-
ble 1.1 sums up their main characteristics and the initial data for each test case are reported
in appendix 1.D.

The analytical solutions are then used to compute the relative L1-error of the numerical
approximations obtained with the different schemes. For an approximated solution Ψapprox

and an exact solution Ψexact, since the mesh size is uniform, the relative L1-error is computed
at time tn on the whole mesh as:

∑i |Ψapprox,n
i −Ψexact(xi, tn)|
∑i |Ψexact(xi, tn)| ,
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where xi is the barycenter of the cell i. Obviously, when ∑i |Ψexact(xi, tn)| = 0 this relative
error is meaningless and we then consider the mere L1-error:

∑
i
|Ψapprox,n

i −Ψexact(xi, tn)|.

Figure 1.2 – Riemann problem with one intermediate state; U-C: ghost wave; U: contact wave;
U+C: shock wave

§ Waves Eq. ? EOS Initial states Left/Right Data
1.4.1 C + S No SG liq. + vap. / liq. + vap. 1.D.1
1.4.1 C + S No LuT liq. + vap. / liq. + vap. 1.D.1
1.4.2 C + S Yes LuT liq. + vap. / liq. + vap. 1.D.2

1.4.3.1 S Yes LuT liq. / liq. + vap. 1.D.3
1.4.3.2 C Yes LuT liq. / liq. + vap. 1.D.4

Table 1.1 – List of the presented test cases. In the second colmun, “C" stands for contact and
“S" for shock. The third column "Eq. ?" specifies if the EOS is at equilibrium
(“Yes"), with λ → 0, or out-of-equilibrium (“No"), with λ → +∞. The fourth
column recalls the nature of the initial states (liquid, vapor or mixture). The last
column refers to the appendix where initial data are given.

1.4.1 Out of equilibrium test cases for the Stiffened Gas EOS and the LuT

In this section, we investigate the behavior of the three schemes of section 1.3.1 for Riemann
problems involving the out-of-equilibrium EOS. For both test cases we focus on the convec-
tive part and the source terms are not accounted for, i.e. λ→ ∞. The first Riemann problem
is based on the Stiffened Gas EOS, whereas the second one involved the mixture EOS using
the LuT. Since these two Riemann problems only involve a contact wave and a shock wave,
it is possible to choose the same left states and the same intermediate states. The right states
have then been chosen so that the right densities are equal. Obviously, since the Stiffened
Gas EOS and the LuT are different for the right pressures, the right velocities and the shock
speeds are different.

We first want to point out that VFRoe-ncv scheme fails during the very first iterations on
the test case with the LuT. lie outside the domain of definition of the LuT. Rusanov scheme
and the relaxation scheme are not subject to these drawbacks and are thus more robust while
using the LuT. As a consequence, only Rusanov scheme and the relaxation scheme have been
used with the LuT in the following. For the Stiffened Gas EOS, the three numerical schemes
have been tested.

16



1.4.1.1 Asymptotic rate of convergence

The convergence curves at time tend = 2.5 10−4 s are plotted on figure (1.3a) for the Stiffened
Gas EOS and on figure (1.3b) for the LuT. Since we are dealing with Riemann problems that
involve linearly degenerate waves and genuinely non-linear waves, the asymptotic rate of
convergence should be 1/2. Indeed, this order 1/2 is reached for the volume fraction α (the
behavior is the same for the three fractions) on the finest mesh for all schemes in both cases:
all the other quantities will reach the same order with finer meshes.
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(b) LuT test case.

Figure 1.3 – Convergence curves for the Riemann problems out of equilibrium: logarithm of
the relative L1−error versus the logarithm of the mesh size with uniform meshes
containing from 500 to 250 000 cells.. The error is plotted for the approximate
solutions obtained with the different schemes and for P, U, ρ, α.

When focusing on the Stiffened Gas test case (see figure (1.3a)), the relaxation scheme
and VFRoe-ncv scheme have very similar behaviors and they are less diffusive than Ru-
sanov scheme. This can be observed with the results for the fraction α. Considering the
analytical solution, the fraction does not depend on the genuinely linear waves and it trav-
els with the velocity of the contact wave which is equal to 1 m/s in our case (see appendix
1.D.1). Hence at time tend = 2.5 10−4 s, the initial discontinuity on α has covered a distance
of L = 1× tend = 2.5 10−4 m. As long as the size of a cell of the mesh is greater than L, the
approximated contact will remain in the same cell during the simulation t ∈ [0, tend]. So that
the relative error with respect to the exact solution will not vary a lot. Since the logarithm
(base 10) of L is equal to −3.6, this explains the constant relative error for α on the coarse
meshes on figure (1.3a) (i.e. for abscissa greater than−3.6). The same behavior occurs for the
LuT test case with the relaxation scheme on figure (1.3b). This behavior is not observed here
for Rusanov scheme because of its high level of numerical diffusion on the contact waves.

1.4.1.2 Accuracy and efficiency

Due to our choice for the analytical solutions, the profiles for P, U and α along the domain
are uniform on each side of a traveling discontinuity:

• P and U only jump across the shock wave;

• α only jumps across the contact wave.

On the contrary, the density ρ has two jumps, one across the shock wave and one across the
contact wave. Preservation of pressure or velocity through the contact wave is a well known
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problem; see for instance [Tor09]. Moreover, it has been shown in [GHS02] that preservation
of constant values through a contact wave requires some constraints on the EOS depending
on the numerical diffusivity of the numerical method. Here, due to the form of the mixture
EOS of the studied model, it is not possible to get the same behavior on the approximated
solutions for the contact wave, at least on coarse meshes. Indeed, U and P present spuri-
ous waves at the location of the contact wave. Even if these spurious waves tend to vanish
when the mesh is refined (approximate solutions converge towards the analytical solution
with [U] = [P] = 0 in the contact wave), the accuracy is influenced by these spurious waves.
These waves can be observed on figure (1.8).

For the two test cases, see figures (1.3a) and (1.3b), VFRoe-ncv scheme and the relaxation
scheme provide a better accuracy than Rusanov scheme, at least for the density and the frac-
tions, which strongly depend on the contact wave. The accuracy on the pressure and on the
velocity is only slightly improved for coarse meshes. Nevertheless, this improvement in-
creases when the mesh is refined. This is due to the low velocity of the contact wave (1 m/s)
and is related to the remark of the previous section. Indeed, as soon as the mesh is fine
enough to provide an accurate approximation of the contact wave, the accuracy on pres-
sure and the velocity increases because the spurious waves described above tend to vanish
rapidly.

For the LuT test case, see figure (1.3b), we observe similar behavior: the relaxation
scheme is far better than Rusanov scheme for the fractions and the density and the error
is comparable for on U and P on coarse meshes. Moreover, the accuracy improvement with
the relaxation scheme becomes more and more important when the mesh is refined.

On the figures (1.4a) and (1.4b), the error is plotted as a function of CPU-time in order
to compare the schemes in term of efficiency. For a given CPU-time, the relaxation scheme
gives the best accuracy for both EOS. When focusing on the Stiffened Gas test case, the relax-
ation scheme and VFRoe-scheme have a very similar efficiency (see figure 1.4a), with a slight
advantage for the relaxation scheme. Indeed, the computation of VFRoe-ncv flux requires
an additional thermodynamical computation. In the LuT test case, the efficiency gain with
the relaxation scheme compared with Rusanov scheme is even more significant than in the
Stiffened Gas test case. With the LuT, the number of thermodynamical computations is the
same than with the stiffened gas EOS but each one is more CPU-time consuming. Rusanov
scheme and the relaxation scheme require exactly the same calls to the LuT, but the gain
in accuracy with the relaxation scheme allows to use coarser meshes. As a consequence, a
given accuracy is then achieved with far less calls to the LuT with the relaxation scheme and
CPU-time is thus saved.

18



1 2 3 4 5

-5

-4

-3

-2
P rusanov
u rusanov
rho rusanov
alpha rusanov

P relaxCC
u relaxCC
rho relaxCC
alpha relaxCC

P VFRoe
u VFRoe
rho VFRoe
alpha VFRoe

(a) Stiffened Gas test case.

2 3 4 5 6

-5,5

-5

-4,5

-4

-3,5

-3

-2,5

P rusanov
u rusanov
rho rusanov
alpha rusanov

P relaxCC
u relaxCC
rho relaxCC
alpha relaxCC

(b) LuT test case.

Figure 1.4 – Comparison of the CPU-time for Riemann problems out of equilibrium with uni-
form meshes containing from 500 to 250 000 cells: logarithm of the relative
L1−error versus the logarithm of the CPU-time. The error and CPU-time are
plotted for the approximate solutions obtained with the different schemes and for P,
U, ρ, α.

1.4.2 At equilibrium test case: convection and relaxation effects

In this paragraph, a Riemann problem assuming thermodynamical equilibrium is consid-
ered (see appendix 1.D.2). This means that the source terms are now taken into account: for
each time-iteration, after the convection step, the fractions relax towards the equilibrium.
We want to assess here the convergence rate of the Lie splitting described in section 1.3 with
a source-term step that ensures the instantaneous relaxation towards the thermodynamical
equilibrium. The Riemann problem cosidered here is composed of a contact wave and a
U + c shock wave. The convergence curves are presented on figure (1.5).
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Figure 1.5 – Convergence curve for the Riemann problems at equilibrium computed with the
LuT: logarithm of the error versus logarithm of the mesh size. Four quantites are
plotted: P, U, ρ, α for two different numerical schemes (Rusanov and relaxation).
The meshes contain from 100 to 200 000 regular cells.

Since the numerical schemes used for the convection step have an asymptotic rate of
convergence of 1/2, since the source terms are discretized using a first order scheme in time
and since the Lie splitting is a first order splitting, the asymptotic rate of convergence of
the whole fractional step algorithm should be 1/2. This order can be observed for Rusanov
scheme when considering the fractions and the density. Nevertheless, the pressure and
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the velocity have not yet reached this asymptotic rate of convergence. When turning to
the numerical approximations obtained with the relaxation scheme, none of the variables
has reached 1/2, even if the slopes of the curves for the density and the fractions tend to
decrease on fine meshes.

1.4.3 At equilibrium test cases with a pure liquid initial state

Industrial applications provide a lot of situations in which vaporisation occurs in a pure liq-
uid domain. One is thus faced with the problem of computations that involve a pure liquid
domain and a domain in which liquid and vapour coexist. We thus propose here Riemann
problems at thermodynamical equilibrium, with a transition from pure liquid towards a
mixture of liquid and vapour. Two Riemann problems are considered with a liquid left state
and a right state composed of a mixture of liquid and vapour. Each of these two Riemann
problems involves only one wave (see appendixes 1.D.3 and 1.D.4):

1. for the first one we only consider a U + c shock-wave;

2. for the second one we only consider a contact-wave.

The two other waves are then ghost waves. These cases are difficult to handle for the nu-
merical schemes because the liquid thermodynamical behavior is very different from the
mixture one. The transition through the single wave is thus associated with strong varia-
tions of the physical quantities, in particular considering the sound speed.

1.4.3.1 Shock-wave with a liquid left initial state
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Figure 1.6 – Convergence curve for a shock-wave: logarithm of the error versus logarithm of the
mesh size. The left initial state is a pure liquid state and the right initial state is
a mixture of liquid and vapour, both are at thermodynamical equilibrium. Four
quantities are plotted: P, U, ρ, α. The meshes contain from 100 to 150 000 regular
cells.

For this test case, the relaxation scheme was not robust enough and the computation
stops in the very first iterations. In fact, in order to compute the fluxes between two cells,
denoted by the subscripts r and l, the relaxation scheme uses an intermediate state with a
modified pressure Π∗ computed as:

Π∗ =
a
2
(Ul −Ur) +

1
2
(Πl + Πr)
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with the parameter

a2 > max(
cl

τl
,

cr

τr
).

In the present case, l is a liquid state and r a liquid-vapour mixture state (see appendix
1.D.3). Hence cl/τl >> cr/τr, and cl/τl is very large, which leads to large parameter a. This
has two drawbacks. First, the time-step is based on the value of a through the spectral radius
and large values of a imply very small time-step. Moreover, since the difference between left
and right initial velocities is not equal to zero, the pressure Π∗ reaches too large values. Then
the balance of the resulting numerical fluxes leads after few iterations to thermodynamical
states that do not belong to the domain of definition of the LuT and the computation stops.

To overcome these difficulties, we have introduced a “Rusanov switch" into our code
when computing the numerical fluxes with the relaxation scheme. Indeed, if the maximal
eigenvalue computed with the parameter a is much greater than the maximal eigenvalue
computed with Rusanov scheme, the relaxation numerical fluxes are replaced by the nu-
merical fluxes obtained using Rusanov scheme. This modified version of the relaxation
scheme is denoted in the following by the relaxation scheme with Rusanov switch. For the
present test case, this switch only occurs on few cell-interfaces around the contact wave.
For instance, for a mesh with 1000 cells, Rusanov switch only occurs for the interface at the
middle of the domain during the first 12 time iterations.

The relaxation scheme with Rusanov switch is robust enough for the present test case
(see figure 1.6). Since the switch only occurs on few cell-interfaces the accuracy of the re-
laxation scheme with Rusanov switch remains more accurate than Rusanov scheme. On the
next test case, a comparison of Rusanov scheme, the relaxation scheme and the relaxation
scheme with Rusanov switch is proposed.

1.4.3.2 Contact-wave with a liquid left state

For this test case (see 1.D.4), the "relative" velocity at the shock location remains small and
the relaxation scheme -without Rusanov switch- is robust enough. We are thus able to com-
pare the results obtained with: Rusanov scheme, the relaxation scheme and the relaxation
scheme with Rusanov switch. On figure (1.7), the error between the numerical approxima-
tions and the analytical solution is plotted with respect to the mesh size. The asymptotic con-
vergence rate of 1

2 is recovered for the finer meshes, even if Rusanov scheme needs very fine
meshes to provide good approximations of the velocity. Moreover, the relaxation scheme
enables a great improvement of the accuracy compared with Rusanov scheme: a little more
than one order of magnitude on each quantity (see figure (1.7)). Indeed, Rusanov scheme
creates large spurious waves around the contact wave as illustrated on figure (1.8). Some
pressure oscillations are also created with the relaxation scheme and relaxation scheme with
Rusanov switch, but their amplitude is a hundred times smaller. This behaviour is classical
and it has been reported in [GHS02].

When focusing on the comparison of the relaxation scheme and the relaxation scheme
with Rusanov switch, one can evaluate the loss of accuracy due to the switch with figure
(1.7). It can be noted that the introduction of the switch reduces the accuracy of the relaxation
scheme on coarse meshes but that this loss tends to vanish when the mesh is refined. Indeed,
Rusanov switch only occurs on a few cell-interfaces and the loss of accuracy concerns an
almost constant number of cell-interfaces whatever the mesh size is. Hence, the more cells
there are in the whole mesh, the less significant is the loss of accuracy due to Rusanov switch.
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Figure 1.7 – Convergence curve for a contact-wave: logarithm of the error versus logarithm of
the mesh size. The left initial state is a pure liquid state and the right initial state
is a mixture of liquid and vapour, both are at thermodynamical equilibrium. Four
quantities are plotted: P, U, ρ, α. The meshes contain from 100 to 150 000 regular
cells.
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Figure 1.8 – Pressure as a function of x at tend = 2.5 10−4 s for a mesh with 5000 cells. The
contact wave remains close to x = 0.5 and spurious numerical waves are created
on both sides of the contact wave.

1.4.3.3 Conclusions for the at equilibrium test case with a liquid left state

In all cases, we have not encountered a loss of the asymptotic rate of convergence despite
the sudden transition from liquid to two-phase flow. Nevertheless, the relaxation scheme
is not always robust enough. This is the case for the shock-wave case proposed above. In
order to tackle this loss of robustness the relaxation scheme with Rusanov switch as been
tested when the parameter a arising from the Whitham condition becomes too high. This
modification is applied only on a few cell-interfaces, the loss of accuracy is thus limited to
coarse meshes, as it has been illustrated with the contact-wave case. However, it should be
noted that even on very coarse meshes, the relaxation scheme with Rusanov switch provides
a better accuracy than Rusanov scheme.

1.4.4 Conclusions

• When considering Stiffened Gas equation-of-state, the relaxation scheme is as accurate
and efficient as VFRoe-ncv scheme. Unfortunately, VFRoe-ncv scheme is not robust
enough when using the LuT. For the LuT, using an accurate scheme as the relaxation
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scheme enables to consider coarser meshes than with Rusanov scheme. This leads to
fewer computations of the thermodynamical quantities for a given accuracy, and thus
to far less expensive computations of the approximated solutions.

• Nevertheless, for the most severe cases, the relaxation scheme may fail. The relaxation
scheme with Rusanov switch is robust enough for such cases and enables to keep a
correct accuracy level.

• Verification test-cases are possible even with a complex equation of state and it allows
to assess the behaviour of different schemes for canonical situations. The test-cases
proposed above involve sudden phase transition from liquid to a two-phase flow, and
the source terms have been accounted for considering equilibrium situations. Indeed,
analytical solutions of the system with non-instantaneous thermodynamical relaxation
are far more complex to exhibit.
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1.5 Validation case: study of vaporisation near a wall due to a rar-
efaction wave

Our model aims to simulate some accidental scenarii, like a LOCA scenario. The SUPER-
CANON experiment [Rie78] is an experimental device representative of this scenario: a
tube contains pressurized liquid water at T = 573.15K and P = 150 bar. The surronding
room contains air at atmospheric pressure P = 1 bar. The cap is opened at the beginning
of the experiment. The pressure then drops until a value close to the saturation pressure at
T = 573.15K. This first pressure wave is a rarefaction wave that travels with a high speed
in the liquid. When the rarefaction wave reaches the closed-end of the tube, vaporisation
begins and is strongly influenced by out of equilibrium effects. In the model of the section
1.1, these effects are ruled by the relaxation time λ chosen by the user. A study has been
realized in [Hur17], using toy laws for the relaxation time: it appears that the arrival of the
first rarefaction wave on the wall and the first vaporisation of the liquid due to the pres-
sure drop are very sensitive to the choice of the closure law for λ. Experiments [Rie78] also
present various behaviors for a same experimental set up, which might be explained by the
quantity of impurities in the liquid.

In this last section, we study a more simple case: vaporisation near a wall due to a sud-
den pressure drop in the liquid. The aim is to focus on two types of relaxation time laws:
constant values for this characteristic time scale as well as closure laws based on the nucle-
ation theory have been tested. For the latter, we study a simplified model with only two
parameters.

1.5.1 Presentation of the test case

We consider a tube filled with liquid water at P=150 bar and T=593.15K, closed on the left
and open on the right (see figure 1.9). The initial fluid velocity is imposed at +10 m/s: it in-
duces a depressurization wave at the wall, which propagates towards the right outlet. When
pressure decreases at the wall, vapor appears : the same phenomenon can be observed in the
SUPERCANON experiment. This case can also be schematic of what happens downstream
a valve closed abruptly in a pipe in which flows high pressurized water

Wall Outflow

P = 150 bar ; T = 593.15 K

u = 10 m/s

0

x (m)

1

Figure 1.9 – Sketch of the validation test case: depressurization wave in out-going liquid

1.5.2 Simple model for relaxation time based on Nucleation Theory

Nucleation refers to the apparition of the first new phase nuclei during a first order phase
transition. A classical assumption (see for instance [Deb96]) is that the bubble nucleation
rate J (the number of bubbles created per unit time in unit volume) follows an Arrhenius
law:

J = J0 exp
(
− Ea

kBT

)
, (1.32)
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where kB is the Boltzmann constant, T is the liquid temperature, J0 is a prefactor and Ea is
an activation energy. From this nucleation rate J, we propose a simplified model for a time
scale tnuc characterizing the nucleation. From assumptions made for instance in [CH06] or
[Mar06], we define:

tnuc =
( a0

∆P

)3
exp

(
ϕEa

kBT

)
, (1.33)

where Ea is defined by (1.85): Ea =
16πγ3

3(∆P)2 , and γ is estimated with the IAPWS 94 corre-

lation [PD14]. ϕ ∈ [0, 1] depends on the nucleation type : homogeneous nucleation occurs
when ϕ = 1; whereas heterogeneous nucleation occurs when ϕ is in ]0, 1[. The whole ap-
proach to get this simplified model as well as the chosen correlation for γ, are described in
appendix 1.C.

In the simplified model (1.33), we have only two parameters to define: a0 in (Pa.s), ho-
mogeneous to a dynamical viscosity, and ϕ ∈ [0, 1]. Even if it is not a complete realistic
model, it describes two important physical effects :

• Thanks to the Arrhenius law, heteregeneous nucleation only begins if a minimal en-
ergy barrier is reached;

• Dependance on
1

∆P3 reflects a physical behaviour which seems relevant: when ∆P→
∞, the return towards thermodynamical equilibrium becomes instantaneous; whereas
when ∆P ' 1, the return towards equilibrium may require a finite time, which enables
the persistence of out-of-equilibrium states for small ∆P.

1.5.3 Numerical results

In the following simulations, the domain is [0, 1], the mesh contains 5000 cells and the final
time is 10−3s. Empirically, we observe that, according to the CFL condition and the mesh
size, the time step is almost constant, around 5 10−8s.

1.5.3.1 Constant relaxation times

Constant relaxation times have first been considered. Although they are probably not phys-
ically relevant, they enable to illustrate how out of equilibrium effects can change or not the
solution.

The difference between pressure (P) and saturation pressure (Psat) near the wall is plotted
on figure 1.10. Because of water moving to the right of the tube, a rarefaction wave appears
at the wall, travelling to the right: pressure then decreases, until it reaches the saturation
pressure. After that, vaporisation may occur.

When relaxation time tends to zero (case ‘λ = 10−30 s’), thermodynamical equilibrium
is instantaneously reached: it means that P = Psat during the whole simulation. In fact, as
soon as the relaxation time is small enough, pressure almost directly decreases to reach the
saturation pressure and remains constant at this value during the whole simulation.

However, when the relaxation time is high, a pressure undershoot appears at the very
beginning of the simulation: the pressure decreases below the saturation pressure, which
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Figure 1.10 – Difference between the pressure and the saturation pressure near the wall as a func-
tion of time (s) for several constant relaxation times. The second window inside the
first graph shows a zoom on the beginning of the simulation for the smaller relax-
ation times.

postpones the beginning of the vaporisation. The higher λ is, the more the pressure de-
creases. Indeed, high relaxation times prevent from reaching the thermodynamical equilib-
rium: the vaporisation can not occur and the flow remains liquid. Without phase change,
the only possibility to release energy of the rarefaction wave for the system is to reduce the
pressure. After the first brutal drop, pressure increases rather slowly towards the saturation
pressure, depending on the time scale λ.

On figure 1.11, pressure and volume fraction are plotted with respect to x at the end of
the simulation (t = 10−3 s). For small relaxation times, vapor creation is located at the left
side of the tube, whereas vapor is more spread throughout the tube when the relaxation
time is high. The pressure undershoot is more important when λ is high.

1.5.3.2 Relaxation times based on nucleation theory

In this part, we take λ = tnuc as expressed by (1.33). Two parameters have to be chosen: a0
and ϕ.

• For this first study, we fix a0 = 1.7 105 Pa.s. This choice is not based on physical argu-
ment. Remembering the order of magnitude of ∆P in the simulation from the previous
subsection, this value of a0 empirically gives λ with the same order of magnitude than
the time step. The idea here is to study the behaviour of the exponential term in tnuc.

• Several ϕ have thus been tested: ϕ ∈ {1; 6.5 10−3; 5 10−3; 3.3 10−3; 5 10−4; 1 10−4}.
We recall that homogeneous nucleation occurs when ϕ = 1; when heterogeneous
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Figure 1.11 – Pressure (Pa) and volume fraction as a function of x (m) for several constant relax-
ation times at the end of the simulation (t=10−3 s).

nucleation occurs, ϕ is in ]0, 1[.

On figure 1.12, the difference P− Psat (Pa) is plotted as a function of the time t (s) near
the wall. A violent pressure undershoot below the saturation pressure occurs at the very
beginning of the simulation. When nucleation is completely homogenenous (ϕ = 1), the
pressure stays almost constant and far below saturation pressure: this case is very similar
to the case with constant and very high relaxation time (‘λ = 1 s’, see figure 1.10). With a
homogeneous nucleation, Ea is thus high and does not allow to create bubbles. The param-
eter ϕ that tends to decrease this energy then plays an important role. The magnitude of the
undershoot slightly vary with ϕ: the more heterogeneous nucleation is (ϕ → 0), the lower
the pressure undershoot is. In fact, the parameter ϕ has a greater influence on the duration
of the pressure undershoot than on its magnitude.

On figure 1.13, pressure and volume fraction are plotted at the end of the simulation
with respect to x: by comparison with the simulations with constant λ, the stiffness of the
Arrhenius term in tnuc (1.33) leads to complex behaviors for the pressure drop. Some oscil-
lations occur for x ' 0.05 m, around the frontier between the pure liquid domain and the
two-phase domain. These oscillations are numerically stable and tend to vanish when the
mesh is refined. Last, it can be observed that the relaxation time law based on nucleation
theory modifies the vapor creation: contrary to constant relaxation times (see figure 1.11), a
greater amount of vapor appears in a more localized area close to the wall (see figure 1.13).
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Figure 1.12 – Difference between the pressure and the saturation pressure near the wall as a func-
tion of time (s) for several nucleation relaxation times, with fixed a0 and variable ϕ.
The more ϕ is closed to 0, the more nucleation is facilated. The second window in-
side the first graph shows a zoom on the beginning of the simulation for relaxation
times with ϕ→ 0.

Finally, changing the relaxation time laws leads to a change of the thermodynamical
path towards thermodynamical equilibrium. Several behaviors of the mixture are observed
depending on the chosen relaxation time law. They are summed up on figure 1.14:

• an initial strong pressure undershoot without return towards equilibrium before the
simulation ends (‘λ = 1 s’ or ‘Nucleation, ϕ = 1.0’);

• a mixture staying almost at thermodynamical equilibrium during the whole simula-
tion (‘λ = 5.0 10−8 s’);

• an initial strong pressure undershoot with smooth return towards thermodynamical
equilibrium (‘λ = 1.0 10−5 s’);

• an initial strong pressure undershoot with jumps throughout T-P plane (‘Nucleation
with ϕ = 5.0 10−3’ or ‘Nucleation with ϕ = 1.0 10−4’).

Even if our simplified nucleation model is not completely physical in its current form,
this study shows how strongly relaxation time laws can modify mixture behavior through-
out the simulation.
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Figure 1.13 – Pressure (Pa) and volume fraction as a function of x (m) for several relaxation times
based on nucleation theory at the end of the simulation (t=10−3 s). The two smaller
windows inside the main graph are two zooms: one on the smaller x, the other on
the smaller volume fractions.
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(K) - Pressure (Pa) plane. The initial point for all curves is on the hand-right corner
(denoted by the circle I). The thermodynamical equilibrium (denoted by the circle
F) is the point that all simulations should reach for large enough time, provided
that λ > 0. If λ = 0, the final point is the point P = 9.48106 Pa T = 589 K at
the bottom of the figure. Here some simulations are still out of thermodynamical
equilibrium at the final simulation time t = 10−3 s. The paths towards thermody-
namical equilibrium depends on the characteristic time-scale λ. Arrows show the
travel directions in the T-P plane along the simulation time.
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Conclusion

The homogeneous model of section 1.1 has been used with a complex equation of state
based on the look-up table (LuT) of section 1.2. This LuT allows to save computation time
with respect to the direct use of the IAPWS-97 formulation (computations with the LuT are
90 times faster) and provides more realistic values than a classical analytical EOS as the
Stiffened Gas on a wide range of pressure and temperature. In a numerical point of view,
the relaxation scheme proposed in [CC08] has been implemented and its behaviour has been
assessed on different Riemann problems involving both a Stiffened Gas EOS and the look-up
table described in section 1.2. This relaxation scheme provides a great accuracy and a very
satisfactory robustness, which are both mandatory when using industrial look-up tables.
In section 1.5, the influence of the time-scale λ that rules the return to the thermodynamical
equilibrium has been investigated: various values of λ have been compared to a very simple
- yet non-linear - model based on the nucleation theory. The results are very interesting and
this work should be pursued by performing some comparisons on the basis of relevant
out-of-equilibrium experiments. Moreover, the nucleation theory includes surface tension
effects and a further improvement of the present work could be to include in the model both
the interfacial area and the surface tension effects.
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Appendices

1.A Building of the homogeneous model

In this section, we build step by step a homogeneous model to describe a mixture of liquid
and vapour, by considering at first the extensive variables [Cal85], as made in [BH05; Jao01;
Hel05; Mat10; Jun13]. The only equilibrium assumption in the model is a kinematic equilib-
rium. In particular, the model enables to describe the mixture out of the thermodynamical
equilibrium. The return to equilibrium is ensured by a relaxation process in agreement with
the second law of thermodynamics.

1.A.1 Extensive description of the system

Three extensive quantities are needed to describe a two-phase mixture [Cal85]. Let us con-
sider a volume V (in m3) of the mixture, corresponding to a massM (in kg) and an internal
energy E (in J). Within this mixture, each phase k = l, v is described with the same quanti-
ties: a volume Vk (in m3), a massMk (in kg) and an energy Ek (in J).

Some assumptions are made:

(H1) The geometric repartition of the phases inside the volume V is not taken into account.

(H2) The surface tension is neglected.

(H3) The whole volume V is occupied by some fluid (vacuum occurrence is not considered
here).

(H4) The phases are not miscible.

With these assumptions, we can easily express the conservation of volume, mass and energy
as:

V = Vl + Vv ; M =Ml +Mv ; E = El + Ev. (1.34)

The hypothesis (H3) and (H4) are mandatory to write the first equation of (1.34) on the vol-
umes. When dealing with the miscible case (i.e. when (H4) is not fulfilled), one can for
instance make the assumption that the two phases occupy the whole volume. In such a
case, the first equation of (1.34) is replaced by two equations describing the equality of the
volumes, V = Vl = Vv, which leads to another system of equations. This case does not enter
the scope of the present work and it has been investigated in details in [Gha18; FM19; H
M19].

The aim is now to describe the evolution of this system in accordance with the first and
second laws of thermodynamics and Newton’s laws of dynamics. We proceed in two steps
by adopting a lagrangian point of view. In section 1.A.2 and 1.A.3 we first consider the
thermodynamical behavior of a fixed quantity of mixture. For this purpose we follow a
classical approach [Mat10; Jun13] based on the evolution of a closed and isolated mass of
mixture in agreement with the second law of thermodynamics. Then, in section 1.A.4, we
account for the evolution of this mass of mixture within the whole flow by applying the first
law of thermodynamics and Newton’s law.

1.A.2 Thermodynamical quantities

1.A.2.1 Kinematic equilibrium

The kinematic equilibrium between the phases is assumed, i.e.:
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(H5) both phases are convected with the same velocity U.

Thanks to this assumption of equal velocity (Ul = Uv = U), the dynamical behavior of the
system can be described by modelling the behavior of an element (V ,M, E) of the mixture
along a streamline. In particular, since Uk = U, the derivative along a streamline of phase k
of a quantity Φ,

dkΦ = (∂tΦ + Uk∂xΦ) dt,

corresponds to the same operator for both phases. So that the derivative along a streamline
does not depend on the indice k:

dkΦ = (∂tΦ + U∂xΦ) dt = dΦ. (1.35)

This last equation (1.35) is a key relation which will enable us to simply derive the model.

1.A.2.2 Phasic thermodynamical quantities

In order to close the system, we need to define a complete EOS for each phase. For this
purpose, we assume that each phase is described by an extensive entropy (Wk) 7→ Sk(Wk)
(in J/K), where we have set Wk = (Vk,Mk, Ek). Some hypotheses are needed on Sk to
guarantee useful properties for the final model:

(H6) (Wk) 7→ Sk(Wk) is C2.

(H7) (Wk) 7→ Sk(Wk) is concave.

(H8) ∀a ∈ R+, ∀Wk, Sk(aWk) = aSk(Wk).

(H9) ∀Wk,
∂Sk

∂Ek
> 0

In agreement with the Classical Irreversible Thermodynamics (CIT) theory, the classical
Gibbs relation holds for each phase:

TkdkSk = dkEk + PkdkVk − µkdkMk. (1.36)

Thanks to (1.35), it can be rewritten as:

TkdSk = dEk + PkdVk − µkdMk. (1.37)

The extensive entropy Sk using the variables (Vk,Mk, Ek) is a complete EOS for phase k
when associated with the Gibbs relation (1.37). This means that all the thermodynamical
quantitites can be computed thanks to the derivatives of Sk:

Pk

Tk
=

∂Sk

∂Vk

∣∣∣∣
Mk ,Ek

(1.38)

1
Tk

=
∂Sk

∂Ek

∣∣∣∣
Vk ,Mk

(1.39)

µk

Tk
= − ∂Sk

∂Mk

∣∣∣∣
Vk ,Ek

(1.40)

where Pk is the pressure of phase k (in Pa), Tk (in K) is the temperature of phase k, and µk (in
J/kg) is the Gibbs free enthalpy of phase k.
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1.A.2.3 Thermodynamical quantities of the mixture

We note W = (Vl ,Ml , El ,Vv,Mv, Ev) = (Wl , Wv). Thanks to (H2), we assume that the
entropy of the mixture S is:

(W) 7→ S(W) = Sl(Wl) + Sv(Wv) (1.41)

This mixture entropy should be defined using another relation if surface tension (or other
effects, see [GS02]) had to be accounted for.

We defineH(M), a subset of (R∗+)6 so that all the states W ∈ H(M) have the same total
massM:

H(M) =
{

W ∈ (R∗+)
6;Ml +Mv =M

}
.

If the entropy S is concave thanks to the definition (1.41) and properties (H5) and (H7), it can
be proved that S is strictly concave onH(M) (see [FM19; Mat10; Jun13]).

Using the Gibbs relation for each phase (1.37), the definition of the mixture entropy (1.41)
and relation (1.35), a Gibbs relation for the mixture can be easily exhibited:

dS = dSl + dSv =
1
T l

dEl +
1
T v

dEv

+
Pl

Tl
dVl +

Pv

Tv
dVv −

µl

Tl
dMl −

µv

Tv
dMv

(1.42)

Thanks to the relation dΦk = Φd
(

Φk

Φ

)
+

Φk

Φ
dΦ, Gibbs relation (1.42) for the mixture can

be written in the form:

dS =

(El

E
1
Tl

+
Ev

E
1
Tv

)
dE +

(Vl

V
Pl

Tl
+
Vv

V
Pv

Tv

)
dV

−
(Ml

M
µl

Tl
+
Mv

M
µv

Tv

)
dM

+ E 1
Tl

d
(El

E

)
+ E 1

Tv
d
(Ev

E

)

+ V Pl

Tl
d
(Vl

V

)
+ V Pv

Tv
d
(Vv

V

)

− Mµl

Tl
d
(Ml

M

)
−Mµv

Tv
d
(Mv

M

)

(1.43)

Then, using relation (1.43), we can identify a mixture pressure P, a mixture temperature T
and a mixture Gibbs free enthalpy µ:

P
T

=
Vl

V
Pl

Tl
+
Vv

V
Pv

Tv
(1.44)

1
T

=
El

E
1
Tl

+
Ev

E
1
Tv

(1.45)

µ

T
=
Ml

M
µl

Tl
+
Mv

M
µv

Tv
. (1.46)

and we thus get the Gibbs relation:

dS− 1
T (dE + PdV − µdM)

= E 1
Tl

d
(El

E

)
+ V Pl

Tl
d
(Vl

V

)
−Mµl

Tl
d
(Ml

M

)

+ E 1
Tv

d
(Ev

E

)
+ V Pv

Tv
d
(Vv

V

)
−Mµv

Tv
d
(Mv

M

) (1.47)
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The terms on the left-hand side of this relation define the evolution of the mixture quanti-
ties and are related to the interaction with the surronding fluid, whereas the terms on the
right-hand side are exchange terms between the phases. In order to give a complete time-
evolution model of our system, we need to express the derivative terms of (1.47) in terms of
W.

1.A.3 Modelling exchange terms between the phases

Let us first focus on the exchange terms in (1.47). We thus consider an isolated amount of
mixture so that: dE = dV = dM = 0. In other words, we consider a subset D(V ,M, E) of
H(M) so that all the states W ∈ D(V ,M, E) have the same total volume V , the same total
massM and the same total energy E :

D(V ,M, E) = {W ∈ H(M) ; Vl + Vv = V ; El + Ev = E} .

In order to respect the second law of thermodynamics, the mixture entropy S of such an
isolated system must increase. As a consequence, the models for d (Vk/V), d (Mk/M) and
d (Ek/E) must be chosen so that dS ≥ 0.

The Gibbs relation (1.47) becomes for such an isolated system:

dS = E 1
Tl

d
(El

E

)
+ V Pl

Tl
d
(Vl

V

)
−Mµl

Tl
d
(Ml

M

)

+ E 1
Tv

d
(Ev

E

)
+ V Pv

Tv
d
(Vv

V

)
−Mµv

Tv
d
(Mv

M

) (1.48)

As in [BH05], we assume that the time-evolution of these quantities are of the form:

(H8)





d
(Vk

V

)
=
V̄k − Vk

λV dt,

d
(Mk

M

)
=
M̄k −Mk

λM dt,

d
(Ek

E

)
=
Ēk − Ek

λE dt,

(1.49)

with λ > 0. The state W̄ = (V̄l ,M̄l , Ēl , V̄v,M̄v, Ēv) then corresponds to the state that the
system will asymptotically reach. Let us define W̄ so that models (1.49) comply with the
second law of thermodynamics.

By differentiating the mixture entropy S with respect to the variable W, we get:

dS = ∇W(S)(W).dW. (1.50)

Since we have an isolated system, dV = dM = dE = 0, which implies:

dW =

(
Vd
(Vl

V

)
,Md

(Ml

M

)
, Ed

(El

E

)
,

Vd
(Vv

V

)
,Md

(Mv

M

)
, Ed

(Ev

E

)) (1.51)

From (1.49), (1.50) and (1.51) it follows that:

dS = ∇W(S).
(

W̄ −W
λ

)
dt. (1.52)
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Since S is strictly concave onH(M), it is also strictly concave onD(V ,M, E). This property
implies that the tangent plane to S at any point W ofH(M) is above S:

∀W0 ∈ H(M), S(W0) ≤ S(W) +∇W(S)(W).(W0 −W). (1.53)

In particular, we can write the concavity condition (1.53) for W0 = W̄, which leads to:

∇W(S)(W).(W̄ −W) ≥ S(W̄)− S(W)

so that from (1.52) we get:

dS ≥ (S(W̄)− S(W))

λ
dt. (1.54)

As a consequence, one possible choice to guarantee the growth of the entropy with the
models (1.49) is to define the state W̄ as the point which maximizes the mixture entropy for
a fixed (V ,M, E):

S(W̄) = max
D(V ,M,E)

(S(W)) (1.55)

Thanks to the strict concavity of S on D(V ,M, E), this point exists and is unique. Hence,
with the definition (1.55) for the state W̄, the growth of the mixture entropy of an isolated
system is ensured by the models (1.49).

Moreover, Gibbs relation (1.48) onD(V ,M, E) can be simplified by using relations (1.34).
Indeed, when focusing on the volume relation in (1.34), we have:

∑k d
(
Vk
V
)

= ∑k

((
dVk
V
)
− Vk

(
dV
V2

))

= d(∑k Vk)
V − (∑k Vk)

(
dV
V2

)
= 0

Obviously, the same results can be obtained for masses and energies, so that we have the
following relations:

d
(Vl

V

)
= −d

(Vv

V

)
;

d
(Ml

M

)
= −d

(Mv

M

)
; d

(El

E

)
= −d

(Ev

E

)
.

(1.56)

Eventually, by introducing relations (1.56) in Gibbs relation (1.48), we obtain the follow-
ing relation on D(V ,M, E):

dS = E
(

1
Tl
− 1

Tv

)
d
(El

E

)
+ V

(
Pl

Tl
− Pv

Tv

)
d
(Vl

V

)

− M
(

µl

Tl
− µv

Tv

)
d
(Ml

M

) (1.57)

Since the mixture entropy is strictly concave onD(V ,M, E), it possesses a unique maximum
W̄ on D(V ,M, E). If this maximum is not reached on the boundary of D(V ,M, E), the
derivative of S with respect to Vl/V ,Ml/M and El/E must vanish at W̄. The latter is thus
defined by the following relations:





Pl(V̄l ,M̄l , Ēl) = Pv(V̄v,M̄v, ¯Ev)
Tl(V̄l ,M̄l , Ēl) = Tv(V̄v,M̄v, Ēv)
µl(V̄l ,M̄l , Ēl) = µv(V̄v,M̄v, Ēv)

(1.58)

When the maximum is reached on the boundary ofD(V ,M, E), system (1.58) does not make
sense since the derivatives of the mixture entropy do not vanish inside D(V ,M, E). Such
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situations correspond to single-phase cases for which W1 or W2 is equal to (0, 0, 0).

The modelling of the evolution of the phasic volumes, phasic masses and phasic energies
(1.49) enforces the system to return to the equilibrium state W̄, which corresponds to the
classical thermodynamical equilibrium state. The latter is defined as the state ensuring the
pressure, temperature and Gibbs enthalpy equilibria (1.58). It has been shown in this section
that these source terms (1.49) comply with the second law of the thermodynamics provided
that the relaxation time-scale λ is chosen non-negative.

1.A.4 Dynamical evolution of the mixture quantities

The previous subsection describes a model for the evolution of each phase of an element
(V ,M, E) isolated from the rest of the fluid. The interaction between the surrounding fluid
and the the mixture described by the variables (V ,M, E , U) is now considered by using the
following classical assumptions:

(H10) the massM is conserved along the streamlines:

dM = 0; (1.59)

(H11) the variation of the volume V is due to the divergence of the velocity field U:

dV = V∇x.(U)dt; (1.60)

(H12) the variation of the velocity U follows the Newton’s law, considering here that only
the forces due to the pressure are accounted for:

d(MU ) = −V∇x(P)dt, (1.61)

where P corresponds to the mixture pressure defined by (1.44);

(H13) the first law of thermodynamics applies to the energy E :

dE = −PdV + Qdt; (1.62)

it means that the variation of E is due to the work of the external forces (only the
pressure forces here) and to the heat exchange Q of the system with its surrondings.

Remark 1.7 — Thanks to assumptions (H10) and (H13), with Q = 0, we have dE + PdV −
µdM = 0. Hence the general Gibbs relation (1.47) reduces to the Gibbs relation for a isolated
system (1.57).

1.A.5 The set of Partial Derivative Equations (PDE) in intensive form

From now the system has been described using extensive variables. Indeed, extensive vari-
ables provide a more comprehensive description of the model. But, since our aim is to build
a set of partial derivative equations, it is convenient to use an intensive description of the
system. In this section, we derive the extensive descritption of the two-phase flow of the
previous sections into an intensive description.
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1.A.5.1 Fractions and phasic specific quantities

The mass conservation assumption (H10) enables to define specific quantities (per unit of
mass). The specific volume of the mixture is thus defined as τ = V/M (in m3/kg), and the
specific energy of the mixture is e = E/M (in J/kg). We recall the notations for the volume
fraction αk, the mass fraction yk and the energy fraction zk of phase k:

Yk = (αk, yk, zk) =

(Vk

V ,
Mk

M ,
Ek

E

)
(1.63)

The phasic specific volume and the phasic specific energy of phase k are then:

τk =
Vk

Mk
=
Vk

V
M
Mk

V
M =

αk

yk
τ;

ek =
Ek

Mk
=
Ek

E
M
Mi

E
M =

zk

yk
e.

(1.64)

The conservation equations (1.34) become:

1 = αl + αv ; 1 = yl + yv ; 1 = zl + zv. (1.65)

The thermodynamical evolution equation (1.49) can be written:

dαk =
ᾱk − α

λ
dt; dyk =

ȳk − yk

λ
dt; dzk =

z̄k − zk

λ
dt (1.66)

where Ȳk = (ᾱk, ȳk, z̄k) =

(
V̄k

V
,

M̄k

M
,

Ēk

E

)
denotes the equilibrium fractions.

1.A.5.2 Specific mixture entropy and Gibbs relation

Let us define the massMk asMk =M′
kIkg, where Ikg is equal to 1 kg andM′

k ∈ R+ − {0}
is dimensionless. By denoting sk the specific entropy of phase k, sk = Sk/Mk, and by using
the property (H8), we have:

sk

(
Xk

Mk

)
=

Sk(Xk,Mk)

Mk
=

1
Ikg

Sk

(
Xk

M′
k
,
Mk

M′
k

)
=

1
Ikg

Sk

(
Xk

M′
k
, Ikg

)
.

where Xk stands here for (Vk, Ek). We thus get the link between extensive and intensive
quantities:

sk

(
Xk

Mk

)
=

1
Ikg

Sk

(
Xk

M′
k
, Ikg

)
=

Sk(Xk,Mk)

Mk
(1.67)

The specific mixture entropy can be defined as:

∀W ∈ H(M), M > 0, s
(

W
M

)
=

S(W)

M . (1.68)

By using the relation (1.67) for the phasic entropies we get the expression of the specific
mixture entropy:

s
(

W
M

)
=

Sl(Wl)

M +
Sv(Wv)

M =
Ml

M
Sl(Wl)

Ml
+
Mv

M
Sv(Wv)

Mv

=
M1

M sl

(
Xl

Ml

)
+
Mv

M sv

(
Xv

Mv

)
.
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The mixture entropy s can finally be re-written using the fractions of phase l:

s(αl , yl , zl , τ, e) = ylsl

(
αl

yl
τ,

zl

yl
e
)
+ (1− yl)sv

(
(1− αl)

(1− yl)
τ,

(1− zl)

(1− yl)
e
)

In the same way, the Gibbs relation for the mixture can be written using the intensive quan-
tites:

ds =
1
T

de +
P
T

dτ + τ

(
Pl

Tl
− Pv

Tv

)
dαl

−
(

µl

Tl
− µv

Tv

)
dyl + e

(
1
Tl
− 1

Tv

)
dzl

(1.69)

where the mixture temperature and the mixture pressure are:

1
T

= zl
1

Tl(τl , el)
+ zv

1
Tv(τv, ev)

;

P
T

= αl
Pl(τl , el)

Tl(τl , el)
+ αv

Pv(τv, ev)

Tv(τv, ev)
.

(1.70)

1.A.5.3 Intensive PDE in a one dimensional framework

The equations (1.59), (1.61), (1.62) can be written with intensive quantities:




dτ = τ∇x.(U)dt
dU = −τ∇x(P)dt
de = −Pdτ + qdt

(1.71)

where q = Q/M, the specific heat-power is set to zero in the following:

q = 0. (1.72)

Let us note the mixture density:
ρ = 1/τ, (1.73)

the specific total energy of the mixture:

E = e + |U|2/2, (1.74)

and the vector gathering the fractions:

Y = (αl , yl , zl)
t. (1.75)

By using the relation (1.35), which states that:

dΦ = (∂tΦ + U∂xΦ) dt, (1.76)

it can be shown that the set of derivative equations (1.71) and (1.66) lead to the set of partial
differential equations in conservative form:





∂

∂t
(ρY) +

∂

∂x
(ρUY) = ρΓ,

∂

∂t
(ρ) +

∂

∂x
(ρU) = 0,

∂

∂t
(ρU) +

∂

∂x
(
ρU2 + P

)
= 0,

∂

∂t
(ρE) +

∂

∂x
(U(ρE + P)) = 0.

(1.77)
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The system (1.77) is closed with the relations (1.64), (1.65), (1.70), and the source terms are:

Γ =

(
ᾱl − αl

λ
,

ȳl − yl

λ
,

z̄l − zl

λ

)
.

The time-scale λ > 0 describing the return to the thermodynamical equilibrium has to be
chosen by the user.

Remark 1.8 — Following remark 1.7, Gibbs relation for intensive quantities (1.69) becomes

ds = τ

(
Pl

Tl
− Pv

Tv

)
dαl −

(
µl

Tl
− µv

Tv

)
dyl + e

(
1
Tl
− 1

Tv

)
dzl . (1.78)

The mixture entropy s is then convected with the velocity U, and subjected to the source
terms Γ:

∂

∂t
(ρs) +

∂

∂x
(ρUs) = ρΓ∇Y (s)|τ,e . (1.79)

�
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1.B Reference solution for a rarefaction wave with the LuT

Let us consider a single phase flow with a complex EOS, for instance in the form of the
LuT proposed in the article. In the following we deal with a u− c rarefaction wave, but the
conclusions would obviously be the same for a u + c rarefaction wave. For any point .∗ in a
u− c rarefaction wave separating a left state L and a right state R, the Riemann invariants
are constant, which means in our case that:

s∗ = sL, and u∗ +
∫ P∗

PL

dP
ρc(s0, P)

= uL. (1.80)

When using simple analytical EOS, as Stiffened Gas EOS for instance, the integral in the sec-
ond condition of (1.80) can be explicitly computed. It is also easy to compute an isentropic
path, which corresponds to the first condition of (1.80). Finally for such simple EOS, the
definition of a point in the rarefaction wave relies on a local implicit computation (through
a Newton algorithm or a dichotomy for instance) for system (1.80). The latter can be done
up to the round-off error of the computer.

With our complex EOS based on the (P, T) plane, the isentropic path can only be ap-
proximated from the left state to the right state using Newton-like algorithm. Moreover, the
integral arising in the second condition of (1.80) can not be explicitly written. It must also be
approximated using classical integration algorithm along the isentropic path. We have thus
two sources of numerical approximation in the definition of the thermodynamical path of
the rarefaction wave.

On the other hand, our particular choice for the polynomials (cubic splines) of the LuT
leads to an even more important drawback. Indeed, as depicted above, we can approximate
the rarefaction wave in the thermodynamical plane (P, T) using numerical algorithms, but
we are not able to project this thermodynamical path onto the (t, x) plane. A point .∗ of the
u− c rarefaction wave is connected to the point (t, x∗) thanks to the relation:

x∗ − x0

t
= u∗ − c∗.

Since the rarefaction wave is a regular wave between two time-space points (t, xL) and
(t, xR), u∗ − c∗ has to be continuous and monotonic to allow a regular projection. It should
then be noted that the sound speed c can be written with respect to the second order deriva-
tives of µ:

c2 =

(
χT

τ
− Tα2

P
Cp

)−1

, (1.81)

where

Cp = −T
∂2µ

∂T2

∣∣∣∣
P

; αp =
1
τ

∂2µ

∂p∂T

∣∣∣∣
T,p

; χT =
1
τ

∂2µ

∂p2

∣∣∣∣
T

. (1.82)

Since our LuT is based on cubic splines, it only ensures a C1 µ, but we can not ensure the
continuity of c between to neighboring cells of the LuT. We are thus not able to perform the
projection of the rarefaction wave from the thermodynamical plane (P, T) to the (t, x) plane.

Finally, due to our complex EOS, we could only perform a weak comparison between
the approximated solution given by our code and an approximated rarefaction wave in the
thermodynamical (P, T)−plane. This comparison is weak in the sense that we would get a
“reference” rarefaction wave obtained through a numerical integration and not an analytical
one. In order to perform this weak comparison in the (t, x) plane, we should use a higher

45



polynomial basis instead of the splines, so that the sound speed would be continuous and
monotonic on the whole domain.

We propose here to build a “reference” solution for a u − c rarefaction wave as de-
picted above. We consider initial data such that the left state is a pressurized liquid state
and the right state is pure vapor at saturation (see table 1.B.1). The quantities e, ρ and

φ2 =
∫ P∗

PL

dP
ρc(s0, P)

are continuous and they have been plotted on figures 1.B.1, 1.B.2 and

1.B.3 with respect to the pressure. The quantity ξ∗ =
x∗ − x0

t
= u∗ − c∗ is plotted on figure

1.B.4, the non-monotonic behavior associated to c can be clearly seen.

Data for LuT Left state Right state
α 0 1
y 0 1
z 0 1

ρ kg/m3 725.86 43.90
u (m/s) 0 9.90
P (Pa) 1.50 107 8.23 106

Table 1.B.1 – Initial data for an isolated rarefaction wave at equilibrium with liquid left state and
vapor right state.
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Figure 1.B.1 – Specific internal energy e (in J.kg−1) along the discrete isentropic path Ss0 (abscis-
sas are the opposite of the pressure gap between the final pressure and the initial left
pressure equal to 150 105 Pa).

As an illustration, a “reference” solution can be built by introducing ξ̃ which corresponds
to a linear regression of ξ (cf figure 1.B.4). This new quantity ξ̃ is continuous and monotonic;
moreover, at each ξ̃, we can associate unique values for the quantities P, ρ, e, φ2, c. In this
way, the thermodynamical path of the rarefaction wave can be projected on the (t, x) plane.
Figure 1.B.5 show thermodynamical paths in the (P, T)-plane for three different meshes at
the final step compared with the reference solution. Mesh refinement qualitatively improves
the solution, in particular for states at low pressure. Final pressure profiles seem correct (see
figure 1.B.6). Obviously, this rarefaction wave can not be used for verification purposes, the
way of projecting the rarefaction wave through ξ̃ is not accurate enough and just allows to
illustrate the encountered difficulties.
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Figure 1.B.2 – Density ρ (in kg.m−3) along the discrete isentropic path (abscissas are the opposite
of the pressure gap between the final pressure and the initial left pressure equal to
150 105 Pa).

0 1e+06 2e+06 3e+06 4e+06 5e+06 6e+06 7e+06
Initial left pressure - final pressure (Pa)

-10

-8

-6

-4

-2

0

In
te

g
ra

l 
o
f 

1
/(

rh
o
 c

) 
w

it
h
 r

es
p
ec

t 
to

 P
 (

m
/s

)

Figure 1.B.3 – Φ2 =
∫ P∗

PL

dP
ρc(s0, P)

(in m.s−1) along the isentropic path (abscissas are the oppo-

site of the pressure gap between the final pressure and the initial left pressure equal
to 150 105 Pa).
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Figure 1.B.4 – ξ∗ =
x∗ − x0

t
= u∗ − c∗ along the discrete isentropic path and regularized ξ̃ used

in the reference solution (abscissas are the opposite of the pressure gap between the
final pressure and the initial left pressure equal to 150 105 Pa).
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Figure 1.B.5 – Thermodynamical states at the final time in the PT-plane for several meshes com-
pared with the reference solution.
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Figure 1.B.6 – Pressure (Pa) as a function of X (m) at the final time compared with the reference
solution.
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1.C Simple model for relaxation time based on Nucleation Theory

The Classical Nucleation Theory has been developed for many years [Deb96]. This theory
assumes that the bubble nucleation rate J (the number of bubbles created per unit time in
unit volume) follows an Arrhenius law:

J = J0 exp
(
− Ea

kBT

)
, (1.83)

where kB = 1.38064852 10−23 JK−1 is the Boltzmann constant, T is the liquid tempera-
ture, J0 is a prefactor and Ea is an activation energy. J0 and Ea are defined in the following.

Indeed, when a bubble is created, it enables to dissipate extra energy of superheated
liquid: this energy amount decreases as R3, with R the radius of the created bubble. At
the same time, an energy amount, increasing as R2, is required to maintain the liquid-vapor
interface. Both effects balance each other for a critical radius Rc:

Rc =
2γ

∆P
, (1.84)

where ∆P = Pl − Psat and γ is the liquid-vapor surface tension.
For spherical bubbles with a radius Rc, the required work for nucleation is minimal. This

minimal nucleation work is defined as the activation energy Ea which appears in (1.83). It
reads:

Ea =
16πγ3

3(∆P)2 . (1.85)

It means that bubbles with a radius R < Rc tend to disappear whereas bubbles with
a radius R > Rc are able to grow. Following an Arrhenius law (1.83), nucleation occurs
when the barrier energy Ea has the same order of magnitude that thermal fluctuations kBT.
However, this energy barrier Ea can be very high because it applies to pure liquid without
impurities (homogeneous nucleation), which are not the conditions that we may find in indus-
trial applications. Indeed, if impurities are present in water (which is the case for nuclear
circuits), bubbles creation is easier (heterogeneous nucleation). To take this assumption into
account, the activation energy is decreased as in [Bar90] by multiplying Ea with ϕ ∈]0, 1[:

J = J0 exp
(
− ϕEa

kBT

)
. (1.86)

Then, the probability P(t) that no bubble appears within a time t is:

P(t) = exp(−JVt)

where V is the volume of liquid. A common assumption [CH06; Mar06; El +08] provides

that nucleation indeed occurs after the time t so that: P(t) =
1
2

. Then, a characteristic

time-scale for the delay before nucleation appearance tnuc can be defined with P(tnuc) =
1
2

,
i.e.:

tnuc = t0
nuc exp

(
ϕEa

kBT

)
, (1.87)

with

t0
nuc =

ln(2)
J0V

. (1.88)
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There is no consensus in the litterature about the prefactor J0. In [EL08], J0 is taken
almost constant with temperature and pressure. On the contrary, complex models have
been proposed, for instance in [TF49] or [Clo10]. In our study, we chose a simple model,

proposed in [CH06] or [Mar06]. J0 is taken as the product of thermal frequency
kBT

h
and

1
Vc

, where h = 6.62607015 10−34 Js is the Planck constant and Vc =
4πR3

c
3

is the volume of a

critical nucleus:

J0 =
kBT

h
3

4π

1
R3

c
. (1.89)

Finally we get, with (1.84) and (1.89):

t0
nuc =

ln(2)
V

1
J0

=
ln(2)

V
h

kBT
4π

3
R3

c =
ln(2)

V
h

kBT
4π

3

(
2γ

∆P

)3

.

We chose to simplify this prefactor: indeed, a lot of terms are almost constant during our
simulations. It allows to reduce the number of paramaters for our numerical studies. We

keep only the dependance with
1

∆P3 in our final simplified model:

tnuc =
( a0

∆P

)3
exp

(
ϕEa

kBT

)
, (1.90)

where Ea is defined by (1.85): Ea =
16πγ3

3(∆P)2 , and γ is estimated with the IAPWS 94

correlation [PD14]:

γ = B0(1 + b(1− T
Tc
))

(
T
Tc

)ν

, (1.91)

where: B0 = 235.8 10−3 mN/m ; b = −0.625 ; ν = 1.256 and Tc = 647.096K (water critical
temperature).

In the simplified model (1.90), only two parameters have thus to be defined: a0 in (Pa.s),
homogeneous to a dynamical viscosity, and ϕ ∈ [0, 1].
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1.D Initial data for Riemann problems test cases

1.D.1 Out of equilibrium test cases (1.4.1)

Here are the parameters used for the Stiffened Gas (SG) for the test case of section 1.4.1. The
parameters for the vapour are:




CV,v = 4.477815802223535 103 JK−1kg−1,
γv = 1.084875362318841,

Πv = 4.1904297086743001 106 Pa,
s0

v = −1.137650328291112 104 JK−1kg−1,

and for the liquid we have:



CV,l = 1.395286166711847 103 JK−1kg−1,
γl = 1.665128030303030,

Πl = 3.725876146842836 108 Pa,
s0

l = 1.0 104 JK−1kg−1.

Data for SG Left state Intermediate state
α 4.16003754536212 10−1 4.68486052082106 10−1

y 1.0 10−1 1.2 10−1

z 1.47660058572024 10−1 1.75144882351565 10−1

ρ (kg/m3) 393.940361842377 363.89814762278274
u (m/s) 1.0 1.0
P (Pa) 1.48 107 1.48 107

Data for SG Right state
α 4.68486052082106 10−1

y 1.2 10−1

z 1.75144882351565 10−1

ρ (kg/m3) 351.12092230108595
u (m/s) -33.6320500771937
P (Pa) 2.80621107450730 106

σ =952.696245321188e m/s (shock speed)

Data for LuT Left state Intermediate state Right state
α 4.16 10−1 4.68 10−1 4.68 10−1

y 1.0 10−1 1.2 10−1 1.2 10−1

z 1.48 10−1 1.75 10−1 1.75 10−1

ρ (kg/m3) 393.94 363.90 351.12
u (m/s) 1.0 1.0 -19.15
P (Pa) 1.48 107 1.48 107 1.07 107

σ =554.61 m/s (shock speed)

1.D.2 Equilibrium test case with mixtures for both initial states (1.4.2)

Data for LuT Left state Intermediate state Right state
α 4.16 10−1 6.16 10−1 8.31 10−1

y 1.0 10−1 2.0 10−1 2.84 10−1

z 1.48 10−1 2.80 10−1 4.20 10−1

ρ (kg/m3) 393.94 291.57 162.27
u (m/s) 1.0 1.0 -113.53
P (Pa) 1.48 107 1.48 107 1.00 107

σ =554.607603536485 m/s (shock speed)
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1.D.3 Equilibrium test case with only a shock, with a liquid left initial state
(1.4.3.1)

Data for LuT Left state Right state
α 0 6.8910−1

y 0 6.73 10−2

z 0 1.40 10−1

ρ (kg/m3) 742.97 259.49
u (m/s) 1.0 -155.77
P (Pa) 1.48 107 5.0 106

σ =85.14 m/s (shock speed)

1.D.4 Equilibrium test case with only a contact, with a liquid left initial state
(1.4.3.2)

Data for LuT Left state Right state
α 0 6.16 10−1

y 0 2.0 10−1

z 0 2.8010−1

ρ (kg/m3) 742.97 291.57
u (m/s) 1.0 1.0
P (Pa) 1.48 107 1.48 107
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1.E Additional verification test cases and accuracy limitation of the
LuT

All the studied verification test cases are listed in the table 1.E.1, the test cases presented in
the article as well as the test cases presented in the present appendix.

Subsection Waves Equilibrium EOS Initial states Left/Right
1.E.1 C No LuT liq. + vap. / liq. + vap.
1.E.1 S No LuT liq. + vap. / liq. + vap.

Article C + S No SG liq. + vap. / liq. + vap.
Article C + S No LuT liq. + vap. / liq. + vap.
1.E.2 S Yes LuT liq. + vap. / liq. + vap.
1.E.2 C Yes LuT liq. + vap. / liq. + vap.

Article C + S Yes LuT liq. + vap. / liq. + vap.
Article C Yes LuT liq. / liq. + vap.
Article S Yes LuT liq. / liq. + vap.

1.B R Yes LuT liq. / vap.

Table 1.E.1 – List of the presented test cases. In the second colmun, “C" stands for contact, “S"
for shock and “R" for rarefaction wave. The second column gives specify if the EOS
is at equilibrium (“Yes"), with λ→ 0, or out-of-equilibrium (“No"), with λ→ ∞.

The four additionnal verification test cases with isolated waves presented here are the
following:

• two out-of-equilibrium Riemann problem with two-phase flow initial states are stud-
ied (appendix 1.E.1) :

– one with an isolated contact wave;

– a second with an isolated shock wave.

• secondly, two at-equilibrium Riemann problem with mixtures as initial states are stud-
ied (appendix 1.E.2):

– one with an isolated contact wave;

– a second with an isolated shock wave.

1.E.1 Out-of-equilibrium test cases for two isolated waves

In this subsection, two out-of-equilibrium Riemann problems are studied (source terms are
not considered). Initial data are presented in the table, for the contact wave (table 1.E.2) and
for the shock wave (table 1.E.3).
Convergence curves for a Riemann problem with an isolated contact are plotted on figure
1.E.1 whereas convergence curves for a Riemann problem with an isolated shock are plotted
on figure 1.E.2. Correct asymptotic convergence orders are recovered in both cases : (1/2 for
the contact wave and 1 for the shock wave).
Moreover, the relaxation scheme enables an accuracy gain in both cases, compared with the
Rusanov scheme. Nevertheless, this gain is far more important for an isolated contact wave
than for a shock wave.
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Figure 1.E.1 – Convergence curve for an out of equilibrium Riemann problem with an isolated
contact wave computed with the LuT: logarithm of the error versus logarithm of the
mesh size. Four quantites are plotted: P, U, ρ, α for two different numerical schemes
(Rusanov and relaxation). The meshes contain from 100 to 200 000 regular cells.
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Figure 1.E.2 – Convergence curve for an out of equilibrium Riemann problem with an isolated
shock wave computed with the LuT: logarithm of the error versus logarithm of the
mesh size. Four quantites are plotted: P, U, ρ, α for two different numerical schemes
(Rusanov and relaxation). The meshes contain from 100 to 200 000 regular cells.

Data for LuT Left state Right state
α 4.16 10−1 4.68 10−1

y 1.0 10−1 1.2 10−1

z 1.48 10−1 1.75 10−1

ρ (kg/m3) 393.94 363.90
u (m/s) 1.0 1.0
P (Pa) 1.48 107 1.48 107

Table 1.E.2 – Initial data for isolated contact wave, out-of-equilibrium test case.

1.E.2 At equilibrium test cases : inconsistency due to the look-up tables

In this subsection, two at-equilibrium Riemann problems are studied with two-phase flow
initial states : one with an isolated shock wave (initial data on table 1.E.4), the other with an
isolated contact wave (initial data on table 1.E.5).

On figure 1.E.3, convergence curves for the shock waves are plotted for both numerical
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Data for LuT Left state Right state
α 4.16 10−1 4.68 10−1

y 1.0 10−1 1.2 10−1

z 1.48 10−1 1.75 10−1

ρ (kg/m3) 363.90 351.12
u (m/s) 1.0 -19.15
P (Pa) 1.48 107 1.07 107

Table 1.E.3 – Initial data for isolated shock wave, out-of-equilibrium test case; σ =554.61 m/s
(shock speed).
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Figure 1.E.3 – Convergence curve for the Riemann problems at equilibrium computed with the
LuT with only a shock wave : logarithm of the error versus logarithm of the mesh
size. Four quantites are plotted: P, U, ρ, α for two different numerical schemes
(Rusanov and relaxation). The meshes contain from 100 to 200 000 regular cells.

Data for LuT Left state Right state
α 6.16 10−1 8.31 10−1

y 2.00 10−1 2.84 10−1

z 2.80 10−1 4.20 10−1

ρ kg/m3 291.57 162.27
u (m/s) 1.0 -135.31
P (Pa) 1.48 107 1.00 107

Table 1.E.4 – Initial data for an isolated contact wave at equilibrium with mixtures for left and
right states.

schemes. One more time, right convergence order is recovered.
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Figure 1.E.4 – Convergence curve for the Riemann problems at equilibrium computed with the
LuT with only a contact wave : logarithm of the error versus logarithm of the mesh
size. Four quantites are plotted: P, U, ρ, α for two different numerical schemes
(Rusanov and relaxation). The meshes contain from 100 to 200 000 regular cells.

Data for LuT Left state Right state
α 4.16 10−1 6.16 10−1

y 1.0 10−1 2.0 10−1

z 1.48 10−1 2.80 10−1

ρ kg/m3 393.94 291.57
u (m/s) 1.0 1.0
P (Pa) 1.48 107 1.48 107

Table 1.E.5 – Initial data for an isolated contact wave at equilibrium with mixtures for left and
right states.

This test case with only a contact wave is not severe so that both the Rusanov scheme
and the relaxation scheme are accurate. The spurious numerical waves around the contact
have a very small amplitude. On figure 1.E.4, it can be seen that the L1−error for the ap-
proximate variables U and P is constant and small. This illustrates the limited accuracy of
the LuT for the variable changes between the (P, T)-plane and the (ρ, e)-plane.
As depicted in the section 1.2 of the article, this change of variables is based on the compu-
tation on an approximated solution of system :

{
ek(Pk, Tk) = e0

k ,
τk(Pk, Tk) = τ0

k ,
(1.92)

Starting with the same pressure for the left and right states, PL = PR = 1.48 107 Pa, and
the same temperatures TL = TR = 614.236889173817 K, the choice of the different values
of the fractions (αL, yL, zL) (resp. (αR, yR, zR)) gives different values for the mixture specific
volume and energy (τL, eL) (resp. (τR, eR)). Then using relations :

τi =
Vi

Mi
=
Vi

V
M
Mi

V
M =

αi

yi
τ and ei =

Ei

Mi
=
Ei

E
M
Mi

E
M =

zi

yi
e, (1.93)

and (1.92), one can compute from (αL, yL, zL, τL, eL) (resp. (αR, yR, zR, τR, eR)) a mixture pres-
sure P̃L (resp. P̃L) and a mixture temperature T̃L (resp. T̃L). We get then:

errPL = |PL − P̃L|/PL ' 3.7 10−7,
errTL = |TL − T̃L|/TL ' 1.0 10−8,
errPR = |PR − P̃R|/PR ' 2.7 10−14,
errTR = |TR − T̃R|/TR ' 1.5 10−15.
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Hence the change of variables from the plane (P, T) to the plane (ρ, e), and back to the
plane (P, T), has a limited accuracy. Here the accuracy on the pressure can not be less than
the error errPL . Since log(errPL) ' −6.4, this explains the flat profile of the error-curve for
the pressure on figure 1.E.4. As a consequence, for this test case, for very fine meshes the
asymptotic rate of convergence can not be reached for the pressure. Since all the variables
are coupled through the mixture equation of state, their convergence curves will reach a flat
profile on very fine meshes.
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1.F Additional test cases for the relaxation time

Our simplified model based on the nucleation theory is the following :

tnuc =
a0

∆P3 exp
(

ϕEa

kBT

)
. (1.94)

Two parameters have to be defined a0 and ϕ. In the following, a0 is fixed and several ϕ
are tested.

1.F.1 Additional test cases for nucleation relaxation time

Here are shown additional test cases for more ϕ than in the article. Two figures are presented
: one for ϕ between 3.25 10−3 and 1; the other for ϕ between 1.0 10−4 and 5 10−3. The aim of
this study was to catch all the different behaviors which can be observed by changing ϕ.
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Figure 1.F.1 – Pressure (Pa) and volume fraction as a function of x (m) for several relaxation times
based on nucleation theory at the end of the simulation (t=10−3 s). The two smaller
windows inside the main graph are two zooms : one on the smaller x, the other on
the smaller volume fractions. ϕ is between 3.25 10−3 and 1.
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Figure 1.F.2 – Pressure (Pa) as a function of x (m) for several iteration for a nucleation time scale
with ϕ = 5 10−3.
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Figure 1.F.3 – Pressure (Pa) as a function of x (m) for several iteration for a constant relaxation
time scale with λ = 10−5.
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Figure 1.F.4 – Pressure (Pa) and volume fraction as a function of x (m) for several relaxation times
based on nucleation theory at the end of the simulation (t=10−3 s). The two smaller
windows inside the main graph are two zooms : one on the smaller x, the other on
the smaller volume fractions. ϕ is between 1.0 10−4 and 5 10−3

For ϕ close to 1 (figure 1.F.1), a pressure undershoot appears. The smaller ϕ is, the smaller
this undershoot becomes and the more vapor is produced. The pressure undershoot appears
since the vapor apparition at the very beginning of the simulation (figure 1.F.2). As a com-
parison, the time evolution of pressure profile as a function of x for a constant relaxation
time is presented on figure 1.F.3.

For ϕ smaller than 2 10−3 (figure 1.F.4), no pressure undershoot appears. The case ϕ =
10−4 is intermediate between the equilibrium case (λ = 10−30 s) and the other cases.

Nevertheless, at the moment, no other intermediate case could have been computed be-
cause of the lack of robustness of the look-up table.
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1.F.2 Nucleation relaxation time with mesh refinement

Some pressure oscillations are observed near the wall for the nucleation relaxation times
(figures 1.F.1 and 1.F.4), behind a pressure peak appearing at the same abscisse as the vapor
front. The oscillations beat because of the peak. When the mesh is refined (cf figure 1.F.5), the
oscillations amplitude decreases. Nevertheless, the pressure peak seems more important.
No oscillation occur with the Rusanov scheme, but the scheme is very diffusive and not
enough accurate to catch the same pressure level as the relaxation scheme.
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Figure 1.F.5 – Pressure (Pa) and volume fraction as a function of x (m) for several relaxation times
based on nucleation theory at the end of the simulation (t=10−3 s). The two smaller
windows inside the main graph are two zooms : one on the smaller x, the other on
the smaller volume fractions. Curves for the relaxation schemes with two different
meshes (5000 cells or 10000 cells) and curves for the Rusanov scheme are shown.
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1.F.3 Comparison with the relaxation time toylaws from [Hur17]

Some toylaws for relaxation time have been proposed in [Hur17] to reproduce experimental
date from SUPERCANON test case [Rie78]. They are compared here with constant relax-
ation times and nucleation relaxation times (cf figures 1.F.6, 1.F.7 and 1.F.8). The toylaws
behavior is closed to a constant relaxation time in this case, whereas it enables to catch a
very more complex behavior in the SUPERCANON test case [Hur17]. This suggests that the
relaxation time law depends a lot on the considered test case.
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Figure 1.F.6 – Difference between the pressure and the saturation pressure near the wall as a func-
tion of time (s) for several nucleation relaxation times, with fixed a0 and variable ϕ.
The more ϕ is closed to 0, the more nucleation is facilated. The second window in-
side the first graph shows a zoom on the beginning of the simulation for relaxation
times with ϕ→ 0.
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Figure 1.F.7 – Pressure (Pa) and volume fraction as a function of x (m) for several relaxation times
based on nucleation theory at the end of the simulation (t=10−3 s). The two smaller
windows inside the main graph are two zooms : one on the smaller x, the other on
the smaller volume fractions.
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Figure 1.F.8 – Thermodynamical path within the time near the wall is plotted in the Temperature
(K) - Pressure (Pa) plane. The initial point for all curves is on the hand-right corner
(denoted by the circle I). The thermodynamical equilibrium (denoted by the circle
F) is the point that all simulations should reach for large enough time, provided
that λ > 0. If λ = 0, the final point is the point P = 9.48106 Pa T = 589 K at
the bottom of the figure. Here some simulations are still out of thermodynamical
equilibrium at the final simulation time t = 10−3 s. The paths towards thermody-
namical equilibrium depends on the characteristic time-scale λ. Arrows show the
travel directions in the T-P plane along the simulation time.
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Chapter 2

Study of some classical equations of
state for water in the
pressure-temperature plane.

Introduction

In order to close the homogeneous model depicted in Chapter 1, equations of state (EOS)
are required. Two phasic EOS have to be provided: one for the liquid water and one for
the steam water. Indeed, the mixture EOS is naturally built by the model from the phasic
EOS by the relaxation (instantaneous or not) towards the thermodynamical equilibrium (en-
suring entropy maximization), thanks to the source terms on the phasic fractions. Another
choice would be to consider a unique EOS for the whole mixture; this choice is made in some
cavitation models (like in [Cau05]); then, this unique EOS can be a look-up table [VT00] or
an analytical EOS [MY03]. Note that in Chapter 1, two different phasic EOS have been used
(one for liquid and one for vapor). One can also build a mixture equation of state with a
similar approach, but by considering the same phasic EOS for both phases, as studied in
[JM16; Gha18; GJM19] with the Van der Waals EOS: this procedure enables to convexify the
Van der Waals EOS, in order to get an admissible EOS for the considered model.

Three types of classical phasic EOS are considered in this chapter:

• analytical EOS derived from the perfect gas EOS; for instance, the stiffened gas EOS
[Dau+14] and its extensions like the Noble-Able stiffened gas EOS [LS16] or the Chemkin
EOS [Kee+96]. These EOS have to be fitted around a reference point. They are some-
times not accurate enough for liquid water.

• cubic EOS, i.e. analytical EOS derived from the Van der Waals EOS [Pri08], like the
Soave-Redlich-Kwong EOS [Soa72; GM12], classically given as incomplete EOS. They
are widely used to predict vapor-liquid-equilibria for hydrocarbons mixture in the
oil industry, notably Redlich-Kwong EOS, Peng-Robinson EOS and their extensions
[GSP11].

• the IAPWS-97 formulation [WK08], one industrial reference EOS dedicated to water.
Its main drawback is its high computational cost, very restrictive for CFD simulations.
In order to overcome this difficulty, look-up tables based on the IAPWS-97 formulation
can be used as EOS, like in Chapter 1; still, its building is tricky and it induces some
numerical difficulties.
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Ideally, it seems appealing to dispose of intermediate EOS: simpler and cheaper than a
IAPWS look-up table, with a sufficient accuracy even when considering liquid water. This
chapter aims to identify such intermediate EOS; or, at least, to assess some classical EOS
(among others): which EOS would represent a good compromise for our model between
accuracy and simplicity ? Indeed, to our knowledge, few studies have been led to precisely
estimate the accuracy of EOS for water on wide liquid and vapor domains. In [Nod12], an
extension of Van der Waals EOS (the Jeffery-Austin EOS, see [JA99]), defined as a function
of the pressure and the specific volume, has been compared with IAPWS-95 [WP02] on a
large thermodynamical domain. The present work aims to complete this study by compar-
ing several classical EOS, defined this time as functions of the pressure and the temperature.

First, the requirements of an admissible EOS for the homogeneous model of Chapter
1 are presented: an admissible EOS should be a complete EOS, for which thermodynamical
plane inversions are easy and satisfying some convexity constraints. Then, some classical
EOS from the litterature are investigated, in terms of admissibility as well as accuracy with
respect to IAPWS-97 (taken as a reference).

Let us introduce some notations, useful in the whole chapter:

• R =
r
M

the perfect gas constant, with r = 8.31446261815324 J.kg−1.mol−1 and M =

18.01528 g.mol−1;

• P the pressure (Pa);

• T the temperature (K);

• τ the specific volume (m3.kg−1) and ρ =
1
τ

the density (kg.m−3);

• e the specific internal energy (J.kg−1) and E the total energy, E = e + k with k the
kinetic energy;

• s the specific entropy (J.kg−1.K−1);

• µ the Gibbs potential (J.kg−1) defined as µ = e− Ts + Pτ;

• f the Helmholtz free energy (J.kg−1) defined as µ = e− Ts;

• Cp the heat capacity at constant pressure (J.kg−1.K−1);

• Cv the heat capacity at constant volume (J.kg−1.K−1);

• αp the thermal expansion coefficient at constant pressure (K−1);

• χT the compressibility coefficient at constant temperature (Pa−1);

• c the sound speed m.s−1.

A subject has been proposed during the maths-companies study group in Strasbourg from 12
to 18 November 2018 linked to this PhD chapter: "Mixtures of gases to build complex equations
of state". The idea was to build complex EOS by considering the miscible mixture of two stiffened
gases: we aimed to optimize the parameters of the two mixed stiffened gas to improve the accuracy of
the mixture EOS relatively to IAPWS-97. The main advantage of such approach is that the mixture
EOS is an admissible EOS for the model of Chapter 1. However, the optimization problem is difficult
to manage, so that the final mixture EOS of two optimized stiffened gases only slightly improve the
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accuracy of a unique stiffened gas EOS. A report in French is available on HAL [Qui+19] and repro-
duced in appendix 2.B.

2.1 Admissible equations of state (EOS)

In order to characterize the thermodynamical behavior of a component in a given phys-
ical domain, an equation of state (EOS) is necessary. It consists in a function describing
a potential Ψ (internal energy, entropy, Gibbs potential...) in a thermodynamical plane,
which is made up of two intensive physical quantities φ1 and φ2, varying in a domain
dom(φ1, φ2): then, (φ1, φ2)-plane enables to reproduce the physical domain of interest, when
stating (φ1, φ2) ∈ dom(φ1, φ2).

In the following, an admissible EOS is defined as an admissible EOS for the model
presented in Chapter 1. Such an admissible EOS should:

1. be a complete EOS;

2. enable easy thermodynamical plane inversions;

3. fulfill some mathematical constraints (convexity, positivity);

4. accurately treat the area around the critical point.

The following paragraphs enlighten each requirement.

2.1.1 Complete EOS

A complete EOS Ψ(Φ1, Φ2) is so that all the thermodynamical quantities can be defined from
the successive derivatives of Ψ with respect to Φ1 with Φ2 constant and conversely.

To each thermodynamical plane can be associated a natural thermodynamical potential
defining a complete EOS. The Legendre transform enables to easily obtain another thermo-
dynamical potential in another thermodynamical plane from a given EOS [Mat10] (more
details are given section 2.1.2 just below). A very comprehensive list of possible thermody-
namical potentials can be found in appendix A of [FM19] and Chapter 2 of [Fac08]. In the
following, three thermodynamical potentials will be mainly used :

• the Gibbs potential µ = e− Ts + Pτ in (P, T)-plane;

• the specific entropy s in (τ, e)-plane;

• the Helmholtz free energy f = e− Ts in (τ, T)-plane.

Their natural thermodynamical plane as well as their first derivatives are recalled in table
2.1. It should be pointed out that, in the homogeneous model of Chapter 1, the following
hypothesis is made:

∂e
∂s

∣∣∣∣
τ

= T > 0.

Thanks to this assumption, there is a bijective change of variables to switch from s(τ, e) to-
wards e(τ, s) [Cro90; Mat10].
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Potential Entry plane "Gibbs relation" Conjugate variables

µ (P, T) dµ = −sdT + τdP τ =
∂µ

∂P

∣∣∣∣
T

; s = − ∂µ

∂T

∣∣∣∣
P

s (τ, e) ds =
P
T

dτ +
1
T

de
P
T

=
∂s
∂τ

∣∣∣∣
e

;
1
T

=
∂s
∂e

∣∣∣∣
τ

e (τ, s) de = Tds− Pdτ P = − ∂e
∂τ

∣∣∣∣
s

; T =
∂e
∂s

∣∣∣∣
τ

f (τ, T) d f = −sdT − Pdτ P = − ∂ f
∂τ

∣∣∣∣
T

; s = − ∂ f
∂T

∣∣∣∣
τ

Table 2.1 – Potentials defining a complete EOS in a given thermodynamical plane.

Classical cubic EOS are defined in terms of P(τ, T), which is not a complete EOS, since s
is then not fully defined. In fact, when using (τ, T)-plane, the potential defining a complete
EOS is f (τ, T), defining both P and s. Note that incomplete EOS can be useful, for instance
to describe pressure constant regime like in [Del+19].
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From second derivatives of µ, three coefficients can be defined:

• the heat capacity at constant pressure Cp (JK−1kg−1);

• the thermal expansion coefficient at constant pressure αP (K−1);

• the compressibility coefficient at constant temperature χT (Pa−1):

Cp = −T
∂2µ

∂T2

∣∣∣∣
P

; αp =
1
τ

∂2µ

∂P∂T

∣∣∣∣
T,P

; χT = − 1
τ

∂2µ

∂P2

∣∣∣∣
T

.

These coefficients are useful to characterize a fluid: for instance, they can be measured to
study the supercritical behavior of a fluid (see for instance [Ban15]).

Note that the sound celerity c (m.s−1), defined as:

c2 = −τ2
(

∂p
∂τ

)∣∣∣∣
s
= − τ2

(
∂τ

∂p

)∣∣∣∣
s

,

can be deduced from the first and second derivatives of µ in (P, T)-plane; since:

c2 = −τ2/



(

∂τ

∂p

)∣∣∣∣
T
−
(

∂τ

∂T

)∣∣∣∣
p

(
∂s
∂p

)∣∣∣
T(

∂s
∂T

)∣∣∣
P


 ,

where τ and s are given in first line of table 2.1. It reads:

c2 =

(
χT

τ
− Tα2

P
Cp

)−1

. (2.1)

2.1.2 Change of thermodynamical planes

As density ρ (kg.m−3) and total energy ρE (J.m−3) are conservative variables in the homo-
geneous two-phase flow model of Chapter 1, the natural thermodynamical plane is (τ, e)-
plane.

However, in the model of Chapter 1, the thermodynamical equilibrium is computed at
each time step in the (P, T)-plane thanks to the algorithm proposed in [FKA12]. Moreover,
a lot of classical numerical methods require at each time step tn to get the pressure Pn from
τn and en, so that the numerical fluxes can be computed to obtain τn+1 and en+1 at the
end of the time step.1 Then, at least two thermodynamical planes have to be considered to
simulate the model, which means that an admissible EOS should be easily written in several
thermodynamical planes.

Remark 2.1 — In practice, because of the chosen algorithms (notably the method from [FKA12]
used to compute the thermodynamical equilibrium), the (P, T)-plane is more often used in
the code than the (τ, e)-plane. �

Liquid water domain and vapor water domain obtained with the IAPWS-97 formula-
tion are represented in (P, T)-plane on figures 2.1 and 2.3 and in (τ, e)-plane on figures 2.2
and 2.4. Because of the stiffeness of the liquid, visualisations in (τ, e)-plane are much more

1Note that this is not the case for Rusanov scheme: Rusanov fluxes do not need to compute the pressure, and
only conservative variables ρ and ρe are involved.
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Figure 2.1 – Physical domain of liquid water: in the
(P, T)-plane.

Figure 2.2 – Physical domain of liquid water: in the
(τ, e)-plane (data from IAPWS-97).

Figure 2.3 – Physical domain of steam water: in the
(P, T)-plane.

Figure 2.4 – Physical domain of steam water: in the
(τ, e)-plane (data from IAPWS-97).

difficult than in (P, T)-plane. Moreover, (P, T)-plane is a more intuitive thermodynamical
plane, in particular to describe the phase changes, which occurs at constant P, T and µ (see
Chapter 1).

That is why we preferably work in the following with EOS written in terms of Gibbs
potential µ as function of (P, T), by having in mind that the EOS µ(P, T) should be easily
inverted towards (τ, e)-plane.

Remark 2.2 — As far as the IAPWS-97 look-up table from Chapter 1 is concerned, the EOS
is given in (P, T)-plane as µ(P, T) and inverted towards (τ, e)-plane thanks to a Broyden
algorithm. Most robustness issues encountered in simulations come from this inversion. �
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2.1.3 Convexity constraints due to hyperbolicity

In order to ensure hyperbolicity for the homogeneous model of Chapter 1, specific entropy
s(τ, e) has to be strictly concave with respect to (τ, e) (see [FM19; Hur14; Hur17]). This con-
vexity constraint can be explained in several thermodynamical planes thanks to Legendre
transformations [Mat10]. Legendre transform definition is recalled (definition 2.1), as well
as main Legendre transformations of thermodynamical potentials (property 2.1).

Definition 2.1 (Legendre Transform)
Consider f : Rn → R. Its Legendre transform f ∗ : Rn → R is defined as:

f ∗ : s 7→ sup
dom( f )

{s.x− f (x)}, with dom( f ) = {x ∈ R/ f (x) is finite}.

Moreover, for a function g : (x1, x2) ∈ R2 → R, g∗,x1 defined as:

g∗,x1 : s 7→ sup
dom(g)

{s.x1 − f (x1, x2)}

is the partial Legendre transforms of g with respect to x1.

Property 2.1 (Legendre Transform of thermodynamical potentials)

e∗(τ∗, s∗) = e∗(−P, T) = −µ(P, T),

f ∗,τ(τ∗, T) = e∗(−P, T) = −µ(P, T).

Proof :

•
∂e
∂s

∣∣∣∣
τ

= T and
∂e
∂τ

∣∣∣∣
s
= −P so that

e∗(τ∗, s∗) = e∗(−P, T) = sT − Pτ − e(τ, s) = −µ(P, T).

•
∂ f
∂τ

∣∣∣∣
T
= −P so that

f ∗(τ∗, T) = f ∗(−P, T) = −τP− f (τ, T) = −τP− (e− Ts) = −µ(P, T).

Thanks to property 2.2 and results of property 2.1, equivalent convexity constraints can
be written in other thermodynamical planes, as depicted in table 2.2.

Property 2.2 (Legendre Transform and convexity)
If f : (x, .)→ f (x, .) is convex (respectively concave) with respect to x, then f ∗ : s→ f ∗(s, .)
is convex (respectively concave) with respect to s.

Remark 2.3 — For the model of Chapter 1, the conditions:

(i) sk strictly concave with respect to (τk, ek),
(ii) Tk > 0,

are in fact sufficient conditions to ensure hyperbolicity (see [Hur17]). Hyperbolicity holds if
and only if the sound speed c is real. �
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Potential Entry plane Convexity constraint

s (τ, e) strictly concave with respect to (τ, e)

µ (P, T) strictly concave with respect to (P, T)

f (τ, T) stricly concave with respect to (−τ, T)

Table 2.2 – Equivalent concavity constraints in several thermodynamical planes.

2.1.4 Treatment of the critical area

The critical point (Pc, Tc) is defined as a thermodynamical state beyond which (i.e. for P > Pc
or T > Tc) liquid and vapor are no more distinguishable. Nevertheless, for around two
decades, some experimental works have highlighted that some thermodynamical quanti-
ties (like the heat capacity Cp) have an extremum along a line called Widom line [Ban15],
which would imply a kind of "phase transition" even in the supercritical domain (called by
the authors "supercritical pseudo-boiling"). However, this concept is still debatted at the
moment and the critical area stays widely misunderstood.

The mixture model proposed in [JM16; Gha18; GJM19] to account for metastable state
could represent a solution to treat the critical point. In these works, both phases are repre-
sented by the same Van der Waals cubic EOS. Since this EOS allows to deal with the critical
point, the resulting mixture model inherits from this property. It would be then very inter-
esting to extend the approach proposed in [JM16; Gha18; GJM19] to more realistic phasic
EOS, in order to provide a more accurate mixture EOS with a relevant treatement of the crit-
ical point.

However, even if the critical point is correctly treated by an EOS, its accuracy is often
decreased in the critical area compared with the rest of the domain: it appears that the critical
pressure and temperature obtained with classical EOS, such as cubic EOS, are somehow
overestimated and lead to inconsistency with experimental data when fitting vapor-liquid-
equilibria [Jan+15]. Indeed, in the vicinity of the critical point, experimental measurements
lead to the following estimations (see [Sen+00]):

Cv ∝ kα0 + kα1(
T
Tc
− 1)−α + ...,

ρL − ρV ∝ kβ1(
T
Tc
− 1)β + ...,

χT ∝ kγ1(
T
Tc
− 1)−γ̃ + ...,

P− Pc ∝ kδ1(
T
Tc
− 1)δ + ...,

(2.2)

where α, β, γ̃ and δ are universal exponents for all fluids. Unfortunately, these critical
exponents are inconsistent with those obtained with classical EOS (see table 2.3). In the lit-
terature, one of the most studied method to improve the realism of an EOS in the vicinity
of the critical point is a crossover procedure, proposed by Kiselev [KKP91]. The principle
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Universal critical exponents α β γ̃ δ

Obtained from experiments ([Sen+00]) 0.110 0.326 1.23 4.79

Obtained with a classical EOS such cubic EOS ([Jan+15]) 0 0.5 1 3

Table 2.3 – Inconsistency of universal critical exponents for classical EOS

is to correct the critical exponents α, β, γ̃ and δ; it can be applied to any classical EOS: for
instance, to generalized cubic EOS (see [Kis98]), to CPA EOS (see [Jan+15]), or to SRK EOS
(see [Jam+19]).

Still, for now, we restrict our work to a thermodynamical domain excluding the critical
area.
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2.2 Description of the EOS considered in the sequel

2.2.1 IAPWS-97 formulation

The IAPWS-97 formulation [WK08] is one industrial reference EOS for water. Optimized
for industrial needs, it is based on the IAPWS-95 formulation, an analytical EOS built from
a very large database (about 20 000 experimental data), which has been widely assessed in
terms of uncertainties [WP02].

Figure 2.5 – Regions and equations of IAPWS-IF97, extracted from [WK08].

In practice, the (P, T)-plane is divided in several areas, as depicted in figure 2.5 (P ≤
100MPa and T ∈ [273.15K, 1073.15K] ; P ≤ 50MPa and T ∈ [1073.15K, 2273.15K]): on each
area, IAPWS-97 EOS is an analytical formula, built by interpolating the experimental data.
The IAPWS-97 formulation gives the Gibbs free enthalpy with respect to the pressure and
the temperature (or Helmholtz free energy with respect to the density and the temperature
in region 3), so that IAPWS EOS is a complete EOS, at least inside each area.2

The main drawback of this EOS is its high computational cost: for instance, the EOS
in region 1 is a sum of 34 terms defined as αi(P − P0)pi(T − T0)qi , with pi ∈ [|0, 31|], qi ∈
[| − 41, 17|] and αi a real coefficient with 10 significant digits. It is a strong limitation for a
CFD simulation since an EOS is used in each mesh cell at each time step. In order to reduce
the CPU-time, a look-up table based on IAPWS-97 formulation has been built in Chapter
1: such techniques are tricky because Gibbs relation Tds− pdτ = de should be ensured by
the look-up table, which means that thermodynamical quantities can not be independently
tabulated. Moreover, the resulting EOS leads to somehow complex thermodynamical in-
versions from (P, T)−plane towards (τ, e)−plane. An estimation of the CPU-time improve-
ment due to the look-up table has been given in Chapter 1: considering the Stiffened Gas
EOS as a reference, the computational cost is 700 times higher with the IAPWS-97 formula-
tion and it is only 8 times higher with the look-up table.

In the following, the IAPWS-97 formulation is taken as a reference: the other EOS will
be assessed by comparing them with the IAPWS EOS. The physical domain is restricted to
P ∈ [0.1bar, P23min = 165.29164252605bar] and T ∈ [273.15K, T23min = 623.15K], to be far
enough from the critical area.

2The derivative quantities may be tricky to define on the borders of each area.
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2.2.2 Stiffened gas EOS (SG)

The stiffened gas EOS [Dau+14] is an extension of the perfect gas EOS, with additionnal
parameters enabling to better describe the liquid behavior. Classically, this EOS is written
in the (τ, e)-plane:

sSG(τ, e) = Cvln
(
(e−Q− πτ)τγ−1

)
+ s0, (2.3)

which can be rewritten in (P, T)-plane, since µ = e− Ts + Pτ:

µSG(P, T) = γCvT + Q− T(γCvln(T)− (γ− 1)Cvln(P + Π) + k), (2.4)

where k is a constant (JK−1kg−1) depending on the parameters γ, Cv, Q, Π and s0. The
stiffened gas parameters are the following:

• Cv (JK−1kg−1) is the calorific capacity at constant volume,

• γ is the adiabatic index, a non-dimensional coefficient greater than 1,

• −Π (Pa) is the minimal admissible pressure (which can be negative),

• Q (Jkg−1) is a reference enthalpy,

• s0 (JK−1kg−1) is a reference entropy.

Note that the perfect gas EOS is recovered when Q = Π = 0. Due to the simplicity of its
form, SG EOS (2.4) leads to explicit change of thermodynamical planes. Moreover, the first
and second derivatives of µSG are simple to compute:

τSG(P, T) =
Cv(γ− 1)T

P + Π
; sSG(P, T) = γCv ln(T)− (γ− 1)Cv ln(P + Π) + k; (2.5)

so that the constant k can be explicitely written:

k = Cv ln(Cv) + Cv(γ− 1) ln(Cv(γ− 1)) + s0, (2.6)

and
CSG

p = γCv ; αSG
P (T) =

1
T

; χSG
T (P) =

1
P + Π

. (2.7)

It should be noticed that Cp is constant, χT depend only on P and Π and αP depends only
on T and is independent from all the SG coefficients.

From (2.1) and (2.7), the sound speed c can be deduced, as well as the following property
2.3:

Property 2.3
The stiffened gas EOS (2.4) is an admissible EOS for the model from Chapter 1 since it is a
complete EOS with explicit change of thermodynamical planes, ensuring the hyperbolicity
of the model since the sound speed c = cSG(P, T) fulfills:

c2 = γ(γ− 1)CvT > 0 ∀(P, T > 0).

SG parameters are fitted to experimental data around a reference point, as proposed in
[Dau+14]. The method is recalled in appendix 2.A. As a consequence, stiffened gas EOS
behaves like a "linearization" around a physical point, which means that the accuracy will
decrease far from the reference point. Nevertheless, to our knowledge, this loss of accuracy
has not been studied in details; such a study will be presented in section 2.3.3.1 for liquid
and 2.3.4.1 for vapor.
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2.2.3 Noble-Able stiffened gas EOS (NASG)

The Noble-Able stiffened gas EOS is an extension of the classical stiffened gas EOS pro-
posed in [LS16] and recently improved in [BCL19] by enabling heat capacity depending on
temperature. The covolume b (m3.kg−1) is introduced, so that:

µNASG(P, T) = bP + γCvT + Q− T(γCvln(T)− (γ− 1)Cvln(P + Π) + k). (2.8)

k is fitted thanks to a reference point, like in the SG EOS:

k = (bPre f + γCvTre f + Q− µre f )/Tre f − γCvln(Tre f ) + (γ− 1)Cvln(Pre f + Π). (2.9)

NASG formula are very close to those obtained for the stiffened gas EOS, written in section
2.2.2, except for τNASG, αNASG

P , χNASG
T :

τNASG(P, T) = τSG(P, T) + b ; sNASG(P, T) = sSG(P, T) ; CNASG
p = CSG

p ; (2.10)

αNASG
P (P, T) =

[
T +

b(P + Π)

Cv(γ− 1)

]−1

=
Cv(γ− 1)

Cv(γ− 1)T + b(P + Π)
; (2.11)

χNASG
T (P, T) =

(
T

P + Π

)
αNASG

P (P, T) =
Cv(γ− 1)T

(P + Π)(Cv(γ− 1)T + b(P + Π))
; (2.12)

and similarly to property 2.3, property 2.4 holds.

Property 2.4
The Noble-Able stiffened gas EOS (2.8) is an admissible EOS ensuring the hyperbolicity of
the model from Chapter 1 since since the sound speed c = cNASG(P, T) fulfills:

c2 =
1

α2
PT

γ(γ− 1)Cv > 0 ∀(P, T > 0).

Remark 2.4 — Like for the stiffened gas EOS, inverting the NASG EOS from the (P, T)-
plane towards the (τ, e)-plane is explicit. Indeed, since:

T =
1

Cv
(e−Q−Π(τ − b)) = T(τ, e) ; P =

(γ− 1)(e−Q)

τ − b
− γΠ = P(τ, e),

sNASG(P, T) can be explicitely rewritten as a complete EOS in this plane sNASG(τ, e). �

2.2.4 Chemkin EOS (CK)

Classically, Chemkin EOS [Kee+96] is written as follows:

µCK(P, T) = µ0(T) + C(T) ln
(

P
Pre f

)
, (2.13)

with
µ0(T) = H0(T)− TS0(T), (2.14)

where:

H0(T) = RT
(

A +
B
2

T +
C
3

T2 +
D
4

T3 +
E
5

T4 +
F
T

)
, (2.15)
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and

S0(T) = R
(

A ln(T) + BT +
C
2

T2 +
D
3

T3 +
E
4

T4 + G
)

(2.16)

i.e.

µ0(T) = RT
(

A(1− ln(T))− B
2

T − C
6

T2 − D
12

T3 − E
20

T4 +
F
T
− G

)
, (2.17)

and
C(T) = Cv(γ− 1)T. (2.18)

Classical coefficients are given for information in table 2.4: they are relevant for vapor
around a reference point Pre f = 1bar and Tre f = 375.15K and for temperature 300K < T <
1000K.

Coefficients Classical Chemkin coefficients

A (dimensionless) 0.03386842e2

B (K−1) 0.03474982e− 1

C (K−2) −0.06354696e− 4

D (K−3) 0.06968581e− 7

E (K−4) −0.02506588e− 10

F (K) -0.03020811e+6

G (dimensionless) 0.02590232e+2

γ (dimensionless) 1.31660136

Cv (JK−1kg−1) 1436.761418

Table 2.4 – Coefficients for classical Chemkin EOS, describing steam water for 300K < T <
1000K; A, B, C, D, E, F and G are given in the reference [Kee+96] whereas γ, Cv
are those obtained from IRC Fluid Property Calculator [Con+17] at Pre f = 1bar
and Tre f = 375.15K.

In this work, a slightly different form from (2.13) is preferred, more similar to the
SG EOS, by keeping definitions (2.14) and (2.18) for µ0(T) and C(T), and introducing an
additional coefficient Π (in Pa):

µCK(P, T) = µ0(T) + C(T) ln(P + Π) . (2.19)

Some quantities are the same as with a stiffened gas EOS:

τCK(P, T) = τSG(P, T) ; αCK
p (T) = αSG

p (T) ; χCK
T (P) = χSG

T (P). (2.20)

whereas the entropy is the following:

sCK(P, T) = R
(

A ln(T) + BT +
C
2

T2 +
D
3

T3 +
E
4

T4 + G
)
− Cv(γ− 1) ln(P + Π) (2.21)

and the heat capacity depends on temperature:

CCK
p (T) = R(A + BT + CT2 + DT3 + ET4). (2.22)
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Whereas SG EOS and NASG EOS are always admissible for the model of Chapter 1 (prop-
ertys 2.3 and 2.4), the Chemkin EOS is admissible under a condition on sound speed c (2.23),
as summarized in property 2.5:

Property 2.5
The modified Chemkin EOS (2.19) is an admissible EOS ensuring the hyperbolicity of the
model from Chapter 1 if the following condition on the sound speed c = cCK(P, T) holds:

c2 = T
(

1
(γ− 1)Cv

− 1
Cp(T)

)−1

= T
Cp(T)(γ− 1)Cv

(Cp(T)− (γ− 1)Cv)
> 0 ∀(P, T > 0). (2.23)

�

Condition (2.23) leads to conditions on γ, Cv, B, C, D and E. We do not write them in a
general way for a sake of readability. However, we checked with Maple that (2.23) is fulfilled
for the set of parameters given in sections 2.3.3.3 and 2.3.4.3.

Remark 2.5 — With the Chemkin EOS (modified with Π 6= 0 or not), inverting the EOS
from the (P, T)-plane towards the (τ, e)-plane is no more explicit. Supposed that τ and e are
known, the procedure to get s(τ, e) is the following: P can be written as a function of τ and
T:

P =
Cv(γ− 1)T

τ
−Π = P(τ, T),

so that e can be rewritten as a function of τ and T only:

e = RT(A +
B
2

T +
C
3

T2 +
D
4

T3 +
E
5

T4 +
F
T
)− Cv(γ− 1)T + Πτ = e(τ, T).

Eventually, T can be deduced from τ and e by implicitely solving the previous equation (for
instance with a Newton algorithm). Then, up to an implicit resolution of e = (τ, T) to find
T, the complete EOS in (τ, e)-plane sCK(τ(P, T), e(τ, T)) can be obtained from µCK(P, T).

2.2.5 Noble-Able Chemkin stiffened gas EOS (NASG-CK)

In [BCL19], the authors proved that NASG EOS can be extended to cope with a variable
Cp depending on the temperature T: in particular, they recommend to define Cp with the
NASA polynomials, used in the Chemkin EOS.

Thus, we propose the following EOS, by gathering the main features of NASG EOS and
Chemkin EOS i.e. the introduction of a specific volume b (m3.kg−1) and a variable Cp defined
as a polynomial of T:

µNASG−CK(P, T) = µCK(P, T) + bP = µ0(T) + bP + C(T) ln(P + Π),

with : µ0(T) = RT
(

A(1− ln(T))− B
2

T − C
6

T2 − D
12

T3 − E
20

T4 +
F
T
− G

)
,

C(T) = Cv(γ− 1)T.

(2.24)
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We get:

τNASG−CK(P, T) = b +
Cv(γ− 1)T

P + Π
;

sNASG−CK(P, T) = R
(

A ln(T) + BT +
C
2

T2 +
D
3

T3 +
E
4

T4 + G
)
− Cv(γ− 1) ln(P + Π);

CNASG−CK
p (T) = R(A + BT + CT2 + DT3 + ET4);

αNASG−CK
P (P, T) =

Cv(γ− 1)
Cv(γ− 1)T + b(P + Π)

;

χNASG−CK
T (P, T) =

Cv(γ− 1)T
(P + Π)(Cv(γ− 1)T + b(P + Π))

.

(2.25)
The admissibility condition is very similar to the one obtained with Chemkin EOS (property
2.5):

Property 2.6
The Noble-Able Chemkin EOS (2.24) is an admissible EOS ensuring the hyperbolicity of the
model from Chapter 1 if the following condition on the sound speed c = c(P, T)NASG−CK

holds:

c2 =
1

Tα2
P

Cp(T)(γ− 1)Cv

(Cp(T)− (γ− 1)Cv)
> 0 ∀(P, T > 0). (2.26)

�

We checked that coefficients used in sections 2.3.3.4 and 2.3.4.4 lead to an admissible EOS.

Remark 2.6 — Inverting the NASG-CK EOS from the (P, T)-plane towards the (τ, e)-plane
requires an implicit resolution, exactly like the Chemkin EOS (see remark 2.5). �

2.2.6 Soave-Redlich-Kwong EOS (SRK)

SRK EOS belongs to the so-called cubic class of EOS [Pri08; GSP11]. Cubic EOS have been
derived from the Van der Waals EOS, defined as:

P(τ, T) =
RT

τ − b
− a

τ2 . (2.27)

The general classical form for a cubic EOS is:

P(τ, T) =
RT

τ − b
+

a(T)
(τ − br1)(τ − br2)

. (2.28)

Remark 2.7 — Other extensions of Van der Waals exist; for instance, the Jeffery-Austin EOS
[JA99], used in [Nod12], aims to take into account hydrogen bond effects with a parameter
b(T) which depends on temperature:

P(τ, T) =
α̃RT

τ(τ − λb(T))
− ã

τ2 +
RT
τ

. (2.29)
�
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EOS r1 r2 a(T) References

Van der Waals 0 0 a [JM16; Gha18; GJM19]

Redlich-Kwong (RK) 0 -1 ac
√

Tc/T [RK49]

Peng-Robinson (PR) −1−
√

2 −1 +
√

2 ac
[
1 + m

(
1−
√

T/Tc
)]2 [PR76]

Soave-Redlich-Kwong (SRK) 0 -1 ac
[
1 + m

(
1−
√

T/Tc
)]2 [Soa72; GM12]

Table 2.5 – Some examples of classical cubic EOS.

As explained in section 2.1.1, a cubic EOS is not a complete EOS; then, in general, no
explicit formula can be found for µ(P, T) (see section 2.2.6.2).

There are plenty of cubic EOS studied in the litterature, defined with various r1, r2 and
T → a(T): table 2.5 give some popular examples. Classically, a unique cubic EOS is used to
describe a fluid in the whole thermodynamical domain (without distinguishing liquid and
vapor). Even the area near the critical area is naturally managed with a cubic EOS [GJM19].

The model of Chapter 1 can handle cubic EOS with different sets of parameters for liquid
and for vapor: then, in the following, since the critical area is not considered, liquid and
vapor will be described with two different cubic EOS.

2.2.6.1 SRK EOS in (τ, T)-plane

In this study, we focus only on a particular cubic EOS, like in [GM12]: the Soave-Redlich-
Kwong equation (SRK) [Soa72]. It consists in (2.30) with r1 = 0, r2 = −1 and a particular
function for a(T) (see (2.31) below). SRK EOS reads:

P(τ, T) =
RT

τ − b
+

a(T)
τ(τ + b)

(2.30)

with

a(T) = acα(T); ac = Ωa
R2T2

c
Pc

; α(T) =

[
1 + m

(
1−

√
T
Tc

)]2

, (2.31)

b = Ωb
RTc

Pc
, (2.32)

and
m = m0 + m1ω + m2ω2, (2.33)

where ω is the acentric factor (defined for each component); ω = 0.3442920843 for water.
Classically (see [Pri08]), the values of table 2.6 are considered.

Ωa Ωb m0 m1 m2 ω

0.457235529 0.0777960739 0.37464 1.54226 −0.26992 0.3442920843

Table 2.6 – Classical dimensionless coefficients for SRK EOS
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2.2.6.2 Expressing the SRK EOS in (P, T)-plane

SRK EOS (2.30) is not a complete EOS. However, for each T, a unique τSRK can be deduced
from P by implicitely solving a cubic equation thanks to Cardan method or a Newton algo-
rithm:

τ3 + τ2
(

RT
P

)
+ τ

(
−b2 − RTb

P
+

a(T)
P

)
− a(T)b

P
= 0. (2.34)

The method is precisely described in [Pri08] (in the appendix of Chapter 3). It only requires
to know the state (liquid or vapor) of the water at the considered (P, T), which is not re-
strictive since only phasic EOS are needed here. The unicity of τSRK(P, T) is due to stability
considerations.

A quantity Φ is then written as in [GM12]:

ΦSRK(P, T) = ΦPG(P, T, Pre f , Tre f ) + Φcorr(τSRK(P, T), T, Pre f , Tre f ), (2.35)

with ΦPG the quantity obtained with a perfect gas EOS (see section 2.2.2) and Φcorr obtained
with τSRK(P, T). The reference point (Pre f , Tre f ) is needed to fix the perfect gas parameters
γ, Cv and s0 (used in ΦPG), as well as some constants in the correction Φcorr. We note:

µre f = µIAPWS(Pre f , Tre f ) ; sre f = sIAPWS(Pre f , Tre f ).

τSRK(P, T) will be sometimes denoted by τ in this section for a sake of readability. Despite
this notation, we highlight that τ is still a function of P and T. We recall from section 2.2.2
that:

µPG(P, T, Pre f , Tre f ) = CvγT − TCv ln
(
(CvT)γP1−γ

)
− Ts0(, Pre f , Tre f ), (2.36)

with
s0(Pre f , Tre f ) = Cv Tre f

(
γ− ln[(CvTre f )

γP1−γ
re f ]

)
− sre f . (2.37)

Then, SRK EOS depends in fact on 8 parameters: Ωa, Ωb, m0, m1, m2, ω, as well as on perfect
gas parameters γ and Cv.

In order to get a complete EOS, P(τ, T) is integrated with respect to −τ, to get the cor-
responding potential f (τ, T) (see section 2.1.1), by noting εre f the integration constant de-
pending on the reference point:

f corr(τ, T, Pre f , Tre f ) = RT ln
∣∣∣∣

τ

τ − b

∣∣∣∣+
∣∣∣∣
a(T)

b

∣∣∣∣ ln
∣∣∣∣

τ

τ + b

∣∣∣∣+ εre f (Pre f , Tre f )

= f̃ corr(τ, T) + εre f (Pre f , Tre f ).
(2.38)

Correction scorr is obtained by deriving − f corr(τ, T) with respect to T:

scorr(τ, T) = R ln
∣∣∣∣
τ − b

τ

∣∣∣∣−
∣∣∣∣
a′(T)

b

∣∣∣∣ ln
∣∣∣∣

τ

τ + b

∣∣∣∣ , with a′(T) =
da
dT

. (2.39)

It reads then:
µcorr(τ, T, Pre f , Tre f ) = f̃ corr(τ, T) + Pτ + εre f ,

= µ̃corr(τ, T) + εre f (Pre f , Tre f ).
(2.40)

By using the reference point:

µre f = µPG(Pre f , Tre f , Pre f , Tre f )︸ ︷︷ ︸
µPG

re f

+ µ̃corr(τSRK(Pre f , Tre f ), Tre f )︸ ︷︷ ︸
µ̃corr

re f

+εre f (Pre f , Tre f ), (2.41)
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i.e.:

εre f (Pre f , Tre f ) = µre f − µPG
re f − µ̃corr

re f . (2.42)

We finally get:

µSRK(P, T) = µPG(P, T, Pre f , Tre f ) + µcorr(τSRK(P, T) = τ, T, Pre f , Tre f ),

with : µPG(P, T, Pre f , Tre f ) = CvγT − TCv ln
(
(CvT)γP1−γ

)
− Ts0(Pre f , Tre f );

s0(Pre f , Tre f ) = Cv Tre f

(
γ− ln[(CvTre f )

γP1−γ
re f ]

)
− sre f ;

µcorr(τ, T, Pre f , Tre f ) = µ̃corr(τ, T) + εre f (Pre f , Tre f );

µ̃corr(τ, T) = RT ln
∣∣∣∣

τ

τ − b

∣∣∣∣+
∣∣∣∣
a(T)

b

∣∣∣∣ ln
∣∣∣∣

τ

τ + b

∣∣∣∣+ Pτ;

εre f (Pre f , Tre f ) = µre f − µPG
re f − µ̃corr

re f .

(2.43)

Note that sSRK(P, T) is also known thanks to (2.35) and (2.39). One can also deduce CSRK
p (P, T),

αSRK
P (P, T) and χSRK

T (P, T), thanks to
∂P
∂τ

∣∣∣∣
T

,
∂τ

∂T

∣∣∣∣
P

and
∂P
∂T

∣∣∣∣
τ

:

∂P
∂τ

∣∣∣∣
T
= −

(
RT

(τ − b)2 +
a(T)(2τ + b)

τ2(τ + b)2

)
;

∂P
∂T

∣∣∣∣
τ

=
R

τ − b
+

a′(T)
τ(τ + b)

;

∂τ

∂T

∣∣∣∣
P
=

(b− τ)(a′(T) + Rτ)

P(3τ2 − b2) + RT(2τ − b) + a(T)
;

Ccorr
v (τSRK(P, T), T) =

Ta′′(T)
b

ln
∣∣∣∣

τ

τ + b

∣∣∣∣ ; (2.44)

Ccorr
p (τSRK(P, T), T) = Ccorr

v (τSRK(P, T), T)− R− T
∂P
∂T

∣∣∣∣
2

τ

∂P
∂τ

∣∣∣∣
−1

T
; (2.45)

αcorr
P (τSRK(P, T), T) =

1
τ
× ∂τ

∂T

∣∣∣∣
P

; (2.46)

χcorr
T (τSRK(P, T), T) =

1
τ
× ∂τ

∂P

∣∣∣∣
T
=

(
τ

∂P
∂τ

∣∣∣∣
T

)−1

. (2.47)

Contrary to stiffened gas or Chemkin EOS, αSRK
P and χSRK

T depend on several SRK parame-
ters.

Remark 2.8 — We point out that, contrary to the previous EOS derived from the stiffened
gas EOS 2.2.2, the final SRK EOS in the (P, T)−plane given by µSRK(P, T) (2.43) is an implicit
EOS, because it requires to solve implicit equation (2.34). �
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2.2.6.3 Admissibility of SRK EOS

Since cubic EOS are often studied as pressure laws in (τ, T)-plane, the required convexity
constraints for the model from Chapter 1 are not classically studied. However, some ad-
missibility conditions have been exhibited in [Le +16], involving some convexity constraints
which are mandatory to get a relevant physical behavior (for instance, a correct variation of
Cp with respect to T in the supercritical domain). The authors prove that Soave α-function
(2.31) used to build the SRK EOS is admissible for all components (in the usual temperature
range). Moreover, in [GM12], it has been shown that, under some technical conditions, µ is
concave with respect to P.

Nevertheless, we did not study the concavity constraints for SRK EOS in a general way.
Indeed, the sign of c2 is hard to determine analytically from the formula obtained with (2.1).
Similarly, the concavity of µSRK with respect to (P, T) is not obvious, since the expressions
for:

∂τSRK

∂T

∣∣∣∣
P

and
∂τSRK

∂P

∣∣∣∣
T

are not simple. For the particular parameters used in section 2.3.3.5 and 2.3.4.5 (optimized
or not), c2 has been computed with (2.1): c2 is always positive, in the liquid as well as in the
vapor case.

2.2.6.4 Remarks on more complex cubic EOS

Note that cubic EOS are mainly used in the industry for oils and unpolar components. For
polar fluids, like water, more complex cubic EOS exist, like translated Soave-Redlich-Kwong
equation [PRF82], Cubic-Plus-Association (CPA) EOS [Kon+06] or the Perturbed-Chain Sta-
tistical Associating Fluid Theory (PC-SAFT) EOS [GS01]. A recent comparison of previous
EOS for pure water can be found in [Sey19]: some limitations of CPA EOS and PC-SAFT EOS
appear near the critical regions and translated Peng-Robinson EOS is particularly recom-
manded by the author.

Unfortunately, the previous EOS are incomplete EOS, given as P(τ, T): solving a more
complex equation than (2.34) is required to invert it towards the (P, T)-plane. Moreover,
studying the concavity of such as EOS is tricky, like for the SRK EOS (section 2.2.6.3). They
are thus not been investigated in the sequel.
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2.3 Accuracy of classical EOS compared with IAPWS-97

2.3.1 General approach

In this part, the following classical EOS are studied on large (P, T)-domains (P ∈ [0.1 bar, P23min =
165.29164252605 bar] and T ∈ [273.15 K, T23min = 623.15 K]):

• the stiffened gas EOS (section 2.2.2), denoted by SG EOS in the following;

• the Noble-Able stiffened gas EOS (section 2.2.3), denoted by NASG EOS;

• the Chemkin EOS (section 2.2.4), denoted by CK EOS;

• the Soave-Redlich-Kwong EOS (section 2.2.6.2), denoted by SRK EOS.

A liquid domain is studied in subsection 2.3.3 whereas a vapor domain is studied in subsec-
tion 2.3.4. On each (P, T)-domain, for a tested EOS, the following quantities are computed
and compared with corresponding data obtained with IAPWS-97 taken as a reference:

• µEOS;

• its first derivatives (with respect to P and T): τEOS and sEOS;

• its second derivatives (with respect to P and T): CEOS
p , αEOS

P and χEOS
T .

Each EOS has been tested:

• with the classical parameters that are mainly used in the litterature;

• with parameters obtained after an optimization procedure, explained in section 2.3.2.

Assessing the accuracy of an EOS is not an easy task since various criteria are possible,
depending on the targeted applications. Recalling the definition of the relative error errφ for
a quantity φ:

errφ =

∣∣∣∣
φEOS − φIAPWS

φIAPWS

∣∣∣∣ ,

we chose the following (subjective) indicators:

• the mean, minimal and maximal relative error for each quantity;

• the percentage of the physical domain where the relative error is smaller than 5% for
each quantity;

• the percentage of the physical domain where the relative error is smaller than 5% for
the three quantities µ, τ, Cp at the same time;

• error maps for each quantity, showing the relative error at each point (P, T), with an
error limited by a ceiling of 10%: as soon as a point has its color corresponding to the
maximal value of 10%, it means that the relative error at this point is at least equal to
10% (but it can be much more in fact).
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2.3.2 Optimization of an EOS

The following objective function CEOS has been chosen to optimize the parameters of each
EOS:

CEOS =
‖µIAPWS − µEOS‖2

‖µIAPWS‖2
+
‖τ IAPWS − τEOS‖2

‖τ IAPWS‖2
+
‖CIAPWS

p − CEOS
p ‖2

‖CIAPWS
p ‖2

, (2.48)

where ∀x ∈ Rn, ‖x‖2 =
n
∑

i=1

√
|xi|2 with n the number of data in the domain.

Some preliminary tests showed that it was very difficult to improve the accuracy of all
the quantities at the same time (see [Qui+19]): then, we focus ourselves on µ (the potential
from which all the other quantities will be deduced), τ (a key property to correctly repro-
duce water physical behavior) and Cp (which is often used to experimentally characterize
a fluid, see [Ban15]). This is obviouly a subjective choice and another choice could lead to
different results.

The optimization problem is ill-conditioned. It naturally depends on the initial point
(classical parameters from litterature have been chosen) and convergence is very hard to
obtain. Nelder-Mead algorithm from Optimlib library [OHa18] has been used to solve the
optimization problem (2.48) (gradient algorithms have also been tested, but they were not
stable enough).

2.3.3 Liquid domain

2.3.3.1 Liquid Stiffened Gas EOS (SG)

SG EOS is studied:

• with coefficients obtained by the empirical method described in appendix 2.A (called
initial SG in the following);

• with coefficients obtained thanks to the optimization procedure of section 2.3.2 (called
optimized SG in the following).

Both coefficients sets are given in table 2.7.

Coefficients Initial liquid SG Optimized liquid SG

γ (dimensionless) 2.20450088490914 1.39864082368510

Cv (JK−1kg−1) 1.94652267829233e+03 3.19641035947920e+03

Q (Jkg−1) -1.24518858183585e+06 -1.24606074764184e+06

Π (Pa) 9.08244451055483e+08 4.79690712132593e+08

k (JK−1kg−1) 2.42646239964186e+04 3.07594603384284e+02

Table 2.7 – Coefficients for the initial and the optimized SG EOS for liquid. Initial SG is fitted
by the empirical method proposed in [Dau+14] (recalled in appendix 2.A), with the
following reference point: Pre f

liq = 80bar, Tre f
liq = 425K.

As far as the initial SG is concerned, fitted by the method proposed in [Dau+14], accuracy
is high around the reference point for µ, τ, s and Cp. In details, the relative error is less than
2%:
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• in a very large domain for µ and s; this is the case for any pressure since T >' 300K
(figures 2.6 and 2.10).

• around two temperatures T ' 425K and T ' 600K for τ (figure 3.3).

• around T ' 425K for Cp, with an acceptable error at low temperatures and a high error
since T >' 500K (figure 2.12).

At the end of the day, the domain of high accuracy for all the main quantities of our study
µ, τ and Cp is restricted to a limited area P× (T ∈ [425K± 25K]).

Moreover, it should be noticed that the empirical method is very satisfying, since the
optimization does not improve significantly the accuracy: indeed, results for optimized SG
are very similar to those obtained for the intial SG (figures 2.7, 2.9, 2.11 and 2.13). In details,
the optimization decreases the maximal relative errors on µ, by slightly deteriorating the
other indicators (see table 2.8). General accuracy seems decreased on Cp (figure 2.13), but
improved on τ (figure 2.9).

Note that αP is independent from SG coefficients while χT only depends on Π (2.7): αP
and χT are both badly estimated on the whole domain (table 2.8 and figures 2.14, 2.15 ).

Figure 2.6 – Relative error on µ compared with
IAPWS-97, initial liquid SG, with error
saturation at 10%.

Figure 2.7 – Relative error on µ compared with
IAPWS-97, optimized liquid SG, with
error saturation at 10%.
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Figure 2.8 – Relative error on τ compared with
IAPWS-97, initial liquid SG, with error
saturation at 10%.

Figure 2.9 – Relative error on τ compared with
IAPWS-97, optimized liquid SG, with
error saturation at 10%.

Figure 2.10 – Relative error on s compared with
IAPWS-97, initial liquid SG, with error
saturation at 10%.

Figure 2.11 – Relative error on s compared with
IAPWS-97, optimized liquid SG, with
error saturation at 10%.
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Figure 2.12 – Relative error on Cp compared with
IAPWS-97, initial liquid SG, with error
saturation at 10%.

Figure 2.13 – Relative error on Cp compared with
IAPWS-97, optimized liquid SG, with
error saturation at 10%.

Figure 2.14 – Relative error on αP compared with IAPWS-97, initial and optimized liquid SG,
with error saturation at 10%.
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Figure 2.15 – Relative error on χT compared with IAPWS-97, initial and optimized liquid SG,
with error saturation at 10%.
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Indicators (%) Initial liquid SG Optimized liquid SG

Mean relative errors on µ 40 38

on τ 9.6 9.7

on s ' 260 ' 730

on Cp 5.6 7.0

on αP ' 103 ' 103

on χT 89 230

Min relative errors on µ ' 10−8 ' 10−7

on τ ' 10−6 ' 10−7

on s ' 10−7 ' 10−7

on Cp ' 10−6 ' 10−6

on αP ' 10−4 ' 10−4

on χT ' 10−6 ' 10−5

Max relative errors on µ ' 108 ' 107

on τ 30 29

on s ' 108 ' 108

on Cp 56 55

on αP ' 109 ' 109

on χT 160 377

% of domain with err < 5% on µ 81 82

on τ 31 26

on s 84 78

on Cp 73 33

on αP 2.7 2.7

on χT 3 1.4

on µ, τ and Cp 26 13

Table 2.8 – Accuracy indicators for the liquid SG EOS, with both initial and optimized param-
eters.
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2.3.3.2 Liquid Noble-Able Stiffened Gas EOS (NASG)

NASG EOS is studied:

• with coefficients γ, Cv, Q and Π given in [BCL19] and k deduced from the reference
point data (Pre f

liq = 80bar, Tre f
liq = 425K) with (2.9) (called initial NASG in the following);

• with coefficients obtained thanks to the optimization procedure of section 2.3.2 (called
optimized NASG in the following).

Both coefficients sets are given in table 2.9.

Coefficients Initial liquid NASG Optimized liquid NASG

γ (dimensionless) 1.012 1.80452283793987

Cv (JK−1kg−1) 4.13537549407115e+03 2.47901143763817e+03

Q (Jkg−1) -1.143e+06 -1.25154193237972e+06

Π (Pa) 1.835e+08 1.50951138020921e+09

k (JK−1kg−1) -2.25336776626839e+04 1.69603596995375e+04

b (m3kg−1) 9.203e-04 5.66354041434956e-04

Table 2.9 – Coefficients for the initial and the optimized NASG EOS, for vapor. Initial NASG
coefficients are those given in [BCL19] with a k deduced from the reference point
data (Pre f

liq = 80bar, Tre f
liq = 425K) thanks to (2.9).

Results are very similar to SG EOS (see 2.3.3.1). Compared with SG EOS, a great im-
provement is obtained on τ, particularly for the optimized parameter (figures 2.18 and 2.19).
The initial NASG EOS has a remarkable accuracy on µ and s (figures 2.16 and 2.20), deterio-
rated by the optimization (figures 2.17 and 2.21): a correct µ does not ensure that derivative
quantities are correctly estimated (see table 2.10). Initial NASG Cp is correct only at low
temperatures (figure 2.22) but optimized Cp is very closed to the SG case (figure 2.23).

Accuracy on αP is similar as in the SG case and accuracy on χT is quite improved for the
initial NASG (figure 2.25) but very low for the optimized NASG (figure 2.24; see also tables
2.8 and 2.10).
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Figure 2.16 – Relative error on µ compared with
IAPWS-97, initial liquid NASG, with
error saturation at 10%.

Figure 2.17 – Relative error on µ compared with
IAPWS-97, optimized liquid NASG,
with error saturation at 10%.

Figure 2.18 – Relative error on τ compared with
IAPWS-97, initial liquid NASG, with
error saturation at 10%.

Figure 2.19 – Relative error on τ compared with
IAPWS-97, optimized liquid NASG,
with error saturation at 10%.
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Figure 2.20 – Relative error on s compared with
IAPWS-97, initial liquid NASG, with
error saturation at 10%.

Figure 2.21 – Relative error on s compared with
IAPWS-97, optimized liquid NASG,
with error saturation at 10%.

Figure 2.22 – Relative error on Cp compared with
IAPWS-97, initial liquid NASG, with
error saturation at 10%.

Figure 2.23 – Relative error on Cp compared with
IAPWS-97, optimized liquid NASG fit-
ted by the empirical method, with error
saturation at 10%.
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Figure 2.24 – Relative error on χT , NASG. Figure 2.25 – Relative error on χT , optimized NASG.
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Indicators (%) Initial liquid NASG Optimized liquid NASG

Mean relative errors on µ 3.9 43

on τ 7.2 2.9

on s 8.0 ' 800

on Cp 5.8 7.0

on αP ' 220 ' 940

on χT 23 52

Min relative errors on µ ' 10−8 ' 10−7

on τ 0.14 ' 10−6

on s ' 10−7 ' 10−7

on Cp ' 10−7 ' 10−6

on αP ' 10−4 ' 10−4

on χT ' 10−5 32

Max relative errors on µ ' 106 ' 107

on τ 37 20

on s ' 106 ' 108

on Cp 57 55

on αP ' 108 ' 108

on χT 95 98

% of domain with err < 5% on µ 96 84

on τ 52 89

on s 96 78

on Cp 66 33

on αP 0.99 4.9

on χT 28 0

on µ, τ and Cp 48 33

Table 2.10 – Accuracy indicators for the liquid NASG EOS, with both initial and optimized
parameters.
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2.3.3.3 Liquid Chemkin EOS (CK)

In this subsection, only optimized parameters for the modified Chemkin equation (2.19) are
considered; they are given in table 2.11.

Coefficients Optimized liquid Chemkin

A (dimensionless) 3.45262684832630e1

B (K−1) -2.97925617792003e-01

C (K−2) 1.27354545821528e-03

D (K−3) -2.37411260099135e-06

E (K−4) 1.64275937362773e-09

F (K) -1.91283283309239e+06/R

G (dimensionless) -5.77209630046415e+04/R

γ (dimensionless) 2.07761293279293

Cv (JK−1kg−1) 4.69457754849707e+02

Π (Pa) 1.84780882484325e8

Table 2.11 – Optimized oefficients for Chemkin EOS (2.19), for liquid.

Chemkin EOS indicators are very similar to SG EOS, except that accuracy on Cp is far
greater with Chemkin EOS (see table 2.12). Indeed, contrary to SG and NASG EOS for which
Cp is constant, it depends on temperature with this EOS; a great improvement is obtained
compared with SG and NASG EOS (see figure 2.29 compared with 2.13 or 2.23). In details,
µ and s are accurate since T >' 350K (see figures 2.26 and 2.28). High accuracy on τ areas
are still restricted to two limited areas (figures 2.27), slightly different from SG and NASG
EOS (see figures 2.9 and 2.19). Note that αP and χT are the same as SG EOS.

Figure 2.26 – Relative error on µ compared with IAPWS-97, optimized liquid Chemkin EOS
with error saturation at 10%.
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Figure 2.27 – Relative error on τ compared with IAPWS-97, optimized liquid Chemkin EOS,
with error saturation at 10%.

Figure 2.28 – Relative error on s compared with IAPWS-97, optimized liquid Chemkin EOS,
with error saturation at 10%.
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Figure 2.29 – Relative error on Cp compared with IAPWS-97, optimized liquid Chemkin EOS,
with error saturation at 10%.
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Indicators (%) Optimized liquid CK

Mean relative errors on µ 33

on τ 9.5

on s ' 130

on Cp 0.95

on χT 95

Min relative errors on µ ' 10−7

on τ ' 10−5

on s ' 10−7

on Cp ' 10−7

on χT 91

Max relative errors on µ ' 107

on τ 31

on s ' 108

on Cp 23

on χT 100

% of domain with err < 5% on µ 83

on τ 27

on s 95

on Cp 99

on χT 0

on µ, τ and Cp 27

Table 2.12 – Accuracy indicators for the liquid Chemkin EOS, with optimized parameters.
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2.3.3.4 Liquid Noble-Able Chemkin EOS (NASG-CK)

Optimized parameters for the Noble-Able Chemkin stiffened gas equation proposed in sec-
tion 2.2.5 are considered; they are given in table 2.13.

Coefficients Optimized liquid NASG-CK

A (dimensionless) 4.69738865636393e+01

B (K−1) -4.19269571479452e-01

C (K−2) 1.70702143968620e-03

D (K−3) -3.04805662517983e-06

E (K−4) 2.02814588067819e-09

F (K) -2.37769132621474e+06/R

G (dimensionless) -5.54317321673174e+04/R

γ (dimensionless) 3.27113568773712

Cv (JK−1kg−1) 7.24509640448929e+02

Π (Pa) 1.24425779880749e+09

b (m3kg−1) 5.66559849022606e-04

Table 2.13 – Optimized oefficients for Noble-Able Chemkin EOS (2.24), for liquid.

A very satisfying accuracy is obtained on µ, τ, Cp but also on s (figure 2.32), even if the
optimization problem (2.48) does not take entropy into account (see table 2.14). As with the
Chemkin EOS, Cp is admissible on 99% of the domain (figure 2.33); as with the optimized
NASG EOS, τ is admissible on 89% of the domain (figure 2.31); but in addition, NASG-CK
EOS enables to obtain a very high accuracy on µ, on about 96% of the domain (figure 2.30).
Eventually, the NASG-EOS is accurate on µ, τ and Cp at the same time on about 86% of the
liquid domain.
Note that αP and χT are badly estimated with NASG-CK EOS.

102



Figure 2.30 – Relative error on µ compared with IAPWS-97, optimized liquid Noble-Able
Chemkin stiffened gas EOS with error saturation at 10%.

Figure 2.31 – Relative error on τ compared with IAPWS-97, optimized liquid Noble-Able
Chemkin stiffened gas EOS, with error saturation at 10%.
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Figure 2.32 – Relative error on s compared with IAPWS-97, optimized liquid Noble-Able
Chemkin stiffened gas EOS, with error saturation at 10%.

Figure 2.33 – Relative error on Cp compared with IAPWS-97, optimized liquid Noble-Able
Chemkin stiffened gas EOS, with error saturation at 10%.
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Indicators (%) Optimized liquid NASG-CK

Mean relative errors on µ 5.9

on τ 2.9

on s 75

on Cp 0.87

on αP ' 100

on χT 53

Min relative errors on µ ' 10−7

on τ ' 10−6

on s ' 10−7

on Cp ' 10−6

on αP ' 10−1

on χT ' 10−5

Max relative errors on µ ' 106

on τ 20

on s ' 107

on Cp 22

on αP ' 104

on χT 95

% of domain with err < 5% on µ 96

on τ 89

on s 97

28 on Cp 99

on αP ' 10−3

on χT 4.2

on µ, τ and Cp 86

Table 2.14 – Accuracy indicators for the liquid Noble-Able Chemkin stiffened gas EOS, with
optimized parameters.
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2.3.3.5 Liquid Soave-Redlich-Kwong EOS (SRK)

SRK EOS is studied:

• with γ and Cv obtained with the empirical SG fitting (see 2.3.3.1) and classical coeffi-
cients given in [Pri08]; to integrate some quantities, a reference point is needed, taken
as Pre f

liq = 80bar, Tre f
liq = 425K (see 2.2.6.2); SRK EOS with this set of parameters is called

initial SRK in the following.

• with coefficients obtained thanks to the optimization procedure of section 2.3.2 (called
optimized SRK in the following).

Both coefficients sets are given in table 2.15.

Coefficients Initial liquid SRK Optimized liquid SRK

γ (dimensionless) 2.23273707660698 1.00450055505059

Cv (JK−1kg−1) 1.94360776781292e+03 4.19371448164003e+03

Ωa (dimensionless) 0.457235529 5.56971997249541e-01

Ωb (dimensionless) 0.0777960739 7.04917289276856e-02

m0 (JK−1kg−1) 0.3764 -3.35784103255686e-01

m1 (m3kg−1) 1.54226 4.36549985666770e+00

m2 (m3kg−1) -0.26992 -6.59827142323528e-01

ω (m3kg−1) 0.3442920843 -1.54151967373626e-03

Table 2.15 – Coefficients for the initial and the optimized SRK EOS, for liquid, with the follow-
ing reference point: Pre f

liq = 80bar, Tre f
liq = 425K. Initial SRK EOS coefficients are

those given in [Pri08], except for γ and Cv taken equal to those obtained with the
empirical method to fit a SG (see 2.3.3.1).

Very different behiavors are observed with SRK EOS compared with previous EOS. Ac-
curacy for initial parameters is not satisfying for all quantities (figures 2.34, 2.36, 2.38, 2.40,
2.42).

Optimization improves accuracy, except for s, whose minimal relative error is consider-
ably increased (see table 2.16). In details:

• accuracy on µ is correct on around half the domain, with an optimal accuracy at high
temperature and pressure (figure 2.35);

• high accuracy is obtained on τ around T ' 550K (figure 2.37);

• accuracy on Cp is very similar to SG and NASG case, with a low relative error around
T = 475K with a maximal error for T >' 550K (figure 2.41).

Then, accuracy areas are very different for Cp and the other quantities, so that the accurate
domain for µ, τ and Cp is very reduced (only 2.9 % of the domain for the optimized param-
eters, see table 2.16).
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Figure 2.34 – Relative error on µ compared with
IAPWS-97, initial liquid SRK with er-
ror saturation at 10%.

Figure 2.35 – Relative error on µ compared with
IAPWS-97, optimized liquid SRK with
error saturation at 10%.

Figure 2.36 – Relative error on τ compared with
IAPWS-97, initial liquid SRK, with er-
ror saturation at 10%.

Figure 2.37 – Relative error on τ compared with
IAPWS-97, optimized liquid SRK, with
error saturation at 10%.
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Figure 2.38 – Relative error on s compared with
IAPWS-97, initial liquid SRK, with er-
ror saturation at 10%.

Figure 2.39 – Relative error on s compared with
IAPWS-97, optimized liquid SRK, with
error saturation at 10%.

Figure 2.40 – Relative error on Cp compared with
IAPWS-97, initial liquid SRK, with er-
ror saturation at 10%.

Figure 2.41 – Relative error on Cp compared with
IAPWS-97, optimized liquid SRK, with
error saturation at 10%.
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Figure 2.42 – Relative error on αP compared with
IAPWS-97, initial liquid SRK, with er-
ror saturation at 10%.

Figure 2.43 – Relative error on αP compared with
IAPWS-97, optimized liquid SRK, with
error saturation at 10%.
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Indicators (%) SRK ini liquid SRK opt liquid

Mean relative errors on µ ' 104 ' 780

on τ 23 11

on s ' 104 ' 104

on Cp 17 6.5

on αP ' 2500 ' 2300

on χT ' 104 ' 104

Min relative errors on µ ' 10−4 ' 10−6

on τ 2.9 ' 10−5

on s ' 10−5 16

on Cp ' 10−6 ' 10−5

on αP ' 10−5 ' 10−5

on χT 290 290

Max relative errors on µ ' 109 ' 108

on τ ' 103 ' 860

on s ' 1010 ' 1010

on Cp ' 150 ' 380

on αP ' 109 ' 109

on χT ' 107 ' 107

% of domain with err < 5% on µ 0.6 26

on τ ' 10−1 15

on s 5 0

on Cp 24 35

on αP 2.4 2.9

on χT 0 0

on µ, τ and Cp 0 2.9

Table 2.16 – Accuracy indicators for the vapor SRK EOS, with both initial and optimized pa-
rameters.
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2.3.3.6 Conclusions for liquid

Table 2.17 sums up which phasic EOS is the most accurate to represent liquid water for each
indicator of tables 2.8, 2.10, 2.12, 2.16.

Generally, among classical EOS, NASG EOS is the most accurate, except on Cp, for which
Chemkin EOS is the best EOS, thanks to the dependance of Cp on temperature. The NASG-
CK EOS is then the best compromise for the liquid, because it gathers the best features of
NASG EOS and Chemkin EOS: the common accurate area for µ, τ and Cp represents 86% of
the domain.

SRK EOS is in general less accurate, except at high temperature and high pressure.
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Indicators (%) Best EOS, liquid

Mean relative errors on µ NASG ini (3.9)

on τ NASG opt, NASG-CK (2.9)

on s NASG ini (8.0)

on Cp CK (0.95)

on αP SG, CK (6.4)

on χT SRK opt (5.4)

Min relative errors on µ SG, NASG ini (' 10−8)

on τ SG, SG opt (' 10−7)

on s SG, NASG, CK (' 10−7)

on Cp NASG, CK (' 10−7)

on αP SRK opt (' 10−6)

on χT SRK (' 10−2)

Max relative errors on µ NASG ini (' 106)

on τ NASG ini (20)

on s NASG ini (' 106)

on Cp CK (23)

on αP SG, CK (32)

on χT SRK opt (13)

% of domain with err < 5% on µ NASG ini, NASG-CK (96)

on τ NASG opt, NASG-CK (89)

on s NASG-CK (97)

on Cp CK, NASG-CK (99)

on αP SRK opt (52)

on χT SRK (43)

on µ, τ and Cp NASG-CK (86)

Table 2.17 – Best EOS for each indicator, for liquid.
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2.3.4 Vapor domain

2.3.4.1 Vapor SG

Table 2.18 give parameters of the initial SG fitted by the empirical method thanks to the
reference point Pre f

vap = 50bar, Tre f
vap = 575K (see appendix 2.A) and of the optimized SG.

Coefficients Initial vapor SG Optimized vapor SG

γ (dimensionless) 1.16176683761838 1.15442237458290

Cv (JK−1kg−1) 2.70353894998533e+03 2.91668522329726e+03

Q (Jkg−1) 1.12547355921412e+06 1.25942536895827e+06

Π (Pa) 5.13028308898286e+05 -3.24993579473092e+02

k (JK−1kg−1) -6.94850802425439e+03 -7.77026092439033e+03

Table 2.18 – Coefficients for the initial and optimized SG EOS for vapor. Initial SG is fitted by
the empirical method with the following reference point: Pre f

vap = 50bar, Tre f
vap =

575K.

For the initial SG, accuracy is high around the reference for µ, τ, s and Cp, but this accu-
rate area can be wide or restricted, depending on considered quantity:

• it represents almost the whole domain for µ and s; except when P <' 10bar or P >'
110bar (figures 2.44 and 2.48).

• accurate area is focused on the vicinity of a pressure P ' 50bar for τ and Cp, with a
more restricted accurate area for Cp (figures 2.46 and 2.50).

At the end of the day, the domain of high accuracy for the main quantities of our study µ, τ
and Cp is very restricted, even more than in the liquid case (6.5% of the domain in the vapor
case versus 26% of the domain in the liquid case; see table 2.19 VS table 2.8).

Optimization improves accuracy on µ and τ by decreasing accuracy on Cp (figures 2.45,
2.47, and 2.51). Unfortunately, optimization improves accuracy on τ only at low pressures,
which explains that we do not observe high accuracy on the three quantities µ, τ and Cp at
the same time for the optimized SG (table 2.19). Accuracy on s is smaller for the optimized
SG (figure 2.49).

Accuracy on αP and χT is very low (figure 2.52 and table 2.19) and correct only at low
pressure (figures 2.52 and 2.53).
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Figure 2.44 – Relative error on µ compared with
IAPWS-97, initial vapor SG, with error
saturation at 10%.

Figure 2.45 – Relative error on µ compared with
IAPWS-97, optimized vapor SG, with
error saturation at 10%.

Figure 2.46 – Relative error on τ compared with
IAPWS-97, initial vapor SG, with error
saturation at 10%.

Figure 2.47 – Relative error on τ compared with
IAPWS-97, optimized vapor SG, with
error saturation at 10%.
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Figure 2.48 – Relative error on s compared with
IAPWS-97, initial vapor SG, with error
saturation at 10%.

Figure 2.49 – Relative error on s compared with
IAPWS-97, optimized vapor SG, with
error saturation at 10%.

Figure 2.50 – Relative error on Cp compared with
IAPWS-97, initial vapor SG, with error
saturation at 10%.

Figure 2.51 – Relative error on Cp compared with
IAPWS-97, optimized vapor SG, with
error saturation at 10%.
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Figure 2.52 – Relative error on αP compared with IAPWS-97, initial and optimized vapor SG,
with error saturation at 10%.

Figure 2.53 – Relative error on χT compared with IAPWS-97, optimized vapor SG, with error
saturation at 10%.
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Indicators (%) Initial vapor SG Optimized vapor SG

Mean relative errors on µ 6.1 1.8

on τ 24 14

on s 4.5 6.9

on Cp 30 34

on αP 38

on χT 33 16

Min relative errors on µ ' 10−7 ' 10−5

on τ ' 10−6 ' 10−6

on s ' 10−7 ' 10−6

on Cp ' 10−4 ' 10−4

on αP ' 10−1 ' 10−1

on χT 17 ' 10−7

Max relative errors on µ ' 103 ' 290

on τ 98 92

on s 34 23

on Cp 81 79

on αP 93 93

on χT 98 72

% of domain with err < 5% on µ 76 95

on τ 16 36

on s 66 37

on Cp 86 78

on αP 7.5 7.5

on χT 0 26

on µ, τ and Cp 6.5 0

Table 2.19 – Accuracy indicators for the vapor SG EOS, with both initial and optimized param-
eters.
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2.3.4.2 Vapor NASG

Table 2.20 give parameters of the initial NASG given in [BCL19] and of the optimized NASG.

Coefficients Initial vapor NASG Optimized vapor NASG

γ 1.328 1.15860489841012

Cv (JK−1kg−1) 1.43674698795181e+03 2.90590222942452e+03

Q (Jkg−1) -1.957e+06 1.17523493288959e+06

π (Pa) 0 1.61451609216469e2

k (JK−1kg−1) -5.22768268008043e+03 -7.81112365825407e+03

b (m3kg−1) 0 -6.21629353832523e-03

Table 2.20 – Coefficients for the initial and optimized NASG EOS, for vapor. Initial NASG
coefficients are those given in [BCL19] with a k deduced from the reference point
data (Pre f

vap = 50bar, Tre f
vap = 575K) thanks to (2.9).

Contrary to the liquid case (see section 2.3.3.2), initial NASG coefficients lead to gener-
ally unaccurate results (figures 2.54, 2.56, 2.58 and 2.60).

Optimization enables a great improvement compared with initial NASG coefficients.
Compared with optimized vapor SG EOS (see section 2.3.4.1), accuracy is improved on µ, τ,
s (figures 2.55, 2.57, 2.59 versus figures 2.45, 2.47, 2.49), as well as on αP and χT (table 2.19 VS
figures 2.63 and 2.65). For Cp, results are similar to SG case (figure 2.61). At the end of the
day, the same limitation appears as in the SG case: area with a high accuracy for the three
quantities µ, τ and Cp is very limited.

Figure 2.54 – Relative error on µ compared with
IAPWS-97, initial vapor NASG, with
error saturation at 10%.

Figure 2.55 – Relative error on µ compared with
IAPWS-97, optimized vapor NASG,
with error saturation at 10%.
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Figure 2.56 – Relative error on τ compared with
IAPWS-97, initial vapor NASG, with
error saturation at 10%.

Figure 2.57 – Relative error on τ compared with
IAPWS-97, optimized vapor NASG,
with error saturation at 10%.

Figure 2.58 – Relative error on s compared with
IAPWS-97, initial vapor NASG, with
error saturation at 10%.

Figure 2.59 – Relative error on s compared with
IAPWS-97, optimized vapor NASG,
with error saturation at 10%.
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Figure 2.60 – Relative error on Cp compared with
IAPWS-97, initial vapor NASG, with
error saturation at 10%.

Figure 2.61 – Relative error on Cp compared with
IAPWS-97, optimized vapor NASG fit-
ted by the empirical method, with error
saturation at 10%.

Figure 2.62 – Relative error on αP compared with
IAPWS-97, initial vapor NASG, with
error saturation at 10%.

Figure 2.63 – Relative error on αP compared with
IAPWS-97, optimized vapor NASH,
with error saturation at 10%.
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Figure 2.64 – Relative error on χT compared with
IAPWS-97, initial vapor NASG, with
error saturation at 10%.

Figure 2.65 – Relative error on χT compared with
IAPWS-97, optimized vapor NASG,
with error saturation at 10%.
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Indicators (%) Initial vapor NASG Optimized vapor NASG

Mean relative errors on µ 54 1.0

on τ 19 3.2

on s ' 100 4.3

on Cp 34 34

on αP 32 7.7

on χT 7.1 6.8

Min relative errors on µ ' 10−4 ' 10−6

on τ 2.1 ' 10−6

on s 72 ' 10−6

on Cp ' 10−4 ' 10−5

on αP ' 10−2 ' 10−5

on χT ' 10−6 ' 10−6

Max relative errors on µ ' 104 ' 500

on τ ' 102 26

on s ' 102 19

on Cp 88 79

on αP 89 69

on χT 57 56

% of domain with err < 5% on µ 88 98

on τ 16 77

on s 0 67

on Cp 2.7 7.6

on αP 9.5 40

on χT 58 59

on µ, τ and Cp ' 0 5.6

Table 2.21 – Accuracy indicators for the vapor NASG EOS, with both initial and optimized
parameters.
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2.3.4.3 Vapor CK

Optimized parameters for the modified Chemkin equation (2.2.4) are given in table 2.22.

Coefficients Optimized Chemkin

A (dimensionless) -9.31481046562792

B (K−1) 2.73164127264464e-02

C (K−2) 2.09031875563400e-04

D (K−3) -7.43079557985475e-07

E (K−4) 6.66991176623741e-10

F (K) 2.94210286709953e+06/R

G (dimensionless) 3.10175006317838e+04/R

γ (dimensionless) 1.05234866922037

Cv (JK−1kg−1) 8.60791352097043e+03

Π (Pa) -3.14865364846976e+02

Table 2.22 – Optimized oefficients for Chemkin EOS (2.19) for vapor.

Results (see table 2.23) are very closed to those obtained with the optimized SG EOS
(section 2.3.4.1): the relative errors are small on the whole domain for µ (figure 2.66)and
accuracy is limited to pressures P <' 10bar for τ and s (figures 2.67 and 2.68). Even if Cp
depends on T, no significant improvement is observed with Chemkin EOS, contrary to the
liquid case (figure 2.69 versus figure 2.29).

Figure 2.66 – Relative error on µ compared with IAPWS-97, optimized vapor Chemkin EOS with
error saturation at 10%.
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Figure 2.67 – Relative error on τ compared with IAPWS-97, optimized vapor Chemkin EOS,
with error saturation at 10%.

Figure 2.68 – Relative error on s compared with IAPWS-97, optimized Chemkin EOS, with error
saturation at 10%.

124



Figure 2.69 – Relative error on Cp compared with IAPWS-97, optimized Chemkin EOS, with
error saturation at 10%.
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Indicators (%) Optimized vapor Chemkin

Mean relative errors on µ 1.7

on τ 14

on s 6.4

on Cp 31

on χT 16

Min relative errors on µ ' 10−6

on τ ' 10−6

on s ' 10−5

on Cp ' 10−4

on χT ' 10−5

Max relative errors on µ 7.0

on τ 92

on s 23

on Cp ' 69

on χT 72

% of domain with err < 5% on µ 96

on τ 37

on s 44

on Cp 11

on χT 26

on µ, τ and Cp 3.25

Table 2.23 – Error for the Chemkin EOS with optimized coefficients, recalled in table 2.22.
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2.3.4.4 Vapor NASG-CK

Optimized parameters for the NASG-EOS proposed in section 2.2.3 are considered; they are
given in table 2.24.

Coefficients Optimized vapor NASG-CK

A (dimensionless) -1.02168660306695e+01

B (K−1) -3.47403599702201e-03

C (K−2) 4.04096035980686e-04

D (K−3) -1.12256098751702e-06

E (K−4) 9.07044783334605e-10

F (K) 3.13280017149795e+06/R

G (dimensionless) 3.49591079247605e+04/R

γ (dimensionless) 1.09330718407512

Cv (JK−1kg−1) 4.92989464911892e+03

Π (Pa) -3.94806192254752e+01

b (m3kg−1) -6.21098438524367e-03

Table 2.24 – Optimized oefficients for Noble-Able Chemkin EOS (2.24), for vapor.

NASG-CK EOS does not significantly improve NASG EOS results for vapor on µ (figures
2.70 VS 2.55), τ (figures 2.71 VS 2.57) or s (figures 2.72 VS 2.59). However, the common
accurate area for µ, τ and Cp is improved for NASG-CK: it is about 10% of the vapor domain
(table 2.25), whereas it reaches 5% for NASG and 3.25 for Chemkin. It stays limited because
the restricted accurate area on Cp, very similar as the one obtained with the Chemkin EOS
(figures 2.73 VS 2.61).
Like in the liquid case, αP and χT are badly estimated with NASG-CK EOS (table 2.25).

Figure 2.70 – Relative error on µ compared with IAPWS-97, optimized vapor Noble-Able
Chemkin stiffened gas EOS with error saturation at 10%.
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Figure 2.71 – Relative error on τ compared with IAPWS-97, optimized vapor Noble-Able
Chemkin stiffened gas EOS, with error saturation at 10%.

Figure 2.72 – Relative error on s compared with IAPWS-97, optimized vapor Noble-Able
Chemkin stiffened gas EOS, with error saturation at 10%.
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Figure 2.73 – Relative error on Cp compared with IAPWS-97, optimized vapor Noble-Able
Chemkin stiffened gas EOS, with error saturation at 10%.
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Indicators (%) Optimized liquid NASG-CK

Mean relative errors on µ 0.18

on τ 0.74

on s 0.9

on Cp 7.3

on αP 24

on χT ' 105

Min relative errors on µ ' 10−6

on τ ' 10−6

on s ' 10−6

on Cp ' 10−5

on αP 93

on χT ' 103

Max relative errors on µ ' 210

on τ 26

on s 18

on Cp ' 120

on αP ' 100

on χT ' 106

% of domain with err < 5% on µ 24

on τ 18

on s 17

on Cp 2.6

on αP 0

on χT 0

on µ, τ and Cp 2.6

Table 2.25 – Accuracy indicators for the vapor Noble-Able Chemkin stiffened gas EOS, with
optimized parameters.
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2.3.4.5 Vapor SRK

Table 2.26 give parameters of the initial SRK EOS from [Pri08] and of the optimized SRK
EOS.

Coefficients Initial vapor SRK Optimized vapor SRK

γ (dimensionless) 1.15419256941954 1.15365918757890

Cv (JK−1kg−1) 2.91840659838894e+03 2.97749066492949e+03

Ωa (dimensionless) 0.457235529 4.20909756054200e-01

Ωb (dimensionless) 0.0777960739 6.11099667214623e-02

m0 (JK−1kg−1) 0.3764 4.27963589428829e-01

m1 (m3kg−1) 1.54226 1.99955854833069e+00

m2 (m3kg−1) -0.26992 -2.29198785005644e-01

ω (m3kg−1) 0.3442920843 4.09698443741612e-01

Table 2.26 – Coefficients for the initial and the optimized SRK EOS, for vapor, with the following
reference point: Pre f

vap = 50bar, Tre f
vap = 575K. Initial SRK EOS coefficients are

those given in [Pri08], except for γ and Cv taken equal to those obtained with the
empirical method to fit a SG (see 2.3.4.1).

Contrary to the liquid case (see section 2.3.3.5), the initial classical SRK EOS give correct
results for µ and τ: error on µ is low at high pressure and temperature (figure 2.74), and
accuracy on τ is remarkable on the whole domain (figure 2.76), since relative error is less
than 5% on 96% of the vapor domain (table 2.27). Cp is accurate only on a restricted area
(figure 2.78), but in a similar manner to previous EOS.

Optimization only very slightly improves the accuracy since optimized parameters are
very similar to initial parameters (table 2.26). Similar results to those obtained with the pre-
vious EOS are got for µ, τ and Cp, that is to say, a satisfying accuracy on the whole domain
for µ and τ (figures 2.75 and 2.77), and only a quite restricted accurate area for Cp (figure
2.79). The common area of high accuracy for µ, τ and Cp is also limited (' 6% of the domain,
see table 2.27). χT is better estimated (figure 2.81), whereas s is very badly represented (table
2.27).
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Figure 2.74 – Relative error on µ compared with
IAPWS-97, initial vapor SRK with er-
ror saturation at 10%.

Figure 2.75 – Relative error on µ compared with
IAPWS-97, optimized vapor SRK with
error saturation at 10%.

Figure 2.76 – Relative error on τ compared with
IAPWS-97, initial vapor SRK, with er-
ror saturation at 10%.

Figure 2.77 – Relative error on τ compared with
IAPWS-97, optimized vapor SRK, with
error saturation at 10%.
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Figure 2.78 – Relative error on Cp compared with
IAPWS-97, initial vapor SRK, with er-
ror saturation at 10%.

Figure 2.79 – Relative error on Cp compared with
IAPWS-97, optimized vapor SRK, with
error saturation at 10%.

Figure 2.80 – Relative error on χT compared with
IAPWS-97, initial vapor SRK, with er-
ror saturation at 10%.

Figure 2.81 – Relative error on χT compared with
IAPWS-97, optimized vapor SRK, with
error saturation at 10%.
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Indicators (%) Initial vapor SRK Optimized vapor SRK

Mean relative errors on µ 7.0 7.4

on τ 1.8 1.9

on s 29 28

on Cp 34 34

on αP 49 30

on χT 51 51

Min relative errors on µ ' 10−7 ' 10−5

on τ ' 10−7 ' 10−7

on s 15 2.9

on Cp ' 10−4 ' 10−5

on αP 15 0.52

on χT ' 10−4 ' 10−4

Max relative errors on µ ' 103 ' 104

on τ ' 180 ' 105

on s 77 ' 170

on Cp 87 ' 120

on αP 92 ' 103

on χT ' 100 ' 104

% of domain with err < 5% on µ 65 65

on τ 96 97

on s 0 0

on Cp 7.7 7.6

on αP 0 0

on χT 4.9 4.8

on µ, τ and Cp 6.2 5.9

Table 2.27 – Accuracy indicators for the vapor SRK EOS, with both initial and optimized pa-
rameters.
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2.3.4.6 Conclusions for vapor

Table 2.28 sums up which phasic EOS is the most accurate to represent vapor water for each
indicator of tables 2.19, 2.21, 2.23, 2.27.

NASG EOS gives in general accurate results, but the accurate areas are different depend-
ing on the considered quantity: µ is accurate on the whole domain, but τ is accurate at
P <' 25bar whereas Cp is accurate around P ' 50bar. Chemkin EOS gives no significant
improvement compared with SG EOS, contrary to the liquid case. NASG-CK EOS improves
the common accurate area for µ, τ and Cp, even if it stays limited compared with the liq-
uid case (around 10% of the domain). At the end of the day, NASG-CK is a less interesting
compromise to NASG EOS compared with the liquid case, since the accuracy gain on Cp is
not really significant, whereas a variable Cp with T induces some difficulties (for instance,
changing of thermodynamical plane is no more explicit).

SRK EOS is also relevant to describe vapor water, since accurate results are obtained for
µ, τ and Cp for P <' 50bar and T >' 500K. The accuracy is remarkable for τ, with a
relative error lower than 5% on 97% of the domain. The same limitation as with SG-like EOS
occurs, because the accurate area for Cp is also limited.
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Indicators (%) Best EOS, vapor

Mean relative errors on µ NASG-CK (0.74)

on τ SRK (1.8)

on s NASG-CK (3.6)

on Cp SG ini (30)

on αP NASG opt (7.7)

on χT NASG opt (6.8)

Min relative errors on µ NASG-CK (' 10−8)

on τ SG & SRK ini NASG-CK (' 10−8)

on s SG ini (' 10−7)

on Cp NASG opt, SRK opt (' 10−5)

on αP NASG opt (' 10−5)

on χT NASG opt (' 10−6)

Max relative errors on µ CK (7)

on τ NASG opt (26)

on s NASG-CK (18)

on Cp CK (69)

on αP SG, NASG, CK (69)

on χT NASG opt (56)

% of domain with err < 5% on µ NASG-CK (99)

on τ SRK opt (97)

on s NASG ini (96)

on Cp CK, NASG-CK (11)

on αP NASG opt (40)

on χT NASG opt (59)

on µ, τ and Cp SRK opt (19)

Table 2.28 – Best EOS for each indicator, for vapor.
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2.4 General conclusion

In order to close the model of Chapter 1, some classical EOS for water have been studied by
taking IAPWS-97 as a reference. In a general way, it seems very challenging to obtain a high
accuracy level on all thermodynamical quantities at the same time.

Among the tested classical EOS, the Noble-Able stiffened gas EOS appears as the best
compromise between accuracy and simplicity. The NASG EOS is an admissible EOS without
any condition (in the sense defined in Chapter 1), with explicit changes of thermodynamical
planes. A high level of accuracy on all the main thermodynamical quantities of this study
(the chemical potential µ, the specific volume τ and the heat capacity Cp) has been observed
on a very large liquid domain.

We tested a modified NASG EOS, like proposed in [BCL19], obtained by gathering the
main feature of NASG EOS and Chemkin EOS: the so-called NASG-CK is accurate on µ,
τ and Cp with a relative error less than 5% on more than 85% on the liquid domain. The
NASG-CK EOS with the optimized parameter is admissible, with a convenient change of
thermodynamical plane (even if an implicit resolution is required to change from the (τ, e)-
plane to the (P, T)-plane). Surprisingly, both for NASG and NASG-CK EOS, being accurate
on several thermodynamical quantities at the same point is less easy when considering the
water vapor, for all the considered EOS: accurate areas are often disjointed, and Cp is badly
estimated with a Chemkin-type model.

SRK EOS is a relevant alternative to NASG EOS to describe the vapor, especially to eval-
uate the density. However, restricting the admissible EOS to complete EOS is a practical
constraint that should not be neglicted. Difficulties to build a complete EOS from an incom-
plete EOS have been highlighted in [FM19] and illustrated in this work with the SRK EOS.
With more complex cubic EOS, similar problems may be encountered, in particular to con-
trol if the concavity constraints on the chemical potential are fulfilled or not.
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Appendices

2.A Empirical method to estimate SG coefficients

In order to estimate the coefficients for a stiffened gas EOS, an empirical method has been
proposed in [Dau+14]:

1. A point (p0, T0) of the physical domain is chosen as reference point. It should be rep-
resentative of the aimed simulation. The following thermodynamical quantities are
obtained with the IAPWS-97 formulation: the specific volume τ0(p0, T0), as well as the
sound speed c0(p0, T0).

2. A temperature step ∆T is arbitrary chosen, so that : T1 = T0 − ∆T; T2 = T0 + ∆T. Two
reference enthalpies are then computed with the IAPWS-97 formulation : h1(P0, T1) et
h2(P0, T2). We recall that h = e + Pτ and that enthalpy can be written for stiffened gas
EOS: h = CpT + Q.

3. Then, stiffened gas coefficients are obtained:

Cp =
h1 − h2

T1 − T2
; Q =

T2h1 − T1h2

T2 − T1
; γ = c2

0/(CpT0) + 1

Cv =
Cp

γ
; Π = (γ− 1)CvT0ρ0 − P0

4. Finally, we chose in this work to fix s0 so that µSG(P0, T0) = µIAPWS(P0, T0).

2.B Maths-companies study group report (Strasbourg, November
2018): "Mixture of gases to build complex equations of state"
(in French).

141



Rapport SEME, EDF R&D :
Mélanger des gaz raides pour créer de nouvelles lois d’état

Lucie Quibel, Philippe Helluy, Marie Chion, Philippe Ricka

12-16 Novembre 2018

Abstract : EDF needs reliable numerical simulations of two-phase flow phenomena for safety
issue. Some hypothetical accidental scenarios involve rapid transients with important mass
transfer. A model able to account for thermodynamical disequilibria may be needed. Currently,
to describe each phase, the codes use either simple analytical equations of state like the stiffened
gas equation of state, realistic only around a reference point ; or look-up tables of complex
equations of state, CPU-time consuming. During the "Semaine d’Etudes Maths Entreprise"
(SEME), we wondered if the water steam could be approached by a stiffened gas or a mix of two
stiffened gases. We first conducted an analysis of thermodynamics equations in order to formulate
a state equation in the (p, T ) plane, before building a parameters optimization algorithm to
approximate the IAPWS-97 formulation, the reference equation of state for water built from a
set of measurements.

Keywords : modeling, thermodynamics, optimization, stiffened gas.

Résumé : EDF réalise des études numériques afin de consolider la démonstration de sûreté
du parc nucléaire. Afin de simuler des scénarii accidentels pouvant hypothétiquement affecter
le réacteur, les codes de calculs doivent être en mesure de représenter des situations physiques
complexes, fortement instationnaires avec une thermodynamique potentiellement hors-équilibre.
A l’heure actuelle, les codes utilisent soit des lois d’états phasiques assez simples, de type gaz
raides, réalistes uniquement près d’un point de fonctionnement ; soit des tabulations, coûteuses
en temps de calcul. L’objectif de ce travail est de proposer des lois d’états réalistes pour l’eau,
mais qui restent relativement simples analytiquement. Pendant la Semaine d’Etudes Maths
Entreprise" (SEME), nous nous sommes intéressés à la modélisation de la vapeur d’eau. Notre
idée de départ est la suivante : la vapeur d’eau peut-elle être modélisée par un mélange de deux
gaz raides ? Nous avons d’abord mené une analyse des équations de la thermodynamique de façon
à formuler une équation d’état dans le plan (p, T ). Nous avons ensuite implémenté un algorithme
pour optimiser les paramètres de ces équations afin de minimiser l’écart avec la formulation
IAPWS-97, qui sert ici de loi d’état de référence pour l’eau.

Mots-clefs : modélisation, thermodynamique, optimisation, gaz raide.
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Introduction
Afin de consolider la démonstration de sûreté des installations nucléaires, EDF réalise des

simulations numériques de scénarii accidentels pouvant hypothétiquement affecter le réacteur. Un
exemple classique est l’accident par perte de réfrigérant primaire, dans lequel une brèche du circuit
primaire est envisagée : de l’eau à 155bars et 300◦C se retrouverait alors au contact d’air à 1bar.
L’importante différence de pression entraînerait alors une vaporisation brutale de l’eau, ainsi que la
propagation d’une onde de détente faisant rapidement chuter la pression dans le primaire. Pour
connaître le plus précisément possible les niveaux de pression au cours d’un tel scénario, il est
nécessaire de disposer d’un modèle compressible, capable de simuler des transitions de phase hors
équilibre thermodynamique.

La R&D d’EDF développe depuis quelques années un code basé sur le modèle proposé par
Helluy-Barberon [1] qui capte les comportements hors équilibre [4]. Un des axes clefs d’amélioration
du modèle porte sur les lois d’états utilisées pour décrire l’eau liquide et l’eau vapeur dans le code.
Pour l’instant, deux choix sont possibles :

— l’eau liquide et l’eau vapeur sont décrites par des lois d’état très simples de type "gaz raide"
(Stiffened Gas) ; ces lois d’état sont analytiques, très simples à utiliser, mais ne sont précises
qu’autour d’un point de référence.

— l’eau liquide et l’eau vapeur sont décrites via des lois industrielles de référence, les lois
IAPWS-IF97 [7], plus réalistes mais très coûteuses en mémoire et en temps CPU.

D’un point de vue pratique, il serait souhaitable de disposer de lois d’états "intermédiaires", qui
seraient à la fois plus réalistes que les lois d’état de gaz raide, mais plus simples et moins coûteuses
que les lois IAPWS. Dans le cadre de la Semaine d’Etudes Maths Entreprise (SEME) qui a eu
lieu à Strasbourg du 12 au 16 novembre 2018, nous nous sommes proposés de travailler sur l’idée
suivante : un mélange miscible de gaz raides peut-il être considéré pour décrire l’eau de façon plus
réaliste qu’un seul gaz raide ? Ce sujet a été proposé dans le cadre de la thèse de Lucie Quibel,
dirigée par Philippe Helluy et encadrée par Olivier Hurisse.
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1 Loi d’état d’un mélange miscible de deux gaz raides
1.1 Notion de plan thermodynamique

Une loi d’état est la donnée d’une fonction dans un plan thermodynamique. Un plan thermody-
namique est constitué par deux grandeurs intensives, c’est-à-dire qui ne sont pas proportionnelles
à la quantité de matière (par exemple, la température, mais aussi la masse volumique, l’énergie
massique etc).

On est amenés en pratique à travailler dans plusieurs plans thermodynamiques : en effet, le plan
naturel pour résoudre le système d’équations décrivant le mélange diphasique est le plan (τ, e), où
τ est le volume spécifique (m3kg−1) et e est l’énergie interne spécifique (Jkg−1), alors que le plan
le plus intuitif pour décrire les changements d’état est le plan (p, T ), avec p la pression (Pa) et T la
température (K).

1.2 Equation d’état d’un gaz raide
Le gaz raide est une extension du gaz parfait, avec des paramètres supplémentaires permettant

de l’adapter à un liquide. La loi d’état de gaz raide est classiquement la donnée de l’entropie dans
le plan (τ, e). Celle-ci s’exprime ainsi :

s(τ, e) = Cln
(
(e−Q− πτ)τγ−1)+ s0 (1.1)

Les paramètres intervenant dans la loi d’état sont les suivants :
— C (JK−1kg−1) est la chaleur massique à volume constant,
— γ est l’exposant polytropique,
— −π (Pa) est la pression minimale,
— Q (Jkg−1) est une valeur de référence d’enthalpie,
— s0 (JK−1kg−1) est l’entropie de référence.

Ces paramètres sont calés à l’aide de données expérimentales mesurées en un point de référence [2].
Par conséquent, l’équation est exacte au point de référence, mais sa précision diminue au fur et à
mesure qu’on s’en écarte. Afin d’évaluer la qualité d’une loi d’état, il est plus simple de travailler

dans le plan (p, T ) : en effet, les visualisations y sont beaucoup plus faciles et intuitives. Changer de
plan thermodynamique implique de changer de fonction pour la loi d’état. L’équivalent de l’entropie
s dans le plan (τ, e) est la donnée du potentiel chimique µ dans le plan (p, T ).

On part de la relation de Gibbs :

Tds = de+ pdτ

d’où
ds = 1

T
de+ p

T
dτ

et en particulier :
1
T

= ∂s

∂e

∣∣∣∣
τ

; p

T
= ∂s

∂τ

∣∣∣∣
e

De plus, à partir de la formule de l’entropie pour un gaz raide, on a :

∂s

∂e

∣∣∣∣
τ

= C

e−Q− πτ ; ∂s

∂τ

∣∣∣∣
e

= (γ − 1)C
τ

− πC

e−Q− πτ

d’où finalement :
CT = e−Q− πτ ; p+ π = (γ − 1)ρCT.

La définition du potentiel chimique µ est la suivante :

µ = e− Ts+ pτ.
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A partir des relations précédentes, on peut finalement exprimer le potentiel chimique µ d’un gaz
raide uniquement en fonction de (p, T ) et des coefficients :

µ(p, T ) = γCT +Q− T (γCln(T )− (γ − 1)Cln(p+ π) +K)

où l’on a introduit K (JK−1kg−1) qui regroupe des termes constants.

Cette équation d’état est une équation complète : cela signifie que l’on peut retrouver toutes les
grandeurs thermodynamiques à partir des dérivées partielles de µ par rapport à p et à T .

— À partir des dérivées premières de µ, on calcule l’entropie spécifique s (JK−1kg−1) et
le volume spécifique τ (m3kg−1) :

∂µ

∂T

∣∣∣∣
P

= −s ; ∂µ

∂p

∣∣∣∣
T

= τ.

— À partir des dérivées secondes de µ, on calcule la capacité thermique à pression constante
Cp (JK−1kg−1), le coefficient de dilatation thermique isobare αp (K−1) et le coefficient de
compressibilité isotherme χT (Pa−1) :

−T ∂2µ

∂T 2

∣∣∣∣
P

= Cp ; 1
τ

∂2µ

∂p∂T

∣∣∣∣
T,p

= αp ; −1
τ

∂2µ

∂p2

∣∣∣∣
T

= χT .

1.3 Mélange miscible de deux gaz raides
On considère un mélange de deux gaz miscibles. Dans un mélange miscible, on suppose que les

deux gaz raides sont à l’équilibre thermodynamique. On peut montrer que cela se traduit par
les égalités suivantes [3] : 




p = p1 + p2
T1 = T2
µ1 = µ2

(1)

On souhaite trouver l’équation d’état du mélange à une pression de mélange p et une température
de mélange T données. On peut réexprimer le système (1) ainsi : il faut trouver la pression p1
d’équilibre entre les deux gaz, telle que :

f(p1) = µ1(p1, T )− µ2(p− p1, T ) = 0 (2)

où :

f(p1) = (γ1C1−γ2C2)T+Q1−Q2−T [(γ1C1−γ2C2)ln(T )−(γ1−1)C1ln(p1+π1)+(γ2−1)C2ln(p−p1+π2)+K1−K2]

Les inégalités suivantes doivent être vérifiées :




p1 + π1 > 0
p− p1 + π2 > 0
−π1 < p1 < p+ π2

En examinant notre fonction f , et en particulier son comportement lorsque p1 → −π1 et p1 → p+π2,
on remarque qu’elle est monotone, change de signe, et par conséquent admet un zéro sur cet intervalle.
Ainsi, l’équation 2 possède une unique solution : l’équation d’état de mélange miscible de deux gaz
raides est bien définie. Finalement, l’équation d’état de mélange deux gaz raides dans le plan (p, T )

est la suivante :
µMIX(p, T ) = µ1(p1, T ) = µ2(p− p1, T )

avec p1 la solution de l’équation 2.
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1.4 Vitesse du son
La vitesse du son s’exprime aussi à partir des dérivées secondes de µ. En effet par définition :

c2 =
(
∂p

∂τ

)∣∣∣∣
s

−1
= − τ2

(
∂τ

∂p

)∣∣∣∣
s

.

Or (
∂τ

∂p

)∣∣∣∣
s

= ∂

∂p

(
τ(p, T (p, s))

)∣∣∣∣
s

=
(
∂τ

∂p

)∣∣∣∣
T

+
(
∂τ

∂T

)∣∣∣∣
p

(
∂T

∂p

)∣∣∣∣
s

et
ds =

(
∂s

∂p

)∣∣∣∣
T

dp+
(
∂s

∂T

)∣∣∣∣
p

dT

donne
(
∂T

∂p

)∣∣∣∣
s

= −

(
∂s
∂p

)∣∣∣
T(

∂s
∂T

)∣∣
P

.

D’où :

c2 = −τ2/



(
∂τ

∂p

)∣∣∣∣
T

−
(
∂τ

∂T

)∣∣∣∣
p

(
∂s
∂p

)∣∣∣
T(

∂s
∂T

)∣∣
P


 ,

qui se réécrit en utilisant ∂µ

∂T

∣∣∣∣
P

= −s ; ∂µ

∂p

∣∣∣∣
T

= τ et −T ∂2µ

∂T 2

∣∣∣∣
P

= Cp ; 1
τ

∂2µ

∂p∂T

∣∣∣∣
T,p

=

αp ; −1
τ

∂2µ

∂p2

∣∣∣∣
T

= χT :

c2 =
(
χT
τ
− Tα2

P

Cp

)−1

. (3)

2 Loi de référence industrielle : IAPWS-IF97
La loi IAPWS-IF97 [7] est la loi d’état industrielle de référence pour décrire l’eau. Il s’agit

d’une loi analytique, obtenue à partir d’une interpolation d’un très grand nombre de données
expérimentales. Dans notre travail, nous avons utilisé IAPWS pour nous constituer un set de
données dans le plan (p, T ) : µ(p, T ), τ(p, T ), s(p, T ), Cp(p, T ), αp(p, T ) et χT (p, T ). Nous avons
pris ces données comme des références, que notre loi d’état construite à partir de deux gaz raides
doit reproduire le plus fidèlement possible.

3 Méthode d’optimisation du mélange de gaz raides
Étant donnée une carte de valeurs expérimentales µIAPWS dans le plan (p, T ), notre objectif

est de déterminer les valeurs des paramètres de deux gaz raides miscibles pour lesquelles la loi du
mélange µMIX est en adéquation avec les données calculées avec IAPWS. Notre travail ayant une
visée prédictive, nous entendons par “adéquation” la minimisation de l’erreur quadratique moyenne
normalisée : E(γ1, C1, Q1, π1,K1, γ2, C2, Q2, π2,K2) = E(param1,param2) avec
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E(param1,param2) = ‖µIAPWS − µMIX‖2
‖µIAPWS‖2

+ ‖sIAPWS − sMIX‖2
‖sIAPWS‖2

+ ‖τ
IAPWS − τMIX‖2
‖τ IAPWS‖2

+
‖CIAPWS

p − CMIX
p ‖2

‖CIAPWS
p ‖2

+
‖αIAPWS

p − αMIX
p ‖2

‖αIAPWS
p ‖2

+ ‖χT
IAPWS − χTMIX‖2

‖χIAPWS
T ‖2

.

La fonction coût comprend également les écarts de capacité thermique isobare Cp, de dilatation
isobare αP , de compressibilité isotherme χT , d’entropie s et de volume spécifique τ car ces grandeurs
correspondent aux dérivées premières et secondes µ par rapport à p et T . En effet, caler également
les dérivées est important pour que notre loi d’état puisse être utilisée en pratique : si les dérivées
sont trop irréalistes, il est probable que notre loi d’état ne nous permettent pas de changer de plan
thermodynamique correctement. On rappelle que :

µMIX(p, T ) = µ1(p1, T ) = µ2(p− p1, T )

où p1 est donné implicitement. Ainsi, p1 est donc une fonction de l’ensemble des paramètres de
chacun des gaz impliqués et des variables, c’est à dire :

p1 = p1(p, T, γ1, C1, Q1, π1,K1, γ2, C2, Q2, π2,K2)

En pratique, la valeur de p1 pour un tel jeu de paramètres est déterminée grâce à la méthode de
Newton appliquée au problème :

f(p1) = µ1(p1, T )− µ2(P − p1, T ) = 0

Le problème à deux gaz raides peut se formuler de la manière suivante :
∣∣∣∣
trouver {γ1, C1, Q1, π1,K1, γ2, C2, Q2, π2,K2}
minimisant E(γ1, C1, Q1, π1,K1, γ2, C2, Q2, π2,K2).

Pour chaque jeu de paramètres (γ1, C1, Q1, π1,K1, γ2, C2, Q2, π2,K2) on doit donc calculer les six
grandeurs de mélange ΦMIX à l’aide de la pression p1 obtenue implicitement par résolution d’un
algorithme de Newton.

4 Implémentation pratique
Nous avons implémenté la méthode d’optimisation des coefficients avec différents outils :
1. R : la résolution du calcul implicite de la pression p1 par une méthode de Newton a posé

problème (manque de précision).
2. Python : un algorithme a été implémenté, avec une fonction de coût tenant compte seulement

de l’écart entre les potentiels chimiques µ pendant la SEME. L’algorithme converge trop
lentement pour obtenir des résultats en pratique. La méthode exploitée est celle du gradient
descendant, appliquée à la fonction d’erreur normalisée :

E(γ1, C1, Q1, π1,K1, γ2, C2, Q2, π2,K2) = ‖µ
IAPWS − µMIX‖2
‖µIAPWS‖2

Les grandes différences dans les ordres de grandeurs des différentes quantités impliquées
ainsi que la sensibilité de µ aux variations de ces quantités nous ont conduites à utiliser la
bibliothèque python mpmath permettant d’augmenter arbitrairement la précision des calculs.
Des simulations ont été réalisées avec 10, 15 et 50 chiffres significatifs. Dans le premier cas,
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la précision n’était pas suffisante pour que l’algorithme converge. Dans les deux autres cas,
l’erreur décroît visiblement, mais à une vitesse bien trop faible pour permettre de répondre
à notre question en un temps raisonnable. Toutefois, plusieurs améliorations pourraient
être réalisées, qui augmenteraient sensiblement la vitesse de calcul. En particulier, certains
segments de l’algorithme se prêtent bien à la parallélisation.

3. C++ : deux stratégies ont été implémentées :
— un algorithme de gradient a été implémenté, utilisant la bibliothèque "multiprecision" de

boost (MPFR) [5]
— un algorithme en double précision appelant la bibliothèque Optimlib [6].
En pratique, la précision arbitraire n’a finalement pas été utilisée : elle n’améliore pas les
résultats obtenus en double précision, mais ralentit significativement le calcul. Parmi les
algorithmes de la librairie Optimlib, les algorithmes de Nelder-Mead et de Particle Swarm
Optimization sont suffisamment robustes pour permettre de diminuer significativement
l’erreur. Néanmoins, nous ne sommes pas parvenus à faire diminuer l’erreur autant que
souhaité. Notre critère d’arrêt est ici purement pragmatique : les paramètres d’optimisation
sont les paramètres considérés comme optimisés si les algorithmes de Nelder-Mead ou de
Particle Swarm Optimization n’en trouvent pas de meilleurs après 5000 itérations.

5 Résultats
Le but est de fitter un gaz raide ou un mélange de gaz raide sur des données IAPWS, sur des

domaines plus ou moins étendus qui nous semblent plus ou moins simples à réprésenter par un gaz
raide :

1. un domaine vapeur étendu (P variant de 40 bar à 210 bar, T variant de 700 K à 100 K) ;
2. un domaine vapeur restreint (P variant de 0.5 bar à 25 bar, T variant de 550 K à 1000K) ;
3. un domaine liquide "difficile" (P variant de 0.5 bar à 210 bar, T variant de 275 K à 350 K) ;
4. un domaine liquide "facile" (P variant de 0.8 bar à 210 bar, T variant de 350 K à 500 K) ;
Le travail n’est pas encore terminé et des résultats sont toujours en cours d’obtention. Après

avoir fait quelques commentaires sur notre méthode (section 5.1), nous présentons quelques premiers
résultats pour le cas 1 avec un domaine vapeur étendu (section 5.2).

5.1 Quelques commentaires sur la méthode utilisée
— Dans l’optimisation d’un seul gaz raide, nous connaissons un point de départ simple, obtenu

grâce à la méthode empirique classiquement utilisée pour caler les paramètres d’un gaz raide
(voir annexe). Pour le cas de mélange, le point de départ est choisi arbitrairement, ce qui
demande très certainement à être amélioré.

— Le mélange miscible de deux fois le même gaz raide n’est pas le gaz raide lui-même (voir
annexe). Par conséquent, même si l’intuition nous dit qu’on doit pouvoir faire mieux avec un
mélange à 10 coefficients qu’avec un gaz raide à 5 paramètres, on n’est pas sûrs d’y parvenir
en pratique.

— L’adimensionnement par rapport aux données calculées au point de référence, y-compris
des paramètres de la loi d’état, ainsi que la normalisation des écarts par les normes de
µIAPWS , sIAPWS , τ IAPWS , CIAPWS

p , αIAPWS
p et χIAPWS

T sont deux éléments clefs pour
que l’optimisation agisse bien sur l’ensemble des coefficients. Dans nos premiers essais sans
adimensionnement, le rôle de γ était prépondérant et rendait négligeable l’influence des
autres paramètres.

— Nous cherchons encore dans les tests en cours à déterminer l’importance relative des écarts
dans la fonctionnelle E. Faut-il vraiment optimiser les écarts sur les six grandeurs µ, s, τ ,
Cp, αp, χT ? Faut-il optimiser en priorité les grandeurs τ , Cp, αp, χT ? En effet, elles nous
semblent caractériser le fluide de manière plus fondamentale que µ et s, dont les valeurs
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ne sont données qu’à une valeur de référence près. Faut-il pondérer les écarts avec des
coefficients à déterminer ? Ce sont des pistes ouvertes que nous essayons encore d’explorer.

5.2 Cas Vapeur, 40b-210b, 700K-1000K
Le domaine d’étude est montré sur la figure 1. C’est un domaine vapeur étendu, assez régulier

0 5e+06 1e+07 1,5e+07 2e+07

Pressure (Pa)

300

400

500

600

700

800

900

1000

T
em

p
er

at
u
re

 (
K

) Considered domain

Saturation curve

VAPOR

LIQUID

Critical
Point

Figure 1: Plan pT et domaine d’étude pour le cas vapeur 40b-210b, 700K-1000K

donc classiquement plutôt bien représenté par une équation de gaz raide. La fonctionnelle utilisée
dans cet exemple est la suivante :

E(param1,param2) = = ‖µIAPWS − µMIX‖2
‖µIAPWS‖2

+ ‖sIAPWS − sMIX‖2
‖sIAPWS‖2

+ ‖τ
IAPWS − τMIX‖2
‖τ IAPWS‖2

+
‖CIAPWS

p − CMIX
p ‖2

‖CIAPWS
p ‖2

+
‖αIAPWS

p − αMIX
p ‖2

‖αIAPWS
p ‖2

+ ‖χT
IAPWS − χTMIX‖2

‖χIAPWS
T ‖2

.

Les tables qui suivent présentent les coefficients des gaz raides considérés :
— sur la table 1, on trouve les coefficients du gaz raide initial, calé avec la méthode empirique

(voir annexe 1) et ceux du gaz raide optimisé ;
— sur la table 2, on trouve les coefficients des deux gaz raides constituant le mélange optimisé.

Coefficients Gaz raide initial (méthode empirique) Un seul gaz raide optimisé
γ 1.214477077 1.20145802133373e+00

C (JK−1kg−1) 2.108076293e+03 2.13920664140770e+03
Q (Jkg−1) 1.369643105e+06 1.41694137339728e+06
π (Pa) 6.315490501e+05 -2.37137965486010e+05

K (JK−1kg−1) -3.14402501406409e+03 -3.57678186497858e+03

Table 1: Gaz raide de référence et coefficients du gaz raide optimisé
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Coefficients Gaz 1 du mélange optimisé Gaz 2 du mélange optimisé
γ 1.20311950806197e+00 1.19466896995444e+00

C (JK−1kg−1) 2.03207400575592e+03 2.32919476948296e+03
Q (Jkg−1) 1.38800916756918e+06 1.52312801605455e+06
π (Pa) 6.57340674871949e+06 -6.82721810684994e+06

K (JK−1kg−1) 6.46385664735901e+03 6.55679096146362e+03

Table 2: Coefficients des deux gaz raides du mélange miscible optimisé

L’optimisation permet d’obtenir des coefficients en général proches des coefficients du gaz raide
initial calé empiriquement (sauf pour le π). Le meilleur mélange est constitué de deux gaz raides
assez proches l’un de l’autre (sauf les π) : pour autant, il est difficile d’en tirer une conclusion, car
le mélange de deux gaz raides identiques n’a pas exactement la même équation d’état que le gaz
raide initial (voir annexe 2). Les résultats sont donnés sur la table 3. L’optimisation permet de faire
baisser l’erreur totale de moitié par rapport au gaz raide initial de référence : cependant, le mélange
de gaz raides ne fait pas significativement mieux que le meilleur gaz raide optimisé, ce qui paraît
surprenant, vu que l’on double le nombre de coefficients utilisés. L’amélioration est plus ou moins
importante suivant la grandeur considérée.

— Le mélange est plus précis qu’un seul gaz raide pour µ, τ , Cp. On peut d’ailleurs noter que
pour améliorer la précision sur les dérivéees, le gaz raide optimisé détériore d’un demi-ordre
de grandeur la précision sur µ, alors que le mélange parvient à améliorer la précision sur µ
tout en améliorant certaines dérivées.

— Le mélange est moins précis qu’un seul gaz raide pour s et χT , mais les écarts sont assez
faibles.

— Mélange et gaz sont précis de la même manière sur αp.

Erreurs Gaz raide initial Un seul gaz raide optimisé Mélange optimisé
Erreur totale 4.78866218924500e-02 2.57292995555250e-02 2.39562743862582e-02
Erreur µ 1.64485602593960e-05 4.36455573529491e-04 1.05615437908557e-05
Erreur τ 7.54984994462873e-03 1.02017962651521e-03 8.14583537509500e-04
Erreur s 1.07952848308229e-04 9.54886315568107e-05 1.82357435983658e-04
Erreur Cp 1.92417437049477e-02 1.89677880568179e-02 1.77333060740906e-02
Erreur αp 1.40366102175399e-03 1.40366102175399e-03 1.40366102175400e-03
Erreur χT 1.95669658125537e-02 3.80572664535179e-03 3.81180477312983e-03

Table 3: Somme des erreurs relatives en chaque point du domaine entre les données IAPWS et
le gaz raide initial calé par la méthode empirique, un gaz raide optimisé et un mélange miscible
de deux gaz raides optimisé. Les contributions à l’erreur totale pour chaque grandeur sont aussi
présentées.

Enfin, nous présentons à titre d’illustration des cartes d’erreur relative par rapport à la référence
IAPWS pour µ (figures 2, 3, 4), τ (figures 5, 6, 7) et s (figures 8, 9, 10). Ces résultats sont
encourageants :

— la précision du mélange optimisé sur µ et τ est meilleure sur des domaines un peu plus
étendus par rapport au gaz raide initial, sans dégradation dans les zones initialement bien
estimées ;

— la dégradation de la précision pour l’entropie du mélange par rapport au gaz raide initial
reste assez limitée et diffuse sur l’ensemble du domaine ;

— le meilleur gaz raide dégrade la précision µ de manière assez importante dans zone haute
pression basse température du domaine. Pour ce gaz, il n’y a plus de zone à erreur quasi
nulle, contrairement au gaz de départ et au mélange optimisé.
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Figure 2: Erreur relative sur µ par rapport à IAPWS pour le gaz raide initial

Figure 3: Erreur relative sur µ par rapport à
IAPWS pour le gaz raide optimisé

Figure 4: Erreur relative sur µ par rapport à
IAPWS pour le mélange optimisé
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Figure 5: Erreur relative initiale sur τ

Figure 6: Erreur relative sur τ par rapport à
IAPWS pour le gaz raide optimisé

Figure 7: Erreur relative sur τ par rapport à
IAPWS pour le mélange optimisé
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Figure 8: Erreur relative initiale sur s

Figure 9: Erreur relative sur s par rapport à
IAPWS pour le gaz raide optimisé

Figure 10: Erreur relative sur s par rapport à
IAPWS pour le mélange optimisé
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Conclusions
Afin de créer des lois d’état plus réalistes pour l’eau, nous avons implémenté une méthode

d’optimisation de paramètres afin de fitter des gaz raides ou un mélange miscible de gaz raides à
des données de référence dans le plan (p,T).

La loi d’état d’un mélange miscible de deux gaz raides n’est pas analytique dans le plan (p, T ) :
une inversion via un algorithme de Newton est nécessaire.

Le problème d’optimisation est difficile à résoudre en pratique : la convergence des algorithmes
n’a pu être menée à bien. Différentes pistes ont été explorées pour résoudre ce problème :

— la sur-sensibilité de certains coefficients a été maîtrisée par l’admimensionnement par rapport
à un point de référence central dans le domaine ;

— les inversions thermodynamiques nécessitent une bonne maîtrise de la précision : la résolution
de l’algorithme de Newton pour le calcul de la loi de mélange a posé problème dans R.
Néanmoins, la précision arbitraire n’a pas résolu les difficultés de convergence des algorithme
d’optimisation.

Optimiser un gaz raide ou un mélange de gaz raide permet de réduire l’erreur totale sur µ, τ , s,
Cp, αp et χT de moitié par rapport au gaz raide de référence calé empiriquement. Le mélange de gaz
raides donne de meilleurs résultats que le gaz raide optimisé, notamment sur µ. Cependant, nous
nous attendions à une amélioration plus signficative par rapport à un seul gaz raide car le mélange
double le nombre de paramètres de la loi d’état. Ces résultats sont tout de même encourageants et
des études complémentaires sont en cours :

— D’autres domaines thermodynamiques vont être considérés, sur lesquels l’équation d’état de
gaz raide est connue pour être moins précise.

— Parmi les pistes à explorer, la plus prometteuse concerne la pondération des écarts dans
la fonctionnelle : faut-il optimiser sur toutes les grandeurs thermodynamiques avec des
pondération différentes ? seulement sur les dérivées secondes ?

— Il est possible que la loi de gaz raide soit "trop régulière" pour être réaliste. D’autres lois
d’état pourraient être mélangées pour obtenir des mélanges plus complexes.
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Annexe 1 : Méthode empirique pour caler un gaz raide
La méthode de calage empirique des coefficients d’un gaz raide, définie à l’aide de [2], est la

suivante :
1. On choisit un point de référence, représentatif de l’état physique dominant la simulation :

(p0, T0). On obtient à l’aide de la loi IAPWS le volume spécifique τ0(p0, T0) ainsi que la
vitesse du son c0(p0, T0) pour cet état physique (p0, T0).

2. On fixe arbitrairement un ∆T tel que : T1 = T0 −∆T ;T2 = T0 + ∆T On calcule ainsi deux
enthalpies de référence à l’aide de IAPWS : h1(P0, T1) et h2(P0, T2).

3. On obtient les coefficients du gaz raide grâce aux apprixmations suivantes :

Cp = h1 − h2
T1 − T2

; Q = T2h1 − T1h2
T2 − T1

; γ = c2
0/(CpT0) + 1

Cv = Cp
γ

; Π = (γ − 1)CvT0ρ0 − P0

4. On fixe enfin eSG et sSG en définissant s0 de façon à caler µSG = µIAPWS(P0, T0).

Annexe 2 : Mélange miscible d’un même gaz raide
Nous considérons un gaz raide avec les coefficients param0 = (γ0, C0, Q0,Π0,K0). On considère

le mélange miscible de ce gaz avec lui-même. Dans le cas général :

µMIX(p, T ) = µ1(p1, T ) = µ2(p− p1, T ).

Dans le cas particulier que l’on considère :

µSAME(p, T ) = µ0(p1, T ) = µ0(p− p1, T )

avec
µ0(p, T ) = γ0C0T +Q0 − T (γ0C0ln(T )− (γ0 − 1)C0ln(p+ π0) +K0).

L’équation µ0(p1, T ) = µ0(p− p1, T ) nous donne :

p1 = p

2 .

Finalement :
µSAME(p, T ) = µ0(p2 , T ).

Or :
µ0(p2 , T ) = µ0(p, T ) + T (γ0 − 1)Cln

(
1− p

2(p+ π0)

)
.

D’où :
µSAME(p, T ) = µ0(p, T ) + T (γ0 − 1)C0ln

(
1− p

2(p+ π0)

)

On ne retrouve pas la même équation d’état ! Le terme supplémentaire dépend de T et de p donc
va également jouer sur les dérivées de µ.
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Chapter 3

A homogeneous two-phase flow
model with non-condensable gas,
using Noble-Able-Chemkin EOS

Introduction

In the framework of nuclear safety demonstration for pressurized water reactors, some acci-
dental scenarii are studied (see IRSN website [IRS11]). For instance, in case of loss of coolant
accident (LOCA), pressurized water may undergo a brutal depressurization, leading to a
rapid mass transfer. Such scenarii involve complex compressible two-phase flow mixtures,
undergoing fast transient situations with phase transition. In addition to liquid and vapor
water, other gases may be present: indeed, ambiant air may be mixed with vapor through
the free surface of water, or hydrogen might appear under accidental conditions because of
fuel oxydation. The proportion of non-condensable gas compared with water vapor is a pa-
rameter of importance, appearing to limit the steam condensation, as it has been beared out
by experimental studies [HZW15] as well as numerical studies [Bac+12]. Non-condensable
gas is besides taken into account in the reference industrial codes classically used to simu-
late a vapor explosion [Mei+14; BB90].

The flows of interest in this work are thus mixtures of the two following components:

• a liquid and its associated vapor (water is considered in the following), with phase
transition which may occur between both phases;

• non-condensable gas, such as air.

Many models have been proposed since decades to simulate two-phase flow mixtures of
liquid and vapor water. One may distinguish two main types of models:

• the so-called two-fluid model as those proposed in [BN86; GSS98; JGS06; Coq+02;
GS02], where each phase is described by its own velocity and where the full ther-
modynamical disequilibrium is accounted for, in terms of pressure, temperature and
chemical potential;

• the so-called homogeneous models, where all the fields have the same velocity; often,
at least one additional equilibrium assumption is made (in terms of pressure, temper-
ature...), as in [Kap+01; ACK00; Fac08; FKA12; GM03; Dow+96; Fau+00]) , whereas
there is no other equilibrium assumption in the model proposed in [BH05].
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Both strategies are of interest and the choice between one or the other type of model should
be made depending on the targeted applications. For instance, when dealing with acciden-
tal scenarii such as vapor explosion, evaluating the velocity gaps between phases is very
important to correctly take into account the interfacial transfers due to the dislocation of
droplets, driving the heat transfer between phases (see [Ber00; Mei+14]). However, in terms
of numerical costs, the two-velocity assumption imposes more constraints on mesh cell size,
compared with an homogeneous approach, which may be restrictive for some industrial
simulations.

Less references exist for two-phase flow mixtures involving an additional inert gas. Still,
the same classification arises, and two-fluid-type models dealing with liquid water and mis-
cible mixtures of steam water and gas have been proposed in [HM19] or [HHQ20c]. Here,
we chose to work on a direct extension of the homogeneous two-phase flow model pro-
posed in [BH05] and studied for instance in [Hur17; HHQ20a]. Note that a homogeneous
three-phase flow model, also based on [BH05], has been built in [HQ19], to deal with im-
miscible mixtures of three fields: we need in our present case either a model tackling both
miscible and immiscible phases. The main difficulty when dealing with such homogeneous
models is to build consistent thermodynamical quantities as well as a mixture equation of
state complying with the second principle of thermodynamics.

Such a work has been already done in [H M19] for a homogeneous model with non-
condensable gas. In this reference, the associated HEM model is first studied; then, two
HRM models are proposed: a model without phase transition with an equilibrium in terms
of chemical potential as well as a HRM model with no further equilibrium assumption
than the kinematic equilibrium. The associated HEM model had been already simulated
in [Bac+12], by taking advantage of some particular properties of the model equipped with
stiffened gas phasic equations of state (EOS): with this particular choice for phasic EOS, the
obtained mixture EOS is indeed very simple since it can be written itself as a stiffened gas
EOS with coefficients depending on the non-condensable gas fraction.

In this work, we first detail in section 3.1 the modelling approach leading to the second
HRM model introduced in [H M19]. This model copes with full disequilibrium mixtures in
terms of pressure, temperature and chemical potentials: the only equilibrium assumption
is the kinematic equilibrium. The main contribution of the present work is then to propose
some numerical simulations based on this model, using a more realistic EOS for the liquid
water : a Noble-Able Stiffened Gas (NASG) EOS (see [LS16], modified with the Chemkin
EOS [Kee+96], as proposed in [BCL19], called NASG-CK EOS in the sequel and described
in section 3.2. Our numerical method, briefly recalled in section 3.3, relies on finite volume
convective schemes and has already been implemented in similar contexts for instance in
[Hur17; HHQ20a]: we insist here above all on the thermodynamical equilibrium computa-
tion, somehow tricky due to the presence of the non-condensable gas. Note that another
numerical work based on the same model has been proposed in [HHQ20b] using stiffened
gas EOS, but dealing with Lattice-Boltzmann method. Last, numerical results are presented:
first, the code is assessed by convergence studies on several Riemann problems in section
3.4; then, some validation cases are presented in section 3.5.
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3.1 Homogeneous two-phase flow model with non-condensable gas

In this section, the homogeneous model used in this work is presented. It has been built
following a similar approach as the one depicted for instance in [BH05; HHQ20a; HQ19].
That is why only the main features of the model are recalled here. In particular, we insist on
the miscibility assumptions as well as on the thermodynamical building, which are the less
classical parts of the modelling.

For sake of readibility, a field will be designated by a subscript k ∈ K = {l, v, a}, with l
refering to liquid water, v to vapor water and a to non-condensable gas.

3.1.1 Kinematic equilibrium and general assumptions

Hypothesis 3.1
Kinematic equilibrium is assumed in the model for all fields. As a consequence, there is only
one velocity U (m.s−1) in the model, so that:

U = Ul = Uv = Ua. (3.1)
�

It implies that the derivative of a given quantity Φ along a streamline does not depend on
the subscript k ∈ K:

dkΦ = (∂tΦ + Uk∂xΦ) dt = (∂tΦ + U∂xΦ) dt = dΦ. (3.2)

Note that only the kinematic equilibrium is assumed: all the other quantities (such pressures
or temperatures) may be different for each field.

Moreover, the following simplifying assumptions are made:

Hypothesis 3.2
The exact geometric repartition of each field in a given amount of mixture is not known and
the surface tension is neglected.

Hypothesis 3.3
Vaccuum occurence is not considered.

3.1.2 Extensive description of the considered flows

Each field k ∈ K can be described thanks to three extensive variables, like for instance in
[Jun13]: its volume Vk ≥ 0 (in m3), its massMk ≥ 0 (in kg) and its internal energy Ek (in J).
Similarly, the entire mixture can be depicted by its volume V > 0 (in m3), its massM > 0
(in kg) and its internal energy E 6= 0 (in J). In the following, we note:

Ωk = {Wk = (Vk,Mk, Ek) / Vk ≥ 0,Mk ≥ 0} ; Ω = {W = (V ,M, E) / V > 0,M > 0},
Ωlva = {Wlva = (Wl , Wv, Wa) / ∀k ∈ K, Wk ∈ Ωk}.

Remark 3.1 — Hypothesis 3.3 implies that there exists at least one subscript k ∈ K so that :
Ωk = {Wk = (Vk,Mk, Ek) / Vk > 0,Mk > 0 and Ek 6= 0}. �
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3.1.2.1 Hybrid miscibility conditions

Hypothesis 3.4 (Miscibility constraints)
Considering a given amount of fluid characterized by W = (V ,M, E) ∈ Ω, it can be de-
picted as a mixture of two immiscible phases:

• a liquid phase with only liquid water;

• a gaseous phase (designated by the subscript g), which is a miscible mixture of vapor
water and non-condensable gas. �

Thanks to hypothesis 3.2, ideal miscibility and immiscibility conditions can be written, as
proposed for instance in [HS06]. The miscibility condition for the gaseous phase leads to:




Vg = Vv = Va;
Mg =Mv +Ma;
Eg = Ev + Ea,

(3.3)

whereas the immiscibility condition for the liquid-gas mixture leads to:



V = Vl + Vg;
M =Ml +Mg;
E = El + Eg,

(3.4)

Relations (3.3) and (3.4) can be rewritten with only subscripts in K as:



V = Vl + Vv = Vl + Va;
M =Ml +Mv +Ma;
E = El + Ev + Ea.

(3.5)

Then, considering W = (V ,M, E) ∈ Ω, we note Ωlva(W) the subset of all the mixtures
characterized by W verifying the miscibility conditions (3.5), i.e.:

Ωlva(W) = {Wlva ∈ Ωlva / V = Vl +Vv = Vl +Va, M =Ml +Mv +Ma, E = El +Ev +Ea.}.

Moreover, since a is a non-condensable gas, the following hypothesis holds:

Hypothesis 3.5
A mass of non-condensable gas Ma is only convected within the flow. Then, when con-
sidering a fixed mass of mixtureM = Ml +Mv +Ma (i.e. a closed system), the mass of
non-condensable gasMa insideM remains constant within time:

dM = 0 =⇒ dMa = 0 & dMl = −dMv.

�

Remark 3.2 — Note that conditions (3.4) are exactly those considered when building the
model [BH05] from extensive variables in [HHQ20a], except that the gaseous phase is now
a miscible mixture of vapor and non-condensable gas, instead of pure vapor. �
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Last, we introduce the phasic fractions, which will be very useful in the following. For
any k ∈ K, we note αk the volume fraction of the field k within the flow, yk the mass fraction
and zk the energy fraction, defined as follows:

αk =
Vk

V ; yk =
Mk

M ; zk =
Ek

E . (3.6)

Relation (3.5) can be rewritten as:




1 = αl + αv and αv = αa;
1 = yl + yv + ya;
1 = zl + zv + za.

(3.7)

Thanks to the miscibility constraints (3.7), only one volume fraction, two mass fractions
and two energy fractions are required to completely describe the system. In the following,
we arbitrarily choose αv, yv, ya, zv and za. The liquid fractions are then deduced from the
gaseous fractions and from (3.7).

Hypothesis 3.6 (Monophasic cases or cases with one missing field)
One phase or one field may be absent:

• if vapor water v (respectively non-condensable gas a) is absent, thenMv = 0, Vv = 0
and Ev = 0 (resp. Ma = 0, Va = 0 and Ea = 0), so that conditions (3.5) and (3.7)
become:

∀k ∈ {v, a}




V = Vl + Vk;
M =Ml +Mk;
E = El + Ek;

and





1 = αl + αk;
1 = yl + yk;
1 = zl + zk.

(3.8)

• if liquid water is absent, thenMl = 0, Vl = 0 and El 6= 0, so that conditions (3.5) and
(3.7) become:




V = Vv = Va;
M =Mv +Ma;
E = Ev + Ea;

and





1 = αv = αa;
1 = yv + ya;
1 = zv + za.

(3.9)

• pure monophasic cases l, v or a are also possible. �

The states with only l and a or the states with only v and a lead to degenerate equilibrium
hypotheses that will be described in property 3.4.

3.1.2.2 Chosen approach in order to derive the equations

The same approach as [HQ19; HHQ20a] (among other references) is used to derive the
model equations. A given amount of fluid characterized by the mixture quantities W =
(V ,M, E) ∈ Ω is considered. By adopting a Lagrangian point of view, the modelling is
proceeded in two steps:

1. first, the fluid element is considered as fixed, closed and isolated from the rest of the
flow: its evolution should comply with the second principle of thermodynamics;

2. then, the interaction with the surrounding fluid is considered: the fluid element should
evolve within time in accordance with Newton laws and the first principle of thermo-
dynamics.
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The second step is exactly the same as the one used for instance in [HQ19; HHQ20a]:
the approach leads to depict the mixture by Euler-type equations for the mixture quantities,
i.e. density, momentum and total energy. The reader can refer to the previous references or
to [BH05; FM19; Jao01; Hel05; Mat10; Jun13; Hur17; HQ19] to have more details. We only
highlight that hypothesis 3.1 and operator (3.2) are the key ingredients to derive the equa-
tions.

The first step allows to properly define the mixture thermodynamical quantities such
as pressure and to build equations and source terms enabling to return towards the ther-
modynamical equilibrium within time. The thermodynamical behavior of the considered
mixtures of l, v and a with hybrid miscibility constraints has already been studied in [H
M19]. In the rest of the section, we will derive a similar approach, adapted to our model
framework.

3.1.2.3 Equation of state (EOS) for each field

In order to close the system, a complete equation of state (EOS) is required for each field
k ∈ K. As in [Hur17; HQ19; HHQ20a], a natural way to define such an EOS is to consider
an extensive entropy Wk ∈ Ωk 7→ Sk(Wk) (in J.K−1) as thermodynamical potential for each
field k ∈ K, with Wk = (Vk,Mk, Ek).

In order to ensure the hyperbolicity of the final model, some properties are required for
each k-field EOS Wk ∈ Ωk 7→ Sk(Wk) (see section 3.1.4).

Property 3.1 (Required properties for a k-field EOS Wk ∈ Ωk 7→ Sk(Wk))
A k-field EOS Wk ∈ Ωk 7→ Sk(Wk) is an admissible EOS ensuring the hyperbolicity of the
final model (see [HQ19; HHQ20a] and section 3.1.4) if the following properties hold:

(I) Wk ∈ Ωk 7→ Sk(Wk) is C2.
(I I) Wk ∈ Ωk 7→ Sk(Wk) is concave.
(I I I) ∀a ∈ R+, ∀Wk ∈ Ωk, Sk(aWk) = aSk(Wk).

(IV) ∀Wk ∈ Ωk,
∂Sk

∂Ek

∣∣∣∣
Vk ,Ek

> 0.

�

In agreement with the Classical Irreversible Thermodynamics (CIT) theory, the classical
Gibbs relation holds for each field k ∈ K:

TkdkSk = dkEk + PkdkVk − µkdkMk, (3.10)

which can be rewritten thanks to (3.2) as:

TkdSk = dEk + PkdVk − µkdMk. (3.11)

Since Sk(Vk,Mk, Ek) is a complete EOS for field k, all the thermodynamical quantitites can
be computed thanks to the derivatives of Sk:

Definition 3.1 (Thermodynamical quantities for a k-field)
Considering a field k ∈ K, its pressure Pk (in Pa), its temperature Tk (in K) and its Gibbs
free enthalpy µk (in J.kg−1) can be derived in accordance with the chosen complete EOS
Wk ∈ Ωk 7→ Sk(Wk), thanks to the Gibbs relation (3.11):

Pk

Tk
=

∂Sk

∂Vk

∣∣∣∣
Mk ,Ek

, (3.12)
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1
Tk

=
∂Sk

∂Ek

∣∣∣∣
Vk ,Mk

> 0, (3.13)

µk

Tk
= − ∂Sk

∂Mk

∣∣∣∣
Vk ,Ek

. (3.14)
�

3.1.2.4 Defining the thermodynamical quantities for the mixture

Definition 3.2 (Mixture entropy S)
Recalling that Wk = (Vk,Mk, Ek) ∈ Ωk, we consider Wlva = (Wl , Wv, Wa) and W = (V ,M, E) ∈
Ω so that Wlva ∈ Ωlva(W). As in [H M19], we define the entropy of the mixture S as:

W ∈ Ω 7→ S(W) = Sl(Wl) + Sv(Wv) + Sa(Wa). (3.15)

�

Note that the previous definition of the mixture entropy (3.15) is in accordance with the
ideal miscibility conditions (3.5) that we have previously assumed. However, it should be
modified if surface tension (or other effects, see [GS02]) had to be accounted for.

From (3.15) and (3.11) and using operator (3.2), a Gibbs relation for the mixture entropy

S can be derived after simple computations using the relation dΦk = Φd
(

Φk

Φ

)
+

Φk

Φ
dΦ

and the definition of the fractions (3.6).

Definition 3.3 (Mixture quantities)
A mixture pressure P (Pa), a mixture temperature T (in K) and a mixture Gibbs enthalpy µ

(in J.kg−1) can be exhibited by identifying them in the following mixture Gibbs relation:

dS =
1
T
(PdV − µdM+ dE)

+ V ∑
k∈K

Pk

Tk
dαk

− M ∑
k∈K

µk

Tk
dyk

+ E ∑
k∈K

1
Tk

dzk.

(3.16)

They read:
P
T

= ∑
k∈K

αk
Pk

Tk
, (3.17)

µ

T
= ∑

k∈K
yk

µk

Tk
, (3.18)

1
T

= ∑
k∈K

zk
1
Tk

. (3.19)
�

We interpret Gibbs relation (3.16) as follows:

• the first part
1
T
(PdV − µdM+ dE) gathers terms due to the mixture itself; they vanish

when the flow element is considered as fixed, closed and isolated from the rest of the
flows, at it will be studied in section 3.1.2.5.

• the second part V ∑
k∈K

Pk

Tk
dαk −M ∑

k∈K

µk

Tk
dyk + E ∑

k∈K

1
Tk

dzk gather exchange terms be-

tween the three fields.
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3.1.2.5 Second principle of thermodynamics and thermodynamical equilibrium

In this section we consider a closed system isolated from the rest of the flow : a fixed amount
of mixture characterized by W = (V ,M, E) ∈ Ω. It implies now:

dV = 0 ; dM = 0 ; dE = 0.

More precisely, we consider all the physical states Wlva = (Wl , Wv, Wa) ∈ Ωlva(W).
Recalling the hypothesis 3.5 due to the non-condensable gas, we have dMa = 0 and

dMl = −dMv, i.e.:
dya = 0 and dyl = −dyv.

Moreover, thanks to the miscibility conditions (3.5), Gibbs relation can be rewritten as a
function of αv, yv, ya, zv and za, since:

αl = 1− αv and αv = αa ; yl = 1− yv − ya ; zl = 1− zv − za.

Then, for the considered isolated system, Gibbs relation (3.16) can thus be simplified as
follows:

dS = V
((

Pv

Tv
+

Pa

Ta

)
− Pl

Tl

)
dαv

+ M
(

µl

Tl
− µv

Tv

)
dyv

+ E
(

1
Tv
− 1

Tl

)
dzv + E

(
1
Ta
− 1

Tl

)
dza,

(3.20)

which allows to identify the mixture pressure P and the mixture temperature T:

P(Y, τ, e) =
(1− αv)

Pl
Tl
+ αv(

Pv
Tv

+ Pa
Ta
)

1−zv−za
Tl

+ zv
Tv

+ za
Ta

;
1
T
(Y, τ, e) =

1− zv − za

Tl
+

zv

Tv
+

za

Ta
. (3.21)

In order to comply with the second principle of thermodynamics, we have to postulate
some form for dαk, dyk and dzk, ensuring that the mixture entropy will increase for the con-
sidered isolated system, i.e. so that dS ≥ 0, with dS defined through the Gibbs relation
(3.20).

Hypothesis 3.7
As initially proposed in [BH05], we assume the following time evolution for the fractions:





∀k ∈ K, dαk =
ᾱk − αk

λ

∀k ∈ {l, v}, dyk =
ȳk − yk

λ
and dya = 0,

∀k ∈ K, dzk =
z̄k − zk

λ
,

(3.22)
�

where λ > 0 and for all k ∈ K, ᾱk =
V̄k

V
, ȳk =

M̄k

M
and z̄k =

Ēk

E
, with W̄lva = (W̄l , W̄v, W̄a) ∈

Ωlva(W) the state that the system will asymptotically reach within time. Note that λ may be
defined as a function of time, of space, of W... The only constraint on λ is its positivity:

λ > 0.
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Property 3.2 (Concavity of the mixture extensive entropy)
S is strictly concave on Ωlva(W). More details are given in appendix 3.A.

Property 3.3
If W̄lva is defined as the maximum of the mixture entropy S (which exists and is unique
thanks to the strict concavity of S), then the second principle is ensured. If the equilibrium
state W̄lva is not reached on a border of Ωlva(W) (that is to say, if W̄lva is a two-phase mixture
with all the three fields l, v and a), W̄lva can be characterized by the first order conditions for
the existence of extremums, that give here:





Tl(V̄l ,M̄l , Ēl) = Tv(V̄v,M̄v, Ēv) = Ta(V̄a,M̄a, Ēa)
Pl(V̄l ,M̄l , Ēl) = Pv(V̄v,M̄v, Ēv) + Pa(V̄a,M̄a, Ēa)
µl(V̄l ,M̄l , Ēl) = µv(V̄v,M̄v, Ēv).

(3.23)
�

The second equilibrium coincides with the Dalton law.

Property 3.4 (Equilibrium states with one or two missing fields)
The thermodynamical equilibrium may be reached on a border of Ωlva(W) and then, con-
ditions (3.23) are no more relevant. Depending on the present components, the following
conditions should be used to determine the thermodynamical equilibrium:

• with a two-phase mixture of liquid and steam water: the same conditions as for in-
stance [Hur17; HHQ20a] hold:





Tl(V̄l ,M̄l , Ēl) = Tv(V̄v,M̄v, Ēv)
Pl(V̄l ,M̄l , Ēl) = Pv(V̄v,M̄v, Ēv)
µl(V̄l ,M̄l , Ēl) = µv(V̄v,M̄v, Ēv).

(3.24)

• with a non-miscible two-phase mixture of liquid water and non-condensable gas (l
and a), the following conditions hold, since no phase transition occurs:

{
Tl(V̄l ,M̄l , Ēl) = Ta(V̄a,M̄a, Ēa)
Pl(V̄l ,M̄l , Ēl) = Pa(V̄a,M̄a, Ēa).

(3.25)

• with a miscible monophasic gaseous mixture vapor water and non-condensable gas (v
and a), only one condition remains:

Tv(V̄v,M̄v, Ēv) = Ta(V̄a,M̄a, Ēa). (3.26)
�

3.1.3 Final system of equations

3.1.3.1 Intensive quantities

We introduce some notations for the intensive quantities:

- ρ = M
V stands for the density (in kg.m−3);

- τ = 1
ρ = V

M for the specific volume;

- e = E
M stands for the specific internal energy (in J.kg−1), E = e + 1

2 |U|2 for the total
specific energy;

- s = S
M stands for the specific entropy (in J.K−1.kg−1).

A quantity Φ without a subscript designates a mixture quantity, whereas a quantity Φk refers
to field k ∈ K.
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3.1.3.2 Final system of partial differential equations (PDE)

Finally, the model can be written with the intensive variables, by applying Newton laws
and first principle of thermodynamics (see [HHQ20a]) and by using the source terms (3.22)
exhibited in the previous section:





∂

∂t
(ραv) +

∂

∂x
(ρUαv) = ρ

(ᾱv − αv)

λ
,

∂

∂t
(ρyv) +

∂

∂x
(ρUyv) = ρ

(ȳv − yv)

λ
,

∂

∂t
(ρya) +

∂

∂x
(ρUya) = 0,

∂

∂t
(ρzv) +

∂

∂x
(ρUzv) = ρ

(z̄v − zv)

λ
,

∂

∂t
(ρza) +

∂

∂x
(ρUza) = ρ

(z̄a − za)

λ
,

∂

∂t
(ρ) +

∂

∂x
(ρU) = 0,

∂

∂t
(ρU) +

∂

∂x
(ρU2 + P) = 0,

∂

∂t
(ρE) +

∂

∂x
(U(ρE + P)) = 0.

(3.27)

We note Y = (αv, yv, ya, zv, za) and we recall the constraints that give αl , yl and zl from Y:




1 = αl + αv & αv = αa;
1 = yl + yv + ya;
1 = zl + zv + za.

Some useful relations between mixture and phasic quantities can be written:

∀k ∈ K, τk =
αk

yk
τ ; ek =

zk

yk
e. (3.28)

In order to close system (3.27), the user must specify one equation of state for each field
k (see section 3.2) and a time-scale λ > 0 describing the return to the thermodynamical
equilibrium. For the latter, few references exist in the litterature to estimate λ based on
physical considerations. For instance, in [HHQ20a], a proposition has been made, by con-
sidering time scales from nucleation theory. In the present work, only instantaneous or
quasi-instantaneous return towards equilibrium will be considered, by taking λ ' 0.

The definitions of the thermodynamical quantities introduced in the previous section are
rewritten with intensive variables. First, Gibbs relation for a field k ∈ K reads:

Tkdsk = dek + Pkdτk, (3.29)

where
1
Tk

=
∂sk

∂ek

∣∣∣∣
τk

;
Pk

Tk
=

∂sk

∂τk

∣∣∣∣
ek

. (3.30)

Moreover, we recall the definition of the chemical potential µk:

µk = ek − Tksk + Pkτk. (3.31)

The mixture entropy definition (3.15) becomes:

s(Y, τ, e) = (1− yv − ya)sl(τl , el) + yvsv(τv, ev) + yasa(τa, ea), (3.32)
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so that the mixture Gibbs relation (3.16) gives, since dM = 0:

ds =
1
T
(Pdτ + de) + τ

(
(

Pv

Tv
+

Pa

Ta
)− Pl

Tl

)
dαv

+

(
µl

Tl
− µv

Tv

)
dyv

+ e
(

1
Tv
− 1

Tl

)
dzv + e

(
1
Ta
− 1

Tl

)
dza,

(3.33)

where:

P(Y, τ, e) =
(1− αv)

Pl
Tl
+ αv(

Pv
Tv

+ Pa
Ta
)

1−zv−za
Tl

+ zv
Tv

+ za
Ta

;
1
T
(Y, τ, e) =

1− zv − za

Tl
+

zv

Tv
+

za

Ta
. (3.34)

Some concavity properties can be exhibited for the entropies: s is strictly concave relatively
to Y for a given (τ, e) and s is strictly concave relatively to (τ, e) for a given Y (see appendix
3.A). Last, we recall the definition of the mixture sound speed c (m.s−1):

c2 = −τ2 ∂P
∂τ

∣∣∣∣
s,Y

= −τ2 ∂P
∂τ

∣∣∣∣
e,Y

+ τ2P
∂P
∂e

∣∣∣∣
τ,Y

= −τ2T

(
∂2s
∂τ2

∣∣∣∣
e,Y

+ P2 ∂2s
∂e2

∣∣∣∣
τ,Y
− 2P

∂2s
∂τ∂e

∣∣∣∣
Y

)
,

(3.35)

which can be rewritten thanks to the partial derivatives of the phasic intensive entropies sk,
since:

∂2s
∂τ2

∣∣∣∣
e,Y

= ∑
k∈K

α2
k

yk

∂2sk

∂τ2
k

;
∂2s
∂e2

∣∣∣∣
τ,Y

= ∑
k∈K

z2
k

yk

∂2sk

∂e2
k

;
∂2s

∂τ∂e

∣∣∣∣
Y
= ∑

k∈K

αkzk

yk

∂2sk

∂τk∂ek
.

3.1.4 Main properties of the model

The present model possesses interesting mathetical properties. They are only summarized
here but the reader can refer to [BH05; FM19; Jao01; Hel05; Mat10; Jun13; Hur17; HQ19]
for more details about models with a similar convective structure and to [H M19] for details
about a homogeneous model with the same thermodynamical building.

Property 3.5 (Structure of waves)
Since the system (3.27) is an Euler-type system, the eigenstructure of the model is composed
of:

• two genuinely non-linear waves associated with the eigenvalues U ± c, where c is the
mixture sound speed (m.s−1), defined by:

c2 = −τ2
(

∂p
∂τ

)∣∣∣∣
s
= − τ2

(
∂τ

∂p

)∣∣∣∣
s

; (3.36)

• one linearly degenerate wave associated with the eigenvalue U. �

Property 3.6 (Hyperbolicity)
The two following conditions ensure the hyperbolicity of the model:
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(I) : the specific phasic entropies (τk, ek) 7→ sk(τk, ek) are concave;

(II) : the mixture temperature T is non-negative.

The proof is straightforward recalling equation (3.35): the hyperbolicity holds since the
eigenvalues are real, which is obviously the case if c2 ≥ 0, what is ensured since previous
conditions are verified.

Property 3.7 (Jump conditions)
Shocks are defined in a unique manner through the Rankine-Hugoniot relations. This prop-
erty is due to the strict concavity of s with respect to (τ, e) when fractions are fixed. �

Property 3.8 (Maximum principle on fractions)
Assuming that initial and boundary conditions on fractions are so that Y ∈ [0, 1]5, then the
fractions remain in [0, 1]5. This property can be proved thanks to the classical lemma proved
in [LM93].
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3.2 Equations of state (EOS)

The model presented in section 3.1 requires some thermodynamical closures i.e. one com-
plete phasic EOS for each field l, v and a, verifying the conditions (I)-(IV) from property 3.1,
rewritten as follows with intensive variables:

Property 3.9 (Required properties for a k-field EOS (τk, ek) 7→ sk(τk, ek))
A k-field EOS (τk, ek) 7→ sk(τk, ek) is an admissible EOS ensuring the hyperbolicity of the
final model (see [HQ19; HHQ20a] and appendix 3.A) if the following properties hold:

(I) (τk, ek) 7→ sk(τk, ek) is C2.
(I I) (τk, ek) 7→ sk(τk, ek) is concave.

(I I I) ∀(τk, ek),
∂sk

∂ek

∣∣∣∣
τk

> 0.

�

The phasic EOS used in this work are presented here.

We recall that a thermodynamical plane is made up of two intensive physical quantities
φ1 and φ2, varying in a domain dom(φ1, φ2). An EOS is a function describing a thermody-
namical potential Ψ in a thermodynamical plane (φ1, φ2) and an EOS (φ1, φ2) 7→ Ψ(φ1, φ2) is
a complete EOS when all the thermodynamical quantities can be defined from the successive
derivatives of Ψ with respect to φ1 and φ2. A very comprehensive list of possible thermody-
namical potentials can be found in appendix A of [FM19] and Chapter 2 of [Fac08]. In prac-
tice, the model of section 3.1 requires at least one thermodynamical potential (described
in its natural thermodynamical plane in table 3.1) and a compatible change of variables
towards another thermodynamical plane, as it will be explained in more details in section
3.3. In this work, we need indeed to use the following two thermodynamical planes:

• the specific entropy s in (τ, e)-plane: indeed, most classical numerical methods (see
section 3.3.1) require the mixture pressure P, computed with (3.34) using the phasic
pressures and temperatures, themselves obtained from τk and ek (easily deduced from
the convected variables ρ, ρE, ραk, ρyk, ρzk). Furthermore, this choice allows to handle
shock waves with quite simple numerical schemes;

• the Gibbs potential µ = e− Ts + Pτ in (P, T)-plane, since the thermodynamical equi-
librium is computed in (P, T)-plane with an algorithm adapted from [FKA12] (see
section 3.3.3).

Some quantities can also be computed with the second derivative of a thermodynamical
potential, for instance, the heat capacity at constant pressure Cp:

Cp = −T
∂2µ

∂T2

∣∣∣∣
P

. (3.37)

Notice that, thanks to assumption (III) of property 3.9, there is a bijective change of variables
to switch from s(τ, e) towards e(τ, s) [Cro90; Mat10].

The stiffened gas (SG) EOS is often used, as in [Hur14; Hur17], because of its simplicity
and its analytical form enabling to easily change of thermodynamical plane. In the follow-
ing, SG EOS will be used for vapor water v and non-condensable gas a (see section 3.2.1).
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Potential Entry plane "Gibbs relation" Conjugate variables

µ (P, T) dµ = −sdT + τdP τ =
∂µ

∂P

∣∣∣∣
T

; s = − ∂µ

∂T

∣∣∣∣
P

s (τ, e) ds =
P
T

dτ +
1
T

de
P
T

=
∂s
∂τ

∣∣∣∣
e

;
1
T

=
∂s
∂e

∣∣∣∣
τ

e (τ, s) de = Tds− Pdτ P = − ∂e
∂τ

∣∣∣∣
s

; T =
∂e
∂s

∣∣∣∣
τ

Table 3.1 – Potentials defining a complete EOS in a given thermodynamical plane.

In [HHQ20a], a more realistic EOS has been tested: it consists in a look-up table based on
IAPWS-97 formulation [WK08], one industrial reference EOS dedicated to water. Here, we
aim to propose a compromise between the simplicity of a SG and the numerical costs and
difficulties of a IAPWS look-up table (see [HHQ20a]), by choosing a semi-analytical EOS for
the liquid l: a Noble-Able stiffened gas EOS [LS16; BCL19] modified with the Chemkin EOS
[Kee+96], called NASG-CK EOS in the following (see section 3.2.2).

3.2.1 Stiffened gas EOS for the gaseous fields v and a

We recall the stiffened gas EOS in (τ, e)-plane:

∀k ∈ {v, a}, sk(τk, ek) = Cv,kln
(
(ek −Qk − πkτk)τ

γk−1
k

)
+ s0k. (3.38)

The stiffened gas parameters are the following, for k ∈ {v, a}:

• Cv,k (J.K−1.kg−1) is the calorific capacity at constant volume,

• γk is the adiabatic index, a non-dimensional coefficient greater than 1,

• −Πk (Pa) is the minimal admissible pressure (which can be negative),

• Qk (J.kg−1) is a reference enthalpy,

• s0k (J.K−1.kg−1) is a reference entropy.

The coefficients, given in appendix 3.B, are evaluated with the method proposed in [Dau+14].

The EOS can be easily inverted in (P, T)-plane using the definition µ = e− Ts + Pτ:

∀k ∈ {v, a}, µk(Pk, Tk) = γkCv,kTk + Qk − Tk(γkCv,kln(Tk)− (γk − 1)Cv,kln(Pk + Πk) + kk),
(3.39)

with a constant kk (in J.K−1.kg−1), defined in accordance with (3.38) and (3.41):

kk = Cv,k ln(Cv,k) + Cv,k(γk − 1) ln(Cv,k(γk − 1)) + s0k. (3.40)
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Other quantities can be deduced using table 3.1:

∀k ∈ {v, a}, τk(Pk, Tk) =
Cv,k(γk − 1)Tk

Pk + Πk

sk(Pk, Tk) = γkCv,k ln(Tk)− (γk − 1)Cv,k ln(Pk + Πk) + kk;

ek(Pk, Tk) = Cv,kTk + Qk + Cv,k(γk − 1)Tk
Πk

Pk + Πk
;

Cpk(Pk, Tk) = γkCv,k.

(3.41)

It can be easily checked that property 3.9 is verified for a SG EOS.

3.2.2 Noble-Able-Chemkin stiffened gas EOS for the liquid l

In [BCL19], the authors proved that Noble-Able Stiffened gas (NASG) EOS can be extended
to cope with a variable heat capacity at constant pressure Cp (in J.K−1.kg−1) depending on
the temperature: in particular, they recommend to define Cp with the NASA polynomials,
used in the Chemkin EOS [Kee+96].

3.2.2.1 Definition in (P, T)-plane

Thus, we propose the following EOS, by gathering the main features of NASG EOS and
Chemkin EOS i.e. the introduction of a specific volume bl (m3.kg−1) and a variable Cpl
defined as a polynomial of Tl :

µl(Pl , Tl) = µ0
l (Tl) + bl Pl + Cl(T) ln(Pl + Πl),

with: µ0
l (Tl) = RTl

(
Al(1− ln(Tl))−

Bl

2
Tl −

Cl

6
T2

l −
Dl

12
T3

l −
El

20
T4

l +
Fl

Tl
− Gl

)
,

Cl(Tl) = Cv,l(γl − 1)Tl ,

R =
r
M

the perfect gas constant, with r = 8.31446261815324 J.kg−1.mol−1 and M = 18.01528 g.mol−1.
(3.42)

Other quantities can be deduced from (3.43) using table 3.1:

τl(Pl , Tl) = bl +
Cv,l(γl − 1)Tl

Pl + Πl
;

sl(Pl , Tl) = R
(

Al ln(Tl) + BlTl +
Cl

2
T2

l +
Dl

3
T3

l +
E
4

T4
l + Gl

)
− Cv,l(γ− 1) ln(Pl + Πl);

Cpl(Tl) = R(Al + BlTl + ClT2
l + DlT3

l + ElT4
l ).

αpl(Pl , Tl) =
[

Tl +
bl(Pl+Πl)
Cv,l(γl−1)

]−1
;

(3.43)

3.2.2.2 Definition in (τ, e)-plane

Inverting the NASG-CK EOS from the (Pl , Tl)-plane towards the (τl , el)-plane requires an
implicit resolution. Supposing that τl and el are known as functions of (Pl , Tl), we aim to get
sl(τl , el):

1. first, Pl can be written as a function of τl and Tl :

Pl =
Cv,l(γl − 1)Tl

τl − bl
−Πl = Pl(τl , Tl); (3.44)
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2. then, el can be rewritten as a function of τl and Tl only:

el = RTl(Al +
Bl

2
Tl +

Cl

3
T2

l +
Dl

4
T3

l +
El

5
T4

l +
Fl

Tl
)−Cv,l(γl− 1)Tl +Πl(τl− bl) = el(τl , Tl);

(3.45)

3. last, Tl can be deduced from τl and el by implicitely solving the previous equation (for
instance with a secant method algorithm).

At the end of day, we speak about "semi-analytical" EOS for NASG-CK because, up to an im-
plicit resolution of el = (τl , Tl) to find Tl , the complete EOS in (τl , el)-plane sl(τ(Pl , Tl), el(τl , Tl))
can be obtained from µl(Pl , Tl).

3.2.2.3 Admissibility condition of NASG-CK EOS

Property 3.10
The Noble-Able Chemkin EOS (3.43) is an admissible EOS ensuring property 3.9 since:

Cpl(Tl)− Cv,l(γl − 1) ≥ 0 (3.46)
�

It has been numerically checked that (3.46) holds for the coefficients used in this work (given
in appendix 3.B).

Proof :
Here we focus on the concavity of (τl , el) 7→ sl(τl , el) because all the other requirements from
property 3.9 can be easily proved. Recalling from table 3.1:

dsl

dτl

∣∣∣∣
el

=
Pl

Tl
;

dsl

del

∣∣∣∣
τl

=
1
Tl

,

one needs now to evaluate the second derivatives of (τl , el) 7→ sl(τl , el). Using (3.45), we can
deduce an implicit relation Tl = Tl(τl , el) and we get:

del = (Cpl(Tl)− Cv,l(γl − 1))dTl + Πldτl , (3.47)

so that:
∂Tl

∂τl

∣∣∣∣
el

= −Πl(Cpl(Tl)− Cv,l(γl − 1))−1, (3.48)

and
∂Tl

∂el

∣∣∣∣
τl

= (Cpl(Tl)− Cv,l(γl − 1))−1. (3.49)

Moreover, using (3.44), we get also:

Pl =
Cv,l(γl − 1)Tl(τl , el)

τl − bl
−Πl , (3.50)

so that:
∂Pl

∂τl

∣∣∣∣
el

= −Cv,l(γl − 1)Tl

(τl − bl)2 +
Cv,l(γl − 1)
(τl − bl)

∂Tl

∂τl

∣∣∣∣
el

. (3.51)

It reads then:

∂2sl

∂τl∂el
=

∂

∂τl

(
1
Tl

)∣∣∣∣
el

= − 1
T2

l

∂Tl

∂τl

∣∣∣∣
el

=
Πl

T2
l
(Cpl(Tl)− Cv,l(γl − 1))−1; (3.52)

174



∂2sl

∂e2
l

∣∣∣∣∣
τl

=
∂

∂el

(
1
Tl

)∣∣∣∣
τl

= − 1
T2

l

∂Tl

∂el

∣∣∣∣
τl

= − 1
T2

l
(Cpl(Tl)− Cv,l(γl − 1))−1 = − 1

Πl

∂2sl

∂τl∂el
;

(3.53)
∂2sl

∂τ2
l

∣∣∣∣∣
el

=
∂

∂τl

(
Pl

Tl

)∣∣∣∣
τl

=
1
Tl

∂Pl

∂τl

∣∣∣∣
el

− Pl

T2
l

∂Tl

∂τl

∣∣∣∣
el

=
∂Tl

∂τl

∣∣∣∣
el

(
Cv,l(γl − 1)
Tl(τl − bl)

− (
Cv,l(γl − 1)
Tl(τl − bl)

− Πl

T2
l
)

)
− Cv,l(γl − 1)

(τl − bl)2

= −Π2
l

T2
l
(Cpl(Tl)− Cv,l(γl − 1))−1 − Cv,l(γl − 1)

(τl − bl)2

= −Πl
∂2sl

∂τl∂el
− Cv,l(γl − 1)

(τl − bl)2 .

(3.54)

Since Cpl(Tl)− Cv,l(γl − 1) ≥ 0, we get:

∂2sl

∂τ2
l

∣∣∣∣∣
el

≤ 0 ;
∂2sl

∂e2
l

∣∣∣∣∣
τl

≤ 0 ;
∂2sl

∂τl∂el
≥ 0

∂2sl

∂τ2
l

∣∣∣∣∣
el

∂2sl

∂e2
l

∣∣∣∣∣
τl

−
(

∂2sl

∂τl∂el

)2

=

(
∂2sl

∂τl∂el

)2

(1− 1) +
∂2sl

∂τl∂el

Cv,l(γl − 1)
(τl − bl)2Πl

=
∂2sl

∂τl∂el

Cv,l(γl − 1)
(τl − bl)2Πl

≥ 0,

(3.55)

which prove that (τl , el) 7→ sl(τl , el) is indeed concave as required by property 3.9.

3.2.2.4 Accuracy of NASG-CK EOS

Most EOS coefficients (Al , Bl , Cl , Dl , El , γl , Cv,l , Πl and bl) have been evaluated by fitting the
specific volume τl and the heat capacity Cpl to data obtained with IAPWS EOS (see chapter
2). The remaining coefficients Fl and Gl have been defined by fitting Tsat (computed by
imposing µl(P, Tsat(P)) = µv(P, Tsat(P))) with the saturation temperature computed with
IAPWS (see figure 3.1).
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Figure 3.1 – Relative error on Tsat(P) obtained by balancing µl(P, T) and µv(P, T) compared
with IAPWS, when considering NASG-CK or SG EOS for liquid.
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We compared NASG-CK EOS with coefficients from appendix 3.B with a SG EOS fitted
with the emperical method from [Dau+14] on a large liquid domain, following the same
guidelines as those proposed in chapter 2. Recalling the definition of the relative error errφ

for a quantity φ:

errφ =

∣∣∣∣
φEOS − φIAPWS

φIAPWS

∣∣∣∣ ,

we chose the following (subjective) indicators, gathering in table 3.2:

• the mean, minimal and maximal relative error for each quantity;

• the percentage of the physical domain where the relative error is smaller than 5% for
each quantity;

• the percentage of the physical domain where the relative error is smaller than 5% for
the three quantities τ and Cp at the same time;

Error maps for τl (figures 3.2 and 3.3) and Cpl (figures 3.4 and 3.5) are also given, showing
the relative error at each point (Pl , Tl), with an error limited by a ceiling of 5%.

All the previous indicators show that NASG-CK EOS is far more accurate than a SG EOS
on a large liquid domain.

Indicators (%) NASG CK EOS SG EOS

Mean relative errors on τ 2.9 7.2

on Cp 0.87 5.8

Min relative errors on τ ' 10−6 0.14

on Cp ' 10−6 ' 10−7

Max relative errors on τ 20 38

on Cp 21 56

% of domain with err < 5% on τ 89 52

on Cp 99 66

on τ and Cp 89 52

Table 3.2 – Comparison of accuracy indicators for NASGCK EOS and SG on a large liquid
domain, relatively to IAPWS
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Figure 3.2 – Relative error on τ compared with
IAPWS-97 for NASGCK EOS, with er-
ror saturation at 5%.

Figure 3.3 – Relative error on τ compared with
IAPWS-97 for SG EOS, with error sat-
uration at 5%.

Figure 3.4 – Relative error on Cp compared with
IAPWS-97 for NASGCK EOS, with er-
ror saturation at 5%.

Figure 3.5 – Relative error on Cp compared with
IAPWS-97 for SG EOS, with error sat-
uration at 5%.
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3.3 Numerical implementation

The numerical implementation is carried out following the same numerical strategy as in
[Hur17; HHQ20a]. We will only recall here the main features of the method and we refer to
the previous references for more details. The numerical method is based on a fractional step
method [Yan68] using a Lie-Trotter splitting (with a unique sub-iteration). More precisely,
system of equations (3.27) can be rewritten as:

∂W
∂t

= −∂F (W)

∂x
+ G(W), W(t = 0) = W0, (3.56)

whereF correspond to the convective flux and G to the source terms. A straightforward Lie-
Trotter splitting is chosen, consisting in solving at time t = tn the following two sub-systems
during a time step ∆tn:

(i)
∂Wa

∂t
= −∂F (W)

∂x
, Wa(tn) = Wn, (3.57)

which gives Wa(tn + ∆tn):

(ii)
∂Wb

∂t
= −∂G(W)

∂x
, Wb(t = tn) = Wa(tn + ∆tn). (3.58)

which gives W(tn+1) = Wb(tn + ∆tn). Since this splitting is first order with respect to time,
each sub-system is solved using first order schemes.

3.3.1 Numerical schemes to solve the convective sub-system (3.57)

First sub-system (3.57) takes into account the convective part: it is solved with first-order
explicit and conservative finite volumes schemes. Their general form for a one-dimensional
framework with cells Ωi is:

|Ωi|(Wn+1
i −Wn

i ) = −∆tn((F(Wn
i , Wn

i+1)− F(Wn
i−1, Wn

i )), (3.59)

where Wn
i denotes the space-average value of W on the cell Ωi at time tn. Note that other

methods may be used, as in [HHQ20b] where a similar model has been implemented using
a Lattice-Boltzmann method. In this work, two different schemes are used: Rusanov scheme
[Rus61] and a relaxation scheme proposed in [CC08] and described in details in [HHQ20a].
We recall very briefly their main features and we refer to previous references for more de-
tails.

For the Rusanov scheme, the numerical flux is:

F(Wl , Wr) =
1
2
(F (Wl) +F (Wr))−

max(Λr, Λl)

2
(Wr −Wl) , (3.60)

where Λr (resp. Λl) is the spectral radius of the convection matrix ∇WF at W = Wr (resp.
W = Wl). The time step ∆tn at iteration n should satisfy the CFL constraint:

∆tn

∆x
max(Λr, Λl) <

1
2

. (3.61)

As far as the relaxation scheme is concerned, an enlarged hyperbolic system is intro-
duced, associated with a strong relaxation term, so that the relaxation procedure enables to
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formally recover the initial system of equations. The enlarged system to solve is then the
following: 




∂t(ρY) + ∂x(ρYU) = 0;
∂tρ + ∂x(ρU) = 0;
∂t(ρU) + ∂x(ρU2 + Π) = 0;
∂t(ρΣ) + ∂x(ρUΣ + UΠ) = 0;

∂t(ρT ) + ∂x(ρT U) =
1
ε

ρ(τ − T );

(3.62)

where the relaxation source terms for T are characterized by the parameter ε ≥ 0. Some
additional variables have been introduced to build system (3.62): one additional scalar un-
known T with the initial condition:

∀x, T (0, x) = τ(0, x);

a new pressure Π:
Π = P(Y, T , e) + a2(T − τ); (3.63)

and a relaxation specific total energy Σ:

Σ =
u2

2
+ e +

Π2 − P2(Y, T , e)
2a2 , (3.64)

as well as a positive parameter a is a positive parameter, which sould satisfy the following
sub-characteristic condition:

a > max
(

cl(Yl , τl , el)

τl
,

cr(Yr, τr, er)

τr

)
. (3.65)

The numerical flux is the following:

F(Wl , Wr) =

(
YU
τ

,
U
τ

,
U2

τ
+ Π,

UΣ
τ

+ UΠ
)

,

where Y, τ, U, Σ are the components ofZ (x/t = 0, Zl , Zr), the self-similar solutionZ (x/t, Zl , Zr)
of the Riemann problem at the interface separating cells l and r, so that Π=Π(Y, τ, Σ).

3.3.2 Applying the source terms through sub-system (3.58)

The return towards thermodynamical equilibrium is accounted for with the second sub-
system (3.58): 




∂

∂t
(Y) =

Ȳ(τ, e)−Y
λ(t)

;

∂

∂t
(ρ) = 0;

∂

∂t
(ρU) = 0;

∂

∂t
(ρE) = 0.

(3.66)

In this second subsystem (3.66), τ and e are constant. We make furthermore the approx-
imation: λ(t) = λ(0), so that the fractions can be computed as the exact solutions of the
approximated sub-system:

∂Y
∂t

=
Ȳ(τ(0), e(0))−Y

λ(0)
. (3.67)
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For an initial condition given by the value at time tn, the final approximation at time tn+1 =
tn + ∆tn then reads:





Y(tn+1) = Y(tn) e
−∆tn
λ(tn) + Ȳ(tn)

(
1− e

−∆tn
λ(tn)

)
;

ρ(tn+1) = ρ(tn);
U(tn+1) = U(tn);
e(tn+1) = e(tn).

(3.68)

Remark 3.3 — For a sake of simplicity, both sub-systems (3.57) and (3.58) are solved using
only one time-step. Since the explicit numerical scheme of the convective sub-system im-
poses a stability constraint on this time-step, this second step is achieved using an implicit
scheme. �

The major difficulty in this step is in fact to compute the thermodynamical equilibrium
Ȳ: the algorithm, based on [FKA12], is briefly explained in the next section 3.3.3 and fully
described in appendix 3.D.

Remark 3.4 (Alternative splitting for source terms) — Instead of applying all the source
terms during the same step, one might consider another Lie splitting in three steps:

1. a convection step, the same as (3.57);

2. a first step, in which Tv and Ta are balanced;

3. a second step, in which the gaseous mixture v + a is balanced with the liquid l. �

3.3.3 Principles enabling to compute the thermodynamical equilibrium

After the convection step, (ya, τ, e) are known and we need now to find the equilibrium
fractions Ȳ(ya, τ, e) = (ᾱv, ȳv, z̄v, ya) enabling to maximize the mixture entropy s (3.32). The
main procedure is the following:

ALGORITHM 3.1 (Type of equilibrium) — Arguments: (ya, τ, e).

• If ya = 1: the equilibrium is a monophasic state with only field a, so that:

ᾱv = 0 ; ȳv = 0 ; z̄v = 0 ; z̄a = 1.

• Else if ya = 0: we try to compute an equilibrium state with the two fields l and
v using ALGORITHM 3.2 (LV), computing a potential equilibrium Ȳlv(ya, τ, e) =
(α̃lv

v , ỹlv
v , z̃lv

v , z̃lv
a ).

– If Ȳlv is admissible (i.e. if all the fractions are in ]0, 1[):

Ȳlv = Ỹ.

– Else: the equilibrium state is a monophasic state with only l or only v. More
precisely, the equilibrium state is the monophasic state maximizing the en-
tropy:
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* If sl(τ, e) > sv(τ, e): the equilibrium is a pure liquid water state, so that:

ᾱv = 0 ; ȳv = 0 ; z̄v = 0 ; z̄a = 0.

* Else: the equilibrium is a pure vapor water state, so that:

ᾱv = 1 ; ȳv = 1 ; z̄v = 1 ; z̄a = 0.

• Else: we try to compute an equilibrium state Ȳlva(ya, τ, e) with the three fields l, v
and a, determined using ALGORITHM 3.3 (LVA):

Ȳlva = Ỹ.

– If Ȳlva is admissible (i.e. if all the fractions are in ]0, 1[):

Ȳlva = Ỹ.

– Else: the equilibrium state is a mixture of l and a, or a mixture of v and a. Both
possible states Ȳla(ya, τ, e) and Ȳva(ya, τ, e) are computed using ALGORITHM

3.4 (LA) and ALGORITHM 3.5 (VA), thanks to conditions from property 3.4.
The physical state is obtained by comparing both mixture entropies ska =
(1− ya)sk(τ̃k, ẽk) + yasa(τ̃a, ẽa), k = l, v:

* If sla(ya, τ, e) > sva(ya, τ, e): the equilibrium is a two-phase mixture of
liquid water and non-condensable gas, so that

Ȳla = Ỹ.

* Else: the equilibrium is a miscible gaseous mixture of vapor water and
non-condensable gas, so that:

Ȳva = Ỹ.

The previous procedure calls algorithms to compute the thermodynamical equilibrium,
depending on the fields which are actually present in the mixture. These algorithms are
described in details in appendix 3.D. The LV-equilibrium (ALGORITHM 3.2) and the LVA-
equilibrium (ALGORITHM 3.3) algorithms are based on the algorithm initially proposed in
[FKA12]. The key idea is to change of thermodynamical plane. Indeed, if we consider
the LVA-case, the equilibrium is characterized by the four following equations in the (τ, e)-
plane:

Pl(τl , el) = Pv(τv, ev) + Pa(τa, ea);
Tl(τl , el) = Tv(τv, ev);

Tv(τv, ev) = Ta(τa, ea);
µl(Pl(τl , el), Tl(τl , el)) = µv(Pv(τv, ev), Tv(τv, ev));

(3.69)

since the previous system can be rewritten using relations τk =
αk

yk
τ and ek =

zk

yk
e for k =

l, v, a: the four remaining unknowns are thus the equilibrium fractions, noted ᾱv, ȳv, z̄v and
z̄a. Instead of looking for these fractions ᾱv, ȳv, z̄v and z̄a satisfying (3.69), the tip is to rather
consider the following unknowns P̄v, P̄a, T̄ and ȳv. Miscibility constraints (3.7) enable to get
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a system equivalent to system (3.69) in pressure-temperature plane:

ȳv × τv(P̄v, T̄) = ya × τa(P̄a, T̄);
τ = (1− ȳv)× τl(P̄v + P̄a, T̄) + ȳv × τv(P̄v, T̄);
e = (1− ȳv)× el(P̄v + P̄a, T̄) + ȳv × ev(P̄v, T̄) + ya × ea(P̄a, T̄);

µl(P̄v + P̄a, T̄) = µv(P̄v, T̄).

(3.70)

With the particular choice for phasic EOS considered in section 3.2, system (3.70) can be
rewritten as a system of two coupled equations of only two variables (P̄v and P̄a), solved in
ALGORITHM 3.3 with a Broyden algorithm, as described in appendix 3.D.

Remark 3.5 (Analytical phasic EOS for vapor and non-condensable gas) — Without spec-
ifying any phasic EOS, the only obvious simplification of system (3.70) is to replace ȳv by its
expression as a function of P̄v, P̄a and T̄ obtained from the first equation of (3.70):

ȳv = ya
τa(P̄a, T̄)
τv(P̄v, T̄)

.

It remains a system of three coupled equations of three unknowns P̄v, P̄a and T̄. Our partic-
ular choice of stiffened gas EOS for the vapor and the non-condensable gas enables us to get
an explicit formula for T̄ as a function of P̄v and P̄a.

However, we tried to replace the SG phasic EOS for vapor by a Noble-Able equation
[LS16]: in that case, equations of system (3.69) are much more coupled because of the specific
volume bv, so that we did not succeed in getting a simpler form as a three coupled equations
of three unknowns for system (3.69). We decided then to limit ourselves to a SG EOS for
vapor, in order to simplify the numerical implementation.

Remark 3.6 (Threshold for fractions) — In practice, a threshold ε f rac = 10−12 is defined in
the code for the fractions: a fraction 1 ≥ ϕ > 1− ε f rac will be taken equal to 1 and a fraction
0 ≤ ϕ < ε f rac will be taken equal to 0. �
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3.4 Verification test cases

In order to verify the implementation of the numerical methods as well as the thermody-
namical equilibrium computation, convergence studies are performed on Riemann prob-
lems for which a unique analytical solution can be exhibited.

As in [HHQ20a; Hur14], particular Riemann problems with only a contact wave and a shock
wave are built. More precisely, we consider a one-dimensional domain x ∈ [0 m, 1 m], dis-
cretized using uniform meshes, with an initial discontinuity at xd = 0.5 m. The exact so-
lution (see figure 3.6) consists in the left and right initial states, respectively WL and WR,
separated by a uniform intermediate state W∗. The nature of waves is the following:

• the wave travelling at U − C is a ghost wave;

• the wave travelling at U, separating left state WL and intermediate state W∗, is a
contact-wave;

• the wave travelling at U + C, separating intermediate state W∗ and right state WR, is
a shock-wave.

x

t

|
x = 0 m

|
x = 1 mxd = 0.5 m

WL WR

U − C

U

U + C
WL W∗

Figure 3.6 – Riemann problem with one intermediate state; U-C: ghost wave; U: contact wave; U+C:
shock wave

Like in [HHQ20a], two types of Riemann problems are considered:

• “out-of-equilibrium” Riemann problems, with λ → ∞: only the convective part of
model 3.1 is tested;

• “at-equilibrium” Riemann problem, with λ → 0: first, the convective terms are taken
into account and the thermodynamical equilibrium is then enforced through the source
terms.

Computing the analytical solutions is classical but somehow tricky because of the non-
condensable gas: the method is presented in the next section. Then, convergence results
for out-of-equilibrium Riemann problems (section 3.4.2) and for at-equilibrium Riemann
problems (section 3.4.3) are presented. The initial data for each test case are reported in ap-
pendix 3.C. Convergence studies are performed by computing the relative L1-error, defined
as follows: for an approximated solution Ψapprox and an exact solution Ψexact, since the mesh
size is uniform, the relative L1-error is computed at time tn on the whole mesh as:

∑i |Ψapprox,n
i −Ψexact(xi, tn)|
∑i |Ψexact(xi, tn)| ,

183



where xi is the barycenter of the cell i. Obviously, when ∑i |Ψexact(xi, tn)| = 0 (i.e. Ψexact = 0),
this relative error is meaningless and we then consider the mere L1-error:

∑
i
|Ψapprox,n

i −Ψexact(xi, tn)|.

3.4.1 General method to build analytical solutions

The main approach is the same as the one used in [HHL16; Hur17; HHQ20a]. First a left
state WL is chosen; then the intermediate state W∗ is computed across the contact wave
from WL; last, the right state WR is obtained from W∗ through the shock wave. We recall the
Rankine-Hugoniot jump relations:





J[Y] = 0
[J] = 0

J2[τ] + [P] = 0

J
(
[e] + [τ]

PL + PR

2

)
= 0

(3.71)

where J = ρ(U− σ) with σ the speed of the discontinuity and where [Φ] = ΦR−ΦL denotes
the difference of the value of the quantity Φ on the right of the discontinuity ΦR and on the
left of the discontinuity ΦL. For a contact-wave, σ = U whereas for a U + c-shock-wave,
σ = U + c.

For a out-of-equilibrium Riemann problem, P is the mixture pressure from (3.34), so
that P = P(Y, τ, e), directly evaluated with the variables Y, τ, e computed through the con-
vection step (3.57).

For an at-equilibrium Riemann problem, P is always computed with (3.34), but no
more with the convected fractions Y: this time, P = P(Ȳ, τ, e) = P̄, with Ȳ = Ȳ(Y, τ, e) the
equilibrium fractions computed with algorithms from appendix 3.D. We highlight that, for
Riemann problems at equilibrium, only the mass fraction ya is convected and still complies
with J[ya] = 0: the other equilibrium fractions ᾱv, ȳv, z̄v and z̄a do not verify the jump rela-
tions anymore.

The detailled algorithms enabling to build such Riemann problems are given in ap-
pendix 3.E.

3.4.2 Out-of-equilibrium test cases

Two out-of-equilibrium Riemann problems are considered:

• a first Riemann problem with relatively low pressures, around 1 bar (see initial data in
appendix 3.C.1);

• a second Riemann problem with relatively high pressures, between 150 bar and 200 bar
(see initial data in appendix 3.C.2).

In both cases, the expected convergence rate of 1
2 , due to the presence of the contact

wave, is observed on the convergence curves (see figures 3.7 and 3.8). Note that the errors
are higher for the second case at high pressures.
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Figure 3.7 – Convergence curve for Riemann problem 1 (out-of-equilibrium, low pressures) :
meshes from 100 to 150 000 cells
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Figure 3.8 – Convergence curve for Riemann problem 2 (out-of-equilibrium, high pressures) :
meshes from 100 to 150 000 cells
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3.4.3 At-equilibrium test cases

Two at-equilibrium Riemann problems are considered:

• a first Riemann problem, with an initial pressure gap around 10 bar (see initial data in
appendix 3.C.3);

• a more brutal Riemann problem, with an initial pressure gap around 150 bar, in or-
der to prepare the validation case SUPERCANON of section 3.5 (see initial data in
appendix 3.C.4).
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Figure 3.9 – Convergence curve for Riemann problem 3 (at-equilibrium, with a ' 10 bar pres-
sure gap) : meshes from 100 to 150 000 cells

In both cases, the asymptotical convergence rate is between 1
2 and 1, as expected (see

figures 3.9 and 3.10). A higher initial pressure gap seems to induce a slightly higher error on
the pressure, but not really on the other quantities.
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Figure 3.10 – Convergence curve for Riemann problem 4 (at-equilibrium, with a ' 150 bar pres-
sure gap) : meshes from 100 to 150 000 cells
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3.5 Validation test case: SUPERCANON simulations

A validation test case is now considered, based on the SUPERCANON experiment [Rie78],
aiming to reproduce a simplified loss of coolant accident (LOCA) scenario. The experimen-
tal set-up is described on figure 3.11. A tube is filled with pressurized liquid water at 150 bar
and 300°C (in order to be representative of the primary circuit of a pressurized water reac-
tor). At the beginning of the experiment, the cap is removed, so that the liquid water is now
at the contact of the ambiant air at 1 bar and 20°C.
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Figure 3.11 – SUPERCANON experimental set-up [Rie78]

A rough description of the main phenomena occuring during a SUPERCANON run is
the following: the initial pressure gap creates a fast depressurization wave, which travels
in the tube to the left. The pressure drop reaches then a pressure around the saturation
pressure, leading to the vaporisation of a small amount of liquid. The vapor fraction then
increases slowly and the pressure remains almost constant until the arrival of the vaporisa-
tion front. This vaporisation front, which travels from the opening of the tube to the end of
the tube, produces smoother changes of the pressure. It is responsible for the last pressure
drop. Figure 3.12 shows the pressure within time, measured at point P1 (see figure 3.11):
because of the importance of the initial pressure gap (around 150 bar), the observed pres-
sure plateau does not match with the expected saturation pressure. It appears that the flow
remains out of the thermodynamical equilibrium for a moment within a run, in particular
close to the wall when the depressurization wave reaches the bottom of the tube. Previous
numerical works [Hur17; HQ20] based on a similar homogeneous model as the one studied
here [BH05] highlight that taking into account the out-of-equilibrium effects is essential to
obtain qualitatively correct results.

In the following, SUPERCANON simulations are performed on a mesh containing 500
cells, on a domain of 10 meters, including the tube in its left part. The present work aims to
better assess the importance of several parameters:

• the chosen phasic EOS for the liquid water, by comparing NASG-CK EOS with a clas-
sical stiffened gas EOS;

• the initial air mass fraction dissolved in liquid water. Liquid water has been degased
in SUPERCANON experiment, but the residual air fraction, even if it is very small,
may have a strong influence on the simulations, as it has been highlighted in similar
simulations [Bac+12];

• the relaxation time parameter λ, defined in hypothesis 3.7. Some toy laws have been
used in [Hur17; HQ20], leading to a great agreement with the experimental results.
These laws are here compared with a simplified model based on the nucleation theory,
proposed in [HHQ20a].
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Figure 3.12 – SUPERCANON experimental set-up [Rie78]

3.5.1 At-equilibrium simulations

Simulations are performed by taking λ = 0 and by chosing several ya. First results can be
seen on figure 3.13. When the air mass fraction is very small (cases ya = 10−6, ya = 10−8,
ya = 0), the pressure suddently decreases and is then almost constant for a while. The
pressure plateau on point P1 is overestimated, as expected because of the thermodynamical
equilibrium assumption (see figure 3.13a). The more air there is, the smoother is the pressure
drop. When the air mass fraction is quite important (cases ya = 10−2, ya = 10−3), the
pressure drop is even delayed and becomes so smooth that the plateau is no more observed.
For cases ya = 10−6, ya = 10−8, ya = 0, the slightly different initial air mass fraction leads to
slight differences in the very first miliseconds of the experiment (see figure 3.13b). Figures
3.14 and 3.15 show snapshots of the pressure within X (m) at four time steps. The air induces
indeed a small pressure overshoot following the depressurization wave in these cases.

3.5.2 Out-of-equilibrium simulations

First results have been obtained by using a toy law for λ, improved from [Hur17] and also
used in [HQ20]. The law is the following:

λ = ttoy = λ0 f (αv) e−
(
|αv−αv |

δα

)2

, (3.72)

where the function α ∈ [0, 1] 7→ f (α) corresponds to 3 constant values with cosine con-
nections to get a smooth function, as defined on figure 3.16. The law used to compute the
results presented below has the following parameters : λ0 = 1.5 10−2 s et δα = 5.5 10−4,
a = 1, b = 0.05, c = 0, α1 = 0, α2 = 0.15, α3 = 0.25, α4 = 0.65.

Figure 3.17 shows some first results obtained without air in the initial liquid water. Fur-
ther comparisons have to be done, with several initial air fractions ya in the liquid water.
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(a) Comparison between simulations
and experimental data.

(b) Zoom on the first miliseconds: differ-
ences arise, depending on ya.

Figure 3.13 – Pressure (Pa) within time (s) at point P1 (see figure 3.11): at-equilibrium simula-
tion (λ = 0), using NASG-CK EOS for the liquid with several initial air fractions
ya.

(a) Snapshot at t = 1.5 10−3s (b) Snapshot at t = 2.2 10−3s

Figure 3.14 – Pressure (Pa) within X (m) at several time steps: at-equilibrium simulation (λ =
0), using NASG-CK EOS for the liquid with several initial air fractions ya.
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(a) Snapshot at t = 3.0 10−2s (b) Snapshot at t = 2.0 10−1s

Figure 3.15 – Pressure (Pa) within X (m) at several time steps: at-equilibrium simulation (λ =
0), using NASG-CK EOS for the liquid with several initial air fractions ya.
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α α α α0 1
2 31 4

a

b

c

Figure 3.16 – Definition of the function α ∈ [0, 1] 7→ f (α) used for the definition of λ.
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Figure 3.17 – Pressure (Pa) within time (s) at point P1 (see figure 3.11): at-equilibrium simu-
lation (λ = 0) and out-of-equilibrium simulation (λ = ttoy, see (3.72)), using
NASG-CK EOS for the liquid.
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Conclusion

The homogeneous model based on [BH05] and already studied in [H M19] has been imple-
mented by using a quite realistic phasic equation of state for the liquid water: an extension of
the Noble-Able stiffened gas [LS16], modified with the Chemkin EOS [Kee+96], as proposed
in [BCL19]. The main difficulty arises with the computation of the thermodynamical equi-
librium: that is why the algorithms have been carefully detailled in this work. The model
has been first verified on Riemann problems. Last, simulations based on the SUPERCANON
experiment [Rie78] have been presented.
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Appendices

3.A Concavity of the intensive entropies

Here, we recall the consequences of property 3.1 in terms of concavity, without detailling
the proofs. Indeed, they can be very easily. We refer to [HQ19] for detailled proofs, adapted
from [FM19; Mat10; Jun13], in a very similar case: indeed, in [HQ19], the model deals with
a three-phase flow model describing three immiscible components, which leads to the same
definition as (3.15) for the mixture entropy.

Property 3.11 (Concavity of the extensive mixture entropy)
W ∈ Ω 7→ S(W) is concave. Moreover, if we consider the manifold Ω̃ = {W ∈ Ω/M >

0 is fixed}, then W ∈ Ω̃ 7→ S(W) is strictly concave. �

Property 3.12 (Concavity of the intensive phasic entropy)
Wk ∈ Ωk 7→ sk(τk, ek) is concave. �

Property 3.13 (Concavity of the intensive mixture entropy)
We recall the notation Y = (αv, yv, ya, zv, za).

(I) : For a given (τ, e), Y ∈ [0, 1]5 7→ s(Y, τ, e) is strictly concave. This property implies
that s admits a unique maximum reached on a fraction set Ȳ, which is defined as the
thermodynamical equilibrium.

(II) : For a given Y ∈ [0, 1]5, (τ, e) 7→ s(Y, τ, e) is strictly concave. This property allows to
define the shock wave in a unique manner. �
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3.B Coefficients for NASG-CK EOS and SG EOS

Coefficients Liquid NASG-CK

Al (dimensionless) 4.69738865636393e+01

Bl (K−1) -4.19269571479452e-01

Cl (K−2) 1.70702143968620e-03

Dl (K−3) -3.04805662517983e-06

El (K−4) 2.02814588067819e-09

Fl (K) -2.519604765e+06/R

Gl (dimensionless) -5.573536947e+04/R

γl (dimensionless) 3.27113568773712

Cv,l (JK−1kg−1) 7.24509640448929e+02

Πl (Pa) 1.24425779880749e+09

bl (m3kg−1) 5.66559849022606e-04

Table 3.B.1 – Coefficients for Noble-Able Chemkin EOS (3.43), for liquid.

Coefficients Liquid SG

γ (dimensionless) 1.39864082368510

Cv (JK−1kg−1) 3.19641035947920e+03

Q (Jkg−1) -1.24606074764184e+06

Π (Pa) 4.79690712132593e+08

k (JK−1kg−1) 3.07594603384284e+02

Table 3.B.2 – Coefficients for stiffened gas EOS, for liquid, obtained from the optimization process
in Chapter 2

where k = Cv ln(Cv) + Cv(γ− 1) ln(Cv(γ− 1)) + s0.

Coefficients Vapor SG

γ (dimensionless) 1.15442237458290

Cv (JK−1kg−1) 2.91668522329726e+03

Q (Jkg−1) 1.25942536895827e+06

Π (Pa) -3.24993579473092e+02

k (JK−1kg−1) -7.77026092439033e+03

Table 3.B.3 – Coefficients for stiffened gas EOS, for vapor, obtained from the optimization process
in Chapter 2

where k = Cv ln(Cv) + Cv(γ− 1) ln(Cv(γ− 1)) + s0.
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Coefficients Air SG

γ (dimensionless) 1.4

Cv (JK−1kg−1) 719.0

Q (Jkg−1) 0

Π (Pa) 0

k (JK−1kg−1) 0

Table 3.B.4 – Coefficients for stiffened gas EOS, for air, considered as a perfect gas
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3.C Initial data for Riemann problems test cases

3.C.1 Out-of-equilibrium Riemann problems

Data Left state Intermediate state Right state
α 9.83232179608806 10−1 9.87041861906529 10−1 9.87041861906529 10−1

y 3.17380286565343 10−2 4.03113857253491 10−2 4.03113857253491 10−2

z 4.91959192421520 10−1 5.44567894139035 10−1 5.44567894139035 10−1

ya 5.0 10−2 6.18446225562366 10−2 6.18446225562366 10−2

za 8.83504641470457 10−2 9.77984087865951 10−2 9.77984087865951 10−2

τ (m3/kg) 5.4427805669757310−2 6.886350393192439 10−2 6.89635039319242 10−2

u (m/s) 1.0 1.0 -2.15013291878029
P (Pa) 1.86680031787657 105 1.86680031787657 105 8.74466577184921 104

Table 3.C.1 – Out-of-equilibrium test case 1 (low pressures). σ = 2170.29190638504 m/s

Data Left state Intermediate state Right state
α 0 9.19694593615943 10−1 9.19694593615943 10−1

y 0 2.85573530078594 10−1 2.85573530078594 10−1

z 0 6.30189314804280 10−1 6.30189314804280 10−1

ya 0 2.98982265612722 10−1 2.98982265612722 10−1

za 0 1.14386879858482 10−1 1.14386879858482 10−1

τ (m3/kg) 1.31548928051287 10−3 6.08942521668654 10−3 5.98942521668655 10−3

u (m/s) 100.0 100.0 122.564444506511
P (Pa) 1.49999999999962 107 1.49999999999962 107 2.00915415588632 107

Table 3.C.2 – Out-of-equilibrium test case 2 (high pressures) : σ = 1474.04497378469 m/s
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3.C.2 At-equilibrium Riemann problems

Data Left state Intermediate state Right state
α 2.83455356934630 10−1 6.11774284813328 10−1 3.99122663398670 10−1

y 4.25625125846829 10−3 8.70625146760066 10−3 1.0 10−2

z 1.51011070725486 10−2 2.91840921657732 10−2 3.35291837019411 10−2

ya 2.0 10−2 3.0 10−2 3.0 10−2

za 9.24831478659724 10−3 1.32498062560992 10−2 1.32417151719985 10−2

τ (m3/kg) 1.6382140748807462 10−3 1.9485538689275692 10−3 2.080256962546277 10−3

u (m/s) 1.0 1.0 -9.71690290715716
P (Pa) 8.00000000000805 106 7.99999999999713 106 7.12794753132892 106

Table 3.C.3 – At-equilibrium test case 3 (smooth case) : σ = 159.557115470034 m/s

Data Left state Intermediate state Right state
α 4.55806467748821 10−1 6.35814523035530 10−1 9.88240646295054 10−1

y 2.79348914129385 10−2 5.74662402110775 10−2 1.0 10−1

z 7.30830106253936 10−2 1.44714572786685 10−1 4.11152591599341 10−1

ya 5.0 10−2 9.0 10−2 9.0 10−2

za 1.81366554653765 10−2 3.15417178714970 10−2 4.39343919538099 10−2

τ (m3/kg) 2.18882462814298 10−3 3.0386914611470485 10−3 7.55537631384807 10−2

u (m/s) 1.0 1.0 -1028.59799314035
P (Pa) 1.49999999999975 107 1.50000000000035 107 3.21668487111682 105

Table 3.C.4 – At-equilibrium test case 4 (high pressure gap) : σ = 44.1445568183537 m/s
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3.D Algorithms to compute the thermodynamical equilibrium

Here, we present the four auxiliary algorithms, called in the main algorithm 3.1. They are
built among the same principles in [FKA12], enabling to compute the thermodynamical
equilibrium, depending on the fields which are actually present in the mixture, as explained
in properties 3.3 and 3.4. Note that ALGORITHM 3.2 is independent from the choice of phasic
EOS, whereas the other algorithms take advantage of the particular form of the stiffened
gas EOS used for the vapor and the non-condensable gas (see remark 3.5).

ALGORITHM 3.2 (Equilibrium with two fields l and v) — Arguments: (τ, e).
Liquid-vapor equilibrium satisfies:

Pl(τl , el) = Pv(τv, ev) = P̄;
Tl(τl , el) = Tv(τv, ev) = T̄;

µl(Pl , Tl) = µv(Pv, Tv),
(3.73)

with τk =
αk
yk

τ and ek =
zk
yk

e for k = l, v.

Instead of looking for fractions ᾱv, ȳv and z̄v satisfying (3.73), the unknowns P̄, T̄ and
ȳv are considered. Last equation from (3.73):

µl(P̄, T̄) = µv(P̄, T̄), (3.74)

enables to define the saturation temperature T̄ = Tsat(P̄). For each tested P̄, the
saturation temperature T̄ is then obtained by using a secant method algorithme solving
(3.74).

Our entry arguments (τ, e) give us two more equations due to the miscibility con-
straints (3.8), both depending on ȳv, which are:

τ = (1− ȳv)× τl(P̄, Tsat(P̄)) + ȳv × τv(P̄, Tsat(P̄)),
e = (1− ȳv)× el(P̄, Tsat(P̄)) + ȳv × ev(P̄, Tsat(P̄)). (3.75)

First equation of (3.75) leads to an explicit formula for ȳv, as a function of P̄:

ȳv = ȳv(P̄) =
τ − τl(P̄, Tsat(P̄))

τv(P̄, Tsat(P̄))− τl(P̄, Tsat(P̄))
. (3.76)

The resolution is finally achieved with a secant method algorithm by looking for P̄ veri-
fying:

e = (1− ȳv(P̄))× el(P̄, Tsat(P̄)) + ȳv(P̄)× ev(P̄, Tsat(P̄)), (3.77)

using the previous definition (3.76) for ȳv(P̄).
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ALGORITHM 3.3 (Equilibrium with three fields l, v and a) — Arguments: (ya, τ, e).
Thermodynamical equilibrium (3.23) is characterized in (τ, e)-plane, as depicted in
property 3.3, by:

Pl(τl , el) = Pv(τv, ev) + Pa(τa, ea) = P̄;
Tl(τl , el) = Tv(τv, ev) = T̄;
Tv(τv, ev) = Ta(τa, ea) = T̄;

µl(Pl(τl , el), Tl(τl , el)) = µv(Pv(τv, ev), Tv(τv, ev));

(3.78)

As already explained in section 3.3.3, instead of looking for ᾱv, ȳv, z̄v and z̄a satisfying
(3.78), the following unknows are considered in pressure-temperature plane: P̄v, P̄a, T̄
and ȳv. Miscibility constraints (3.7) enable to get a system equivalent to system (3.78) in
pressure-temperature plane:

ȳv × τv(P̄v, T̄) = ya × τa(P̄a, T̄);
τ = (1− ȳv)× τl(P̄v + P̄a, T̄) + ȳv × τv(P̄v, T̄);
e = (1− ȳv)× el(P̄v + P̄a, T̄) + ȳv × ev(P̄v, T̄) + ya × ea(P̄a, T̄);

µl(P̄v + P̄a, T̄) = µv(P̄v, T̄).

(3.79)

The previous system is solved as follows, in three steps:

1. Thanks to the particular form of the stiffened gas EOS, the first equation of (3.79)
gives an explicit definition of ȳv as a function of P̄v and P̄a:

ȳv = ya =
Cv,a(γa − 1)
Cv,v(γv − 1)

(P̄v + Πv)

(P̄a + Πa)
) = ȳv(P̄v, P̄a). (3.80)

2. The stiffened gas formula is used to compute T̄. Indeed, its particular form en-
ables to decouple T̄ and ȳv in the second equation of (3.79) :

T̄ = (τ − (1− ya − ȳv)bl) ((1− ya − ȳv)Cv,l(γl − 1) + yaCv,a(γa − 1))−1

= T̄(P̄v, P̄a).
(3.81)

3. We still need to solve the following system relatively to (P̄v, P̄a), for instance with
a Broyden algorithm:




( f1) : µl(P̄v + P̄a, T̄) = µv(P̄v, T̄)
( f2) : e = (1− ȳv − ya)× el(P̄v + P̄a, T̄) + ȳv × ev(P̄v, T̄) + ya × ea(P̄a, T̄)
with: ȳv = ȳv(P̄v, P̄a) from (3.80) and T̄ = T̄(P̄v, P̄a) from (3.81).

A difficulty arising with Broyden algorithm is to propose a relevant starting point. Sev-
eral choices are tested in the code:

• correlations obtained with R from large data sets;

• pressures obtained after solving a dichotomy on either ( f1) or ( f2), by fixing either
Pv or Pa;

• pressure Pv obtained with the same τ and e but ya = 0.

However, Broyden algorithm may still fail. A double dichotomy on Pv, and then Pa has
also been implemented, but it has also a lack of robustness since we have difficulties to
define some bounds for Pv and Pa.
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ALGORITHM 3.4 (Equilibrium with two fields l and a) — Arguments: (τ, e).
In this case:

yv = 0 ; yl = 1− ya.

Conditions from property 3.4 are recalled, with τk =
αk
yk

τ and ek =
zk
yk

e for k = l, a:

Pl(τl , el) = Pa(τa, ea) = P̄;
Tl(τv, ev) = Ta(τa, ea) = T̄;

(3.82)

Due to our entry arguments (τ, e), unknowns P̄, T̄ are once more relevant, and mis-
cibility constraints (3.8) lead to:

τ = (1− ya)× τl(P̄, T̄) + ya × τa(P̄, T̄),
e = (1− ya)× el(P̄, T̄) + ya × ea(P̄, T̄). (3.83)

Due to the particular form of the stiffened gas EOS, the first equation of (3.83) leads to
an explicit definition of T̄ as a function of P̄:

T̄ = (τ − (1− ya)bl)

(
yaCv,a(γa − 1)

P̄ + Πa
+

(1− ya)Cv,l(γl − 1)
P̄ + Πl

)−1

= T̄(P̄), (3.84)

so that there is only one implicit equation in P̄ left:

( f ) : e = (1− ya)× el(P̄, T̄(P̄)) + ya × ea(P̄, T̄(P̄)),
with: T̄ = T̄(P̄) from (3.84).

(3.85)

The resolution is finally achieved by looking for P̄ verifying equation (3.85) with a secant
method algorithm.

ALGORITHM 3.5 (Equilibrium with two fields v and a) — Arguments: (τ, e).
In this case:

yl = 0 ; yv = 1− ya.

Only one condition is obtained from property 3.4:

T̄ = Tv(τv, ev) = Ta(τa, ea). (3.86)

In pressure-temperature plane, the miscibility constraints from hypothesis 3.6 lead to
the following condition;:

τ = yaτa(P̄a, T̄) = (1− ya)τv(P̄v, T̄),

which implies (because we use stiffened gas EOS):

T̄ =
(e− (yaQa + (1− ya)Qv)

yaCv,a + (1− ya)Cv,v
+ (Πa + Πv)τ.

Finally, P̄a and P̄v can be explicitly deduced thanks to the stiffened gas phasic EOS:

P̄k =
ykCv,k(γk − 1)T̄

τ
−Πk, k = v, a.
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3.E Analytical solutions for the model

For a sake of readibility, let us highlight that all the variables are initialized since ya and pha-
sic pressures and temperatures are given through the following function INIT(ya, Pl , Pv, Pa, Tl , Tv, Ta):

ALGORITHM 3.6 (Initialization) — INIT(ya, Pl , Pv, Pa, Tl , Tv, Ta) →
(α, yv, zv, za, τ, e, P, T):

1. Using the phasic EOS:

• τl = bl +
Cv,l(γl − 1)Tl

Pl + Πl
and τk =

Cv,k(γk − 1)Tl

Pk + Πk
for k = v, a.

• el = RTl(Al +
Bl
2 Tl +

Cl
3 T2

l + Dl
4 T3

l + El
5 T4

l + Fl
Tl
)− Pl(τl − bl)

and ek = Cv,kTk + Qk + (τk − bk)Πk for k = v, a.

2. Using miscibility constraints (3.7):

• yv = ya
τa

τv
so that yl = 1− ya − yv;

• τ = ylτl + yaτa;

• e = ylel + yvev + yaea.

3. Using the definition of phasic fractions:

• α = αv = αa = yv
τv

τ
;

• zk = yk
ek

e
for k = v, a.

4. Using the definition of mixture pressure and temperature (3.34):

P =
(1− αv)

Pl
Tl
+ αv(

Pv
Tv

+ Pa
Ta
)

1−zv−za
Tl

+ zv
Tv

+ za
Ta

;
1
T

=
1− zv − za

Tl
+

zv

Tv
+

za

Ta
.

Our methods to build analytical Riemann problems are now presented in the two fol-
lowing algorithms.

ALGORITHM 3.7 (Building of an out-of-equilibrium Riemann problem) —
Approach:

1. We define the left state WL:

• by choosing UL, PL
k and TL

k for k ∈ K;

• by deducing the other quantities αL
v , yL

v , zL
v , zL

a , eL, τL, PL and TL from
INIT(yL

a , PL
l , PL

v , PL
a , TL

l , TL
v , TL

a ).

2. Then, we define the intermediate state W∗:
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• by imposing U∗ = UL (due to (3.71) through a contact);

• by choosing P∗k and T∗k for k ∈ K;

• by finding thanks to dichotomy algorithm y∗a so that

P∗(y∗a) = PL (due to (3.71) through a contact).

Indeed, for each tested ỹ∗a , we use INIT(ỹ∗a , P∗l , P∗v , P∗a , T∗l , T∗v , T∗a ), so that we
get a value for P̃∗ = P̃∗(ỹ∗a).

• once y∗a is found, the other quantities are computed with
INIT(y∗a , P∗l , P∗v , P∗a , T∗l , T∗v , T∗a ).

3. Last, we define the right state WR:

• by imposing αR
v = α∗v, yR

v = y∗v, yR
a = y∗a , zR

v = z∗v and zR
a = z∗a (due to (3.71)

through a shock);

• by arbitrarely imposing τR;

• by looking for eR verifying the last Rankine-Hugoniot equation through a
shock:

eR − e∗ + (τR − τ∗)
PR(eR, ...) + P∗

2
= 0

where, using (3.34),

PR = PR(eR, τR, αR
v , yR

v , yR
a , zR

v , zR
a );

• and last by deducing with (3.71) J2 =
−PR + P∗

τR − τ∗ , and then UR = U∗ −
PR − P∗

J
and σ = UR − JτR.

ALGORITHM 3.8 (Building of an at-equilibrium Riemann problem) — Approach:

1. We define the left state WL:

• by choosing UL;

• by choosing PL
k and TL

k to comply with thermodynamical equilbrium, so that:

PL
l = PL

v + PL
a and TL

k = Tsat(PL
v , PL

a ) ∀k ∈ K;

• by deducing the other quantities αL
v , yL

v , zL
v , zL

a , eL, τL, PL and TL from
INIT(yL

a , PL
l , PL

v , PL
a , TL

l , TL
v , TL

a ).

2. Then, we define the intermediate state W∗:

• by imposing U∗ = UL (due to (3.71) through a contact);
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• by choosing P∗k and T∗k to comply with thermodynamical equilibrium) i.e. by
choosing

P∗l = PL
l and P∗k 6= PL

k ,

so that:

PL
v + PL

a = P∗v + P∗a and TL
k = Tsat(P∗v , P∗a ) ∀k ∈ K;

• and then, by deducing the other quantities α∗v, y∗v, z∗v, z∗a , e∗, τ∗, P∗ and T∗

from INIT(y∗a , P∗l , P∗v , P∗a , T∗l , T∗v , T∗a ).

3. Last, we define the right state WR:

• by imposing yR
a = y∗a (due to (3.71) through a shock);

• by arbitrarely defining yR
v 6= y∗v;

• by looking for PR
v verifying the last Rankine-Hugoniot equation through a

shock:

eR(PR
v , ...)− e∗ + (τR(PR

v , ...)− τ∗)
PR

v + PR
a (PR

v , ...) + P∗

2
= 0;

We detail the terms from the previous equation:

– as yR
v and yR

a are given, PR
a is imposed by PR

v through the constraints
yaτa = yvτv for SG EOS, so that:

PR
a =

yR
a

yR
v

Cv,a(γa − 1)
Cv,v(γv − 1)

(PR
v + Πv)−Πa = PR

a (PR
v );

– once PR
v and PR

a are known, TR is defined as

TR = Tsat(PR
v , PR

a ),

by equalizing the chemical potentials via a dichotomy algorithm:

µl(PR
v + PR

a (PR
v ), TR) = µv(PR

v , TR).

– eR and τR can be evaluated with PR
v , PR

a and TR thanks to phasic EOS (cf
ALGORITHM 3.6):

eR = ∑
k∈K

yR
k ek(PR

k , TR(PR
v ));

τR = (1− yR
a − yR

v )τl(PR
v + PR

a (PR
v ), TR(PR

v )) + yR
v τv(PR

v , TR(PR
v ).

• Last by deducing with (3.71) J2 =
−PR + P∗

τR − τ∗ , and then UR = U∗ − PR − P∗
J

and σ = UR − JτR.
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Chapter 4

A four-field three-phase flow model
with both miscible and immiscible
components.

The main content of this chapter has been published under the reference:

J.-M. Hérard , O. Hurisse and L. Quibel, A four-field three-phase flow model with both
miscible and immiscible components, ESAIM:Mathematical Modelling and Numerical Analysis,
2020.

Abstract

A three-phase flow model with hybrid miscibility constraints is proposed: three immiscible
phases are considered (liquid water, liquid metal and gas) but the gaseous phase is com-
posed with two miscible components (steam water and non-condensable gas). The mod-
elling approach is based on the building of an entropy inequality for the system of partial
differential equations: once an interfacial velocity is given by the user, the model is uniquely
defined, up to some relaxation time scales, and source terms complying with the second
principle of thermodynamics can then be provided. The convective part of the system is hy-
perbolic when fulfilling a non-resonance condition and classical properties are studied (Rie-
mann invariants, symmetrization). A key property is that the system possesses uniquely
defined jump conditions. Last, preservation of thermodynamically admissible states and
pressure relaxation are investigated.
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Introduction

In the framework of nuclear safety demonstration for pressurized water reactors, some ac-
cidental scenarii are studied (see IRSN website [IRS11]). They involve compressible flows
undergoing fast transient situations with mass transfer. Steam explosion (see [Ber00]) falls
into this category and its accurate simulation is still a challenging problem [BH19]. It might
occur when very hot liquid metal particles interact with quiet liquid water. Liquid water
heated by metal suddendly changes into steam and a steam layer appears around metal
particles. Heat transfer is thus inhibited until this layer becomes unstable. A steam explo-
sion may then arise, leading to pressure waves likely to damage the surronding structures.

In addition to metal, liquid and steam water, other gases may be present: indeed, am-
biant air may be mixed with vapor when metal comes into the free surface of water, or
hydrogen might appear under accidental conditions because of fuel oxydation. Then, the
proportion of non-condensable gas compared with water vapor in the gaseous layer around
metal particles has a strong influence on the probability of observing a steam explosion or
not [ANT90], since non-condensable gas limits steam condensation [HZW15]. Numerical
studies also bear out the effect of the inert gas quantity on condensation, like in [Bac+12].
Non-condensable gas is besides taken into account in the reference industrial codes classi-
cally used to simulate a vapor explosion [Mei+14; BB90].

Our aim in this work is to propose a meaningful model with suitable mathematical prop-
erties for the previous applications, describing a flow with four components: liquid and
steam water, liquid metal particles and non-condensable gas. Moreover, our model needs
to cope with mass transfer between liquid and steam water, and to correctly manage shock
waves. We insist on the fact that only a modelling work will be presented here: perspectives
and references concerning the numerical simulation will be discussed in conclusion.

A wide range of two-phase flow models has been proposed since decades. Fewer ref-
erences are available about three-phase flow models, see [Hér16; Hér07; MHR16; H M19;
HQ19; BH19; SS19; HM19b; HM19a]. Among all these models, two classes can be distin-
guished: models based on the multifluid approach [BN86; Kap+01; Coq+02; GS02; Hér16;
Hér07; MHR16; BH19; SS19; HM19b; HM19a], where each component has its own veloc-
ity field, and models based on the homogeneous approach [BH05; ACK00; FKA12; HM10;
Jun13; HS06; Hur17; H M19; HQ19; HHQ20], where the kinematic equilibrium is assumed
between all constituents.

The choice between one approach or the other is a matter of interest and can be discussed
regarding characteristic time scales for the considered system. Indeed, the targeted appli-
cations are rapid transients where the phases are almost always out of equilibrium, so that
the system dynamics is driven by return towards equilibrium and convective effects. The
mechanical, kinematic or thermal transfers between phases occur at different characteristic
time scales, so that lots of classical modelling approaches may suppose some instantaneous
partial equilibria, in terms of pressure, velocity or temperature: such partial relaxations
enable to build a hierarchy of models as depicted in [FL11]. By noting τp the pressure relax-
ation time scale, τu the velocity relaxation time scale and τT the temperature relaxation time
scale, the following ordering1 is often assumed, based on estimations obtained for instance
in [Kap+01]:

0 < τp, τu << τT.

τp and τu can be differently ordered depending on the considered model, as recalled in the
introduction of [Loc16]. Note that evaluating each phasic velocity is sometimes unavoid-

1This hierarchy is not absolute and may depend on the considered physical situation as explained in [GS07].
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able, like for the vapor explosion (see [Ber00; Mei+14]) where the velocity gaps are required
to estimate interfacial transfers through the interfacial area. To numerically take into account
the kinematic disequibrium, a time step ∆t smaller than τu is required. A homogeneous
model does not impose this constraint on ∆t and is thus far cheaper on industrial meshes;
but thanks to the computing cost drop, the multifluid approach is today more and more
affordable and thus requires a relevant modelling.

Both approaches have their own strengths and their own difficulties. The homogeneous
models have a simpler convective structure than the multifluid models (for instance, com-
pare [HQ19] with [Hér07], two models describing the same mixture with three immiscible
phases). Nevertheless, a mixture equation of state should be carefully built in the homoge-
neous models (see [H M19; HQ19]), whereas the thermodynamical behavior is decoupled
phase by phase in the multifluid models. Numerically, building the mixture equation of
state in a homogeneous model can be somehow tricky when considering realistic equations
of state, so that very robust numerical schemes are required as highlighted in [HHQ20].
Moreover, for some applications like for the vapor explosion (see [Ber00; Mei+14]), evaluat-
ing each phasic velocity is sometimes unavoidable, because the velocity gaps are required
to estimate interfacial transfers through the interfacial area. The velocity gaps are indeed
the key ingredient enabling to model the dislocation effects of the liquid metal droplets, that
induce a high heat transfer between metal and water which may lead to an explosion.

The present model is derived from the multifluid approach. It belongs to a family of
models developped since 2000 [Coq+02; GHS04; Hér07; Hér08; Hér16; HL16; HM19b], built
among a similar strategy, by imposing the following minimal requirements:

• to be hyperbolic;

• to possess a physically relevant entropy inequality;

• to possess uniquely defined jump conditions.

Moreover, the preservation of the thermodynamical admissible domain should be ensured
and the symmetrizability is also expected (see [Coq+14b; SS19; HM19b]). Thanks to the pre-
vious properties, problems with an analytical solution, which may involve shock waves, can
be built, and one may thus request that two different numerical schemes should converge
towards a unique solution when refining the mesh. This is also a key feature to verify numer-
ical codes intented for safety study purposes. The initial model [Coq+02; GHS04] is a two-
phase flow model with two immiscible phases, similar to the original Baer-Nunziato model
[BN86]. Both barotropic model and model with energy have been studied. The counterpart
of this model has been proposed in [Hér07], with three immiscible phases; its barotropic
version [Hér16] has been implemented in [BH19], and the full model with energy equation
in [BH20]. A hybrid two-phase flow model with three components has been last developed
in [HM19b]: steam water and non-condensable gas are miscible whereas liquid and gaseous
phase are immiscible.

The present model aims to simultaneously tackle all the features of these previous mod-
els: three immiscible phases are present (liquid water, liquid metal and gas) like in [Hér07]
and the gaseous phase is composed with two miscible components (steam water and non-
condensable gas) like in [HM19b].

The model is based on a system of conservation laws with additional non-conservative
terms involving an interfacial velocity vI . Our modelling effort focuses on the correct defi-
nition of the non-conservative terms: we only focus on models admitting a relevant entropy
inequality and uniquely defined jump conditions that degenerate towards the classical Euler
framework when considering single-phase flows.
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Section 4.1 is devoted to the building of an entropy inequality. From the partial differen-
tial equations, a natural mixture entropy is derived: once vI is given by the user, the model
is uniquely defined, up to some relaxation time scales. Several submodels can be studied
by chosing a particular form for vI . Following a classical approach, admissible source terms
complying with entropy growth within time can be found.

Section 4.2 focuses on the properties of the convective part of such models. For any
vI , hyperbolicity is ensured, unless resonance occurs. Then, two submodels are considered
for which unique jump conditions can be easily exhibited: when vI is equal to us, one of the
phasic velocities, or when vI is defined as um, the average of the phasic velocities. Hence, we
retrieve the "classical" two-phase flow results (see [Coq+02]). For both cases, the convective
structure is precisely described in terms of waves and Riemann invariants. It is also shown
that the quasi-linear system admits a symmetric form, ensuring that the Cauchy problem
based on this model has a unique local-in-time smooth solution [Kat75] (while excluding
the resonance).

Last, in section 4.3, the case vI = us is more deeply studied, by giving some useful
properties that might help to prepare a future numerical implementation of the model. We
shall see that the thermodynamically admissible domain is preserved for simple equations
of state. The natural pressure equilibria, satisfying the Dalton’s law, are not violated, and the
relaxation system ensures that initial pressure gaps will relax towards zero, so that pressure
equilibria will be recovered, provided that some meaningful restrictions on initial pressure
differences hold.
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4.1 A four-field three-phase flow model

The considered flows are composed of four fields, representing the following components:
liquid metal, liquid water, vapor and gas. For sake of readibility, we define: K = {s, l, v, g},
and each field will be identified in the following by a subscript k ∈ K: subscript s refers to
liquid metal; subscript l refers to liquid; subscript v refers to vapor and subscript g refers to
gas.
First, a system of conservation laws describing the four fields is written, based on Euler
equations with additionnal terms modelling the interfacial exchanges. A natural entropy
equality is associated to this system.
Several submodels can then be studied, depending on the miscibility constraints. In our
application, vapor and gas are miscible whereas liquid metal, liquid water and gaseous
mixture are immiscible.
Closure laws for non conservative terms satisfying minimal entropy dissipation are pro-
posed. Last, particular forms are proposed for the source terms: as the model should comply
with entropy growth for weak solutions, some constraints can be exhibited.

4.1.1 General framework

4.1.1.1 Set of variables and notations

Let us consider a field k, k ∈ K. The following set of variables Yk is considered:

Yk = (αk, mk, mkuk, αkEk)
t, (4.1)

where αk is the statistical fraction, mk is the partial mass (in kg.m−3), uk ∈ R3 is the velocity
(in m.s−1) and Ek is the total energy (in J.m−3), i.e. the sum of kinetic energy and internal
energy.

Let us then precise some notations: Pk stands for pressure (in Pa); Tk for temperature
(in K); we note also ak = T−1

k ; εk for internal energy (in J.kg−1.m−3); sk for entropy (in
J.K−1.kg−1.m−3) and ck for sound velocity (in m.s−1). Density ρk (in kg.m−3) is defined by
mk = αkρk.

Remark 4.1 — Note that for all k ∈ K, αk ∈]0, 1[: monophasic cases or cases with one or
more missing phases are excluded. �

4.1.1.2 Equation of state

Thermodynamically, a field k is described with the following equation of state for internal
energy: εk(Pk, ρk). This choice is relevant regarding our previous choice for Yk (4.1): with an-
other thermodynamical entry-plane, other more natural definitions of Yk would have been
preferred. Ek can now be explicitely written:

Ek = ρkεk(Pk, ρk) +
1
2

ρku2
k . (4.2)

The equation of state defines a physically admissible domain, i.e. a set Ek = {(Pk, ρk) ∈
R×R+∗/εk(Pk, ρk) ≥ 0}. For all (Pk, ρk) ∈ Ek, ck, sk and Tk are then defined thanks to εk
with the following positivity constraints :

ρkc2
k =

(
∂εk

∂Pk

∣∣∣∣
ρk

)−1(
Pk

ρk
− ρk

∂εk

∂ρk

∣∣∣∣
Pk

)
> 0, (4.3)
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sk(Pk, ρk) so that c2
k

∂sk

∂Pk

∣∣∣∣
ρk

+
∂sk

∂ρk

∣∣∣∣
Pk

= 0, (4.4)

and

Tk =
∂εk

∂Pk

∣∣∣∣
ρk

×
(

∂sk

∂Pk

∣∣∣∣
ρk

)−1

> 0. (4.5)

A requirement for the model is to preserve within time the admissible domain Ek and the
positivity constraints (4.3) and (4.5): this property will be studied in section 4.3.1.

4.1.1.3 Set of partial differential equations

In order to build the complete set of partial differential equations for the whole closed sys-
tem, balance equations for each variable of Yk, k ∈ K, are written. It leads to the following
system of equations for the state variable Ỹ =

⋃
k∈K Yk:





∂tαk + vI(Ỹ).∇αk = Φk(Ỹ)
∂tmk +∇.(mkuk) = Γk(Ỹ)

∂t(mkuk) +∇.(mkuk ⊗ uk) +∇(αkPk) + ∑
k′ 6=k

Πkk′(Ỹ)∇αk′ = SQk(Ỹ)

∂t(αkEk) +∇.(αkuk(Ek + Pk))− ∑
k′ 6=k

Πkk′(Ỹ)∂tαk′ = SEk(Ỹ)

(4.6)

Exchanges between the four fields inside the closed system are accounted for by non con-
servative terms as well as source terms Φk(Ỹ), Γk(Ỹ), SQk(Ỹ) and SEk(Ỹ). Non conservative
terms involve an interfacial velocity vI(Ỹ) and interfacial pressures

(
Πkk′(Ỹ)

)
(k,k′)∈K2,k 6=k′ .

Remark 4.2 — For sake of simplicity, we consider that source terms as well as interfacial
closures depend only on Ỹ. More complex models could assume for instance a dependance
on both Ỹ and gradients of the components of Ỹ (see [SGR03; AS03; Hér08] and remarks 4.4
in section 4.1.3.1 and 4.7 in section 4.2.1.2). �

As we consider a closed system, without external contributions, we assume that mass,
momentum and energy exchanges between fields should balance when the mean flow is
considered. It implies the following constraints on the closure terms:

∑
k∈K

Γk(Ỹ) = 0 ; ∑
k∈K

SQk(Ỹ) = 0 ; ∑
k∈K

SEk(Ỹ) = 0. (4.7)

and:

∑
k∈K

∑
k′ 6=k

Πkk′(Ỹ)∂ξαk′ = 0, ξ ∈ {t, x, y, z}. (4.8)

At this step, nothing more can be said about Φk. In the next subsection 4.1.2, vacuum oc-
curence will be excluded and additionnal assumptions about miscibility will be made.
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4.1.1.4 Mixture entropy

The mixture entropy η is defined as:

η(Ỹ) = ∑
k∈K

mksk. (4.9)

This choice is very classical. It can be proven (see appendix 4.A) that smooth solutions of
(4.6) verify the following entropy equality:

∂tη(Ỹ) +∇.fη(Ỹ) +Aη(Ỹ, (∇αk)k∈K) = RHSη(Ỹ), (4.10)

where the entropy flux reads:
fη(Ỹ) = ∑

k∈K
mkskuk, (4.11)

and

Aη(Ỹ, (∇αk)k∈K) = ∑
k∈K

T−1
k (vI − uk).

(
∑

k′ 6=k
Πkk′(Ỹ)∇αk′ + Pk∇αk

)
, (4.12)

and

RHSη(Ỹ) = ∑
k∈K

T−1
k

{
SEk + ∑

k′ 6=k
Πkk′(Ỹ)Φk′(Ỹ)− Γk(Ỹ)εk

−uk.(SQk −
Γk(Ỹ)

2 uk) + ρk
∂εk

∂ρk

(
ρkΦk(Ỹ)− Γk(Ỹ)

)}

+ ∑
k∈K

{
skΓk(Ỹ) + ρk

∂sk

∂ρk
(Γk(Ỹ)− ρkΦk(Ỹ))

}
.

(4.13)

A model with minimal entropy dissipation is defined as a model based on system (4.6)
fulfilling:

Aη(Ỹ, (∇αk)k∈K) = 0. (4.14)

Only such models will be considered in the following.

4.1.2 Miscibility constraints

In [Hér07], a model with three immiscible phases has been studied. Here, we consider
hybrid miscibility conditions, as represented in the figure 4.1:

• vapor and gas are miscible and form a gaseous phase;

• gaseous phase, liquid water and liquid metal are immiscible.

�
�
�
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���
���

l v,g

s

Figure 4.1 – Scheme of the miscibility constraints for the considered three-phase flow system.

It implies the following constraints:

αv = αg ; αs + αl + αv = 1. (4.15)

Only two void fractions are independent; we keep αs and αl . The state variable can be
reduced:

Y =

(
(αs, αl)

⋃
(
⋃

k∈K
(mk, mkuk, αkEk)

))t

∈ R22. (4.16)
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We need to impose (otherwise constraints (4.15) would be violated):

Φv(Y) = Φg(Y) ; Φs(Y) + Φl(Y) + Φv(Y) = 0. (4.17)

Thus, taking into account constraints (4.15) in (4.6), the system of partial differential equa-
tions for Y reads:





∂tαs + vI(Y).∇αs = Φs(Y)
∂tαl + vI(Y).∇αl = Φl(Y)
∂tmk +∇.(mkuk) = Γk(Y)

∂t(mkuk) +∇.(mkuk ⊗ uk) +∇(αkPk) + Kks(Y)∇αs + Kkl(Y)∇αl = SQk(Y)
∂t(αkEk) +∇.(αkuk(Ek + Pk))− Kks(Y)∂tαs − Kkl(Y)∂tαl = SEk(Y)

(4.18)

where
Kls = Πls −Πlv −Πlg ; Kll = −Πlv −Πlg ;
Kvs = −Πvg + Πvs ; Kvl = Πvl −Πvg ;
Kgs = −Πgv + Πgs ; Kgl = Πgl −Πgv ;
Kss = −Πsv −Πsg ; Ksl = Πsl −Πsv −Πsg .

(4.19)

4.1.3 Entropy inequality constraints

Using entropy equality (4.10), closures are proposed in this section:

• given vI(Y), a unique set (Kkk′(Y))k∈K,k′∈{s,l} complying with (4.8) is determined by
looking for solutions with minimal entropy dissipation (4.14).

• source terms fulfilling the constraints (4.7) and (4.17) need to comply with entropy
growth for smooth solutions.

4.1.3.1 Closures for interfacial terms fulfilling the minimal entropy dissipation

Interfacial velocity is assumed to have the following form:

vI(Y) = ∑
k∈K

βkuk, (4.20)

where, because of Galilean invariance principle:

∑
k∈K

βk = 1. (4.21)

Since, intuitively, we expect that vI is some kind of average of the velocity fields, an addi-
tionnal (but not mandatory) constraint is imposed:

∀k ∈ K, βk ≥ 0. (4.22)

Remark 4.3 — The exact form for (βk)k∈K is a key point in the modelling procedure and
will be detailed later on, in section 4.2.1.2. �
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PROPOSITION 4.1 (SOLUTION WITH MINIMAL ENTROPY DISSIPATION)
For the interfacial velocity defined by (4.20), there exists a unique set of (Kkk′(Y))k∈K,k′∈{s,l} fulfilling
(4.8) and complying with minimal entropy dissipation (4.14). The solution reads:

Kls = TβlTl(Ps − (Pv + Pg)) ; Kll = −Pl + TβlTl(Pl − (Pv + Pg));
Kvs = Pv + TβvTv(Ps − (Pv + Pg)) ; Kvl = Pv + TβvTv(Pl − (Pv + Pg));
Kgs = Pg + TβgTg(Ps − (Pv + Pg)) ; Kgl = Pg + TβgTg(Pl − (Pv + Pg));
Kss = −Ps + TβsTs(Ps − (Pv + Pg)) ; Ksl = TβsTs(Pl − (Pv + Pg))

where T =

(
∑

k∈K
βkTk

)−1

. (4.23)

The proof as well as the final system satisfied by (Kkk′(Y))k∈K,k′∈{s,l} are given in appendix
4.B.

Remark 4.4 — We could consider more complex closures for Kkk′ . For instance, we could
replace formely the current Π0

kk′(Y) given by (4.19) and (4.23) by:

Πkk′(Y,∇αl ,∇αs) = Π0
kk′(Y) + Πkk′

1,l(Y)×∇αl + Πkk′
1,s(Y)×∇αs,

as proposed for instance in [SGR03; Hér08]. In that case, we would have an additional
dissipative contribution in the entropy inequality, as soon as the additional quadratic form
has the appropriate sign. However, it would introduce additional terms for which we do
not have (a priori) relevant closures to propose, see [Hér08].

�

4.1.3.2 Admissible source terms

Particular forms are assumed for the source terms.
The mass transfer term Γk(Y) is defined as a sum of dyadic contributions:

Γk = ∑
k′ 6=k

Γkk′ . (4.24)

Note that the gas g is non-condensable, so that:

Γg = 0 and ∀k ∈ K, Γgk = Γkg = 0.

The momentum contribution is decomposed into a drag term and a mass transfer term:

SQk = ∑
k′ 6=k

Dkk′ + ∑
k′ 6=k

Γkk′vkk′ . (4.25)

Last, pure thermal transfer, drag effets and mass transfer are taken into account in the total
energy source term:

SEk = ∑
k′ 6=k

Ψkk′ + ∑
k′ 6=k

vkk′Dkk′ + ∑
k′ 6=k

Γkk′Hkk′ . (4.26)

For sake of readibility, the dependance on Y has been omitted for the previous introduced
terms Γkk′ , Dkk′ , ψkk′ , vkk′ and Hkk′ . A consequence of (4.7) is that the following dyadic
transfers cancel each other:

Γkk′ + Γk′k = 0 ; Dkk′ + Dk′k = 0 ; Ψkk′ + Ψk′k = 0. (4.27)
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Indeed, for instance, Γkk′ represents the mass transfer from phase k towards phase k’: this
mass transfer is exactly equal to the mass transfer obtained by phase k’ from phase k (which
can be seen as the opposite of the mass transfer taken from phase k’ and given to phase k).
Now, considering the second term in SEK :

∑
k′ 6=k

vkk′Dkk′ = ∑
k′>k

(vkk′Dkk′ + vk′kDk′k) = ∑
k′>k

(vkk′ − vk′k)Dkk′ = 0,

The previous term is indeed equal to zero because each dyadic bound is independent. This
leads to vkk′ − vk′k = 0. Similar equations can be written for the third term in SEK , so that
we finally get:

vkk′ = vk′k ; Hkk′ = Hk′k. (4.28)

The source terms have to comply with the entropy growth within time for weak solu-
tions:

∂tη(Y) +∇.fη(Y) +Aη(Y,∇αk) ≥ 0. (4.29)

It implies some constraints on the right-hand-side term RHSη(Y) of entropy equality (4.10).
RHSη(Y) (4.13) can be rewritten by isolating each independent effect in four different con-
tributions:

RHSη = RHSΦ
η + RHSΨ

η + RHSD
η + RHSΓ

η . (4.30)

In order to satisfy the second principle, each contribution needs to be positive on its own.

• Contribution RHSΦ
η :

RHSΦ
η = ∑

k

(
−ρ2

k
∂sk

∂ρk
Φk + ak ∑

k′
Πkk′Φk′ + ρ2

k
∂εk

∂ρk
Φk

)

= ∑
k

ak

(
∑
k′

Πkk′Φk′ + PkΦk

)
,

(4.31)

where ak = T−1
k . Using miscibility constraints (4.17), we get:

RHSΦ
η = Φl { al(Pl + Kll) + av(−Pv + Kvl)

+ ag(−Pg + Kgl) + asKsl }
+ Φs { alKls + av(−Pv + Kvs)
+ ag(−Pg + Kgs) + as(Ps + Kss) } .

(4.32)

It becomes by injecting the general solution for the (Kkk′)k,k′∈K :

RHSΦ
η =

D

(
∏
k

ak

){
Φl(Pl − (Pv + Pg)) + Φs(Ps − (Pv + Pg))

}
.

(4.33)

Recalling that D = (alavagβs + alavasβg + alagasβv + avagasβl)
−1 and ak = T−1

k > 0,
the final entropy constraint on the Φk prefactors reads :

Φl(Pl − (Pv + Pg)) + Φs(Ps − (Pv + Pg)) ≥ 0. (4.34)

Finally, an admissible model for Φl and Φs is the following :
(

Φl
Φs

)
= D

(
Pl − (Pv + Pg)
Ps − (Pv + Pg)

)
, (4.35)

where D is a symmetric positive semi-definite matrix:

D =

(
d11 d12
d12 d22

)
, d11 > 0, d22 > 0, d12 =

√
d11d22 sin(θ), θ ∈ R.

218



• Contribution RHSΨ
η :

Since:
RHSΨ

η = ∑
k

ak( ∑
k′ 6=k

Ψkk′), (4.36)

a simple constraint on (Ψkk′)k,k′∈K is obtained:

∀(k, k′) ∈ K2, k 6= k′, (ak − ak′)Ψkk′ ≥ 0. (4.37)

• Contribution RHSD
η :

It reads:
RHSD

η = ∑
k

ak ∑
k′ 6=k

(vkk′Dkk′ − uk ∑
k′ 6=k

Dkk′). (4.38)

We assume the following particular form for vkk′ to comply with the Galilean invari-
ance principle:

vkk′ = βkk′uk + (1− βkk′)uk′ ,
with βkk′ ∈ [0, 1] and βkk′ + βk′k = 1,

(4.39)

with βkk′ + βk′k = 1 because, due to equation (4.27), vkk′ = vk′k. Then, we get the
following constraint on (Dkk′)k,k′∈K:

∀(k, k′) ∈ K2, k 6= k′,
[ak(1− βkk′) + ak′(1− βk′k)](uk′ − uk)Dkk′ ≥ 0.

(4.40)

• Contribution RHSΓ
η :

The chemical potential µk (J.kg−1) is defined by: µk = εk − Tksk +
Pk
ρk

. RHSΓ
η can be

written as:
RHSΓ

η = −∑
k

∑
k′ 6=k

akµkΓkk′

+ ∑
k

ak ∑
k′ 6=k

(Hkk′ +
u2

k
2 − ukvkk′)Γkk′ .

(4.41)

Previous expression (4.41) suggests a simple choice for Hkk′ and vkk′ (in accordance
with (4.39)):

Hkk′ =
ukuk′

2
; vkk′ =

1
2
(uk + uk′). (4.42)

With this assumption, a simple constraint on Γkk′ can be written:

∀(k, k′) ∈ K2, k 6= k′, (akµk − ak′µk′)Γkk′ ≥ 0. (4.43)

Source terms complying with the second principle of thermodynamics can now be ex-
plicitely introduced, like for instance in [Loc16]. They involve relaxation time scales, that
need to be defined by the user; some propositions can be found for instance see [Ish75] for
τu and also [Dow+96; HHQ20] for τΓ and τT, and more recently [Gav14; Hil19; CS19] for τp
relaxation time scales (considering different averaging processes).
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4.2 Properties of the convective part of the model

Some interesting properties of the model built in section 4.1 are now highlighted. For sake
of simplicity, only the 1D-case will be considered in the sequel. It is not restrictive since the
system (4.18) is invariant by rotation: thanks to a projection on the normal direction, a one-
dimensional system can always be written, while neglecting variations in the transversal
directions.

4.2.1 Structure of the convective system

The following state vector is considered :

W = (αl , αs, ρl , ul , Pl , ρv, uv, Pv, ρg, ug, Pg, ρs, us, Ps)
t. (4.44)

The homogeneous system of equations associated with (4.18) can be rewritten for smooth
solutions in the quasi-linear form :

∂tW + B(W)∂xW = 0 (4.45)

with B a block matrix:

B =




CI 03×2 03×2 03×2 03×2
Cl Bl 03×3 03×3 03×3
Cv 03×3 Bv 03×3 03×3
Cg 03×3 03×3 Bg 03×3
Cs 03×3 03×3 03×3 Bs




(4.46)

where, with the notation ck =
(vI − uk)

mk

∂εk

∂Pk

∣∣∣∣
−1

ρk

and ∂ρk εk =
∂εk

∂ρk

∣∣∣∣
Pk

:

CI =
(

vI 0
0 vI

)
; Cl =



− ρl

αl
(vI − ul) 0
Pl+Kll

ml

Kls
ml

cl(ρ
2
l ∂ρl εl + Kll) clKls


 ; (4.47)

Cs =




0 − ρs
αs
(vI − us)

Ksl
ms

Ps+Kss
ms

csKsl cs(ρ2
s ∂ρs εs + Kss)


 ; (4.48)

∀k ∈ {v, g}, Ck =




ρk
αk
(vI − uk)

ρk
αk
(vI − uk)

−Pk+Kkl
mk

−Pk+Kks
mk

ck(−ρ2
k∂ρk εk + Kkl) ck(−ρ2

k∂ρk εk + Kks)


 ; (4.49)

∀k ∈ K,Bk =




uk ρk 0
0 uk τk
0 ρkc2

k uk


 . (4.50)

For the closure (4.20) vI = ∑
k∈K

βkuk, matrices Ck, k ∈ K can be rewritten taking into account

(4.23) and introducing the following notations:

∆uk = vI − uk ∀k ∈ K; (4.51)

∆Pk = Pk − (Pv + Pg), k ∈ {l, s}; (4.52)

Cl =




− ρl
αl

∆ul 0
Tβl Tl

ml
∆Pl

Tβl Tl
ml

∆Ps
∆ul
ml

[
(∂Pl εl)

−1
TβlTl∆Pl − ρ2

l cl
2
]

∆ul
ml

[
(∂Pl εl)

−1
TβlTl∆Ps

]


 ; (4.53)
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Cs =




0 − ρs
αs

∆us
TβsTs

ms
∆Pl

TβsTs
ms

∆Ps
∆us
ms

[
(∂Ps εs)

−1
TβsTs∆Pl

]
∆us
ms

[
(∂Ps εs)

−1
TβsTs∆Ps − ρ2

s cs
2
]


 ; (4.54)

∀k ∈ {v, g}, Ck =




ρk
αk

∆uk
ρk
αk

∆uk
TβkTk

mk
∆Pl

TβkTk
mk

∆Ps
∆uk
mk

[
(∂Pk εk)

−1
TβkTk∆Pl + ρ2

kck
2
]

∆uk
mk

[
(∂Pk εk)

−1
TβkTk∆Ps + ρ2

kck
2
]


 .

(4.55)

4.2.1.1 Hyperbolicity

PROPOSITION 4.2 (HYPERBOLICITY)
The system (4.45) is hyperbolic with the following eigenvalues:

λ1,2 = vI ;
λ3 = ul ; λ4 = uv ; λ5 = ug ; λ6 = us ;

λ7 = ul + cl ; λ8 = uv + cv ; λ9 = ug + cg ; λ10 = us + cs;
λ11 = ul − cl ; λ12 = uv − cv ; λ13 = ug − cg ; λ14 = us − cs.

(4.56)

Associated right eigenvectors span the whole space R14, except if resonance occurs, that is to say:

∆u2
l − c2

l = (vI − ul)
2 − c2

l = 0 or ∆u2
v − c2

v = (vI − uv)
2 − c2

v = 0 or

∆u2
g − c2

g = (vI − ug)
2 − c2

g = 0 or ∆u2
s − c2

s = (vI − us)
2 − c2

s = 0. (4.57)

The proof consists in exhibiting the eigenvectors. They are given in appendix 4.C.

4.2.1.2 Structure of waves

The definition of a Riemann invariant is recalled: considering an eigenvalue λ admitting n
eigenvectors (rk)k, a Riemann invariant Iλ associated to λ is a scalar quantity verifying:

∀k ∈ [|1, n|],∇W Iλ(W).rk(W) = 0.

A very important requirement for our model is to correctly manage the non-conservative
terms thanks to uniquely defined jump relations. Indeed, it guarantees that two different
consistent and stable numerical schemes will converge towards the same solution by refin-
ing the mesh. However, this property will not hold if 1,2-fields associated with vI are gen-
uinely non linear. To avoid this problem, (βk)k∈K can be chosen so that 1,2-fields associated
with vI are linearly degenerate (see [Coq+02] for two-phase flow models).
Only two particular choices for (βk)k∈K will be considered:

• βs = 1 and βl = βv = βg = 0 so that:

vI = us; (4.58)

• βk =
mk
M ∀k ∈ K with M = ∑

k∈K
mk, so that

vI = um = ∑
k∈K

mk

M
uk. (4.59)
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Remark 4.5 — These choices for vI are not the only ones: for example, for the two-phase
flow case, a wider family of suitable models (e.g. that ensure linear degeneracy) has been
exhibited in [Coq+12] (see also [Gui07]). �

Remark 4.6 — The property of linear degeneracy for the coupling wave is fully indepen-
dent from the chosen closures for the (Πkk′)k,k′∈K. With the latter choices for vI , even if the
mixture entropy is defined in a different way than (4.9) (which also implies a different ex-
pression for Πkk′), the property of linear degeneracy for the coupling wave still holds, as
well as the hyperbolicity for the convective system (see appendix 4.C). �

We emphasize that, in the sequel, the set of (Πkk′) complies with (4.23). The following
three propositions can then be straightforwardly proved after rather long but simple com-
putations.

PROPOSITION 4.3 (NATURE OF THE COUPLING WAVE)
If vI = us or if vI = um, fields associated with λ1 = λ2 = vI are linearly degenerate.

• If vI = um: um is an eigenvalue of multiplicity 2; there are 12 Riemann invariants:

I1
vI=um

(W) = um ;
I2
vI=um

(W) = ss − sl ; I3
vI=um

(W) = ss − sv ; I4
vI=um

(W) = ss − sg ;
I5
vI=um

(W) = ml(um − ul) ; I6
vI=um

(W) = mv(um − uv) ;
I7
vI=um

(W) = mg(um − ug) ;
I8
vI=um

(W) = εl +
Pl
ρl
+ 1

2 (um − ul)
2 ;

I9
vI=um

(W) = εv +
Pv
ρv
+ 1

2 (um − uv)2 ;

I10
vI=um

(W) = εg +
Pg
ρg

+ 1
2 (um − ug)2 ;

I11
vI=um

(W) = εs +
Ps
ρs
+ 1

2 (um − us)2 ;
I12
vI=um

(W) = ∑
k∈K

{
αkPk + mk(um − uk)

2} ,

(4.60)

verifying for all k ∈ [|1, 12|]:

∇W Ik
vI=um

.r1(W) = ∇W Ik
vI=um

.r2(W) = 0.

• If vI = us: us = λ1 = λ2 = λ6 is an eigenvalue of multiplicity 3; there are then 11 Riemann
invariants:

I1
vI=us

(W) = us ;
I2
vI=us

(W) = sl ; I3
vI=us

(W) = sv ; I4
vI=us

(W) = sg ;
I5
vI=us

(W) = ml(us − ul) ; I6
vI=us

(W) = mv(us − uv) ;
I7
vI=us

(W) = mg(us − ug) ;
I8
vI=us

(W) = εl +
Pl
ρl
+ 1

2 (us − ul)
2 ;

I9
vI=us

(W) = εv +
Pv
ρv
+ 1

2 (us − uv)2 ;

I10
vI=us

(W) = εg +
Pg
ρg

+ 1
2 (us − ug)2 ;

I11
vI=us

(W) = ∑
k∈K

{
αkPk + mk(us − uk)

2} ,

(4.61)

verifying for all k ∈ [|1, 11|]:

∇W Ik
vI=us

.r1(W) = ∇W Ik
vI=us

.r2(W) = ∇W Ik
vI=us

.r6(W) = 0.
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PROPOSITION 4.4 (uj ± cj-WAVES)
Fields associated with eigenvalues λ7 = ul + cl , λ8 = uv + cv, λ9 = ug + cg and λ10 = us + cs as
well as fields associated with λ11 = ul − cl , λ12 = uv − cv, λ13 = ug − cg and λ14 = us − cs are
genuinely non linear and admit 13 Riemann invariants (by noting k ∈ [|1, 13|]):

∇W Ik
ul+cl

.r7(W) = ∇W Ik
uv+cv

.r8(W) = ∇W Ik
ug+cg

.r9(W) = ∇W Ik
us+cs

.r10(W) = 0

and

∇W Ik
ul−cl

.r11(W) = ∇W Ik
uv−cv

.r12(W) = ∇W Ik
ug−cg

.r13(W) = ∇W Ik
us−cs

.r14(W) = 0.

They read, for j ∈ K:

I1
uj±cj

(W) = sj ; I2
uj±cj

(W) = uj ∓
∫ ρj

0
cj(r, sj)

r
dr ;

I3
uj±cj

(W) = αl ; I4
uj±cj

(W) = αs ;

∀k ∈ K \ {j} : I5,6,7
uj±cj

(W) = ρk ; I8,9,10
uj±cj

(W) = uk ;

I11,12,13
uj±cj

(W) = Pk.

(4.62)

PROPOSITION 4.5 (uj-WAVES)
If vI = um(resp. if vI = us): fields associated with eigenvalues λ3 = ul , λ4 = uv, λ5 = ug, λ6 = us
(resp. λ3 = ul , λ4 = uv, λ5 = ug) are linearly degenerated. They admit 13 Riemann invariants Iuj ,
j ∈ K (resp. j ∈ K \ {s}):

∀k ∈ K \ {j} : I1
uj
(W) = uj ; I2

uj
(W) = Pj ; I3

uj
(W) = αl ; I4

uj
(W) = αs ;

(resp. ∀k ∈ K \ {s, j} :) I5,6,7
uj (W) = ρk ; I8,9,10

uj (W) = uk ;
I11,12,13
uj (W) = Pk.

(4.63)

Remark 4.7 — Other choices for vI(W,∇αl ,∇αs) have been proposed for instance in [SGR03].
They read:

vI(W,∇αl ,∇αs) = v0
I (W) + aI

1,l(W)×∇αl + aI
1,s(W)×∇αs.

for which we may choose for instance the velocity v0
I from equation (20). Structure of the

governing equations for αl and αs will be modified and of course, proposition 1 should be
modified. One should be careful that the choice of v0

I (W) should lead to uniquely defined
jump conditions.
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4.2.1.3 Jump conditions field by field

An isolated discontinuity travelling at speed σ separating two states L (left) and R (right) is
considered. The operator [.] refers to the jump of a quantity accross the σ-discontinuity, so
that [g] = gR − gL.

PROPOSITION 4.6 (JUMP CONDITIONS)
Accross an isolated discontinuity travelling at speed σ, the following jump conditions hold for each
genuinely nonlinear p-field, p ∈ [|7, 14|]:

[αk] = 0;
[ρk(uk − σ)] = 0;
[ρkuk(uk − σ) + Pk] = 0;
[Ek(uk − σ) + Pkuk] = 0;
[ρk′ ] = 0 ; [uk′ ] = 0 ; [pk′ ] = 0 ∀k′ ∈ K \ {k}.

(4.64)

Note that the p-Riemann invariants and the jump conditions coincide for the linearly
degenerate p-fields, p ∈ [|1, 6|]. Except for the coupling wave associated with λ1,2 = vI , the
jump conditions are those of a single-phase Euler system.

Since the mixture entropy η is defined by η = ∑
i∈K

misi and recalling the general jump

condition for η:
(I) : −σ[η] + [ fη ] > 0,

the mixture entropy η will also be modified through a σ = uk ± ck shock-wave because of
the contribution of the phase k. Indeed, since for any quantity ϕk′ , [ϕk′ ] = 0 ∀k′ 6= k, (I)
reads through a σ = uk ± ck shock-wave:

(I) : −σ[mksk] + [mkskuk] > 0.

As sk increases through a uk ± ck shock-wave, η will also increase.

4.2.1.4 Connecting solutions through the coupling wave

Analytical solutions are very useful to build some verification test cases for the model. Let
us consider a one-dimensional Riemann problem for system (4.45): the solution is a self
similar function composed of intermediate states separated by the p-waves (p ∈ [|1, 14|]) of
the system. If it is a very tricky task to solve such Riemann problems in a general way
(hence giving arbitrary left and right initial states), an easier way of building analytical
solutions however exists from a given left state by prescribing the wave structure of the
system (from left to right). Indeed, since the sequencing and the nature of waves is known,
each intermediate state can be built step by step. More precisely, for a given left state in R14

just before any single p-wave, p ∈ [|3, 14|], we can straightforwardly deduce from Riemann
invariants (or jump conditions) the right state, while enforcing one scalar quantity on the
right side.

As far as the coupling 1,2-wave is concerned, for a given left state WL in R14 and for a
given (αR

s > 0, αR
l > 0, ρR

s > 0) with 1 > αR
s + αR

l , the approach is the following in the case
vI = us.

224



Step 1: Compute (Xl , Xv, Xg) = (ρR
l , ρR

v , ρR
g ).

Indeed, by introducing the enthalpy hk(ρk, sk) = ε(ρk, sk) +
Pk(ρk ,sk)

ρk
:

I8
us
(W) = I8

us
(WL) = hl(ρ

L
l , sL

l ) +
1
2 (u

L
s − uL

l )
2

= I8
us
(WR) = hl(ρ

R
l , sR

l ) +
1
2 (u

R
s − uR

l )
2.

Since:

sL
l = sR

l = I2
us
(WL) ; uR

l (W
L, Xl) = uL

s −
I5
us
(WL)

αR
l Xl

,

an equation enabling to get Xl as a function of WL and αR
l is obtained:

I8
us
(WL) = hl(Xl , I2

us
(WL)) + 1

2

(
I5
us
(WL)

αR
l Xl

)2

.

Similarly, we get Xv and Xg, by solving:

I9
us
(WL) = hv(Xv, I3

us
(WL)) + 1

2

(
I6
us
(WL)

(1− αR
l − αR

s )Xv

)2

and

I10
us
(WL) = hg(Xg, I4

us
(WL)) + 1

2

(
I7
us
(WL)

(1− αR
l − αR

s )Xg

)2

.

Step 2: Once (Xl , Xv, Xg) = (ρR
l , ρR

v , ρR
g ) are known, we deduce (PR

l , PR
v , PR

g ) such that:

I2
us
(WL) = sl(PR

l , Xl) ; I3
us
(WL) = sv(PR

v , Xv) ; I4
us
(WL) = sg(PR

g , Xg)

and also (uR
l , uR

v , uR
g ) using:

uR
l (W

L, Xl) = uL
s −

I5
us
(WL)

αR
l Xl

,

uR
v (W

L, Xv) = uL
s −

I6
us
(WL)

(1− αR
l − αR

s )Xv
,

uR
g (W

L, Xg) = uL
s −

I7
us
(WL)

(1− αR
l − αR

s )Xg
.

Step 3: The remaining unknown PR
s comes from:

I11
us
(WL)− ∑

k∈K\{s}
(αkPk + mk(us − uk)

2)R = αR
s PR

s .

Step 4: One should carefully check whether the right state is admissible or not.

Remark 4.8 — In the case vI = um, the connection through the coupling wave λ1,2 is far
more complex because Riemann invariants I2

um
(W) = ss− sl , I3

um
(W) = ss− sv and I4

um
(W) =

ss − sg couple all the phases. �
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4.2.2 Symmetrization

Even if our model can not be written in a conservative form, some theoretical results hold
when symmetrizability is proved : indeed, Kato’s theorem [Kat75] on quasi-linear sym-
metric systems induces that, far from resonance, there exists a unique local-in-time smooth
solution to the Cauchy problem.

PROPOSITION 4.7 (SYMMETRIZATION)
We restrict to smooth solutions of (4.45). Then, system (4.45) is symmetrizable: there exists g a
C1-diffeomorphism from R14 to R14, g : W 7→ W̃ with:

∂tW̃ + C(W̃)∂xW̃ = 0,

so that there exists S(W̃) a symmetric positive definite matrix satisfying:

S(W̃)∂tW̃ + C̃(W̃)∂xW̃ = 0 ; C̃(W̃) = S(W̃)C(W̃) and C̃ = C̃t.

A general proof by construction, similar to [SS19; HM19b] and based on cumbersome com-
putations, is given in appendix 4.D. Here, we propose a simpler proof, motivated by [GMS17],
but only valid in the one-dimensional case.
Resonance excluded, system (4.45) is hyperbolic, and thus, diagonalizable. By noting L
the matrix concatening the left eigenvectors, there exists D a diagonal matrix so that B =
L−1DL and ∂tW + L−1DL∂xW = 0. Then, the symmetric positive definite matrix S =
LtL suits: SB = LtDL is indeed symmetric and S∂tW + SB∂xW = 0.
Note that in general this proof can not be extended in the multidimensional case, because, if
∂tW + Bx∂xW + By∂yW = 0, the left eigenvectors of Bx and By are usually different for real
systems coming from fluid mechanics.
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4.3 A few remarks about the model

In this section, only the case vI = us is considered.
Model (4.45) reads then, when restricting to regular solutions:





∂tαl + us∂xαl = Φl
∂tαs + us∂xαs = Φs

∂tρl + ul∂xρl + ρl∂xul −
ρl(us − ul)

αl
∂xαl = Sρl

∂tρs + us∂xρs + ρs∂xus = Sρs

(k = v, g) ∂tρk + uk∂xρk + ρk∂xuk +
ρk(us − uk)

αk
(∂xαl + ∂xαs) = Sρk

(k ∈ K \ {s}) ∂tuk + uk∂xuk + τk∂xPk = Suk

∂tus + us∂xus + τs∂xPs +
1

ms
(∆Pl∂xαl + ∆Ps∂xαs) = Sus

∂tPl + ul∂xPl + ρlc2
l ∂xul −

ρlc2
l (us − ul)

αl
∂xαl = SPl

∂tPs + us∂xPs + ρsc2
s ∂xus = SPs

(k = v, g) ∂tPk + uk∂xPk + ρkc2
k∂xuk +

ρkc2
k(us − uk)

αk
(∂xαl + ∂xαs) = SPk

(4.65)

Subsection 4.1.3.2 highlighted that the source terms should satisfy constraints depending on
relative phasic gaps, i.e.:

∆u =




∆ul = us − ul
∆uv = us − uv
∆ug = us − ug


 (see (4.51));

∆P =

(
∆Pl = Pl − (Pv + Pg)
∆Ps = Ps − (Pv + Pg)

)
(see (4.52));

∆a =




as − al
as − av
as − ag


 ; ∆aµ =




asµs − alµl
asµs − avµv
asµs − agµg


 .

These dependances are the following:
(

Φl
Φs

)
= D∆P, with D symmetric positive definite matrix (see (4.35));

Sρk = Sρk(∆P, ∆aµ); Suk = Suk(∆P, ∆u, ∆aµ);
SPk = SPk(∆P, ∆u, ∆a, ∆aµ) ∀k ∈ K.

We recall that the previous terms are deduced from the closures satisfying constraints (4.35),
(4.37), (4.39), (4.40), (4.43) written in section 4.1.3.2.

4.3.1 Preservation of the thermodynamically admissible domain

Let us recall the definition of the thermodynamically admissible domain:

Ek = {(Pk, ρk) ∈ R×R+∗ / εk(Pk, ρk) ≥ 0}.

We wish to check whether Ek, k ∈ K, is preserved by the convective part of our model
(without source terms) for a given equation of state. We consider for instance the stiffened
gas equation of state for each phase k ∈ K:

Pk + γkΠk = (γk − 1)ρkεk, γk > 1, Πk ≥ 0. (4.66)
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For this equation of state (4.66), Ek reads:

Ek = {(Pk, ρk) ∈ R×R+∗/Pk > −Πk}.
Let us define Pk = mkεk −Πkαk. Note that Pk ≥ 0 is equivalent to (Pk, ρk) ∈ Ek. Thus, we
aim to study the sign of Pk for each phase k ∈ K by writting an equation on Pk from εk (see
(4.84) in appendix 4.A) with vI = us.
For k ∈ K:

∂tPk + uk∂xPk + Pk (γk∂xuk + (γk − 1)(uk − us)∂x(ln(αk)) = 0. (4.67)

Equation (4.67) can be rewritten as:

∀k ∈ K, ∂tPk + uk∂Pk + γkPk∂xvk = 0,

by defining:

∂xvk = ∂xuk +
(γk − 1)

γk
(uk − us)∂x(ln(αk)).

Using a classical lemma proved in [LM93], the following proposition holds:

PROPOSITION 4.8 (PRESERVATION OF Ek FOR A SMOOTH SOLUTION)
Considering T > 0 and a 1-D spatial domain Ω ⊂ R, under the following assumptions:

• uk ∈ L∞([0, T]×Ω),

• ∂xuk + (γk − 1)(uk − us)∂x(ln(αk)) ∈ L∞([0, T]×Ω) for k ∈ K,

since initial conditions ensure an admissible thermodynamical state for all phases, i.e.:

• Pk(t = 0, x) ≥ 0 ∀k ∈ K;

• Pk(t > 0, x ∈ Γ−k (t)) ≥ 0 ∀k ∈ K,

with Γ−k (t) = {x ∈ ∂Ω/ (uk.n)(t, x) < 0},
then, Ωk is preserved within time for all phases for a regular solution, i.e.:

Pk(0 ≤ t ≤ T, x) ≥ 0 ∀k ∈ K.

Remark 4.9 — Recalling that vI = us, for solutions with discontinuities, it can be proved,
following an approach very similar to [Hér07], that the solution of a one-dimensional Rie-
mann problem with stiffened gas equation of state for all phases will remain physically
relevant, since the connection of states through the waves of the system ensures that 0 ≤ αk,
0 ≤ mk and 0 ≤ Pk. �

4.3.2 Preservation of pressure equilibria

An important requirement for the model is the preservation of pressure equilibria. Then,
when taking the following uniform state as initial conditions in (4.65) without mass source
terms: 




uk = 0 ∀k ∈ K;
Pl = Ps = P0;
Pv = P̃0 ; Pg = P0 − P̃0;
Tk = T0 ∀k ∈ K,

(4.68)

since ∂xuk = ∂xPk = 0 and uk = 0 for all k ∈ K, pressure equilibria are indeed maintained
within time, regardless of ∂xαl and ∂xαs at time t = 0.
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4.3.3 Effects of the pressure relaxation

Without mass, momentum and energy transfer and without convection terms (i.e. "∂x = 0"),
the system should naturally relax towards pressure equilibria Pl = Pv + Pg = Ps.

Still assuming now that vI = us, and recalling the admissible form for Φl and Φs (4.35),
model (4.18) without convection and without mass, momentum and energy source terms
reads: 




∂t

(
αl
αs

)
= D

(
∆Pl
∆Ps

)

∂t(mk) = 0
∂t(mkuk) = 0

∂t(αlEl) + Pl∂tαl = 0
(k = v, g) ∂t(αkEk)− Pk(∂tαs + ∂tαl) = 0

∂t(αsEs)− ∆Pl∂tαl + (Pv + Pg)∂tαs = 0,

(4.69)

where D is a symmetric positive definite matrix. From equations on αkEk, equations on

phasic pressures can be written (see appendix 4.A), by noting Ak =
ρkc2

k
αk

:

{
∂tPk + Ak∂tαk = 0 (k = l, v, g),
∂tPs − (αsρs∂Ps εs)−1∆Pl∂tαl +

{
As − (αsρs∂Ps εs)−1∆Ps

}
∂tαs = 0.

(4.70)

Then, equations on ∆Pl = Pl − (Pv + Pg) and ∆Ps = Ps − (Pv + Pg), expressing the deviation
from pressure equilibria, are obtained:

∂t

(
∆Pl
∆Ps

)
+AD

(
∆Pl
∆Ps

)
= 0, (4.71)

with:

A(∆Pl , ∆Ps) =

(
Alvg Avg

Avg − Bs∆Pl Avgs − Bs∆Ps

)
, (4.72)

where Avg = Av + Ag, Alvg = Al + Avg , Avgs = Avg + As and Bs = (ms∂Ps εs)−1. ∆Pl
and ∆Ps are coupled, so that we are not able to analytically solve the previous system. An
approximated resolution is proposed, by considering a frozen convection matrix A∗D∗, ob-
tained by freezing ∆Pl and ∆Ps. It leads to the following simplified system:

∂t

(
∆Pl
∆Ps

)
+A∗D∗

(
∆Pl
∆Ps

)
= 0, (4.73)

with A∗ the following matrix, independent from ∆Pl and ∆Ps at time t:

A∗ =
(

A∗lvg A∗vg

A∗vg − B∗s ∆P∗l A∗vgs − B∗s ∆P∗s

)
(4.74)

and

D∗ =
(

d∗11 d∗12
d∗12 d∗22

)
, d∗11 > 0, d∗22 > 0, d∗12 =

√
d∗11d∗22 sin(θ), θ ∈ R. (4.75)

Then, studying the spectrum ofA∗D∗ gives pressure relaxation conditions. From now, .∗ on
the matrix coefficients will be omitted in the computations for a sake of readibility and the
two eigenvalues of A∗D∗ are noted λ±.

We assume from now that the equation of state for phase "s" is such that: ∂Ps εs > 0. One
can now exhibit conditions ensuring relaxation, depending on the type of eigenvalues:
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• if λ± ∈ R, there are two conditions:

λ+ + λ− = tr(A∗D∗) > 0 (4.76)

and
λ+λ− = det(A∗D∗) ≥ 0. (4.77)

• otherwise, only condition (4.74) is required; condition (4.75) is automatically fulfilled
since λ+λ− = |λ±|2 = det(A∗D∗); moreover, condition (4.74) is sufficient in order
to ensure the return towards pressure equilibria; however, oscillations may occur in
some areas of the domain since Im(λ±) 6= 0.

Since det(D) > 0, (4.75) requires that det(A∗) ≥ 0. Hence, the following two quantities
must be positive:

tr(A∗D) = d11Alvg + 2d12Avg + d22Avgs

− Bs

{
d12∆P∗l + d22∆P∗s

}

= d11Al + d22 As + Avg(d11 + d22 + 2d12)︸ ︷︷ ︸
>0

− Bs

{
d12∆P∗l + d22∆P∗s

}
,

(4.74)

det(A∗) = Alvg Avgs − A2
vg

+ Bs

{
Avg∆P∗l − Alvg∆P∗s

}

= Al As + Als Avg

+ Bs

{
Avg∆P∗l − Alvg∆P∗s

}
.

(4.75)

Now, we introduce |∆P| = max(|∆Pl |, |∆Ps|) and only the worst case will be considered for
each condition to obtain a sufficient constraint on |∆P|:

• for (4.74), the worst case occurs when d12∆Pl > 0 and ∆Ps > 0 and we get:

|∆P| < d11Al + d22As + Avg(d11 + d22 + 2d12)

Bs(|d12|+ d22)
= S1︸︷︷︸

>0

. (4.76)

• for (4.75), the worst case occurs when ∆Pl < 0 and ∆Ps > 0 and we get:

|∆P| < Al As + Als Avg

Bs(Avg + Alvg)
= S2︸︷︷︸

>0

; (4.77)

The previous observations are summarized in the following proposition:

PROPOSITION 4.9 (THRESHOLD EFFECT FOR PRESSURE RELAXATION)
Since the equation of state of phase "s" is such ∂Ps εs > 0, the relaxation system relaxes towards
equilibrium when initial pressure gaps are small enough. A threshold effect is thus observed: pressure
relaxation is ensured as soon as |∆P| = max(|∆Pl |, |∆Ps|) is bounded as follows, depending on the
type of λ±, the eigenvalues of the system (4.73):

• |∆P| < min(S1,S2) if λ± ∈ R;

• |∆P| < S1 otherwise.
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Remark 4.10 — Orders of magnitude for S1 and S2 are now evaluated for data close to
primary nuclear reactor conditions by considering stiffened gas equations of state for all
components. This coarse assumption is still reasonable for liquid water and liquid metal at
high pressures. Moreover, we assume that d12 = 0. In this case, (4.76) becomes:

|∆P| < d11Al + d22As + Avg(d11 + d22)

Bsd22
= S1.

In particular, since Al , Avg and dkk are all positive:

S1 ≥ AsB−1
s .

Furthermore:

S2 ≥
As Alvg

2Bs Alvg
=

1
2

AsB−1
s .

For a stiffened gas, B−1
s =

αs

γs − 1
i.e. AsB−1

s =
ρsc2

s
γs − 1

. Uranium dioxyd is taken as metal

field s so that ρs ' 10900 kg.m−3 and cs ' 1800 m.s−1. Moreover, γs − 1 ' 1. Finally:

min(S1,S2) ≥
1
2

AsB−1
s ' 105 bar.

It means that the maximal phasic pressure gap |∆P| needs to be smaller than a huge value
of pressure. Then, both constraints (4.76) and (4.77) are thus not limiting for our targeted
applications. �

Remark 4.11 — Let us recall that the present model belongs to a model family. A pressure
relaxation process has already been exhibited for models with two or three fields. We sum
up in table 4.1 remarkable behaviors that have been observed in previous works.
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Nb
phases

Fields Model type Threshold
effect ?

Oscillations
?

Ref

2 liquid +© vapor Barotropic No No [CHS12],
see (4.78)
in item (i)

2 liquid +© vapor With Energy Yes No [BH20]
(appendix

A2)

2 liquid +© (vapor+gas) With Energy Yes No [HM19b],
see (4.79)

in item (ii)

3 liquid +© vapor +© metal Barotropic No May exist
(stable)

[BH19]

3 liquid +© vapor +© metal With Energy Yes May exist
(stable)

[BH20]

3 liquid +© (vapor+gas) +© metal With Energy Yes May exist
(stable)

(4.73)

Table 4.1 – Classical behaviors concerning the pressure relaxation for models with two or three
phases. φ1 +© φ2 means that φ1 and φ2 are two immiscible fields whereas φ1 + φ2 means that φ1
and φ2 are miscible. A threshold effect appears in some cases: pressure relaxation is ensured only
if the initial pressure gap(s) is (are) small enough. Pressure relaxation can be uniform towards 0, or
some oscillations may occur in some area of the domain. For each model, a bibliographic reference
[.] describing the considered model is given. When the pressure relaxation is not explained in [.], the
suitable equation is recalled in the present document (the corresponding equation number is given
in (.)).

For barotropic models (without energy equation), pressure relaxation is ensured uncon-
ditionaly, whereas for models with an energy equation, a threshold effect appears, i.e. relax-
ation occurs only if the initial pressure gap(s) is (are) small enough. Pressure relaxation is
uniform only in the two-phase flow case. When three phases coexist, oscillations may occur
in the relaxation process.

We briefly comment table 4.1 as follows. We insist on the difference between fields and
phases: a phase is a field or the mixture of two (or more) miscible fields.

(i) We recall the relaxation pressure equation for a barotropic model with two immiscible
phases (l and v), which can be very easily obtained from the model described for in-
stance in [CHS12]. By noting ∆P = Pl − Pv and still neglecting spatial derivatives, we
get:

∂t∆P +

(
∑

k=l,v

ρkc2
k

αk

)
d̃∆P = 0, d̃ > 0. (4.78)

As ∑
k=l,v

ρkc2
k

αk
> 0, ∆P unconditionally and uniformly relaxes.

(ii) Then, the model proposed in [HM19b] is also a two phase flow model, with three
fields (l, v, g), whose two are miscible gases (v and g). There is only one "efficient"
pressure gap ∆Pl = Pl − (Pv + Pg). The obtained pressure relaxation equation is then
very similar to (4.78), except that an additional term appears since the model is no
more barotropic:

∂t∆Pl +

(
∑

k=l,v,g

ρkc2
k

αk
+ (ml∂Pl εl)

−1∆Pl

)
d̂∆Pl = 0, d̂ > 0. (4.79)
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Pressure relaxation process occurs when the following constraint is satisfied:

|∆Pt=0
l | < ml∂Pl εl ∑

k=l,v,g

ρlc2
k

αk
. (4.80)

Once the previous constraint fulfilled, for this hybrid model, pressure uniformly re-
laxes without oscillations, unlike for the four-field model studied in this work with
three "real" phases (4.73). �
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Conclusion

A three-phase flow model with four components has been proposed and studied, with
both immiscible phases (liquid water, liquid metal and gaseous phase) and miscible phases
(steam and non-condensable gas). The whole modelling approach has been presented, by
specifying step by step the consequences of each additional assumption. On the one hand,
the choice of a mixture entropy enforces unique closures for the non-conservative terms of
the equations: the model is then uniquely defined, up to some relaxation time scales to be
prescribed by the user. On the other hand, particular choices for the interfacial velocity vI
lead to a linearly degenerate coupling wave and thus uniquely defined jump conditions, in-
dependently from the chosen closure for (Πkk′)k,k′∈K (i.e. the LD-property holds even with
another definition of the entropy as (4.9)).

A particular admissible submodel has been deeply studied: the case vI = us. The model
is hyperbolic, complies with the second principle of thermodynamics and admits uniquely
defined jump conditions, which enables to build analytical solutions.

Despite the hybrid miscibility conditions, no major mathematical difficulty appears,
comparing with the immiscible three-phase flow model [Hér07]. Still, note that the Dal-
ton’s law holds here: the relevant pressure gaps to consider for our present model are
Pl − (Pv + Pg) and Ps − (Pv + Pg). However, the direct generalization to models with more
than three phases and hybrid miscibility constraints is not obvious; whereas properties like
the convexity of the entropy or the existence of a symmetric form for the convective system,
have been proved in [SS19] for multiphasic barotropic models containing N immiscible pure
phases, with N arbitrarily large.

The next step will obviously concern the numerical approximation of the present model.
Restricting to the approximation of the convective part, rough schemes, for instance

those currently implemented in [BH19; BH20] in order to obtain approximate solutions of
immiscible three-phase flow models [Hér16; Hér07], are not accurate enough : they require
too fine meshes that are hardly affordable for industrial multi-dimensional applications.
Thus they should be clearly improved using more accurate schemes. Actually, while re-
stricting to two-phase flow models, we recall that the numerical scheme, initially devel-
opped in [GHS04; HH12] for the two-phase flow case with immiscible components, has
been indeed much improved, both in terms of accuracy and stability, using the relaxation
scheme [Coq+14a; CHS17]; a detailed comparison of the latter with other schemes, namely
the approximate Godunov solver [SWK06], and the HLLC scheme [TT10], confirmed its
advantages and strong potentialities. Moreover, a recent accurate and efficient relaxation
scheme has been proposed in [Sal19] for the barotropic immiscible three-phase flow model
[Hér16], which is precisely an extension of the one developped in [Coq+14a; CHS17] for
two-phase flows with immiscible components. This new relaxation scheme relies on the
properties of the coupling wave: such a method should certainly be suitable for our model
too, thanks to the properties listed in section 3.

Relaxation procedures to tackle the source terms require additional efforts. The strategy
developed in [BH19; BH20] still relies on the use of the fractional step method (used in
[HH12]), and treats separately convective terms and source terms. The latter contain the
velocity pressure relaxation step which is rather tricky (see also [HHM17] for similar issues).
Moreover, these techniques might certainly be improved, while getting rid of the fractional
step strategy, and introducing a more coupled numerical approach, as suggested by [Iam18].
Obviously, a lot of work has still to be done on these aspects.

In order to avoid introducing a fourth field with its own velocity for the non-condensable
gas as done in the present work, another idea might be to consider a three-phase flow model
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with three immiscible phases like in [Hér07], and to replace the vapor water by a miscible
mixture of vapor water and non-condensable gas with a unique velocity and a unique mix-
ture equation of state. The main difficulty is then to build this mixture equation of state for
the miscible gaseous phase, complying with the second principle and enabling to manage
the phase transition for water.
Modelling the phase transition as a chemical reaction like in [HM18] would perhaps enable
to treat the gaseous phase. However, it would require a entire new work, to completely
study the compatibility of such thermodynamical hypotheses with the current formalism
(in particular, the fact that we have an energy equation for each phase contrary to [HM18])
and its consequences in terms of hyperbolicity.
The mixture equation of state for the gaseous phase could also be built with the same guide-
lines as those used for instance in [BH05; Hur17]. A first step would be to develop a bifluid
two-phase flow model based on [Coq+02], with such an EOS for the miscible mixture of
non-condensable gas and vapor water. If this "hybrid" two-phase flow model (with both
miscible and immiscible phases) had all the required properties, it would certainly be inter-
esting to consider the extension of this approach to a three-phase flow hybrid model (with
both miscible and immiscible components).
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Appendices

4.A Entropy equality

A smooth solution is considered. From (4.18), additional phasic equations can be written for
density, velocity:

∂tρk + uk.∇ρk + ρk∇.uk +
ρk

αk
(uk − vI).∇αk =

Γk − ρkΦk

αk
; (4.81)

∂tuk + uk.∇uk + τk∇Pk

+
1

mk
(Pk∇αk + ∑

k′ 6=k
Πkk′∇αk′) =

SQk − ukΓk

mk
. (4.82)

The governing equation for the kinetic energy can then be deduced:

∂t

(
mku2

k
2

)
+∇.

(
mku2

k
2

uk

)
+ αkuk.∇Pk + Pkuk.∇αk

+ ∑
k′ 6=k

Πkk′uk.∇αk′ = uk.(SQk −
Γkuk

2
).

(4.83)

Recalling the definition of the total energy Ek (4.2), the equation on internal energy can be
written by substracting the total energy equation and the previous kinetic energy equation :

∂tεk + uk.∇εk +
Pk

ρk
∇.uk +

(vI − uk)

mk
∑

k′ 6=k
Πkk′∇αk′

=
1

mk
(SEk + ∑

k′ 6=k
Πkk′Φk′ − uk.(SQk −

Γkuk

2
)

︸ ︷︷ ︸
Sεk

−εkΓk). (4.84)

The internal energy is the equation of state, given in the (Pk, ρk)-plane. Dependance on P
can then be explicitely written from the previous equation, since εk(Pk, ρk):

∂tPk + uk.∇Pk + ρkc2
k∇.uk

+
∂εk

∂Pk

∣∣∣∣
−1

ρk

(vI − uk)

mk

(
∑

k′ 6=k
Πkk′∇αk′ + ρ2

k
∂εk

∂ρk

∣∣∣∣
Pk

∇αk

)

=
1

mk

∂εk

∂Pk

∣∣∣∣
−1

ρk

(
Sεk − εkΓk + ρk

∂εk

∂ρk

∣∣∣∣
Pk

(ρkΦk − Γk)

)
= SPk .

(4.85)

The entropy definition sk(ρk, Pk) (4.4) can now be used to deduce the phasic specific entropy
equation:

∂tsk + uk.∇sk + ak
(vI − uk)

mk

(
∑

k′ 6=k
Πkk′∇αk′ + Pk∇αk

)

=
∂s

∂Pk

∣∣∣∣
ρk

SPk +
∂sk

∂ρk

∣∣∣∣
Pk

Γk − ρkΦk

αk
.

(4.86)

The definition of mixture entropy (4.9) gives the mixture entropy governing equation.
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4.B Unicity of (Kkk′)k,k′∈K for a given vI

Minimal entropy dissipation (4.12) reads:

Aη(Y, (∇αk)k∈K) = 0

i.e. ∑
k∈K

T−1
k (vI − uk).

(
∑

k′ 6=k
Πkk′(Y)∇αk′ + Pk∇αk

)
= 0.

(4.87)

There are three independent relative velocities, for instance:

us − ul ; us − uv ; us − ug.

Because of miscibility constraints (4.15), there are only two independent gradients, for in-
stance:

∇αl ;∇αs,

and it reads:
∇αv = −∇αl −∇αs = ∇αg.

Finally, Aη(Y,∇αk) = 0 reads:

All
η (us − ul).∇αl + Als

η (us − ul).∇αs

+ Avl
η (us − uv).∇αl + Avs

η (us − uv).∇αs

+ Agl
η (us − ug).∇αl + Ags

η (us − ug).∇αs = 0,
(4.88)

which implies in fact six constraints:

All
η = 0; Als

η = 0; Avl
η = 0; Avs

η = 0; Agl
η = 0; Ags

η = 0, (4.89)

where, for k ∈ {l, s}:

Alk
η = (1− βl)alKlk − βlavKvk − βlagKgk − βlasKsk −Sk

2,
Avk

η = −βvalKlk + (1− βv)avKvk − βvagKgk − βvasKsk −Sk
3,

Agk
η = −βgalKlk − βgavKvk + (1− βg)agKgk − βgasKsk −Sk

4,
(4.90)

where:

Sl =




0
Sl

2
Sl

3
Sl

4


 =




0
−al Pl(1− βl)− avPvβl − agPgβl
al Pl βv + avPv(1− βv)− agPgβv
al Pl βg − avPvβg + agPg(1− βg)


 ;

Ss =




0
Ss

2
Ss

3
Ss

4


 =




0
−avPvβl − agPgβl + asPsβl

avPv(1− βv)− agPgβv + asPsβv
−avPvβg + agPg(1− βg) + asPsβg


 .

Moreover, the balance momentum constraint (4.8) gives two additional equations:

Kll + Kvl + Kgl + Ksl = 0 ; Kls + Kvs + Kgs + Kss = 0. (4.91)

Finally, for given βk, (Kkk′)k,k′∈K are solutions of the following system:

(
M 04×4

04×4 M

)
K =

(
Sl

Ss

)
, (4.92)
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with:

M =




1 1 1 1
(1− βl)al −βlav −βlag −βlas
−βval (1− βv)av −βvag −βvas
−βgal −βgav (1− βg)ag −βgas


 ,

K = (Kll , Kvl , Kgl , Ksl , Kls, Kvs, Kgs, Kss)
t.

As:

det
(

M 04×4
04×4 M

)
= (alavasβg + alagasβv + avagasβl + alavagβs)

2 6= 0, (4.93)

the system (4.92) is inversible. The final solution is given by (4.19).
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4.C Eigenvectors of the system (4.45)

It must be reminded that αl and αs can not be equal to 0 or 1. Eigenvectors can be exhib-
ited independently from the chosen mixture entropy (i.e. without expliciting (Πkk′)k,k′∈K).
Recalling:

∆uk = vI − uk ∀k ∈ K;

we use the following notations in the sequel, with i ∈ {l, s}, j ∈ {v, g}, k ∈ {l, s}:

xk
ρi
=

1
αi((∆ui)2 − c2

i )

[
−ρi(∆ui)

2 + (Pi + Kik){1 + (∂Pi εi)
−1τi}

]
;

xk
ui
=

∆ui

αi((∆ui)2 − c2
i )

[
−ci

2 + τi(Pi + Kik){1 + (∂Pi εi)
−1τi}

]
;

xk
Pi
=

1
αi((∆ui)2 − c2

i )

[
−ρi(∆ui)

2ci
2 + (Pi + Kik){c2

i + (∆ui)
2(∂Pi εi)

−1τi}
]

;

zk
ρi
=

1
αi((∆ui)2 − c2

i )

[
Kik{1 + (∂Pi εi)

−1τi}
]

;

zk
ui
=

∆ui

αi((∆ui)2 − c2
i )

[
τiKik{1 + (∂Pi εi)

−1τi}
]

;

zk
Pi
=

1
αi((∆ui)2 − c2

i )

[
Kik{c2

i + (∆ui)
2(∂Pi εi)

−1τi}
]

.

yk
ρj
=

1
αj((∆uj)2 − c2

j )

[
ρj(∆uj)

2 + (Kjk − Pj){1 + (∂Pj εj)
−1τj}

]
;

yk
uj
=

∆uj

αj((∆uj)2 − c2
j )

[
cj

2 + τj(Kjk − Pj){1 + (∂Pj εj)
−1τj}

]
;

yk
Pj
=

1
αj((∆uj)2 − c2

j )

[
ρj(∆uj)

2cj
2 + (Kjk − Pj){c2

j + (∆uj)
2(∂Pj εj)

−1τj}
]

;

Eigenvectors rk for the homogeneous system (4.45) are given below, with the same order as
in (4.56) (resonance is excluded).

r1 = (1, 0, xl
ρl

, xl
ul

, xl
Pl

,
yl

ρv
, yl

uv
, yl

Pv
,

yl
ρg

, yl
ug

, yl
Pg

,
zl

ρs
, zl

us
, zl

Ps
);

r2 = (0, 1, zs
ρl

, zs
ul

, zs
Pl

,
ys

ρv
, ys

uv
, ys

Pv
,

ys
ρg

, ys
ug

, ys
Pg

,
xs

ρs
, xs

us
, xs

Ps
);

r3 = (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)t ; r4 = (0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0)t;

r5 = (0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0)t ; r6 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0)t;

r7 = (0, 0,
ρl

cl
, 1, ρlcl , 0, 0, 0, 0, 0, 0, 0, 0, 0)t ; r8 = (0, 0, 0, 0, 0,

ρv

cv
, 1, ρvcv, 0, 0, 0, 0, 0, 0)t;

r9 = (0, 0, 0, 0, 0, 0, 0, 0,
ρg

cg
, 1, ρgcg, 0, 0, 0)t ; r10 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

ρs

cs
, 1, ρscs)

t;
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r11 = (0, 0,−ρl

cl
, 1,−ρlcl , 0, 0, 0, 0, 0, 0, 0, 0, 0)t ; r12 = (0, 0, 0, 0, 0,−ρv

cv
, 1,−ρvcv, 0, 0, 0, 0, 0, 0)t;

r13 = (0, 0, 0, 0, 0, 0, 0, 0,−ρg

cg
, 1,−ρgcg, 0, 0, 0)t ; r14 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−ρs

cs
, 1,−ρscs)

t.
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4.D Symmetrization

The proof for the symmetrization of system (4.45) is given in the multidimensional case. It
is a direct extension of the proofs presented in [SS19] or [HM19b].
The case vI = um is treated, but the case vI = us would have been very similar.
A different state vector as (4.44) is considered :

W̃ = (αl , αs, sl , ul , Pl , sv, uv, Pv, sg, ug, Pg, ss, us, Ps)
t. (4.94)

The associated convective matrix B̃(W̃) keeps the same structure as (4.46); only the block
matrices Bk, k ∈ K should be slightly modified and replaced by B̃k:

∀k ∈ K, B̃k =




uk 0 0
0 uk τk
0 ρkc2

k uk


 . (4.95)

We aim to build a suitable matrix S enabling to symmetrize the system. We assume a par-
ticular block symmetric structure for S:

S =




a2
0Id2×2 Ml

t Mv
t Mg

t Ms
t

Ml Dl 03×3 03×3 03×3
Mv 03×3 Dv 03×3 03×3
Mg 03×3 03×3 Dg 03×3
Ms 03×3 03×3 03×3 Ds




; ∀k ∈ K,Dk =




1 0 0
0 ρ2

kc2
k 0

0 0 1


 , (4.96)

with a0 ∈ R andMk ∈ R3×2, k ∈ K, satisfying some constraints to determine.

• Step 1 of the proof: SB̃ is symmetric:

Imposing SB̃ = B̃tS induces some conditions:

1. DkB̃k = ˜Bk
tDk for any k ∈ K, which can be easily checked;

2. B̃k
tMk = vIMk +DkCk:

excluding resonance conditions (i.e. if |uk − um| 6= ck) and since um 6= uk, (B̃k
t −

vIId3×3) is inversible, a suitable definition forMk is obtained:

Mk = (Bk
t − vIId3×3)

−1DkCk; (4.97)

3. a2
0vIId2×2 + ∑

k∈K
Mk

tCk = a2
0vIId2×2 + ∑

k∈K
Ck

tMk:

one can check that for any k ∈ K, Mk
tCk = Ck

tMk, thanks to the previous
definition forMk and the property DkB̃k

n
= (B̃k

n
)tDk, n ∈N.

• Step 2 of the proof: S is semi-definite positive:

Using the block structure, S can be rewritten as follows:

S =

(
a2

0Id2×2 Mt

M D

)
; M ∈ R12×2; D ∈ R12×12.

Consider the quadratic form Ψ associated to S: Ψ : X = (x, y) ∈ R2×12 7→ XtSX =
a2

0||x||2 + 2xtMty + ytDty. We will impose conditions so that Ψ(x, y) > 0 ∀(x, y) 6=
(0, 0).
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If x = 0 and y 6= 0 or x 6= 0 and y = 0, ϕ(x, y) > 0. We assume from now x 6= 0 and
y 6= 0. Moreover, we introduce v = y

||x|| , z = x
||x|| and D 1

2 the square root matrix of D
(since D is diagonal with strictly positive eigenvalues):

Ψ(x, y) = ||x||2
(

a2
0 + 2(D− 1

2Mz)tD 1
2 v + (D 1

2 v)t(D 1
2 v)
)

= ||x||2
(
||D 1

2 v + (ztMtD− 1
2 )t||2 + a2

0 − ||D−
1
2Mz||2

)
.

The following constraint on a0 is obtained:

∀z, a2
0 − ||ztMtD− 1

2 ||2 > 0, (4.98)

which leads to the following sufficient condition, where ρ(.) denotes the spectral ra-
dius of a matrix:

a0 ≥ ρ(MtD− 1
2 ). (4.99)

Finally, by multiplying on the left system (4.45) by S defined in (4.96) and fulfilling both
(4.97) and (4.99), we get as expected a symmetric system.
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Chapter 5

Numerical error analysis for boundary
conditions of the Euler system

The main content of this chapter has been published as proceedings of the conference Finite
Volume for Complex Applications IX (June 15-19, 2020, Bergen, Norway) under the refer-
ence:

C. Colas, M. Ferrand, J.-M. Hérard, O. Hurisse, E. Le Coupanec, and L. Quibel, A Nu-
merical Convergence Study of some Open Boundary Conditions for Euler Equations.

The proceedings are reproduced in part 5.1. An additional study, in which open bound-
ary conditions are tested with relaxation schemes, is then presented in part 5.2.
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5.1 FVCA proceedings : Open boundary conditions with a VFRoe-
ncv scheme

Abstract

We discuss herein the suitability of some open boundary conditions. Considering the Euler
system of gas dynamics, we compare approximate solutions of one-dimensional Riemann
problems in a bounded sub-domain with the restriction in this sub-domain of the exact
solution in the infinite domain. Assuming that no information is known from outside of the
domain, some basic open boundary condition specifications are given, and a measure of the
L1-norm of the error inside the computational domain enables to show consistency errors in
situations involving outgoing shock waves, depending on the chosen boundary condition
formulation. This investigation has been performed with Finite Volume methods, using
approximate Riemann solvers in order to compute numerical fluxes for inner interfaces and
boundary interfaces.

Introduction

Concerning computational fluid dynamics, industrial simulations are frequently performed
with a partial or total unknown fluid state outside of the computational domain. How are
boundary conditions dealt with when no information is known outside? Here the one-
dimensional Euler equations governing inviscid compressible fluid flows are considered.
The unknowns ρ, u, P respectively denote the density, the velocity and the pressure of the
fluid, while the momentum is Q = ρu. The total energy E is such that E = ρ

(
u2

2 + ε
)

. The
internal energy ε(P, ρ) is prescribed by the EOS (Equation Of State). In the sequel, we denote
by W = (ρ, Q, E)t the conservative variable, Y = (s, u, P)t the non-conservative variable,
with s the entropy, and F (W) = (Q, Qu + P, (E + P) u)t the flux function, so that the set of
governing equations reads:

∂tW + ∂xF (W) = 0. (5.1)

The speed of sound, denoted by c, is such that c2 =
(

P
ρ2 − ∂e(P,ρ)

∂ρ

)
/
(

∂e(P,ρ)
∂P

)
.

There exists a huge literature on open boundary problems [Hedstrom1979; Orl76; EM77;
PL92]. Among these, one pioneering work on boundary conditions for bounded domain
may be found in [BLN79]. Actually, the present work addresses the issue of open numerical
boundary conditions to get waves outside of the computational domain and can be con-
nected to the work of [Gal04]. The solution of Euler system (5.1) is sought in R× (0, T),
with time T ∈ R∗+, without boundary conditions, see [Smo94]. This solution, expected to be
known and unique, is denoted by Wexact

Ω∞
(x, t) for (x, t) ∈ R× (0, T).

x

t

0 Ω Ω∞ = R

T

R+

αL

Figure 5.1 – Bounded computational domain Ω  Ω∞, with Ω∞ a spatial infinite domain.
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In contrast, the numerical approximations, denoted by W∆x,∆t
Ω (x, t) for (x, t) ∈ Ω ×

(0, T), are performed in a bounded computational sub-domain Ω  Ω∞ (see Figure 5.1)
with prescribed open inlet/outlet boundary conditions on ∂Ω.

For this purpose, artificial boundaries are introduced on ∂Ω. Then, numerical bound-
ary conditions, depending on the time and space steps, must be prescribed on ∂Ω. When
(∆x, ∆t) → (0, 0), we assume that some (unique) converged approximation, denoted by
W0,0

Ω (x, t) for (x, t) ∈ Ω× (0, T), is obtained. Eventually, we wonder whether W0,0
Ω (x, t) for

(x, t) ∈ Ω× (0, T), coincides with the restriction of the exact solution to Ω, Wexact
Ω∞

(x, t) for
(x, t) ∈ Ω× (0, T), or not. In the latter case, the converged approximation W0,0

Ω will be said
to be non-consistent.

For the Euler system (5.1), a measure of a subsonic state in the last inner cell N (eigen-
values λ1(Wn

N) < 0 and λ2,3(Wn
N) > 0) at a right outlet will require one scalar external

information, whereas in the supersonic case (λ1,2,3(Wn
N) > 0), the upwind state will be priv-

ileged. Actually, we recall that in the subsonic case, the approach of [Dub87; DL88] may
provide some way to cope with the lack of information.

A first drawback of the latter approach is that the sign of eigenvalues may easily change:
signs of eigenvalues λk(Wn

N) are not necessarily representative of what happens really at
the right boundary when computing true waves associated with the 1D Riemann problem
with the initial condition: WL = Wn

N and WR = Wn
ext (unless when Wn

ext = Wn
N). A very in-

structive example is given in [Gal04] Sect. 3.2, while restricting on a scalar problem (Burgers
equation). A second question is: assuming that nothing is known about the exterior state
Wn

ext, how does the solution, inside the computational sub-domain, depend on the choice of
Wn

ext?

Herein, the aim consists in testing suitable numerical boundary conditions in the sense
that they converge towards the – not necessarily regular – exact solution.

5.1.1 Finite volume method

We briefly recall the basis of the explicit finite volume scheme VFRoe-ncv, an approximate
Godunov scheme using non conservative variables [GHS03; GHS02]. For the sake of sim-
plicity, regular meshes of the one-dimensional computational domain are considered of size
∆x = xi+1/2 − xi−1/2, i ∈ {1, ..., N}, and ∆tn = tn+1 − tn is the time step, n ∈ N. The time
step is given by some CFL condition in order to gain stability. Let Wn

i be an approxima-

tion of the mean value
1

∆x

∫ xi+1/2

xi−1/2

W(x, tn)dx. Time-space integration of system (5.1) over

[xi−1/2, xi+1/2]×
[
tn, tn+1] provides the standard following scheme:

∆x(Wn+1
i −Wn

i ) + ∆tn
(

gn
i+ 1

2
− gn

i− 1
2

)
= 0 , (5.2)

where gn
i+1/2 is the numerical flux through the interface {xi+1/2} ×

[
tn, tn+1]. For so-called

spatially first-order scheme, gn
i+1/2 = g(Wn

i , Wn
i+1). The numerical flux gn

i+1/2 is obtained by
solving the linearized Riemann problem:





∂tY + B(Ỹ)∂xY = 0 ,

Y(x, tn) =

{
Yn

i if x < xi+ 1
2

,
Yn

i+1 if x > xi+ 1
2

,
(5.3)

251



where Ỹ = (Yn
i + Yn

i+1)/2 and B(Y) stands for the following matrix:

B(Y) = (∂YW)−1 ∂WF(W)∂YW .

Once the exact solution Y?
(

x−xi+1/2
t ; Yn

i , Yn
i+1

)
of problem (5.3) is computed, the numerical

flux is defined as:

gn
i+ 1

2
= g(Wn

i , Wn
i+1) = F(W(Y?(0; Yn

i , Yn
i+1)) . (5.4)

This numerical flux will be used for both inner interfaces and boundary interfaces.

5.1.2 Numerical boundary conditions for outgoing waves

We propose numerical artificial boundary conditions when no information is given on the
open boundary of the computational sub-domain. One possible approach is to determine
an artificial state Wn

ext in the virtual cell, symmetric of the boundary cell Wn
i , outside of the

sub-domain. The numerical boundary flux is then obtained by gn
1/2 = g(Wn

ext,1, Wn
1) and

gn
N+1/2 = g(Wn

N , Wn
ext,N). In the following, we assume that the exterior state is connected to

the interior state either by a rarefaction wave or a shock wave.

5.1.2.1 Outgoing rarefaction wave

5.1.2.1.1 Formulation assuming the invariance of the interior state BC0
The first boundary condition, widely used in industrial simulations, simply consists in

taking the interior state Wn
i of the boundary cell at each time step tn

Wn
ext = Wn

N . (5.5)

The numerical boundary flux thus reads gn
N+1/2 = g(Wn

N , Wn
N) = F(Wn

N). This technique
does not need any knowledge about the wave structure.

5.1.2.1.2 Formulation using the wave structure and an extrapolation of the interior state
BCr

The second boundary condition is built by using the two associated Riemann invariants
of the regular wave and a third additional scalar relation. Note that, for an ideal gas, the
exact velocity profile is linear w.r.t. x at time tn. Thus, for an ideal gas EOS such that ρε =
P/(γ− 1), with γ > 1, we get:

ρn
ext = ρn

N

(
1− γ− 1

2
un

N−1 − un
N

cn
N

) 2
γ−1

, Pn
ext = Pn

N

(
1− γ− 1

2
un

N−1 − un
N

cn
N

) 2γ
γ−1

and un
ext = 2un

N−un
N−1. The numerical boundary flux is computed by gn

N+1/2 = g(Wn
N , Wn

ext).
This technique connects the interior state with the exterior virtual state by using the rarefac-
tion wave structure.

5.1.2.2 Outgoing shock wave

5.1.2.2.1 Formulation assuming the invariance of the interior state BC0
Same as for rarefaction wave, see case a. (5.5).
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5.1.2.2.2 Formulation using the far-field state BCs
The boundary interior cell N is connected with the right initial state W0

R by a virtual ex-
terior cell of physical size αL, with L the domain length and α ∈ R∗+ a parameter, see Fig-
ure 5.1. Inspired by [DIM19], this exterior state Wn

ext is updated with the numerical flux and
the known state W0

R such that:

αL
(

Wn
ext −Wn−1

ext

)
+ ∆tn−1

(
g(Wn−1

ext , W0
R)− g(Wn−1

N , Wn−1
ext )

)
= 0 . (5.6)

This technique gives the following asymptotic update of the exterior state Wn
ext when α →

+∞ for a finite time step ∆tn−1: lim
α→+∞

Wn
ext = Wn−1

ext . The exterior state is steady and therefore

equal to its initial state W0
ext, which is the right state W0

R. The numerical boundary flux thus
yields: gn

N+1/2 = g(Wn
N , W0

R). This asymptotic boundary condition amounts to impose, in
the virtual exterior cell, the right state W0

R known from the initial condition of the Cauchy
problem.

5.1.3 Numerical results

We discuss below some results of this preliminary study. Other results with distinct EOS are
available in [Col19]. Two subsonic test cases, corresponding to 1D Riemann problems with
a diatomic ideal gas EOS (γ = 7

5 ), are performed with CFL= 0.5. The first one is a pure left
outgoing 1-rarefaction wave with the initial condition:

{
(ρL, uL, PL) =

(
1 kg/m3, 0 m/s, 105 Pa

)
,

(ρR, uR, PR) =
(
0.5 kg/m3, 242.2 m/s, 3.789× 104 Pa

)
.

The second one is a pure right outgoing 3-shock wave with the initial condition:
{

(ρL, uL, PL) =
(
1 kg/m3, 418.3 m/s, 2.75× 105 Pa

)
,

(ρR, uR, PR) =
(
0.5 kg/m3, 0 m/s, 105 Pa

)
.

The numerical convergence of the scheme, when waves are gone out of the bounded com-
putational domain Ω = (−200 m, 200 m), is measured with the L1-norm of the error.

For smooth waves, the boundary conditions BC0 and BCr enable to guarantee consis-
tency when waves are going out (t0 < t < t1) or are gone out (t > t1) of Ω. The numerical
errors and the rates of convergence are collected in Table 5.1 and Fig. 5.2 for an outgoing
rarefaction wave, and in Table 5.2 and Fig. 5.3 when the whole rarefaction wave has left
the computational domain. As expected for an ideal gas EOS [GHS02], the numerical rates
of convergence for variables (u, P) are approximately 0.85 – close to 1 – when t < t1 (see
Table 5.1), and thus similar to those arising for t < t0, see [GHS02; GHS03]. Table 5.2 shows
greater orders of convergence which may be due to the fact that the exact solution becomes
fully constant for t > t1. The BCr condition gives very similar errors and does not provide
more accurate approximations.

In contrast, the BC0 condition does not ensure the consistency of the scheme for an out-
going shock wave (at t > t0, shock is outside of Ω), see Figure 5.4: clearly, approximate
solutions converge towards another solution when (∆x, ∆t)→ (0, 0).

The BCs boundary condition, for a finite value of the parameter α > 0, is still not consis-
tent, see Figure 5.5. At the limit α → +∞, the asymptotic condition BCs allows to retrieve
the consistency of the approximate solution with the exact solution.
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Further works aim at considering another boundary condition for outgoing shock waves
based on an imposed scalar value outside and the Rankine-Hugoniot relations. The issue
of the supersonic shock wave case and of the dependence on the scheme [Qui] are being
examined. To our knowledge, this measured loss of consistency has not been pointed out
before.

103 104 105
10−4

10−3

10−2

order 1

order 1
2

N

L1 -e
rr

or

Density
Velocity
Pressure

Figure 5.2 – BC0: L1 convergence curves for the rarefaction wave at t0 < t < t1.

Table 5.1 – BC0: L1 convergence orders for the rarefaction wave at t0 < t < t1.

∆x (m) N ρ L1-
error

ρ cnv.
order

u L1-
error

u cnv.
order

P L1-
error

P cnv.
order

5e-1 800 5.172e-3 8.868e-3 2.371e-3
2.5e-1 1600 2.925e-3 0.8221 5.009e-3 0.8241 1.335e-3 0.8243
1.25e-1 3200 1.631e-3 0.8426 2.798e-3 0.8403 7.478e-4 0.8402
6.25e-2 6400 8.984e-4 0.8605 1.550e-3 0.8518 4.194e-4 0.8516
3.125e-2 12800 4.891e-4 0.8774 8.548e-4 0.8587 2.379e-4 0.8582
1.5625e-2 25600 2.691e-4 0.8621 4.714e-4 0.8588 1.386e-4 0.8579
7.8125e-3 51200 1.489e-4 0.8533 2.617e-4 0.8491 8.461e-5 0.8474
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Figure 5.3 – BC0: L1 convergence curves for the rarefaction wave at t > t1.
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Table 5.2 – BC0: L1 convergence orders for the rarefaction wave at t > t1.

∆x (m) N ρ L1-
error

ρ cnv.
order

u L1-
error

u cnv.
order

P L1-
error

P cnv.
order

5e-1 800 1.279e-3 2.462e-4 2.562e-4
2.5e-1 1600 6.755e-4 0.9211 1.284e-4 0.9384 1.337e-4 0.9383
1.25e-1 3200 3.522e-4 0.9395 6.557e-5 0.9700 6.826e-5 0.9700
6.25e-2 6400 1.823e-4 0.9502 3.265e-5 1.0061 3.399e-5 1.0061
3.125e-2 12800 9.423e-5 0.9521 1.565e-5 1.0608 1.629e-5 1.0609
1.5625e-2 25600 4.904e-5 0.9420 6.962e-6 1.1687 7.247e-6 1.1687
7.8125e-3 51200 2.604e-5 0.9134 2.551e-6 1.4486 2.655e-6 1.4486
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Figure 5.4 – BC0: L1 convergence curves for the shock wave at t > t0.
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Figure 5.5 – BCs: L1 convergence curves for the shock tube at t > t0.
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5.2 Further study on open boundary conditions with relaxation
schemes

5.2.1 Some relaxation schemes

The general framework is still numerical first-order explicit and conservative finite volumes
schemes, with the same general form as (5.2):

∆x(Wn+1
i −Wn

i ) + ∆tn
(

gn
i+ 1

2
− gn

i− 1
2

)
= 0.

For this new study, schemes involving a relaxation parameter will be compared with VFRoe-
ncv scheme used in the previous part:

• a relaxation scheme proposed by C. Chalons and J.-F. Coulombel (called "relaxCC" in
the following) [CC08];

• a VFRoe-ncv scheme with energy relaxation [GHS02], as proposed by F. Coquel and
B. Perthame (called "relaxCP" in the following) [CP98];

• Rusanov scheme [Rus61].

5.2.1.1 Relaxation scheme (relaxCC)

The scheme was initially proposed in [CC08] and is based on the work of [JX95; Sul98; CP98;
Bou04]. The main idea is to compute the numerical flux on the basis of an enlarged hyper-
bolic system associated with a strong relaxation term. This enlarged system is chosen so
that all its characteristic fields are linearly degenerate. The relaxation term, accounted for in
the enlarged system by a source term, then allows to recover formally the initial system of
equations.

One additional scalar unknown T is introduced with the initial condition, so that T will
relax towards τ, the specific volume (m3.kg−1):

∀x, T (0, x) = τ(0, x).

A new pressure Π is also defined, which can be seen as a linearization of the pressure P with
respect to the variable τ around T :

Π = P(T , e) + a2(T − τ), (5.7)

where a is a positive constant. At last, a relaxation specific total energy Σ is introduced in
order to be consistent with the pressure Π:

Σ =
u2

2
+ e +

Π2 − P2(T , e)
2a2 . (5.8)

We set Z the enlarged variable: Z = (τ, u, Σ, T ). The enlarged system to solve is then the
following: 




∂tρ + ∂x(ρu) = 0
∂t(ρu) + ∂x(ρu2 + Π) = 0
∂t(ρΣ) + ∂x(ρuΣ + uΠ) = 0

∂t(ρT ) + ∂x(ρT u) =
1
ε

ρ(τ − T ),
(5.9)
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where the relaxation source terms for T is characterized by the parameter ε ≥ 0. All the
characteristic fields of the convective part of system (5.9) are linearly degenerate and associ-
ated with the wave velocities:

λ1 = ul − aτl , λ2 = u∗, λ3 = ur + aτr, (5.10)

with:
u∗ =

1
2
(ul + ur) +

1
2a

(Πl −Πr). (5.11)

The parameter a, that appears in the definitions of Π and σ (resp. (5.7) and (5.8)), should
satisfy a stability condition which is related to the so-called sub-characteristic condition (see
[Bou04]) for the enlarged system (5.9):

a > max
(

cl(τl , el)

τl
,

cr(τr, er)

τr

)
, (5.12)

where c(τ, e) denotes the sound speed associated with the pressure law P, which reads for
the perfect gas:

c(τ, e) = −τ2 ∂P
∂τ

∣∣∣∣
s
=
√

γτP.

Moreover, a is chosen so that the eigenvalues fulfill the relation:

λ1 < λ2 < λ3, (5.13)

where λk is detailed in (5.10).

Remark 5.1 — In practice, a is chosen locally and defined as follows, thanks to a constant
a′, fixed for a given simulation:

a = a′ ×max
(

cl(τl , el)

τl
,

cr(τr, er)

τr

)
, a′ ∈ [1,+∞[. (5.14)

�
The default entry for a′ is a′ = 1.01.

Thanks to relations (5.13), the self-similar solution Z (x/t, Zl , Zr) of the Riemann problem
at the interface separating two cells (l and r) for the convective part of system (5.9) can be
written:

Z
( x

t
, Zl , Zr

)
=





Zl , if x/t < λ1
Z∗l , if λ1 < x/t < λ2
Z∗r , if λ2 < x/t < λ3
Zr, if λ3 < x/t

(5.15)

with
τ∗l = τl +

1
a
(u∗ − ul) ; τ∗r = τr −

1
a
(u∗ − ur) ; (5.16)

Σ∗l = Σl +
1
a
(Πlul −Π∗u∗) ; Σ∗r = Σr −

1
a
(Πrur −Π∗u∗) ; (5.17)

T ∗l = Tl ; T ∗r = Tr; (5.18)

u∗l = u∗r = u∗ ; Π∗l = Π∗r = Π∗; (5.19)

where we have set:
Π∗ =

1
2
(Πl + Πr) +

a
2
(ul − ur)
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and where u∗ is given in (5.11). From a numerical point of view, we have chosen an instan-
taneous relaxation: ε → 0. As a consequence, we have T → τ, Π → P and Σ → E, so that
the two-point numerical flux corresponding to the relaxation scheme [CC08] is solely based
on the value Z (x/t = 0, Zl , Zr) of the solution Z at the interface between the two-cells l and
r. It reads:

gn
i+ 1

2
= g(Wn

i , Wn
i+1) =

(
u
τ

,
u2

τ
+ Π,

uΣ
τ

+ uΠ
)

, (5.20)

where τ, u, and Σ are the components of Z (x/t = 0, Zl , Zr) and where Π also arises from
the solution Z (x/t = 0, Zl , Zr).

5.2.1.2 VFRoe-ncv scheme with energy relaxation (relaxCP)

The method, proposed in [CP98] and [GHS02], is based on VFRoe-ncv flux used with a
modified energy. As in [GHS02], a parameter Γ is introduced, such as the following sub-
characteristic condition is satisfied:

Γ > max(Γ1, Γ2), (5.21)

with:

Γ1 = max
(Ωi)i∈[|0,N−1|]

(1 + τ
∂P
∂e

∣∣∣∣
τ

) ; Γ2 = max
(Ωi)i∈[|0,N−1|]

(− τ

P
∂P
∂τ

∣∣∣∣
e
+ τ

∂P
∂e

∣∣∣∣
τ

). (5.22)

Remark 5.2 — Γ is defined uniquely on the whole mesh and recomputed at each time step,
thanks to a constant a′, fixed for a given simulation:

Γ = a′ ×max(Γ1, Γ2), a′ ∈ [1,+∞[. (5.23)
�

The default entry for a′ is a′ = 1.1.

A modified energy ê is introduced:

ê = e− τ
P

Γ− 1
. (5.24)

A modified linearized Riemann problem, similar to (5.3), can be written by considering this
modified energy (5.24). Once the exact solution is computed, the numerical flux is the same
as for the VFRoe-ncv scheme (5.4).

Remark 5.3 — Contrary to classical VFRoe-ncv scheme, relaxCP does not need an entropy
correction [Hur14].

259



5.2.1.3 Rusanov scheme

For the Rusanov scheme [Rus61], the numerical flux is:

gn
i+ 1

2
= g(Wn

i , Wn
i+1) =

1
2
(F(Wn

i ) + F(Wn
i+1))−

max(Λn
i+1, Λn

i )

2
(
Wn

i+1 −Wn
i
)

, (5.25)

where Λn
i+1 (resp. Λn

i ) is the spectral radius of the convection matrix ∇WF at W = Wn
i+1

(resp. W = Wn
i ). The time step ∆tn at iteration n should satisfy the CFL constraint:

∆tn

∆x
max(Λn

i+1, Λn
i ) <

1
2

. (5.26)

In order to exhibit some similar behaviors to the relaxation schemes, the Rusanov flux
(5.25) has been rewritten as:

gn
i+ 1

2
=

1
2
(F(Wn

i ) + F(Wn
i+1))− a′ × max(Λn

i+1, Λn
i )

2
(
Wn

i+1 −Wn
i
)

, a′ ∈ [1,+∞[. (5.27)
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5.2.2 Riemann problem with waves leaving the domain

A one-dimensional Riemann problem is now studied with measure of the discrete L1 error.
Depending on the abscissa of the initial discontinuity, a 1-rarefaction wave (case 1, Figure
5.7) or a 3-shock wave (case 2, Figure 5.8) has left the domain at the end of the simulation,
whereas the other waves are still inside.

5.2.2.1 Presentation of the test case

5.2.2.1.1 Initial data
Steam water is considered. The initial data, written on the table 5.3, are chosen so that

u − c-wave is a 1-depressurization wave, u-wave is a 2-contact wave and u + c-wave is a
3-shock wave, as depicted on Figure 5.6.

Data Left State Right State
τ (m3/kg) 1.216179963554413 10−2 2.432359927108826 10−2

u (m/s) 0 0
P (bar) 100 50
T (K) 320 320

Table 5.3 – Initial data for the studied Riemann problem

Perfect gas equation of state is chosen, with the following parameters :



CV,v = 4.477815802223535 103 JK−1kg−1,
γv = 1.084875362318841,

s0
v = −3.928832266299204 104 JK−1kg−1.

Final time for the simulation is fixed to tend = 10−3s. Three cases are studied, by changing
xini the abscisse of the initial discontinuity between left state and right state :

• reference case, xini = 0.5m : all the waves are still inside the domain at the end of the
simulation (cf Figure 5.6);

• case 1, xini = 0.1m : 1-rarefaction wave travels to the left and is out of the domain at
the end of the simulation; the other waves are still inside the domain (cf Figure 5.7);

• case 2, xini = 0.8m : 3-shock wave travels to the right and is out of the domain at the
end of the simulation; the other waves are still inside the domain (cf Figure 5.8).

x (m)

t (s)

0 1xini = 0,5

Depressurization  
wave

Contact  
wave

Shock  
wave

Figure 5.6 – Reference Riemann problem without out-going waves (infinite domain).
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Figure 5.7 – Case 1: Riemann problem with a left-going 1-rarefaction wave: the depressurisation
wave is outside the domain when t = tend whereas contact wave and shock wave
are still inside the domain.

Figure 5.8 – Case 2: Riemann problem with a right-going 3-shock wave: the shock wave is
outside the domain when t = tend whereas contact wave and depressurisation wave
are still inside the domain.

5.2.2.1.2 Reference problem without out-going waves
Figure 5.9 shows convergence curves on pressure P (Pa), velocity u (m.s−1) and density ρ

(kg.m−3), obtained for the reference problem without out-going waves. The approximations
have been computed with the four considered schemes, by considering BC0 as boundary
conditions on both exterior borders of the domain. Because of the contact wave, the ex-
pected convergence rate is 1

2 , whereas the expected convergence rate for an isolated shock
wave would have been 1 [GHS02]. The observed asymptotic convergence rate is obviously
between 1

2 and 1 for all quantities and for all schemes: the numerical approximation con-
verges towards the right solution.

The numerical solution as well as the theorical solution at the final time are given in
Figure 5.11. The fan of the rarefaction wave goes from X ' 0.15m to X ' 0.25m. The contact
wave is visible on the density curve at X ' 0.6m. The shock wave is around the abscisse
X ' 0.92m. Moreover, it has been checked that the numerical approximations remain also
consistent when using different boundary conditions than BC0: for instance, Figure 5.10
shows convergence curves similar to Figure 5.9 by using BCr for the left boundary of the
domain and BCs for the right boundary of the domain.
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Figure 5.9 – Convergence curve for the reference case (without out-going waves) with BC0 for
all the studied schemes. Error (log10) as a function of mesh size (log10), with a cell
number from 1000 until 500 000 or 1 000 000.
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Figure 5.10 – Convergence curve for the reference case (without out-going waves) with VFRoe-
ncv scheme and when using BC0 or when using BCr and BCs. Error (log10) as
a function of mesh size (log10), with a cell number from 1000 until 250 000 or
1 000 000.
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Figure 5.11 – Reference case with VFRoe-ncv scheme and BC0. Pressure (Pa), density (kg.m−3)
and velocity (m.s−1) as a function of X (m) at the final time tend = 10−3s. The
exact solution (plain black line) and the numerical solution obtained with VFRoe-
ncv scheme (red line with crosses) on a mesh with 1000 cells are compared.
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From now, each scheme is studied on its own on case 1 (Figure 5.7) and on case 2 (Figure
5.8). Depending on the scheme, several boundary conditions described in section 5.1.2 are
tested. The table 5.4 sums up all the tests presented in the next subsections.

1-rarefaction wave out (case 1) 3-shock wave out (case 2)

Scheme § Tested BC § Tested BC

VFRoe-ncv 5.2.2.2 BC0 5.2.2.2 BC0; BCs

relaxCC 5.2.2.3.1 BC0 5.2.2.3.2 BC0; BCs

relaxCP 5.2.2.4.1 BC0 5.2.2.4.2 BC0; BCs

Rusanov 5.2.2.5.1 BC0 5.2.2.5.2 BC0; BCs

Table 5.4 – Summary of the tested boundary conditions for each scheme.

5.2.2.2 Synthesis for VFRoe-ncv in (τ, u, P)

VFRoe-ncv has been once more tested, this time in variable (τ, u, P) (contrary to part 5.1,
where variable Y = (s, u, P) was used). We recover exactly the same results as in part 5.1, as
summarized in table 5.5.

1-rarefaction wave out 3-shock wave out

Scheme BC ? Consistent ? BC ? Consistent ?

VFRoe-ncv BC0 Yes BC0 No

BCs Yes

Table 5.5 – Consistency of the numerical solution with out-going waves obtained with VFRoe-
ncv scheme in (τ, u, P) for tested boundary conditions.

Remark 5.4 — VFRoe-ncv scheme in variable (τ, u, P) with perfect gas equation of state
has remarkable theoretical properties [BGH00]: among them, jump relations of VFRoe-ncv
scheme in variable (τ, u, P) and exact Rankine-Hugoniot relations for the physical system
are equivalent. Nevertheless, BCs works also with VFRoe-ncv scheme in variable (s, u, P),
for which such property does not hold. Thus, particular properties of VFRoe-ncv scheme in
(τ, u, P) are not sufficient to explain the consistency obtained with BCs.

5.2.2.3 Out-going waves with relaxation scheme relaxCC

When implementing relaxCC scheme, a parameter a must be chosen by the user satisfying
the subcharacteristic condition (5.12):

a > max
(

cl(τl , , el)

τl
,

cr(τr, , er)

τr

)
.

a is defined in practise using a constant a′ (5.14), fixed for a given simulation:

a = a′ ×max
(

cl

τl
,

cr

τr

)
, a′ ∈ [1,+∞[.
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5.2.2.3.1 1-rarefaction wave out: consistency of BC0 depending on a
Relaxation scheme relaxCC is tested on case 1 with condition BC0 from 5.1.2.1.1. As shown

on convergence curves (Figure 5.12), consistency depends on the chosen a′: for a′ > 1, an
error plate is observed from quite coarse meshes (from 5000 cells), whereas when a′ = 1,
error curves are linear with a slope between 1

2 and 1 as expected. Indeed, for a′ > 1, a
spurious intermediate state for P, u and ρ appears, because of a spurious rarefaction wave
with a fan centered at X ' 0.3m (see Figure 5.13), probably due to a spurious contact wave
occuring around X ' 0.35m.
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u relaxCC a’=1

rho relaxCC a’=1

Order 1/2

Order 1

Figure 5.12 – Case 1 with relaxCC scheme and BC0. Convergence curve with a 1-rarefaction
wave going-out, with relaxCC tested with two different a′ : error (log10) as a func-
tion of mesh size (log10), with a cell number from 1000 until 1 000 000 or 250 000.
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Figure 5.13 – Case 1 with relaxCC scheme and BC0. Pressure (Pa), density (kg.m−3) and ve-
locity (m.s−1) as a function of X (m) at the final time tend = 10−3s. The little
windows show zoom on the area close to the outflow. The exact solution is com-
pared with numerical solutions obtained with relaxCC tested with several a′ on a
mesh containing 1000 cells.
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5.2.2.3.2 3-shock wave out: inconsistency of all the tested boundary conditions

a) With boundary condition BC0 (5.1.2.1.1):

Relaxation scheme relaxCC is tested with varying a′ ≥ 1 and BC0 on case 2. As
observed on numerical solution (Figure 5.15), a spurious rarefaction wave occurs in
X ' 0.875m. The closer a′ is to 1, the smaller is the gap with the correct solution, but
even a′ = 1 gives an inconsistent solution at convergence (Figure 5.14).
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Figure 5.14 – Case 2 with relaxCC scheme and BC0. Convergence curve with a 3-shock wave
going-out, with relaxCC and a′ = 1 : error (log10) as a function of mesh size
(log10), with a cell number from 1000 until 1 000 000 or 250 000.
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Figure 5.15 – Case 2 with relaxCC scheme and BC0 or BCs. Pressure (Pa), density (kg.m−3)
and velocity (m.s−1) as a function of X (m) at the final time tend = 10−3s. The
little windows show zoom on the area close to the outflow. The exact solution is
compared with numerical solutions obtained with relaxCC tested with several a′

on a mesh containing 1000 cells.

b) With boundary condition BCs (5.6):

Relaxation scheme relaxCC coupled with BCs leads to an inconsistent solution for all
a′ ≥ 1. An obvious spurious intermediate state can be seen in the numerical solution
on Figure 5.15 for a′ = 1.

5.2.2.3.3 Synthesis for relaxCC
Results are summarized in table 5.6.

1-rarefaction wave out 3-shock wave out

Scheme BC ? a′? Consistent ? BC ? a′? Consistent ?

relaxCC BC0 a′ > 1 No BC0 a′ = 1 No

a′ = 1 Yes

BCs a′ = 1 No

Table 5.6 – Consistency of the numerical solution with out-going waves obtained with relaxCC
scheme for tested boundary conditions.

With relaxCC scheme, the consistency of the numerical solution depends on a, the relax-
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ation parameter of the subcharacteristic condition (5.12). Defining a = a′×max
(

cl

τl
,

cr

τr

)
, a′ ∈

[1,+∞[, the following choice seems mandatory to recover a consistent solution when the
rarefaction wave has left the domain: a′ = 1 i.e.

a = max
(

cl

τl
,

cr

τr

)
. (5.28)

However, even with (5.28), the numerical solution obtained with relaxCC and BC0 is incon-
sistent when the shock wave is out.

Moreover, BCs does not enable to get a consistent solution when the shock wave is gone.
Then, boundary condition BCs, consistent with VFRoe-ncv scheme for an out-going 3-shock,
is not compatible with any numerical scheme.

In order to better understand the influence of a, Figure 5.16 shows how a′ modifies the
solution for the reference case without out-going waves: for a high a′ = 10, relaxCC is far
more diffusive than for a′ around 1. Nevertheless, the link between a′ and the numerical
diffusion of the scheme is not sufficient to explain the influence of a′ on consistency when
waves travel outside the domain. Indeed, on Figure 5.16, curves obtained by relaxCC with
a′ = 1, relaxCC with a′ = 1.1 and or VFRoe-ncv are very hard to distinguish: thus, the
numerical diffusion is not significantly different on this case for relaxCC with a′ ' 1 and for
VFRoe-ncv, whereas consistency is very sensitive to a′ for the out-going 1-rarefaction wave,
and whereas condition BCs works for VFRoe-ncv and not for relaxCC.
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Figure 5.16 – Reference case (without out-going waves) with relaxCC for a′ = 1, a′ = 1.1,
a′ = 10 and VFRoe-ncv. Pressure (Pa), density (kg.m−3) and velocity (m.s−1) as
a function of X (m) at the final time tend = 10−3s on a mesh containing 1000 cells.
The little windows show zooms on the shock wave.

270



5.2.2.4 Out-going waves with relaxation scheme relaxCP

For relaxCP scheme, a parameter Γ is needed fulfilling the subcharacteristic constraint (5.21):

Γ > max(Γ1, Γ2).

In practise, Γ is defined with (5.23) thanks to a constant a′, fixed for a given simulation:

Γ = a′ ×max(Γ1, Γ2), a′ ∈ [1,+∞[.

5.2.2.4.1 1-rarefaction wave out: a similar behavior to relaxCC
When considering case 1 with the rarefaction wave out and relaxCP using a boundary

condition BC0, a similar behavior to relaxCC is observed: the obtained solution is consistent
only when a′ = 1 (Figure 5.17), i.e. when:

Γ = max(Γ1, Γ2). (5.29)
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rho relaxCP a’=1.1

P relaxCP a’=1

u relaxCP a’=1

rho relaxCP a’=1

Order 1/2

Order 1

Figure 5.17 – Case 1 with relaxCP scheme and BC0. Convergence curve with a 1-rarefaction
wave going-out, with relaxCP tested with two different a′ : error (log10) as a func-
tion of mesh size (log10), with a cell number from 1000 until 1 000 000.
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5.2.2.4.2 3-shock wave out: a similar behavior to VFRoe-ncv
Relaxation scheme relaxCP is tested here only with (5.29): Γ = max(Γ1, Γ2).

a) With boundary condition BC0 (5.1.2.1.1):

Like VFRoe-ncv and relaxCC, relaxCP associated with BC0 leads to an inconsistent
solution.

b) With boundary condition BCs (5.6):

Convergence towards the right solution occurs for relaxCP associated with BCs (Figure
5.18), probably because the scheme is based on VFRoe-ncv flux.
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u relaxCP, a’=1

rho relaxCP, a’=1

Order 1/2

Order 1

Figure 5.18 – Case 2 with relaxCP scheme and BC0. Convergence curve with a 3-shock wave
going-out, with relaxCC and a′ = 1 : error (log10) as a function of mesh size
(log10), with a cell number from 1000 until 500 000.

5.2.2.4.3 Synthesis for relaxCP
Results are summarized in table 5.7.

1-rarefaction wave out 3-shock wave out

Scheme BC ? a′? Consistent ? BC ? a′? Consistent ?

relaxCP BC0 a′ > 1 No BC0 a′ = 1 No

a′ = 1 Yes

BCs a′ = 1 Yes

Table 5.7 – Consistency of the numerical solution with out-going waves obtained with relaxCP
scheme for tested boundary conditions.

A similar behavior has been highlighted for both relaxation schemes relaxCC and re-
laxCP: the consistency of the numerical solution when the rarefaction wave travels out of
the domain depends on the relaxation parameter (a for relaxCC and Γ for relaxCP). In both
cases, the relaxation parameter should be chosen equal to the limit value fulfilling the relax-
ation constraint ((5.28) corresponding to the subcharacteristic conditions (5.12) for relaxCC
and (5.29) corresponding to (5.21) for relaxCP).
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However, as far as the case 2 is concerned, i.e. when the shock wave is out, relaxCP
with a′ = 1 behaves like VFRoe-ncv: BC0 gives an inconsistent solution while BCs gives a
consistent solution.

5.2.2.5 Out-going waves with Rusanov scheme

We recall that the Rusanov flux (5.25) has been rewritten as:

gn
i+ 1

2
=

1
2
(F(Wn

i ) + F(Wn
i+1))− a′ × max(Λn

i+1, Λn
i )

2
(
Wn

i+1 −Wn
i
)

, a′ ∈ [1,+∞[.

In the following, the classical Rusanov flux (with a′ = 1) is used in section 5.2.2.5.1 whereas
different values for a′ are tested in 5.2.2.5.2.

5.2.2.5.1 1-rarefaction wave: consistency of BC0
For case 1, BC0 is also consistent when used with Rusanov scheme (Figure 5.19).
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Figure 5.19 – Case 1 with Rusanov scheme and BC0. Convergence curve with a 1-rarefaction
wave going-out: error (log10) as a function of mesh size (log10), with a cell number
from 1000 until 1 000 000.
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5.2.2.5.2 3-shock wave: inconsistency and relaxCC-like behavior

a) With boundary condition BC0 (5.1.2.1.1):

For case 2, BC0 is also inconsistent when used with Rusanov scheme. On Figure 5.20,
several a′ have been tested. Results suggest a relaxCC-like behavior: there probably
exists a a′ between 1 and 1.5 enabling the convergence towards the right solution, like
a′ = 1 for relaxCC. Nevertheless, no theoretical hint enables to guess the suitable a′.
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Figure 5.20 – Case 2 with Rusanov scheme and BC0 or BCs. Pressure (Pa), density (kg.m−3)
and velocity (m.s−1) as a function of X (m) at the final time tend = 10−3s. The
little windows show zoom on the area close to the outflow. The exact solution
is compared with numerical solutions obtained with Rusanov scheme on a mesh
containing 5000 cells. Rusanov scheme is associated with BC0 or BCs. A similar
behavior to relaxCC scheme is highlighted by testing several coefficients a′.
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b) With boundary condition BCs (5.6):

For case 2, like with relaxCC, BCs is inconsistent with Rusanov scheme (Figure 5.20).

5.2.2.5.3 Synthesis for Rusanov
Results are summarized in table 5.8.

1-rarefaction wave out 3-shock wave out

Scheme BC ? Consistent ? BC ? Consistent ?

Rusanov BC0 Yes BC0 No

BCs No

Table 5.8 – Consistency of the numerical solution with out-going waves obtained with Ru-
sanov scheme for tested boundary conditions.
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Conclusions

This chapter aimed to propose boundary conditions for Euler system simulated in finite vol-
ume framework with explicit first-order numerical schemes, compatible with waves travel-
ling out from the computation domain. Some formulations of boundary conditions have
been presented in section 5.1.2. They have been tested in section 5.1.3 and in section 5.2.2 on
a Riemann problems, with a 1-rarefaction outgoing wave or a 3-shock outgoing wave. Main
results are recalled on table 5.9.

1-rarefaction wave out 3-shock wave out

Scheme BC ? Consistent ? BC ? Consistent ?

VFRoe-ncv BC0 Yes BC0 No

BCs Yes

relaxCC (a′ = 1) BC0 Yes BC0 No

BCs No

relaxCP (a′ = 1) BC0 Yes BC0 No

BCs Yes

Rusanov BC0 Yes BC0 No

BCs No

Table 5.9 – Synthesis of the most important consistency results depending on the out-going
wave, the chosen numerical scheme and the tested boundary condition.

When a 1-rarefaction wave is out, standard boundary condition BC0 enables to get a con-
sistent solution for all the tested numerical schemes. Nevertheless, the relaxation schemes
(the one proposed by C. Chalons and J.-F. Coulombel in [CC08], called relaxCC in this chap-
ter, and VFRoe-ncv with energy relaxation [GHS02] proposed by F. Coquel and B. Perthame
in [CP98], called relaxCP) require a particular choice of relaxation parameter. Indeed, the
relaxation parameter needs to be exactly equal to the lower boundary prescribed by the
subcharacteristic condition ((5.28) given by (5.12) for relaxCC and (5.29) by (5.21) for re-
laxCP) to obtain a consistent solution.

When a 3-shock has left the domain, for all the tested numerical schemes, standard
boundary condition BC0 leads to an inconsistent solution. Modified boundary conditions
have been proposed in section 5.1.2.

One proposed approach consists in adding a virtual domain with a fixed size αL at end of
the computation domain of size L, with α >> 1. The asymptotic version of this formulation
with an infinite virtual domain, called BCs, enables to recover the consistency of the numer-
ical solution when using a VFRoe-ncv scheme: it works in the same way with VFRoe-ncv
in variable (τ, u, P), VFRoe-ncv in variable (s, u, P) or with VFRoe-ncv with energy relax-
ation "relaxCP". Unfortunately, BCs does not work with relaxation scheme relaxCC or with
Rusanov scheme. For now, we are not able to explain this result.

Finally, standard boundary condition BC0 seems sufficient while regular structures leave
the computational domain, like a rarefaction wave. However, if a shock wave may leave the
computational domain, consistency is not ensured by using BC0 since it may lead to an
inconsistent solution. Further study in part 5.2 highlighted that, for now, we are not able to
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exhibit a consistent open boundary condition compatible with any numerical scheme.
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Conclusions et perspectives

Les travaux développés dans cette thèse visent à modéliser des écoulements multiphasiques
susceptibles d’apparaître au cours de scénarios accidentels pouvant hypothétiquement af-
fecter un réacteur à eau pressurisée (REP). Il s’agit d’écoulements subissant des transitoires
rapides, avec des changements de phase et dans lesquels des ondes de pression sont géné-
rées. Leur modélisation nécessite des modèles multiphasiques capables de gérer les tran-
sitions de phase de l’eau de façon réaliste. Plus précisément, dans cette thèse, différents
écoulements multiphasiques ont été étudiés, comprenant les composants suivants :

• uniquement de l’eau, sous forme liquide ou sous forme vapeur, comme dans le cha-
pitre 1 ;

• de l’eau ainsi que du gaz incondensable, comme dans le chapitre 3 ;

• de l’eau, du gaz incondensable ainsi que du métal liquide, représentatif du corium qui
pourrait se former lors de conditions accidentelles, comme dans le chapitre 4.

Afin d’être en mesure de vérifier les outils numériques développés, en cohérence avec
les exigences des autorités de sûreté nucléaire (ASN), les modèles considérés dans ce travail
respectent tous un cahier des charges minimal de propriétés mathématiques :

• ils sont hyperboliques, afin d’assurer la stabilité en temps fini des solutions numé-
riques ;

• ils admettent une inégalité d’entropie, qui permet de sélectionner la solution physique
du système, satisfaisant le second principe de la thermodynamique ;

• les relations de saut du système sont définies de façon unique, ce qui permet de bien
définir les chocs.

Les contributions de cette thèse sont liées à différentes étapes du processus de modélisa-
tion.

Travaux théoriques de modélisation

Au chapitre 4, un nouveau modèle multifluide respectant le cahier des charges précédent
a été proposé et étudié. Ce travail est purement théorique et la prochaine étape est évi-
demment l’implémentation numérique du modèle. Un modèle similaire, triphasique à trois
champs immiscibles, proposé dans [Hér16], a été simulé dans [BH19 ; BH20]. Néanmoins,
ces travaux simulent la partie convective du système à l’aide du schéma de Rusanov : l’en-
jeu est maintenant de développer des schémas numériques plus précis, en s’appuyant par
exemple sur le schéma développé dans [Coq+14] pour le modèle bifluide [Coq+02]. Des
propriétés intéressantes, notamment en termes de relaxation de pression, ont été mises en
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évidence dans le chapitre 4 : elles constituent des prérequis théoriques qui nous laissent pen-
ser qu’une extension du schéma numérique [Coq+14] pourrait effectivement être construite,
moyennant une quantité de travail importante.

Fermetures thermodynamiques des modèles

Une grande partie de ce travail de thèse est dédié à l’étude des fermetures thermodyna-
miques de modèles multiphasiques. Ainsi, des lois d’état classiques ont été passées en re-
vue au chapitre 2. Leurs propriétés mathématiques ont été étudiées, afin de s’assurer de leur
compatibilité avec nos modèles d’intérêt. De plus, leur précision a été évaluée au regard
d’une loi de référence pour l’eau, la formulation IAPWS [WK08]. La loi d’état de Noble-
Able stiffened gas (NASG) [LS16] ainsi que son extension avec une capacité calorifique à
pression constante fonction de la température (NASG-CK) [BCL19] semblent constituer des
compromis intéressants en termes de complexité et de précision.

Des travaux complémentaires méritent d’être menés, notamment sur des cas de valida-
tion, afin de mieux cerner les écarts de précision des différentes lois d’état. En particulier,
il serait intéressant de comparer les lois NASG et NASG-CK à des lois tabulées (construites
en respectant la relation de Gibbs, comme expliqué au chapitre 1), que ce soient des tables
reposant sur la formulation IAPWS comme au chapitre 1, ou bien que ce soient des tables
utilisant d’autres lois de référence, comme par exemple les tables NBS-NRC [Haa84], répu-
tées pour être plus précises que IAPWS pour les hautes pressions et autour du point critique.

De plus, il a été mis en évidence dans [Hur17] que certaines situations de transitoires
rapides (comme dans l’expérience SUPERCANON [Rie78]) induisent des écoulements qui
persistent quelques instants en dehors de l’équilibre thermodynamique (de façon obser-
vable). Afin de prendre en compte ces effets, les modèles étudiés permettent de considérer
une pression et une température phasiques propres à chaque champ et le retour à l’équilibre
thermodynamique est assuré par des termes sources de relaxation. Ces termes sources font
intervenir des échelles de temps, qu’on peut choisir strictement positives, de façon à retar-
der le retour à l’équilibre. Néanmoins, peu de références sont disponibles dans la littérature
pour définir de telles échelles de temps. C’est pourquoi un modèle simplifié a été proposé
dans le chapitre 1, fondé sur la théorie classique de la nucléation :

tnuc =
( a0

∆P

)3
exp

(
ϕEa

kBT

)
;

il s’agit d’une échelle de temps définie sur le modèle d’une loi d’Arrhénius, avec une énergie
d’activation Ea modulée par un paramètre ϕ ∈ [0, 1] lié à la quantité d’impuretés présentes
dans le liquide. Plus les impuretés sont nombreuses, plus la vaporisation est facilitée. De
premiers résultats qualitatifs intéressants ont été obtenus. Cependant, le modèle nécessite
encore des améliorations, notamment pour la définition du préfacteur a0.

Vérification et validation de modèles fermés à l’aide d’équations d’état réalistes

Enfin, un important travail de vérification des modèles a été mené à bien dans cette thèse.

Ainsi, dans le chapitre 1, le modèle diphasique homogène proposé dans [BH05] a été
fermé à l’aide d’une tabulation de la formulation IAPWS [WK08]. Construire la tabulation
en veillant à maintenir la relation de Gibbs permet donc de ne pas introduire d’inconsis-
tance dans le modèle (au seuil de convergence des algorithmes de Newton près, permettant
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de changer de plan thermodynamique), si bien qu’on est en mesure d’exhiber des solutions
analytiques pour le modèle et de réaliser des études de convergence en maillage satisfai-
santes.

Dans le chapitre 3, le modèle homogène avec prise en compte des gaz incondensables a
lui aussi été vérifié. Dans ce chapitre, la difficulté principale est issue du calcul de l’équilibre
thermodynamique, et plus précisément, de la gestion des équilibres où l’un des champs au
moins est absent. Le seuil de fraction sous lequel un champ est considéré comme manquant
est un paramètre assez délicat à manipuler en pratique.

De plus, le calcul de l’équilibre thermodynamique à trois champs se complexifie rapi-
dement dès que l’on choisit des lois d’état plus complexes que des lois de gaz raides. En
effet, dans le cas où des lois de gaz raides sont choisies pour tous les champs, la loi de mé-
lange obtenue est elle-même similaire à une loi de gaz raide, avec des paramètres fonctions
des fractions massiques [Bac+12]. Ce n’est plus le cas dans le chapitre 3 : lorsque le liquide
est décrit avec la loi NASG-CK et que la vapeur et l’air sont décrits à l’aide de gaz raides,
le calcul de l’équilibre exige la résolution d’un système de deux équations non-linéaires à
deux inconnues, parfois piégeuse à mettre en oeuvre numériquement. En prenant des lois
d’état un peu plus complexes pour la vapeur et l’air (par exemple, des lois NASG), le sys-
tème à résoudre devient même un système de trois équations couplées non-linéaires à trois
inconnues. Dès lors, le gain en termes de complexité à utiliser des lois semi-analytiques par
rapport à une tabulation IAPWS devient plus hypothétique, et il serait intéressant d’effec-
tuer davantage de comparaisons, en termes de temps de calcul et de gain de précision. On
peut supposer que l’intérêt principal des lois semi-analytiques de type NASG-CK reste leur
robustesse dans des cas très brutaux, comme dans le cas de validation SUPERCANON.

Enfin, des cas de vérification monophasiques ont également été mis en place au chapitre
5, afin d’évaluer différentes conditions limites dans des configurations avec des ondes de
détente et des ondes de choc sortant du domaine de calcul au cours la simulation. Une
inconsistance a été mise en évidence pour certaines conditions limites, suivant les schémas
de convection utilisés. En particulier, lorsqu’une onde de choc sort du domaine de calcul,
nous n’avons pas réussi à proposer une formulation de conditions limites qui conduise à
une solution numérique consistante pour tout schéma numérique. Des études théoriques
complémentaires doivent probablement être menées pour être en mesure d’expliquer ce
constat.
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A HOMOGENEOUS MODEL FOR COMPRESSIBLE THREE-PHASE

FLOWS INVOLVING HEAT AND MASS TRANSFER.

Olivier Hurisse1 and Lucie Quibel2

Abstract. A homogeneous model is proposed in order to deal with the simulation of fast transient
three-phase flows involving heat and mass transfer. The model accounts for the full thermodynam-
ical disequilibrium between the three phases in terms of pressure, temperature and Gibbs enthalpy.
The heat and mass transfer between the phases is modeled in agreement with the second law of ther-
modynamics, which ensures a stable return to the thermodynamical equilibrium. The set of partial
differential equations associated with this model is based on the Euler set of equations supplemented
by a complex pressure law, and by six scalar-equations that allow to account for the thermodynamical
disequilibrium. It therefore inherits a simple wave structure and possesses important mathematical
properties such as: hyperbolicity, unique shock definition through Rankine-Hugoniot relations, pos-
itivity of the mixture fractions. Hence the computation of approximated solutions is possible using
classical algorithms, which is illustrated by an example of simulation of a steam-explosion.

Keywords Homogeneous model, three-phase flows, heat transfer, mass transfer, steam explosion.

Introduction

The steam explosion phenomenon occurs in industrial plants when some heated materials (solid or molten
solid) come into contact with cold water [4]. The brutal heat transfer from the heated material to the liquid
leads to a sudden and brutal production of steam. This steam expands quickly and strong shock waves are
produced in the liquid phase, which propagate inside the devices and may damage some of them. When the
steam bubble expands in an open domain, for example in a pool with a free surface, some hot materials (solid,
steam and/or liquid) are expelled at high velocity. Such a phenomenon occurs in the steel industry (foundry),
causing casualties and damages. In the framework of the safety demonstration for the nuclear power plants,
some specific scenarii involving steam explosion are studied. This is for instance the case for the Fuel Coolant
Interactions (FCI) which occur in the Reactivity Initiated Accident (RIA) [25] or when the corium comes into
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contact with some water collected in the basemat (in the reactor pit) under the vessel.

The aim of the studies based on these scenarii is to evaluate the mechanical load on the structures of the
devices of the plant. This obviously requires to get an accurate prediction of the pressure waves released by the
sudden vaporization of the water, and it clearly advocates for the modelisation of the compressibility of both
the liquid phase and the vapor phase. In the three-phase flow model proposed in this paper, we assume that
the solid (or molten solid) phase is also compressible. This allows to keep a uniform and consistent thermo-
dynamical treatment of the three phases. The stiffness of the thermodynamical behaviour of the solid phase,
which has a very low compressibility, may be accounted for by choosing an appropriate Equation Of State.
Moreover, in such fast transient flows corresponding to small characteristic time scales, the assumption of the
thermodynamical equilibrium between the phases might be a limitation. In [8, 23, 29, 30], some comparisons
between numerical simulations and experiments of fast depressurization of water highlight the importance of the
thermodynamical disequilibrium. Therefore, it seems important for the proposed model to allow to account for
the complete thermodynamical disequilibrium (i.e. with respect to pressure, temperature and Gibbs enthalpy),
while also permitting to easily relax towards the thermodynamical equilibrium when necessary.

There exist few three-phase flow models that fulfill these requirements. The standard multifluid approach,
derived from the standard two-fluid approach [24], assumes that the pressures of the three phases are always
equal. The resulting system of equations may be associated with ill-posed initial-value problems. This is an
important drawback, in particular when dealing with fast transient situations. This mathematical issue of the
system of equations has its origin in the instantaneous pressure equilibrium [14,17,21], and to tackle that point
a three-phase flow model involving pressure disequilibrium has been proposed in [19, 20, 33]. The latter is a
three-phase flow model that can be seen as an extension of the two-phase model proposed in [2, 27]. In these
models, each phase is described by its own velocity field, and by its own pressure and temperature. Hence they
account for the full dynamical and thermodynamical disequilibrium between the three phases. Unfortunately,
the convective part of the system of equations as a very complex wave structure. In particular, two successive
waves can be very close. An accurate numerical simulation of such a situation would thus require very small
mesh sizes/time steps in order to permit to distinguish these two neighboring waves on the approximated solu-
tions. Moreover, for these models, each phasic quantity (velocity, specific volume, total energy) is described by
its own partial derivative equation. As a consequence, the system of partial derivative equations degenerates in
the case of vanishing phases. These situations may therefore be tricky to handle with these multifluid models,
at least with a method which remains consistent with the set of equations. In this paper, we intend to propose
a model with a more simple wave structure, and that would be able to handle easily vanishing-phase cases
which often occur in the simulation of industrial scenarii. Hence we make here the assumption that the three
phases have the same velocity. Therefore, the model described in the sections below belongs to the family of the
so-called homogeneous models. If this assumption of dynamical equilibrium leads to a more simple description
of three-phase flows, the range of applications of the homogeneous model is restricted with respect to multifluid
models. In particular, for some situations a homogeneous model might be less relevant for slow transcients: for
instance the simulation of the sedimentation due to gravity.

The model proposed in this paper is a straightforward extension of the two-phase flow model proposed
in [3, 12, 18, 26, 31]. In [22, 23] the latter has been tested for fast transient steam-liquid water flows and the
results show a quite satisfactory agreement with experimental measurements, even for flows involving a strong
thermodynamical disequilibrium. We thus propose the extension of this two-phase flow model in order to deal
with fast-transient three-phase flows with high thermodynamical disequilibrium. This model draws its strength
from the assumption of full thermodynamical disequilibrium (each phase possesses its own internal temperature
and its own internal pressure) and from the second law of thermodynamics [7] on which the thermodynamical
behaviour of the flow is based. The building of the model relies on two steps: the modeling of the setting of
the three phases at a “microscopic scale” and a “macroscopic” modeling of the behaviour of a volume of the
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three-phase mixture within the whole flow. On the one hand, the second law of thermodynamics allows to
define: the thermodynamical properties of the mixture (the mean pressure and the mean temperature) and the
time-evolution of the setting of the three phases within a volume of mixture. Thanks to the dissipation property
associated with the second law of thermodynamics, this evolution represents a stable return to the thermody-
namical equilibrium when considering a closed volume of mixture. On the other hand, the time-evolution of a
mixture-volume is classically described through the first law of thermodynamics and Newton’s law. We then end
up with a system of equations which is based on the Euler set of equations associated with a complex pressure
law and supplemented by six equations that account for the thermodynamical disequilibrium between the phases.

In Section 1 the model is built on the basis of [26, 31]. The closures that are then obtained ensure some
good mathematical and physical properties for the system of equations: hyperbolicity of the convective part of
the system, uniqueness of the definition of the shocks, entropy dissipation, stable return to thermodynamical
equilibrium. These properties are gathered in Section 2. They are a serious advantage when the goal of the
model is to be used to perform numerical simulations including shock patterns. The model proposed in Section
1 remains a quite general three-phase flow model, and in Section 3 we introduce some specific features that are
mandatory for the steam-explosion modeling. We then specify the fact that mass transfer only occurs between
the liquid water and its vapour phase, and we introduce the heating of a solid phase through a source term. At
last, in Section 4, we present the numerical simulation of the heating of a solid phase mixed with liquid which
leads to steam generation and strong pressure waves. In this simulation, the water phases are described using
the IAPWS 97 thermodynamical laws [36].

1. Modeling three-phase flows with a homogeneous model

In this section, we build a homogeneous model which describes a mixture of three-phase. The assumptions
are introduced throughout the section. In order to write the model we proceed in two steps by adopting a
Lagrangian point of view. We first propose to model the thermodynamic behaviour of a volume of the mixture
using the second law of thermodynamic. This first step of the modeling process follows the process proposed
in [26,31] for two-phase flows. Then the first law of thermodynamics and Newton’s law are applied to describe
the evolution of this volume within the whole flow.

1.1. Some definitions and assumptions

Let us consider a volume V (in m3) of the three-phase mixture which is associated with a mass M (in kg)
and an internal extensive energy E (in J). Each phase i = {1, 2, 3} occupies a volume Vi, has a mass Mi and
an internal energy Ei. We assume the following properties for the mixture.

(H1a) The geometric repartition of the phases inside the volume V is not taken into account.
(H1b) The surface tension is neglected.
(H2) The three phases are not miscible.
(H3) Vacuum occurrence is not considered here.

With these assumptions, the volume V, the mass M and the internal energy E can be written:




V = V1 + V2 + V3,
M =M1 +M2 +M3,
E = E1 + E2 + E3.

(1)

It allows to treat naturally the cases where only one or two of the three phases are present. The hypothesis
(H2) and (H3) are mandatory to write the first equation of (1) on the volumes. In [18, 32], the miscible case
has been investigated and it leads to a different system (1). Assumption (H3) implies that we consider that V,
M and E are non-negative: (V,M, E) ∈ (R∗+)3.
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1.2. The second law of thermodynamics

In this section we use the second law of the thermodynamics to define the time evolution of the quantities
(Vi,Mi, Ei) for an isolated mixture, that is for a fixed (V,M, E). We assume that the extensive phasic entropies
ηi (in J/K) are defined such that the following properties hold:

(H4) (Vi,Mi, Ei) 7→ ηi(Vi,Mi, Ei) is C2 on (R+)3;
(H5) (Vi,Mi, Ei) 7→ ηi(Vi,Mi, Ei) is concave;
(H6) ∀a ∈ R∗+, ∀(Vi,Mi, Ei) ∈ (R+)3, ηi(aVi, aMi, aEi) = aηi(Vi,Mi, Ei);
(H7) ∀(Vi,Mi, Ei),

∂ηi
∂Ei |Vi,Mi

> 0.

Remark 1. When Mi 6= 0 (i.e. when phase i exists), assumption (H6) allows to define a specific entropy (in
J/K/kg) from the extensive entropy ηi by setting a = 1/Mi. The specific entropy si, thus, only depends on
Vi/Mi and Ei/Mi :

si

( Vi
Mi

,
Ei
Mi

)
= ηi

( Vi
Mi

, 1,
Ei
Mi

)
=
ηi(Vi,Mi, Ei)

Mi
,

where the second equality assumes an abuse of notation with respect to the dimension of the entropy.
Hence, ηi is a complete Equation Of State (EOS), from which we define the pressure Pi, the temperature Ti
and the Gibbs enthalpy µi (or Gibbs free enthalpy, in J/kg):

1

Ti
=
∂ηi
∂Ei |Vi,Mi

, (2)

Pi
Ti

=
∂ηi
∂Vi |Mi,Ei

, (3)

and
µi
Ti

= − ∂ηi
∂Mi |Vi,Ei

. (4)

It should be noticed that the assumption (H7) is equivalent to ensure that the temperature Ti are non-negative.
Moreover, these definitions imply the classical Gibbs relation used in the Classical Irreversible Thermodynamics
(CIT) theory:

Tidηi = dEi + PidVi − µidMi. (5)

Remark 2. Recalling assumption (H6), we have:

∀a ∈ R∗+, ∀(Vi,Mi, Ei), ηi(aVi, aMi, aEi) = aηi(Vi,Mi, Ei).

Hence, by deriving this relation with respect to a and by applying a = 1, we get:

∀(Vi,Mi, Ei), ηi(Vi,Mi, Ei) =
∂ηi
∂Vi |Mi,Ei

Vi +
∂ηi
∂Mi |Vi,Ei

Mi,+
∂ηi
∂Ei |Vi,Mi

Ei,

and therefore using the definitions (2), (3) and (4) we obtain the relation

Miµi = Ei + PiVi − Tiηi. (6)

The thermodynamic behaviour of the phase i is defined by the entropy ηi and the Gibbs relations (5) and
(6). We now assume that the extensive entropy of the mixture η is the sum of the extensive entropy of each
phase:
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(H8) the extensive mixture-entropy is

W 7→ η(W ) =
∑

i

ηi(Vi,Mi, Ei), (7)

where for the sake of simplicity, we set W = (V1,M1, E1,V2,M2, E2,V3,M3, E3). Thanks to the assumptions
(H4)− (H6) on the phasic entropies, the mixture entropy η satisfies the properties:

• W → η(W ) is C2 on (R+)9;
• W → η(W ) is concave;
• ∀a ∈ R∗+, ∀W ∈ (R+)9, η(aW ) = aη(W ).

The details of the proof of these properties can be found in Appendix 5.1. By deriving the mixture entropy
defined by (7) and by using the phasic Gibbs relations (5) we find:

dη =
∑

i

(
1

Ti
dEi +

Pi
Ti
dVi −

µi
Ti
dMi

)
. (8)

This relation can be rewritten in terms of the mixture quantities (V,M, E) by using the chain-rule dφi =
φ d(φi/φ) + φi/φ dφ. This yields:

dη =
∑
i

(
Ei
E

1
Ti

)
dE +

∑
i

(
Vi
V
Pi
Ti

)
dV −∑i

(
Mi

M
µi
Ti

)
dM

+
∑
i

(
E 1
Ti
d
(Ei
E
)

+ V PiTi d
(Vi
V
)
−Mµi

Ti
d
(Mi

M
))
.

(9)

Relation (9) is the Gibbs relation for the mixture, from which the mixture temperature T , the mixture pressure
P and the mixture Gibbs enthalpy µ can be defined. Indeed we have:

1

T
=
∂η

∂E |V,M,
Vi
V ,
Mi
M ,

Ei
E

=
∑

i

(Ei
E

1

Ti

)
, (10)

P

T
=
∂η

∂V |M,E,ViV ,
Mi
M ,

Ei
E

=
∑

i

(Vi
V
Pi
Ti

)
, (11)

and
µ

T
= − ∂η

∂M |V,E,ViV ,
Mi
M ,

Ei
E

=
∑

i

(Mi

M
µi
Ti

)
. (12)

Hence, thanks to assumption (H7), we get that:

∀W ∈ (R+)9,
∂η

∂E |V,M,
Vi
V ,
Mi
M ,

Ei
E
> 0, (13)

which also means that the mixture temperature T is non-negative.

Until now, we have considered the extensive mixture entropy η, which is defined on (R+)9. We propose now
to introduce the intensive entropy. For this purpose, let us define H(M), the subset of (R+)9 such that:

H(M) =

{
W ∈ (R+)9;

∑

i

Mi =M
}
,

and η̃, the restriction of η to H(M):

∀W̃ ∈ H(M), η̃(W̃ ) = η(W̃ ).
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It can be proved that η̃ is strictly concave on H(M). The detail of the proof is given in Appendix 5.2.

Some thermodynamical properties of the mixture have been examined above. As in [3] we choose to assume
that the time-evolutions of the quantities (Vi,Mi, Ei) for a fixed (V,M, E) (i.e. for an isolated system) are of
the form:

(H9)





d
(Vi
V
)

= Vi−Vi
λ V dt;

d
(Mi

M
)

= Mi−Mi

λ M dt;

d
(Ei
E
)

= Ei−Ei
λ E dt;

(14)

where the quantities (Vi,Mi, E i) and the time-scale λ > 0 have to be defined. The second law of thermodynamics
applied to our system states that: when it is isolated, the mixture entropy must increase. In other words, when
dV = dM = dE = 0, the models chosen for dVi, dMi and dEi must lead to an increase of the mixture entropy η̃.
The quantities (Vi,Mi, E i) and the time-scale λ are chosen to comply with the second law of thermodynamics.

Since η̃ is strictly concave, the plane which is tangent to η̃ at any point W̃ of H(M) is above η̃. This can be
written:

∀W̃0 ∈ H(M), η̃(W̃0) ≤ η(W̃ ) +∇W̃ (η) (W̃ ).(W̃0 − W̃ ). (15)

By deriving η̃ with dV = dM = dE = 0 we get:

dη̃ = (∇W (η) dW ) = ∇W (η)

(
W −W

λ

)
dt, (16)

where W = (V1,M1, E1,V2,M2, E2,V3,M3, E3). Then, thanks to the inequality (15), we have:

dη̃ ≥ 1

λ
(η̃(W )− η̃(W )) dt. (17)

Finally, one possible choice for W is to choose the point that realizes the maximum of the entropy η̃ for a fixed
(V,M, E):

η̃(W ) = max
D(V,M,E)

(η̃(W )), (18)

where D(V,M, E) = {W ; W ∈ H(M),
∑
i Vi = V,∑i Ei = E} . Since η̃ is strictly concave on H(M), this point

exists and is unique inH(M). This ensures that η̃(W ) > η̃(W ) and therefore that the mixture entropy increases.
The Gibbs relation (9) reads on D(V,M, E):

dη̃ = V
(
P1

T1
− P3

T3

)
d
(V1
V
)

+ V
(
P2

T2
− P3

T3

)
d
(V2
V
)

+M
(
µ3

T3
− µ1

T1

)
d
(M1

M
)

+M
(
µ3

T3
− µ2

T2

)
d
(M2

M
)

+E
(

1
T1
− 1

T3

)
d
(E1
E
)

+ E
(

1
T2
− 1

T3

)
d
(E2
E
)
.

(19)

When the maximum W is reached in the interior of the domain D(V,M, E), i.e. when the three phases coexist,
the derivative of the entropy with respect to Vi, Mi and Ei vanish and by the Gibbs relation (19) we get that
the pressure, the temperature and Gibbs enthalpy of all the phases are equal:

P1(V1,M1, E1) = P2(V2,M2, E2) = P3(V3,M3, E3),
T1(V1,M1, E1) = T2(V2,M2, E2) = T3(V3,M3, E3),
µ1(V1,M1, E1) = µ2(V2,M2, E2) = µ3(V3,M3, E3).

(20)

When the maximum W is not reached in the interior of D(V,M, E), the three phases do not coexist. The
maximum is then reached on a bounadry of the domain and at least one phase is not present. In such a
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case, the equilibrium state may be composed of two phases, say phases i and j 6= i, such that their pressures,
temperatures and chemical potentials are equal:

Pi(Vi,Mi, Ei) = Pj(Vj ,Mj , Ej),
Ti(Vi,Mi, Ei) = Tj(Vj ,Mj , Ej),
µi(Vi,Mi, Ei) = µj(Vj ,Mj , Ej),

(21)

with Vk = 0, Mk = 0, Ek = 0 for k /∈ {i, j}. If there does not exist a couple of phases ensuring (21) and if
(20) has no solution, then the equilibrium state corresponds to a single-phase state containing the phase i that
possesses the maximum entropy ηi(V,M, E).

1.3. The first law of thermodynamics and Newton’s law

Section 1.2 describes a model for the evolution of the proportion of each phase in the element of fluid (V,M, E)
when it is isolated from the rest of the flow. We now propose to model the behavior of the flow of the element
of fluid (V,M, E) along a streamline. We adopt here a classical point of view for fluid dynamics and other
approaches are possible has the use of variational principle, see among others [10,15]. We assume that:

(H10) all the phases present in the element (V,M, E) are convected with the same velocity U ;
(H11) the mass M is conserved;
(H12) the variation of the volume V is due to the divergence of the velocity field U ;
(H13) the variation of the velocity U follows Newton’s law;
(H14) the first law of thermodynamics applies to the energy E .

Assumption (H10) is in fact mandatory and implicitly admitted in Section 1.2 to write the Gibbs relation for
the mixture entropy. Assumption (H11) allows to define some specific quantities in Section 2. It leads to the
equation:

dM = 0. (22)

Assumption (H12) is classical and reads:

dV = V∇x · (U) dt. (23)

For the sake of simplicity, we only consider here the force due to the pressure gradient. The momentum equation
arises from (H13) and can be written:

d(MU) = −V∇x (P ) dt, (24)

where the pressure P is the same that the one defined in (11). At last, the first law of thermodynamics (H14)
states that the variation of the energy E is due to the work of the external forces and to the heat Qdt (in J)
supplied to the system by its surroundings. Since we only consider here the forces due to the pressure, the
variation of the energy is:

dE = −PdV +Qdt. (25)

1.4. The set of PDE in intensive form

The equations (14), (22), (23), (24) and (25) define the evolution of the quantities V1, M1, E1, V2, M2, E2,
V3, M3, E3 and U . The mass conservation (22) allows us to write the model using specific quantities (per unit
of mass). Therefore we define the specific volume of the mixture τ = V/M (in m3/kg), the specific energy of
the mixture e = E/M (in J/kg). The specific entropy S (in J/K/kg) is defined as the entropy per unit of mass:

∀W̃ ∈ H(M), S(W̃ ) =
η̃(W̃ )

M . (26)
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Thanks to the properties of the entropy η̃ and the entropies ηi, we have ∀W̃ ∈ H(M):

S(W̃ ) =
η̃(W̃ )

M = η̃(W̃/M) =
∑

i

ηi

( Vi
M ,
Mi

M ,
Ei
M

)
=
∑

i

ηi

(
αi
V
M , yi, zi

E
M

)
,

which for yi 6= 0 and by using the notation of Remark 1 gives:

∀W̃ ∈ H(M), S(W̃ ) =
∑

i

yi si

(
αi
yi
τ,
zi
yi
e

)
.

The volume fraction αi = Vi
V of phase i, the mass fraction yi = Mi

M of phase i and the energy fraction zi = Ei
E of

phase i play an important role in the model since they describe how the phases are mixed to compose (V,M, E).
Note that, since (Vi,Mi, Ei) belongs to (R+)3 and (V,M, E) belongs to (R∗+)3, each fraction belong to [0, 1]. In
the following, they will be respectively denoted by αi, yi and zi. The set of equations (1) implies that we have:

∑

i

αi =
∑

i

yi =
∑

i

zi = 1, (27)

and ∑

i

dαi =
∑

i

dyi =
∑

i

dzi = 0. (28)

The Gibbs relation for the specific entropy S can be deduced from the Gibbs relation (9), and it is:

dS = 1
T de+ P

T dτ

+τ
(
P1

T1
− P3

T3

)
dα1 + τ

(
P2

T2
− P3

T3

)
dα2

+
(
µ3

T3
− µ1

T1

)
dy1 +

(
µ3

T3
− µ2

T2

)
dy2

+e
(

1
T1
− 1

T3

)
dz1 + e

(
1
T2
− 1

T3

)
dz2,

(29)

with the mixture temperature and the mixture pressure:

1

T
=
∑

i

(
zi

1

Ti

)
and

P

T
=
∑

i

(
αi
Pi
Ti

)
. (30)

The equations (14) on (Vi,Mi, Ei) can also be re-written using the fractions:





dαi = αi−αi
λ dt;

dyi = yi−yi
λ dt;

dzi = zi−zi
λ dt;

(31)

where the equilibrium fractions are αi = Vi/V, yi = Mi/M and zi = E i/E . At last, the equations of the
previous subsection (23), (24) and (25) read using the specific quantities:





dτ = τ∇x · (U) dt;
dU = −τ∇x (P ) dt;

de = −Pdτ + Q̃dt;
(32)

where Q̃dt = Q/Mdt is the specific heat (in J/kg) supplied to the system. In the following, we set Q̃ = 0
and a specific emphasis on the heating source term is proposed in Section 3. The derivative dφ of a variable φ



92 ESAIM: PROCEEDINGS AND SURVEYS

corresponds here to the derivative along a streamline of the flow, which can also be written:

dφ =
∂

∂t
(φ) + U∇x · (φ) ,

hence, the set of equations (27), (31) and (32) can be written in conservative form:





∂

∂t
(ρY ) +∇x · (ρUY ) = ρΓY ,

∂

∂t
(ρ) +∇x · (ρU) = 0,

∂

∂t
(ρU) +∇x · (ρU ⊗ U) +∇x (P ) = 0,

∂

∂t
(ρE) +∇x · (U(ρE + P )) = 0,

(33)

where ρ = 1/τ is the mixture density, and E = e + |U |2/2 is the specific total energy of the mixture. The
fraction vector Y gathers the fractions of phase 1 and 2: Y = (α1, y1, z1, α2, y2, z2). The fractions of the third
phase are deduced from Y through the relations (27). The source-term vector ΓY is then:

ΓY =
Y − Y
λ

, where Y = (α1, y1, z1, α2, y2, z2). (34)

The temperature law and the pressure law for the mixture are given by definitions (10) and (11). By using the
specific quantities they read:

1

T (Y, τ, e)
=
∑

i

zi

Ti

(
αi
yi
τ, ziyi e

) and
P (Y, τ, e)

T (Y, τ, e)
=
∑

i

αi
Pi

(
αi
yi
τ, ziyi e

)

Ti

(
αi
yi
τ, ziyi e

) . (35)

2. Properties of the whole model

In this section, we present the main mathematical properties of the model. We focus here on the properties
that are mandatory for a model to be used in a numerical simulation process [16].

Without any loss of generality, and since the system is invariant under frame rotation, we consider here for
the sake of simplicity system (33) for a one-dimensional space variable x, that is:





∂

∂t
(ρY ) +

∂

∂x
(ρUY ) = ρΓY ,

∂

∂t
(ρ) +

∂

∂x
(ρU) = 0,

∂

∂t
(ρU) +

∂

∂x

(
ρU2 + P

)
= 0,

∂

∂t
(ρE) +

∂

∂x
(U(ρE + P )) = 0,

(36)
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with Y = (α1, y1, z1, α2, y2, z2) and E = e + U2/2. The closure relation for the pressure is given by relations
(10) and (11):

P =

∑
i

(
αi

Pi
(
zi
yi
e,
αi
yi
τ
)

Ti
(
zi
yi
e,
αi
yi
τ
)
)

∑
i

(
zi

Ti
(
zi
yi
e,
αi
yi
τ
)
) and

1

T
=
∑

i


 zi

Ti

(
zi
yi
e, αiyi τ

)


 , (37)

where α3 = 1− (α1 +α2), y3 = 1− (y1 + y2) and z3 = 1− (z1 + z2). The phasic pressure and temperature laws
Pi and Ti must be specified by the user.

The sound speed c of system (36) is defined as:

c2 = −τ2 ∂

∂τ
(P )|e,Y + τ2P

∂

∂e
(P )|τ,Y . (38)

Using formulas (37) for the mixture pressure P and the mixture temperature T , it can be written:

− c2

Tτ2 =
∑

i

1

yi
(−αi, P zi) (d2si)

(
−αi
Pzi

)
, (39)

where d2si stands for the Hessian matrix of the phasic entropies (τi, ei) 7→ si(τi, ei):

d2si =




∂2 (si)

∂τi∂τi

∂2 (si)

∂τi∂ei

∂2 (si)

∂τi∂ei

∂2 (si)

∂ei∂ei


 . (40)

We recall that the phasic sound speeds are defined as:

− c2i
Tiτ2

i

= (−1, Pi) d2si

(
−1
Pi

)
. (41)

It must be emphasized that this mixture celerity c is, thus, not a barycenter of the phasic celerities ci. We
already know from (13) that the mixture temperature T is non-negative. Hence, if the specific phasic-entropies
(τi, ei) 7→ si(τi, ei) are strictly concave, the square of the mixture sound-speed c2 is non-negative. Assumption
(H5) on the concavity of the phasic entropies ηi, implies that the specific entropies si (see Appendix 5.3) are
also concave and thus that c2 ≥ 0. In order to enforce the strict hyperbolicity of the model, the user has to
specify strictly concave EOS (τi, ei) 7→ si(τi, ei) for each phase.

The convective part of system (36) is based on the Euler set of equations associated with a complex mixture
EOS. Hence, it inherits from the eigenstructure of the Euler system and is composed of three waves: a contact
discontinuity associated with the velocity U , and two genuinely non-linear waves U ± c. Provided that c > 0,
the fractions Y are constant across the shock waves since they are associated with the contact discontinuity
U . It can be proved (see Appendix 5.3) that the specific entropy (τ, e) 7→ S(Y, τ, e) is strictly concave, which
ensures that the shock waves associated with the genuinely non-linear waves U ± c are uniquely defined through
the Rankine-Hugoniot relations.

Concerning the equilibrium fraction Y , it has been shown in Appendix 5.3 that the specific entropy S(Y, τ, e)
is strictly concave with respect to Y on [0, 1]3. Therefore, there exists a unique equilibrium fraction Y (τ, e)
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corresponding to the maximum of S at a given (τ, e). We now recall the following classical lemma.

Lemma. Let Ω be a subset of R. Let Ψ, a, Π and U be some sufficiently regular applications, with the
following properties:

• Ψ : (Ω× [0, T ]→ R, (x, t) 7→ Ψ(x, t));
• a : (Ω× [0, T ]→ R, (x, t) 7→ a(x, t)), a ∈ L∞(Ω× [0, T ]);
• Π : (Ω× [0, T ]→ R, (x, t) 7→ Π(x, t)), Π ≥ 0;
• U : (Ω× [0, T ]→ R, (x, t) 7→ U(x, t)),

U ∈ L∞(Ω× [0, T ]) and
∂

∂x
(U) ∈ L∞(Ω× [0, T ]);

and such that:

∂

∂t
(Ψ(x, t)) + U

∂

∂x
(Ψ(x, t)) = a(x, t)Ψ(x, t) + Π(x, t). (42)

Suppose that for all xb ∈ ∂Ω, the boundary of Ω, Ψ(xb, t) ≥ 0 if (U ·n)(xb, t) ≤ 0, where n is the outward normal
of Ω. With all these assumptions, if Ψ(x, t = 0) ≥ 0 then for all 0 ≤ t ≤ T , Ψ(x, t) ≥ 0.

This lemma can be used to prove the following property.

Property. For regular solutions, and under the assumptions of the Lemma, the fraction αi, yi and zi remain
in [0, 1].

In order to prove the property above, we proceed for the volume fractions αi, and the same demonstration
holds for yi and zi. Since

∑
i αi =

∑
i αi = 1, we have from (36):

∂

∂t
(αi(x, t)) + U

∂

∂x
(αi(x, t)) = ai(x, t)αi(x, t) + Πi(x, t),

with ai = −1/λ and Πi = αi/λ. The equilibrium volume fraction αi belongs to [0, 1] and the time scale λ
must be chosen non-negative, so that we obviously have Πi ≥ 0. The lemma can be straightforward applied for
Ψ = αi which remains positive under the assumptions of the lemma. This proof can obviously be extended to
the fractions yi and zi which, thus, also remain positive.

3. The specific case of the steam explosion

The model proposed in the sections above deals with general three-phase flows. It can for example be used
to perform simulations involving the same material in liquid, vapor and solid state (for the simulation of the
sudden depressurization of CO2 pipes for instance). Relations (20) then define the triple point when the three
phases coexist in a stable manner. When only two phases coexist in a stable manner, say phase 1 and phase 2,
system (20) reduces to:

P1(V1,M1, E1) = P2(V2,M2, E2),
T1(V1,M1, E1) = T2(V2,M2, E2),
µ1(V1,M1, E1) = µ2(V2,M2, E2),

(43)

which defines the saturation curve between phase 1 and phase 2 (of course the saturation curves between phase
1 and phase 3, and between phase 2 and phase 3 are defined by permuting the indices in (43)). In this section
we propose further assumptions that allow to deal with the steam explosion [4]. We are interested here in
situations where one of the three phases represents a material, and the two others represent the same fluid in
the liquid state and in the vapour state. In the following, phase 1 stands for the liquid phase, phase 2 for the
vapour phase and phase 3 for the inert phase.
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Since the phase 3 is inert, its partial mass M3/M will remain constant:

d

(M3

M

)
= 0.

Moreover, due to the mass transfer between the liquid phase and the vapour phase, each variation of the liquid
mass is balanced by the variation of the vapour phase, and conversely, which can be written:

d

(M1

M

)
+ d

(M2

M

)
= 0.

These two additional rules modify the entropy equation (19) into the following equation:

dη̃ = V
(
P1

T1
− P3

T3

)
d
(V1
V
)

+ V
(
P2

T2
− P3

T3

)
d
(V2
V
)

+M
(
µ2

T2
− µ1

T1

)
d
(M1

M
)

+E
(

1
T1
− 1

T3

)
d
(E1
E
)

+ E
(

1
T2
− 1

T3

)
d
(E2
E
)
.

(44)

Hence the Gibbs enthalpy of the inert phase µ3 does not play any role in the entropy dissipation. Nevertheless,
its pressure and its temperature are still part of the relaxation process, since the equilibrium state is now defined
as:

P1(V1,M1, E1) = P2(V2,M2, E2) = P3(V3,M3, E3),
T1(V1,M1, E1) = T2(V2,M2, E2) = T3(V3,M3, E3),
µ1(V1,M1, E1) = µ2(V2,M2, E2),

(45)

where M3 = M3 is constant along the streamlines. Therefore, the system of equations (36) and the closure
laws (37) are not modified. Nevertheless, the equilibrium fractions must be computed using the intensive form
of the relations (45), that is:

P1

(
z1
y1
e, α1

y1
τ
)

= P2

(
z2
y2
e, α2

y2
τ
)

= P3

(
z3
y3
e, α3

y3
τ
)
,

T1

(
z1
y1
e, α1

y1
τ
)

= T2

(
z2
y2
e, α2

y2
τ
)

= T3

(
z3
y3
e, α3

y3
τ
)
,

µ1

(
z1
y1
e, α1

y1
τ
)

= µ2

(
z2
y2
e, α2

y2
τ
)
,

(46)

where y3(x, t) = y3(x, t) for every point (x, t).

In order to deal with steam explosions, another mandatory ingredient for the model is to cope with external
heating source terms. In particular, some complex chemical reactions occurring in the bulk of the inert phase
may lead to an increase of its internal energy. For the sake of simplicity, these terms have been omitted in the
previous sections and they are introduced here. In the following, we focus on the time variation of the mixture,
and without loss of generality, we set U = 0. Let us assume that the heating of the mixture is such that:

(i) the specific volume of each phase is constant, d(τi) = 0;
(ii) the partial mass of each phase is constant, d(αiρi) = 0;
(iii) the internal energy of each phase is such that, d(αiρiei) = αiρiqidt;

(47)

where qidt is the specific heat received by phase i. Thanks to the assumptions (i) and (ii), the specific volume
of the mixture is constant d(τ) = 0, and the volume and the mass fractions of the three phases are constant:
d(αi) = 0 and d(yi) = 0. We also get from (iii) that the variation of the specific energy of the mixture
ρe = (

∑
i αiρiei) is:

d(ρe) =
∑

i

αiρiqidt = ρQ̃dt,
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where Q̃ has been introduced in Section 1.4. Then the time evolution of the energy fraction zi = (αiρiei)/(ρe)
is:

ρe d(zi) = αiρiqidt− ziρQ̃dt = ρ(yiqi − ziQ̃)dt.

Hence, when the phases are heated by an external source qi, system of equations (36) becomes:





∂

∂t
(ραi) +

∂

∂x
(ρUαi) = ρΓαi , i = 1, 2, 3,

∂

∂t
(ρyi) +

∂

∂x
(ρUyi) = ρΓyi , i = 1, 2, 3,

∂

∂t
(ρzi) +

∂

∂x
(ρUzi) = ρΓzi + ρ

yiqi − ziQ̃
e

, i = 1, 2, 3,

∂

∂t
(ρ) +

∂

∂x
(ρU) = 0,

∂

∂t
(ρU) +

∂

∂x

(
ρU2 + P

)
= 0,

∂

∂t
(ρE) +

∂

∂x
(U(ρE + P )) = ρQ̃,

(48)

with Q̃ =
∑
i yiqi, and

∑
i αi =

∑
i yi =

∑
i zi = 1. The source terms Γαi , Γyi and Γzi are the source terms as-

sociated with the thermodynamical relaxation ΓY defined in (34). In our particular case, we recall that Γy3 = 0
since the phase 3 is inert.

Remark 3. The positivity results of Section 2 for zi still hold provided that qi/ei and Q̃/e remain bounded.
Indeed, the equation for zi of system (48) can also be written:

∂

∂t
(zi(x, t)) + U

∂

∂x
(zi(x, t)) = ai(x, t)zi(x, t) + Πi(x, t),

with ai = −1/λ+ (qi/ei − Q̃/e) and Πi = zi/λ. The lemma of Section 2 can then still be applied here.

Accounting for the phasic heating source terms represents an important feature of the model. The latter
possesses three energy equations through: the energy fraction equations and the mixture energy equation, and
this allows the user to specify how the energies of the three different phases vary according to external sources.
This is typically not the case for the classical homogeneous model [9], which is widely used for industrial
simulations.

4. An example of numerical simulation: steam explosion during a Reactivity
Induced Accident

As an illustration of the capability of the model (48), we propose in this section a simple heating test case
which may be seen as a simplified situation of RIA. A sketch of the test case has been plotted in Figure 1. We
consider that some fuel particles are released from the fuel rod which has a radius R1 = 5 10−3 m. Within
the ring delimited by R1 and R2 = 6 10−3 m, the liquid water contains fuel particles with a volume fraction
αf = 0.01, thus the liquid volume-fraction is αl = 0.99 and the steam volume-fraction αv = 0. The computa-
tional domain is the ring [R1, R3 = 2 10−2 m]. At the beginning of the simulation, t = 0, we assume that there
is no vapor in the domain, and that the liquid and the fuel particles are at the same pressure P = 155.0 bars
and at the same temperature T = 613 K. We recall that the saturation temperature for the water at 155.0 bars
is equal to 618 K. We also assume that the initial velocity is equal to zero.
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A constant heating source term qf is then applied at t = 0 to the fuel-particle phase according to system
(48). This source term arises from the chemical reactions that occur in the fuel particles. It has been arbitrarily
chosen equal to qf = 2 1010 W/kg. It should be mentioned that in a more realistic RIA situation, the heating
source term qf is negligible with respect to the heat transfer due to the initial temperature disequilibrium
between the liquid water and the fuel particles. Nevertheless, accounting for such disequilibrium requires a
realistic time scale λ. This is the case when considering pressure disequilibrium for steam-liquid configurations
as reported in [23], and this is also the case for temperature disequilibrium in the case of three-phase flows. For
the sake of simplicity, we consider here an instantaneous relaxation time scale λ = 0 which unfortunately does
not allow for strong initial temperature-disequilibrium.

The EOS for the liquid water and for the steam are based on the IAPWS 97 formulation [36], whereas the
fuel particles are modeled using a Stiffened Gas EOS [28]. The specific entropy of the fuel-particle phase then
reads:

sf (τf , ef ) = CV,f ln
(

(ef −Qf − τfΠf )τ
γf
f

)
+ s0,f ,

where CV,f , Qf , Πf , γf , and s0,f are parameters. The corresponding pressure and temperature laws are:

Pf = (γf − 1)
ef −Qf
τf

− γfΠf , and Tf =
ef −Qf − τfΠf

CV,f
.

Since there is no mass transfer involving the phase f , the parameter s0,f is useless and it has thus been set
here to zero: s0,f = 0. The other coefficients have been estimated using the data for uranium dioxide [1] at a
temperature of 623 K. The specific enthalpy of the uranium dioxide, hf = ef + Pfτf , is given as its difference
to the reference specific enthalpy at T = 298 K. Unfortunately, it seems that no information can be found on
the latter. Hence we have arbitrarily chosen the value h0 = 5.0 104 J/kg. The other data, collected in [1], are:

ρf (623 K) = 10850 kg/m3, CP,f (623 K) = 294 J/kg/K.

No information is available for the sound speed cf and we, therefore, impose a value of cf = 6000 m/s which is
an order of magnitude of the sound speed for steel. The EOS parameters are then computed using the relations:

hf = Qf + CP,fT = h0 + CP,f (T − 623) =⇒ Qf = h0 − CP,f × 623

c2f = (γf − 1)CP,fT =⇒ γf = 1 +
c2f

CP,fT

CP,f = γfCV,f =⇒ CV,f =
CP,f
γf

ρf =
P+Πf

(γf−1)CV,fT
=⇒ Πf = (γf − 1)ρfCV,fT − P

where the pressure is P = 155.0 105 Pa.

By the way of a comparison, we also perform a simulation without fuel particle (i.e. αf = yf = zf = 0).
The heating source term q′f is then applied to the vapour and to the liquid: ql = qv = q′f in the fixed domain

[R1, R2]. According to (48), the specific heat received by the mixture is then (ylql + yvqv)dt = q′f dt. In the
simulation with fuel particles, the mass of fuel is conserved and the total heat received by the mixture is linearly
increasing with time. On the other hand, in the simulation without fuel particle, the heat is received by a
fixed volume that contains a non-constant mass of mixture. Roughly speaking, the mass of fluid in the domain
[R1, R2] decreases when the time increases because the temperature increases due to the heating of the fluid.
It is thus not easy to predict the total amount of heat received by the mixture for the simulation without fuel
particle. For the comparison, we impose equivalent initial heating source terms. For the simulation involving
fuel particles, it is equal to:

αfρf qf V ∼ 0.01× 10850 qf V,
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Figure 1. Geometrical sketch of the test case of Section 4: a cylindrical fuel rod (radius
R1) releases some hot fuel particles in the neighboring liquid (radius R2). The computational
domain corresponds to the fluid domain r ∈ [R1, R3].

and for the simulation without fuel particle:

αlρl q
′
f V ∼ 1.0× 680 q′f V,

where V is the volume between R1 and R2. If we impose the two quantities to be equal, this yields q′f ∼
680/108.50 qf . We insist that the total amounts of heat injected in the domains during the whole simulations
are different. Since for the simulation without fuel particle, the specific heat is injected in a fixed domain with
a diminishing amount of mass (due to the increase of the temperature, the density decreases), the total amount
of heat injected is indeed lower than for the simulation with the fuel particles.

The numerical scheme used to obtain the approximated solutions of system (48) is classical. Since the test
case considered here is symmetric with respect to the axis r = 0, system (48) is written in axi-symmetric
formulation. The overall scheme is based on a fractional step approach [37] in which the convective part and
the source terms are treated successively. For the convective part, the numerical scheme is a finite volume
scheme [11] where the numerical fluxes are approximated by a Rusanov scheme [34]. The relaxation source
terms are then solved following the scheme described in [23]. The main difficulty concerning these source terms
is to compute the equilibrium fractions. This computation follows the idea of [13, 23] when the equilibrium is
a liquid-steam-fuel equilibrium or a liquid-steam equilibrium. When the equilibrium involves the solid phase
and only one phase among the water phases, the pressure-temperature equilibrium is solved using a classical
Broyden method with Sherman-Morrison update of the inverse of the Jacobian [5, 6, 35]. Accounting for the
heating source term is the last step of the algorithm; its is discretized using a semi-implicit Euler scheme that
preserves the positivity of the energy fractions. In the latter the heating source terms qi are explicited and the
system of ordinary differential equations associated to the heating source term is then solved analytically. In
our simulation, the source terms qi are constant so that the scheme corresponds to an exact integration of the
heating source terms for each time-step.

The overall scheme described above is then used to perform the two simulations for a mesh with 4000 cells and
with a uniform radial mesh-size. In Figure 2 the values across the time are plotted at r = (R1−R2)/2, whereas
different pressure and volume-fraction profiles along the radius r are plotted at five different instants in Figure
3. The Figure 4 shows the trajectory in time of each simulation in the pressure-temperature plane. The results
obtained for the two configurations exhibit significant differences. First of all, since the time-scale λ has been
chosen equal to zero, the thermodynamical equilibrium is achieved instantaneously. Hence, when the mixture
fractions are in ]0, 1[ the two phases have the same pressure and temperature which are on the saturation curve.
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Figure 2. Temperature (temperature : plain line, saturation temperature : dashed line),
pressure, velocity and volume fraction with respect to the time at the radius r = (R1 +R2)/2
(i.e. the center of the initial heating zone). The black curves represent the simulation without
fuel particle, and the red curves represent the results for the simulation with fuel particles.

This can be verified with the trajectories of Figure 4 and with the temperature/volume fraction curves of Figure
2. When considering the time evolution of the results in the heating zone (see Figures 2 and 4), the simulation
can be split into three periods which are:

• the heating of the liquid, which corresponds to the beginning of the simulation, until the steam
volume-fraction becomes positive;

• the vaporization of the liquid, which corresponds to the time interval for which the volume-fraction is
in ]0, 1[;

• and the heating of the steam, which corresponds to the end of the simulation, when the steam volume-
fraction is equal to 1.

In the heating zone, the maximum of the pressure magnitude arises during the second period. It can be ob-
served that the simulation with fuel particles reaches a lower pressure which then decreases slower in time. The
pressure wave that is then generated through the domain (see Figure 3) has a lower magnitude. It can also be
seen from Figure 2 that in the heating zone the apparition of steam arises at almost the same time (at time
1.86 10−5 s with fuel particles and 1.94 10−5 s without fuel particle), whereas the complete vaporization of the
liquid is achieved earlier without fuel particle (at time 4.227 10−4 s with fuel particles and 3.25 10−4 s without
fuel particle). Once the heating zone only contains steam, the temperature rapidly increases. Hence, despite
the lower amount of energy received by the fluid in the simulation without fuel particle, the associated results
seem to correspond to a slightly more important level of severity of the steam explosion.
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Figure 3. Pressure (left) en volume fraction (right) along the radius r at different times: black
at t = 2.44 10−6 s, red at t = 9.74 10−6 s, blue at t = 1.17 10−5 s, orange at t = 2.44 10−5 s,
and at green t = 3.17 10−5 s. The two upper plots correspond to the simulation without fuel
particle and the two lower plots to the simulation with fuel particles. The steam appears in
the domain at around t = 1.9 10−5 s.
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Figure 4. Trajectories in the pressure-temperature plane along the simulation time at the
radius r = (R1 + R2)/2 (i.e. the center of the initial heating zone). The simulation without
fuel particle is plotted using red circles, and the simulation with fuel particles is plotted using
blue squares. The black plain line represents the saturation curve.

Conclusion

The homogeneous three-phase flow model proposed here relies on Newton’s law, the first and second laws of
thermodynamics. It accounts for the compressibility of the three phases and for the heat and the mass transfer
between the phases through the thermodynamical disequilibrium between the phases (in terms of pressure,
temperature and Gibbs enthalpy). Since no equilibrium assumption is done, the model should not be restricted
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to the representation of thermodynamical phenomenon at “large time-scale” and fine physical aspects of the
thermodynamics might be caught. This feature seems mandatory when dealing with fast transient flows induced
by the flashing of some liquid. From a mathematical point of view, the resulting model possesses very interesting
properties, which allows to build efficient numerical schemes. In Section 4, an example of the simulations of the
flashing of liquid water undergoing a violent heating has therefore been proposed to illustrate the capability of
the model to be used in an industrial configuration. Even if the relaxation time-scale used in these simulations
has been set to zero, the homogeneous model proposed in this paper allows to perform transient simulations
involving strong pressure waves. Actually, some realistic models for the relaxation time-scale should be proposed
on the basis of physical considerations in order to improve the simulations of Section 4.
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5. Appendices

5.1. Properties of the extensive mixture-entropy

In this section, we give the proofs that the intensive mixture-entropy (7) is such that:

(i) W → η(W ) is C2 on (R+)9;
(ii) W → η(W ) is concave;

(iii) ∀a ∈ R∗+, ∀W ∈ (R+)9, η(aW ) = aη(W );

where we set Wi = (Vi,Mi, Ei) and, with a small abuse of notation,

W = (W1,W2,W3) = (V1,M1, E1,V2,M2, E2,V3,M3, E3).

The mixture entropy then reads: η(W ) =
∑
i ηi(Wi).

Proof of property (i). The use of assumption (H4) gives a straightforward proof of property (i).

Proof of property (ii). Thanks to assumption (H5), we know that Wi 7→ ηi(Wi) is concave. So that we have:

∀(W̃i, W̄i) ∈ (R+)3 × (R+)3, ∀a ∈ [0, 1], ηi(aW̃i + (1− a)W̄i) ≥ aηi(W̃i) + (1− a)ηi(W̄i).

Let us choose (W̃ , W̄ ) ∈ (R+)9 × (R+)9 and a ∈ [0, 1]. We have:

η(aW̃ + (1− a)W̄ ) =
∑
i ηi(aW̃i + (1− a)W̄i)

≥∑i aηi(W̃i) + (1− a)ηi(W̄i) = aη(W̃ ) + (1− a)η(W̄ ),

which proves that W → η(W ) is concave on (R+)9.

Proof of property (iii). We use here assumption (H6) which states that:

∀a ∈ R∗+, ∀Wi ∈ (R+)3, ηi(aWi) = aηi(Wi).

Let us choose W ∈ (R+)9 and a > 0. Then we have:

η(aW ) =
∑

i

ηi(aWi) = a
∑

i

ηi(Wi) = aη(W ).

5.2. Concavity of the mixture entropy η̃

The entropy η̃ is the restriction of η on H(M) ⊂ (R+)9:

H(M) =

{
W ∈ (R+)9;

∑

i

Mi =M
}
.

We then have:

∀W̃ ∈ H(M), η̃(W̃ ) = η(W̃ ).

Obviously, since η fulfills properties (i)-(iii) recalled in Appendix 5.1, the entropy η̃ satisfies:

(i) W → η̃(W ) is C2 on H(M);
(ii) W → η̃(W ) is concave;

(iii) ∀a ∈ R∗+, ∀W ∈ H(M), η̃(aW ) = aη̃(W );
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The demonstration given here can be found in a more general form in [26]. The sketch of the proof is the
following. We first exhibit the degeneracy manifold of the Hessian of the entropy η. Then we prove that its
intersection with H(M) contains a single point. As a consequence, the degeneracy manifold of the Hessian of
η̃ also resumes to a single point, which proves that it is strictly concave.

Let us choose a > 0 and X ∈ (R+)9. We then set Y = aX. By deriving η(Y ) with respect to X, we get:

∇X (η(Y )) = ∇Y (η(Y )) · ∇X (Y ) = a∇Y (η(Y )) .

Since we have η(Y ) = η(aX) = aη(X), and since a 6= 0, we have:

∇Y (η(Y )) = ∇X (η(X)) .

If we derive the relation above with respect to a, we find that:

0 =
∂

∂a
(∇X (η(X))) =

∂

∂a
(∇Y (η(Y ))) = ∇2

Y (η(Y )) · ∂
∂a

(Y ) = ∇2
Y (η(Y )) ·X,

and, thus:
∇2
Y (η(Y )) ·X = 0,

which for a = 1 leads to:
∇2
Y (η(Y )) · Y = 0.

The degeneracy manifold of the Hessian of the entropy η at a point W is thus the set Dη(W ) = {bW, b ∈ R}.
This implies that the entropy η can not be strictly concave.

For any point W in H(M), we have
∑
iMi =M. Hence, for all b > 0, bW is such that

∑
i bMi = bM, and

bW is not in H(M) except if b = 1. So that we have:

∀W ∈ H(M), H(M) ∩ Dη(W ) = {W}.

This proves that the kernel of the Hessian η̃, the restriction of η to H(M), is restricted to a single point. As a
consequence, η̃ is strictly concave on H(M).

5.3. Concavity of the intensive entropies

We first demonstrate that the phasic intensive entropy si, introduced in Section 1.2:

Mi si

( Vi
Mi

,
Ei
Mi

)
= ηi(Vi,Mi, Ei),

is concave with respect to (Vi/Mi, Ei/Mi). We choose two sets of variables

(V∗i ,M∗i , E∗i ) and (V#
i ,M#

i , E#
i ) in (R+)3 such that M#

i =M∗i =Mi. We then have for any a ∈ [0, 1]:

aM∗i si
(
V∗i
M∗i

,
E∗i
M∗i

)
+ (1− a)M#

i si

(
V#
i

M#
i

,
E#i
M#

i

)
=

aηi(V∗i ,M∗i , E∗i ) + (1− a)ηi(V#
i ,M#

i , E#
i ).

Thanks to the concavity of (Vi,Mi, Ei) 7→ ηi(Vi,Mi, Ei) (assumption (H5)), we get that:

aM∗i si
(
V∗i
M∗i

,
E∗i
M∗i

)
+ (1− a)M#

i si

(
V#
i

M#
i

,
E#i
M#

i

)
≤

ηi(aV∗i + (1− a)V#
i , aM∗i + (1− a)M#

i , aE∗i + (1− a)E#
i ).
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Hence, following the definition of the entropy si, we have:

aM∗i si
(
V∗i
M∗i

,
E∗i
M∗i

)
+ (1− a)M#

i si

(
V#
i

M#
i

,
E#i
M#

i

)
≤

(aM∗i + (1− a)M#
i )si

(
aV∗i +(1−a)V#

i

(aM∗i+(1−a)M#
i )
,

aE∗i +(1−a)E#i
(aM∗i+(1−a)M#

i )

)
.

The assumption that M#
i =M∗i =Mi allows to obtain:

asi

(
V∗i
M∗i

,
E∗i
M∗i

)
+ (1− a)si

(
V#
i

M#
i

,
E#i
M#

i

)
≤ si

(
aV∗i +(1−a)V#

i

Mi
,
aE∗i +(1−a)E#i

Mi

)
.

and we obviously have:

si

(
aV∗i +(1−a)V#

i

Mi
,
aE∗i +(1−a)E#i

Mi

)
= si

(
a
V∗i
Mi

+ (1− a)
V#
i

Mi
, a
E∗i
Mi

+ (1− a)
E#i
Mi

)

= si

(
a
V∗i
M∗i

+ (1− a)
V#
i

M#
i

, a
E∗i
M∗i

+ (1− a)
E#i
M#

i

)
,

so that we finally get

asi

(
V∗i
M∗i

,
E∗i
M∗i

)
+ (1− a)si

(
V#
i

M#
i

,
E#i
M#

i

)
≤

si

(
a
V∗i
M∗i

+ (1− a)
V#
i

M#
i

, a
E∗i
M∗i

+ (1− a)
E#i
M#

i

)
.

As a consequence, the intensive phasic entropy

(Vi/Mi, Ei/Mi) 7→ si(Vi/Mi, Ei/Mi)

is concave with respect to (Vi/Mi, Ei/Mi).

We consider now the intensive mixture entropy S (26) defined on H(M) by:

M S(Y, τ, e) = η̃(W ).

We set

τ =
V
M , e =

E
M , Y = (α1, y1, z1, α2, y2, z2, α3, y3, z3), αi =

Vi
V , yi =

Mi

M , zi =
Ei
E .

We choose two points:
W ∗ = (V∗1 ,M∗1, E∗1 ,V∗2 ,M∗2, E∗2 ,V∗3 ,M∗3, E∗3 ),

and
W# = (V#

1 ,M#
1 , E#

1 ,V#
2 ,M#

2 , E#
2 ,V#

3 ,M#
3 , E#

3 ),

such that
∑
iM∗i = M∗ = M and

∑
iM

#
i = M# = M = M′. We then have (W ∗,W#) ∈ H(M) ×H(M).

For any a ∈ [0, 1], thanks to the strict concavity of η̃ on H(M), we have:

aM∗S (Y ∗, τ∗, e∗) + (1− a)M#S
(
Y #, τ#, e#

)
= aη̃ (W ∗) + (1− a)η̃

(
W#

)

< η̃
(
aW ∗ + (1− a)W#

) (49)

where
τ∗ = V∗

M∗ , e
∗ = E∗

M∗ ,

Y ∗ = (α∗1, y
∗
1 , z
∗
1 , α
∗
2, y
∗
2 , z
∗
2 , α
∗
3, y
∗
3 , z
∗
3), α∗i =

V∗i
V∗ , y

∗
i =

M∗i
M∗ , z

∗
i =

E∗i
E∗ ,

τ# = V#

M# , e
# = E#

M# ,

Y # = (α#
1 , y

#
1 , z

#
1 , α

#
2 , y

#
2 , z

#
2 , α

#
3 , y

#
3 , z

#
3 ), α#

i =
V#
i

V# , y
#
i =

M#
i

M# , z
#
i =

E#i
E# .



ESAIM: PROCEEDINGS AND SURVEYS 105

The definition of the entropy S leads to:

η̃
(
aW ∗ + (1− a)W#

)
= M′S (Y ′, τ ′, e′) , (50)

with the following definitions:

M′ = aM∗ + (1− a)M# =M, τ ′ = aV∗+(1−a)V#

aM∗+(1−a)M# , e′ = aE∗+(1−a)E#
aM∗+(1−a)M# ,

α′i =
aV∗i +(1−a)V#

i

aV∗+(1−a)V# , y′i =
aM∗i+(1−a)M#

i

aM∗+(1−a)M# , z′i =
aE∗i +(1−a)E#i
aE∗+(1−a)E# .

Hence, by combining equations (49) and (50), and by using the fact that M∗ =M# =M, we finally get:

aS (Y ∗, τ∗, e∗) + (1− a)S
(
Y #, τ#, e#

)
< S (Y ′, τ ′, e′) . (51)

Since we haveM∗ =M#, the specific volumes τ ′, the specific energy e′ and the mass fraction y′i can be written:

τ ′ = aτ∗ + (1− a)τ#, e′ = ae∗ + (1− a)e# and y′i = ay∗i + (1− a)y#
i .

The volume fraction α′i and the energy fraction z′i are not specific quantities and they can thus not be written
using the same weights a. We get for the volume fraction:

α′i =
aV∗

aV∗ + (1− a)V#
α∗i +

(1− a)V#

aV∗ + (1− a)V#
α#
i ,

and for the energy fraction

z′i =
aE∗

aE∗ + (1− a)E#
z∗i +

(1− a)E#

aE∗ + (1− a)E#
z#
i .

We can now obtain easily two results of concavity for the specific mixture-entropy S.

First, if we assume that V∗ = V# = V and E∗ = E# = E , the volume fraction and the energy fraction are

α′i = aα∗i +(1−a)α#
i and z′i = az∗i +(1−a)z#

i . Moreover, the specific volume of the mixture is τ = τ ′ = τ∗ = τ#

and the specific energy of the mixture is e = e′ = e∗ = e#. Therefore, relation (51) becomes:

aS (Y ∗, τ∗, e∗) + (1− a)S
(
Y #, τ#, e#

)
< S

(
a(Y ∗, τ∗, e∗) + (1− a)(Y #, τ#, e#)

)
,

which proves that, for a given mixture specific volume τ and a given specific energy e, the specific mixture
entropy S is strictly concave:

∀(τ, e) ∈ (R∗+)2, Y 7→ S(Y, τ, e) is strictly concave.

This result is important because it ensures that for a closed system (i.e. de = dτ = 0) the equilibrium fraction
Y defining the thermodynamical equilibrium is uniquely defined.

If we now assume that α∗i = α#
i and z∗i = z#

i , we get that α′ = α∗i = α#
i and z′ = z∗i = z#

i . Relation (51)
then becomes:

aS (Y ∗, τ∗, e∗) + (1− a)S
(
Y #, τ#, e#

)
< S

(
a(Y ∗, τ∗, e∗) + (1− a)(Y #, τ#, e#)

)
,

which proves that for a given fraction Y , the specific mixture entropy S is strictly concave:

∀Y ∈ [0, 1]3, (τ, e) 7→ S(Y, τ, e) is strictly concave.
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This property allows to define in a unique manner the shock waves for system (36). Indeed, when considering
a Riemann problem for the convective part of system (36), it can be noticed that the fractions Y only vary
through the contact wave U . Hence the fractions Y are constant across a shock wave. The property above then
ensures that the specific entropy S is strictly concave through the shock waves.
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Simulation of a liquid-vapour compressible flow
by a Lattice Boltzmann Method

Philippe Helluy, Olivier Hurisse and Lucie Quibel

Abstract This work is devoted to the numerical resolution of a compressible three-
phase flow with phase transition by a Lattice-Boltzmann Method (LBM). The flow
presents complex features and large variations of physical quantities. The LBM is a
robust numerical method that is entropy stable and that can be extended to second
order accuracy without additional numerical cost. We present preliminary numerical
results, which confirm its competitiveness compared to other Finite Volume meth-
ods.
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1 Introduction

In this work, we are interested in the numerical resolution of a hyperbolic system
arising in thermohydraulics. The objective is to compute a three-phase flow made
of liquid water, vapour and an inert gas (such as air, for instance). Because of the
envisaged range of pressure and temperature, there can be phase transition between
the liquid and its vapour.
The Equation Of State (EOS) is complex and presents large variations of the ther-
modynamical parameters. It can be obtained from physical experiments and tabula-
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tions. It generally leads to very costly numerical methods, where most of the time
is spent in the evaluation of the EOS. In addition, if because of the approximation
the EOS does not satisfy some convexity properties, the resulting system of con-
servation laws may not be hyperbolic and thus unstable. Here we use a simplified
pressure law obtained from an entropy optimization procedure. The pressure law
was first described in [1]. By construction, it ensures a convex hyperbolic domain
and thus stability of some classical Finite Volume (FV) schemes such as Godunov-
type schemes [7] or the Bouchut kinetic scheme [2].
The standard FV method is only first order. Its accuracy can be improved by slope
reconstruction/limitation techniques. But this induces a cost and a more difficult
parallelization because the computation stencil is enlarged.
In this work, we replace the FV scheme by a Lattice Boltzmann Method (LBM).
The LBM is based on an abstract kinetic representation of the hyperbolic system.
Then the scheme is a succession of free transport steps solved by an exact charac-
teristic shift and relaxation operations that are local to the cell. This makes the LBM
very efficient and easy to parallelize. In addition, by simply changing the relaxation
parameter, it is possible to adjust the numerical viscosity of the LBM and to achieve
second order with no additional cost.
We apply the whole approach for computing a vapour explosion test case.

2 Kinetic approximation of conservation laws

2.1 Vectorial kinetic approximation with over-relaxation

In this work, we are interested in the numerical resolution of a hyperbolic system
arising in thermohydraulics. The vector of unknown is denoted u(x, t) ∈ Rm. The
system has the general form

∂tu+∂xf(u) = 0. (1)

The flux f is a smooth function Rm 7→ Rm satisfying the hyperbolicity property: its
jacobian matrix f′(u) is diagonalizable with real eigenvalues for all u in the hy-
perbolicity domain C , which is assumed to be convex. The relaxation approach,
introduced by Jin and Xin [9], consists in replacing (1) by an extended system of
the form

∂tu+∂xz = 0, (2)

∂tz+λ 2∂xu = µ. (3)

The speed λ is a positive constant. The new vector z is called the approximated flux.
The source term µ is designed in such a way that z' f(u). We introduce a time step
∆ t > 0 and the Dirac comb:
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Ψ(t) = ∑
i∈Z

δ (t− i∆ t).

The source term µ is then defined by

µ(x, t) = ΩΨ(t)
(
f(u(x, t))− z(x, t−)

)
, I≤Ω ≤ 2I.

In the more general case, Ω is a matrix called the relaxation matrix. Inequalities on
matrices have to be understood, as usual, in the sense of the associated quadratic
forms. From the distribution theory, we see that at time t = i∆ t, z is discontinuous:
z(x, t+) 6= z(x, t−), and

z(x, t+) = Ω f(u(x, t))+(I−Ω)z(x, t−).

If the relaxation matrix Ω = I, we recover in this way the classical first order split-
ting Jin-Xin algorithm, where z = f(u) at the end of each time step. The over-
relaxation corresponds to Ω = 2I. It can be proved that the resulting scheme is
a second order O(∆ t2) approximation of (1). See [3, 5], for instance, and included
references.
We can diagonalize the linear hyperbolic operator arising from the left-hand side of
(2)-(3). In this way, we obtain a kinetic interpretation of the Jin-Xin approximation.
For this, we consider the change of variables

k+ =
u
2
+

z
2λ

, k− =
u
2
− z

2λ
.

u = k++k−, z = λk+−λk−.

Then we get
∂tk++λ∂xk+ = r+, ∂tk−−λ∂xk− = r−, (4)

where
r±(x, t) = ΩΨ(t)

(
keq,±(u(x, t−))−k±(x, t−)

)
,

and the “Maxwellian” states keq,± are given by

keq,±(u) =
u
2
± f(u)

2λ
.

In other words, from these calculations, we see that most of the time, the kinetic
variables k+ and k− satisfy free transport equations at velocity ±λ , with relaxation
to equilibrium at each time step.

2.2 Equivalent equation

The equivalent equation allows to better understand the effect of the relaxation ma-
trix Ω . Let us introduce the “flux error” y := z− f(u). The following result holds:
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Theorem 1 If the relaxation matrix satisfies I < Ω < 2I and if y = 0 at the initial
time, then, up to second order terms in O(∆ t2), u is a solution of the following
system of conservation laws

∂tu+∂xf(u) = ∆ t∂x

(
(Ω−1− 1

2
I)(λ 2I− f′(u)2)∂xu

)
+O(∆ t2).

Remark 1 The proof is based on standard Taylor expansions. For a rigorous formu-
lation and proof, we refer to [4]. The approach is classical in the analysis of the
Lattice Boltzmann Method (LBM). See also for instance [6, 10, 5].

Remark 2 The above analysis allows to recover formally the so-called sub-characteristic
condition. Assuming that I < Ω < 2I, the second order (“viscous”) terms have the
good sign, which ensures stability of the model, if the following matrix is positive:

V(u) = λ 2I− f′(u)2 > 0. (5)

3 Numerical methods

Our objective is to design a specific Lattice Boltzmann Method (LBM) for approxi-
mating three-phase flow. For comparison, we need a classical finite volume method,
which we describe now.

3.1 Finite volume method

The finite volume scheme (FV scheme in the sequel) is constructed for approximat-
ing the solutions of (1). We denote by ∆x the space step and by ∆ t the time step.
We assume that the space step and the time step are related by a Courant-Friedrichs-
Lewy (CFL) relation ∆ t = β ∆x

λ , where β > 0 is the CFL number. We use the same
velocity λ in the FV and LBM methods for defining the CFL number. Because of
the sub-characteristic condition (5), λ is larger than the wave speeds of (1). We thus
expect that the FV scheme will be stable at least for β < 1.
We look for an approximation

un
i '

1
∆x

∫ xi+1/2

xi−1/2

u(x, tn)dx' u(xi, tn), xi = i∆x, tn = n∆ t.

We consider the FV scheme

un+1
i −un

i
∆ t

+
f(un

i ,un
i+1)− f(un

i−1,u
n
i )

∆x
= 0.
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The numerical flux f(·, ·) is the Rusanov flux given by

f(u,v) =
f(u)+ f(v)

2
− max(ρ(f′(u)),ρ(f′(v)))

2
(v−u),

where ρ(M) is the spectral radius of matrix M.

3.2 Lattice Boltzmann Method (LBM)

In the LBM scheme, we assume that the CFL number β = 1. This allows to solve
the free transport steps exactly. More precisely, if we also denote by un

i , zn
i , k±,ni the

approximation of u, z and k± at points xi and time tn, the transport step is given by
simple shift operations, which solve the free transport equations (4) exactly

k−,n+1−
i = k−,ni+1, k+,n+1−

i = k+,n
i−1.

Then, one takes

un+1
i = k−,n+1−

i +k+,n+1−
i , zn+1−

i =−λk−,n+1−
i +λk+,n+1−

i .

The relaxation step is then

zn+1
i = zn+1−

i +Ω(un+1
i )

(
f(un+1

i )− zn+1−
i

)
.

4 Application to a three-phase flows

We wish to apply the above theory to a compressible three-phase flow model (two
gases and a liquid). Because of strong variations in pressure and temperature, the
liquid will undergo phase transition, which requires a proper mathematical model.
The unknowns are the density ρ , the velocity u, the pressure p, the internal energy
e and the mass fraction of the inert gas

ϕ = ϕ3.

The total energy E is the sum of the internal energy and the kinetic energy:

E = ρe+
1
2

ρu2.

The pressure Equation Of State (EOS) is of the form

p = p(ρ,e,ϕ).
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The three-phase flow model is a system of conservation laws of the form (1) with

u = (ρ,ρu,ρE,ρϕ)ᵀ, f(u) = (ρu,ρu2 + p,(ρE + p)u,ρuϕ)ᵀ.

Now we sketch the practical construction of the three-phase pressure law. This con-
struction has to be done with care in order to ensure that the hyperbolicity domain
C is convex. The general principles are mainly given in [8, 1]. We recall them now.

4.1 Entropy optimization

The mass fractions of the phases are noted ϕi, the volume fractions, αi and the
energy fractions, ζi. The phase specific volumes τi and energies ei are related to the
mixture specific volume τ and energy e by

τi =
αi

ϕi
τ, ei =

ζi

ϕi
e. (6)

The mass fraction ϕ3 of the inert gas is supposed to be fixed and given. We thus
introduce the vector of the unknown fractions Y =(ϕ1,ϕ2,α1,α2,α3,ζ1,ζ2,ζ3). The
unknown fractions satisfy the following constraints

Y ∈Q := [0,1]8∩{α1 = α3,α1 +α2 = 1,ϕ1 +ϕ2 +ϕ3 = 1,ζ1 +ζ2 +ζ3 = 1}. (7)

These constraints are justified by the fact that the two gases are perfectly misci-
ble (Dalton’s law) and that the liquid and the gases are non-miscible. The mixture
entropy is then given by a convex optimization problem:

s(τ,e,ϕ3) = max
Y∈Q

3

∑
i=1

ϕisi(
αi

ϕi
τ,

ζi

ϕi
e), (8)

where si is the entropy function of phase (i).
Once the optimization problem is solved, the temperature T and the pressure p of
the mixture are then given by

T = 1/
∂ s
∂e

p = T
∂ s
∂τ

.

The major advantage of the above construction is that it ensures that the hyperbol-
icity domain is convex. We now give more details on the computations (initially
presented in [1].)
We thus consider a mixture of three phases (1), (2) and (3) representing the vapour,
the liquid and the non-condensable gas (air), respectively. The liquid is not misci-
ble with the two others, while the vapour and the gas are miscible. We only admit
phase transition between vapour (1) and liquid (2). Each phase obeys a stiffened gas
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Equation Of State (EOS), where the entropy function si is defined by

si(τi,ei) =Ci ln((ei−Qi−πiτi)τ
γi−1
i )+ s0

i i = 1,2,3. (9)

In this formula, Ci is the specific heat at constant volume, Qi is the heat of formation,
πi is the reference pressure and s0

i the reference entropy. The specific energy is noted
ei and the specific volume τi is the inverse of the density 1/ρi.
Let us recall some basic computations related to the stiffened gas EOS. The temper-
ature Ti and the pressure pi are given by

1
Ti

=
∂ si

∂ei
,

pi

Ti
=

∂ si

∂τi
.

With (9) this implies the following relations

CiTi = ei−Qi−πiτi, (10)
pi +πi = (γi−1)ρiCiTi. (11)

The chemical potential µi = ei + piτi−Tisi is given by

µi = Qi + γiCiTi−Ti

(
Ci ln(CiTiτ

γi−1
i )+ si

0

)
.

It is interesting to also write it in the (p,T ) variables. This is obtained by noting that

τi =
(γi−1)CiTi

pi +πi
,

then (dropping the indices for better readability)

µ = Q+ γCT −CT
(
γ ln(CT )− (γ−1) ln(p+π)+(γ−1) ln(γ−1)+ s0/C

)
.

Introducing

K = (γ−1) ln(γ−1)+ s0/C, K′ =CK + γC lnC,

we get
µ = Q+ γCT −CT (γ ln(CT )− (γ−1) ln(p+π)+K) ,

or
µ = Q+ γCT −CT (γ ln(T )− (γ−1) ln(p+π))−K′T.

The last expression allows to fit the values of K′1−K′2 by taking values of (p,T ) on
the saturation curve, where µ1(p,T )= µ2(p,T ). Once one gets K′ (up to a constant),
we deduce K and then s0

s0 =CK−C(γ−1) ln(γ−1).
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In practice, the reference entropy s0 for the inert gas (3) does not need to be evalu-
ated, because there will be no mass transfer with this gas.
In the same spirit, we observe that the Euler equations are still valid if we replace ε
by ε−ϕ3Q3. This means that in practice, we can take Q3 = 0. Realistic parameters,
adjusted with physical experiments are given in Table 1.
We now consider a mixture of the three phases. We denote by Vi the volume, Mi
the mass and Ei the energy of each phase (i). We wish to compute the pressure
law for a mixture of volume V , mass M and energy E. In other words, we want
to compute the pressure from the knowledge of τ = V/M, e = E/M and the mass
fraction ϕ3 = M3/M of the non-condensable gas, i.e.,

p = p(τ,e,ϕ3).

We introduce the volume fraction αi = Vi/V , the mass fraction ϕi = Mi/M and the
energy fraction ζi = Ei/E of phase (i).
With the help of the fractions, we can express the partial intensive quantities from
the global ones

τi =
αi

ϕi
τ, ei =

ζi

ϕi
e. (12)

We also have, of course, because ρ = 1/τ

ρi =
ϕi

αi
ρ. (13)

Because phases (1) and (3) are miscible and phase (3) is non-miscible with the other
phases, the volumes are subject to the constraints

V1 =V3, V1 +V2 =V. (14)

The conservation of mass and energy reads

M = M1 +M2 +M3, E = E1 +E2 +E3.

From these constraints, we deduce

α1 = α3, α1 +α2 = 1, (15)
ϕ1 +ϕ2 +ϕ3 = 1, ζ1 +ζ2 +ζ3 = 1. (16)

In this way, we justify the form of the constraint set Q already introduced in (7). The
optimization problem (8) can thus also be written

s(τ,e,ϕ3) = max
0≤ϕ1,α1,ζ1,ζ2≤1

smix(τ,e,ϕ3;ϕ1,α1,ζ1,ζ2), (17)

with

ζ3 = 1−ζ2−ζ1, ϕ2 = 1−ϕ1−ϕ3, α3 = α1, α2 = 1−α1,
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and

smix(τ,e,ϕ3;ϕ1,α1,ζ1,ζ2) =
3

∑
i=1

ϕisi(
αi

ϕi
τ,

ζi

ϕi
e).

At this point, the entropy would depend on τ , e, ϕ3 but also on α1,ϕ1,ζ1,ζ2. We
have to eliminate the four supplementary fractions by successive optimization with
respect to (ζ1,ζ2), α1 and then ϕ1. This correspond to three steps, which consist in
considering the temperature, the pressure and the chemical equilibrium.

4.2 Temperature equilibrium.

The first step is to optimize the mixture entropy (8) with respect to ζ1 and ζ2. We
compute the derivative of smix with respect to ζ1 and ζ2 and obtain

∂
∂ζ1

smix =
1
T1
− 1

T3
,

∂
∂ζ2

smix =
1
T2
− 1

T3
.

We assume that the optimum is reached for T = T1 = T2 = T3. We can then eliminate
the energy fractions (ζ1,ζ2). Using relations (10) and (12), we obtain

∑3
i=1 ϕiCiT = e−∑3

i=1 ϕiQi−∑3
i=1 αiπiτ.

We then define the following mixture parameters:

C = ∑3
i=1 ϕiCi, Q = ∑3

i=1 ϕiQi,

π = ∑3
i=1 αiπi, γ =

∑3
i=1 ϕiγiCi

∑3
i=1 ϕiCi

,
(18)

in such a way that
CT = e−Q−πτ.

Analogously, we define the mean pressure by

p =
3

∑
i=1

αi pi = α1(p1 + p3)+(1−α1)p2.

Thus
p+π = ∑3

i=1 αi(γi−1)ρiCiT.

with (13) we get
p+π = (γ−1)ρCT. (19)

We conclude that assuming the temperature equilibrium leads again to a stiffened
gas EOS for the mean pressure

p = (γ−1)ρ(e−Q)− γπ,
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where the mixture parameters are defined by (18). In this way, the mixture param-
eters do not depend on the energy fractions. Let us also remark that we could, but
we do not have to, compute the energy fractions. Maybe it would be interesting to
anyway compute them, at least for verifying that they are between 0 and 1 and that
the phase temperatures Ti are indeed > 0...

4.3 Pressure equilibrium.

The derivative of smix with respect to the gas volume fraction α1 is given by

∂
∂α1

smix =
p1

T1
+

p3

T3
− p2

T2

Assuming temperature equilibrium, we have thus

∂
∂α1

smix =
p1 + p3− p2

T
.

If the entropy optimum is reached for 0 < α1 < 1, we recover the physical fact that
the pressure mixture p has to satisfy

p = p1 + p3 = p2.

In other words, the gas pressure p̃ is given by the Dalton law p̃ = p1 + p3. And the
non-miscibility of the gases with the liquid implies that the liquid pressure p2 is
equal to the gas pressure p̃.
Using relation (19), we get

(
(γ1−1)

ϕ1

α1

C1

C
+(γ3−1)

ϕ3

α1

C3

C

)
ρCT −π1−π3 =

(γ2−1)
1−ϕ1−ϕ3

1−α1

C2

C
ρCT − π2, (20)

where
CT = e−Q− (α1(π1 +π3−π2)+π2)τ. (21)

If we multiply (20) by α1(1−α1), we obtain a second order equation in α1.The
difficulty is that this equation does not always admit one single root in (0,1) denoted
by α1(ϕ1). Another difficulty is that the temperature has to be > 0.
From now on, in order to get simpler calculations, we assume that the two gases are
perfect gases, which leads to

π1 = π3 = 0.

We also assume that for the liquid,
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π2 6= 0.

From the temperature expression (21), imposing T ≥ 0, we then obtain the following
constraint on α2:

α2 ≤
ρ(e−Q)

π2
.

Therefore,

α1 ∈ [1−δ ,1], δ = min(1,max(0,
ρ(e−Q)

π2
).

In this expression, it is important to remember that Q depends on ϕ1 from (18).
Actually, mathematically, it could happen that the optimum is attained at a boundary
of the interval [1− δ ,1]. This can be decided by considering the sign of ∂

∂α1
smix at

α1 = 1− δ or α1 = 1. If the temperature is positive, ∂
∂α1

smix has the same sign as
p1 + p3− p2.
We thus consider the pressure difference

∆ p(α1) = p1 + p3− p2,

and the algorithm for finding the maximum with respect to α1 is the following:

• if ∆ p(1−δ )< 0 then the liquid is more stable than the vapor and α1(ϕ1) = 1−δ .
• else if ∆ p(1)> 0 then the gases are more stable than the liquid and α1(ϕ1) = 1.
• else, it is possible to equilibrate the pressures and one computes α1(ϕ1) such that

∆ p(α1) = 0. The equation can be solved by a dichotomy algorithm or directly
by solving a second order equation.

4.4 Chemical equilibrium.

Finally, we proceed to the optimization with respect to ϕ1. Assuming temperature
equilibrium, the partial derivative of the entropy is now given by

∂
∂ϕ1

smix =−
µ1−µ2

T
.

The first step is to express the chemical potential as a function of τ , e and ϕ1. For
this, we write

µi = Qi +
Ci

C
(e−Q−πτ)×

(
γi−

s0
i

Ci
− ln

(
Ci

C
(e−Q−πτ)

(
αi

ϕi
τ
)γi−1

))
,
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where the mixture parameters C, Q, π are given by (18). Now we need to determine
ϕ1 in order to compute the pressure law. Going back to the constrained optimization
problem, we apply the same procedure as for the pressure equilibrium.
We first compute the maximal mass fraction ϕ1 ∈ [0,1−ϕ3] such that CT = e−
Q(ϕ1)−π(α1(ϕ1))≥ 0. Let us denote by ϕ1,max this fraction.

• if µ1(ϕ1,max) < µ2(ϕ1,max), the mass fraction of the vapor ϕ1 = ϕ1,max corre-
sponds to a stable case. If ϕ1,max = 1−ϕ3 then ϕ2 = 0, i.e., the mixture contains
no liquid but vapor only;

• else if µ1(0) > µ2(0), the mass fraction of the vapor ϕ3 = 0 corresponds to a
stable case, thus ϕ2 = 1−ϕ3, i.e., the mixture contains no vapor but liquid only;

• else the mixture is necessarily at saturation and we have to compute the mass
fraction ϕ1 such that µ1(ϕ1) = µ2(ϕ1). This gives a mass fraction such that 0 <
ϕ1 < ϕ1,max, i.e., the mixture is at saturation and contains vapor and liquid and
ϕ2 = 1−ϕ1−ϕ3. The equation is solved by a dichotomy algorithm.

Once the mass fraction ϕ1 is computed, it is possible to compute all the other quan-
tities and thus the mixture pressure p = p(τ,e,ϕ3) according to (19).

4.5 Numerical application

For practical applications, one needs first to adjust the physical constants appearing
in the expression of the entropy. As we have shown in another chapter of this thesis,
the stiffened gas law is too simple to give a very accurate description of the liquid-
vapor mixture. Anyway, it is possible to represent at least qualitatively the main
features of the pressure law.
An example of possible parameters are given in Table 1. Those parameters have
been adjusted in order to respect the speeds of sounds in the different phases and to
fit the saturation curve in a given region.. Once these parameters are been fixed, then
it is possible to apply the algorithms given in Section 4 for computing the pressure
law. However, in practical applications, we have observed that it is not so easy to
compute the entropy-optimal point. Indeed it is difficult to ensure that the fractions
remain in the interval [0,1] because of rounding errors, and non-physical values may
arise.
In order to put in evidence the practical difficulty, we introduce a numerical example.
We consider the following density and energy of the mixture

ρ = 817.12 kg/m3, e = 4.1848×105J/kg.

We also fix the mass fraction of the inert gas to

ϕ3 = 10−6.
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We then plot the vapor volume fraction α1(ϕ1) that realizes the maximum of the
entropy with respect to α1. In this case, δ = 1 (see Section 4.3). We then obtain the
plot of Figure 1.

Fig. 1 Vapor equilibrium volume fraction as a function of the mass fraction.

As is physically intuitive, α1is an increasing function of ϕ1 and α1(0) = 0, α1(1) =
1. We also put in evidence a threshold value ϕ∗ of ϕ1 such that α1(ϕ1) = 1 if ϕ1 ≥
ϕ∗. This corresponds to a saturation of the constraint α1 ≤ 1 in the optimization
problem. When ϕ1 ≥ ϕ∗, it is no more possible to ensure that p1 + p3 = p2.
We assume now that the entropy is optimized with respect to α1, i.e. that α1 =
α1(ϕ1). On Figure 2, we then plot the difference of chemical potentials µ1(ϕ1)−
µ2(ϕ1).

Fig. 2 Chemical potential difference as a function of the vapor mass fraction. General view (left).
Zoom around ϕ1 = 0 (right). The zoomed picture shows that in the equilibrium mixture there will
be a little amount of vapor.
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We also observe on this picture a constraint saturation effect. At a first glance, it
seems that this difference is always positive and thus that the optimum corresponds
to ϕ1 = 0. However, when one zooms around ϕ1 = 0 it is clear that there must be
a little amount of vapor in the mixture. It sounds physically. Indeed, in reality if
we consider some liquid water left in a room filled with air at a given temperature
T , then the water will be changed into vapor until the partial pressure of a vapor
reaches the saturation pressure psat(T ). This phenomenon is related to the relative
humidity of air. It is interesting that the stiffened gas modeling allows to recover this
behavior.

5 Vapour explosion test

We consider a test case relevant for thermohydraulics. This is quite a realistic mod-
elling of a sudden depressurization of a heated liquid in a pipe. The left (L) part
of the pipe is filled with pressurized heated water. The right (R) part of the pipe is
filled with air at ambient temperature and pressure. The numerical parameters are
summed up in Table 1.

param. vapour (1) liquid (2) gas (3)
γi 1.3 3 1.4

πi (Pa) 0 8533×105 0
Ci (J.kg−1.K−1) 1615.38 1400 719.28

Qi (J.kg−1) 1.892×106 −1.1148×106 0
s0

i 583.46 16658.99 263.62

liquid (L) air (R)
ρ 554.09 1.186245
e 1161999.729 210749.040
ϕ 10−6 1−10−6

Table 1 Left: physical parameters for the three phases. Right:initial data for the vapor explosion
test case.

At time t = 0, the liquid-air separation is removed. We plot several physical quan-
tities at time t = 1.2ms. We expect a complex wave structure. From left to right: a
rarefaction wave running into the liquid, a slower vaporization wave running into
the liquid, a contact wave, and finally a shock wave running into the air. Let us re-
mark the presence of a non-standard split wave made of two simple waves. This is
a typical feature of Riemann problems with non-convex equations of state arising
from phase transition problematics.
The LBM is tested with a kinetic velocity λ = 2500 m/s, an over-relaxation param-
eter Ω = I (first order) and Ω = 1.9I (improved precision). The second order LBM
scheme with Ω = 2I is unstable here, which is not surprising because there is a
shock wave to capture.
The results of the LBM scheme with Ω = I are plotted on Figure 3.
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Fig. 3 Numerical solution of the Riemann problem described in Table 1. Top left: density, top
right: pressure, bottom left: temperature, bottom right: vapour mass fraction. Comparison between
the Finite Volume and Lattice Boltzmann Method with Ω = I on a mesh with 2000 cells.

We observe that the results of the LBM and FV scheme are similar. It also appears
that with Ω = I the LBM scheme is more diffusive than the FV scheme. This could
be expected because in this case, the LBM scheme is nothing else than a Rusanov
scheme with a fixed numerical viscosity proportional to λ . In the Rusanov scheme,
the numerical viscosity is adjusted in a slightly more clever way.
On Figure 4, we compare the numerical solutions obtained by the FV scheme and
the LBM scheme with Ω = 1.9I.
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Fig. 4 Numerical solution of the Riemann problem described in Table 1. Top left: density, top
right: pressure, bottom left: temperature, bottom right: vapour mass fraction. Comparison between
the Finite Volume and Lattice Boltzmann Method with Ω = 1.9I on a mesh with 2000 cells.

We observe a better precision of the improved LBM scheme with Ω = 1.9I: the sim-
ple waves are better resolved. We observe small oscillations in the discontinuities.
It is not surprising because Ω = 1.9I corresponds almost to a second order scheme
without limiters. We are currently working on a better strategy for adapting locally
the value of Ω for suppressing oscillations.
Finally, we compare the performance of the FV scheme and the LBM scheme. The
main computation loop of our code is parallelized with simple OpenMP directives.
The program is executed on a 2×8 cores Intel Xeon computer. The frequency of the
CPU is of 1.70GHz. We compare the CPU time of the FV and LBM implementation
for several mesh sizes.

number of cells 500 1000 2000
FV 6 s 19 s 72 s

LBM 1 s 4 s 14 s

Table 2 CPU time comparison between the FV and LBM implementations.

We observe that the LBM approach is more than 4 times faster than the FV approach.
The reasons are that the stability time step of the Rusanov scheme is approximately
twice smaller than the LBM time step and that the FV numerical flux requires two
evaluations of the physical flux instead of one for the LBM method.
An interesting feature of the LBM approach is also that the CPU time does not de-
pend on the value of Ω . A second order MUSCL extension of the Rusanov scheme
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would imply approximately a doubled CPU time, because of the slope reconstruc-
tions algorithm.

6 Conclusion

We have constructed a numerical scheme based on the LBM. This scheme is faster
and more precise than a classical FV method. It has been successfully validated on
a complex three-phase flow with phase transition. It is possible to adjust its pre-
cision and stability thanks to the over-relaxation parameter Ω , with no additional
computational cost. In future works we will study strategies for completely avoid-
ing numerical oscillations in shock waves. This can certainly be achieved because
the LBM scheme with Ω = I is free of oscillations and entropy-dissipative.
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Cette thèse porte sur la modélisation et la simulation d’écoulements multiphasiques qui pourraient
apparaître lors de scénarios accidentels pouvant hypothétiquement affecter un réacteur à eau pressuri-
sée. Un modèle homogène diphasique a d’abord été fermé à l’aide une loi tabulée construite à partir de
la formulation IAPWS-IF97. Puisque la table a été construite de façon à respecter la relation de Gibbs,
la vérification du modèle via des études de convergence en maillage a pu être menée à bien. Sur les cas
de validation, une bonne prise en compte des effets hors-équilibre, via la définition d’échelle de temps
de retour vers l’équilibre thermodynamique, semble déterminante pour obtenir des résultats réalistes.
La quantité de gaz incondensables a de plus une grande influence sur les résultats. Une revue biblio-
graphique de lois d’état classiques a enfin mis en évidence que les lois d’état semi-analytiques de type
Noble-Able Stiffened Gas apparaissent comme un bon compromis en termes de précision et d’efficacité.
Une autre partie de ces travaux concerne la proposition d’un nouveau modèle triphasique multi-vitesse,
destiné à modéliser les phénomènes de type explosion vapeur. Enfin, un travail transversal à la thèse
a porté sur la vérification de conditions limites pour le système d’Euler monophasique.

This PhD work deals with the modelling and the simulation of multphasic flows, which may appear
during hypothetical accidental scenarios, which might affect the primary circuit of a pressurized water
reactor. A homogeneous two-phase flow model has been closed with a look-up table based on the
IAPWS-IF97 formulation. As the look-up table fulfills the Gibbs relation, verification of the model
has been achieved thanks to convergence studies. On validation test cases, out-of-equilibrium effects
have to be taken into account to get realistic results, through the definition of a time scale for the
return towards thermodynamical equilibrium. The proportion of non-condensable gas in the mixture
has a strong influence on results. Classical equations of state (EOS) have morevover been studied.
Noble-Stiffened gas EOS appears as a good compromise in terms of accuracy and efficiency. Another
part of this work consists in the proposition of a new three-phase flow multifluid model with four fields
to model the explosion vapor phenomenon. Last, some classical numerical boundary conditions for the
monophasic Euler system have been verified.
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