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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1

c1 ≤ N + M

0 ≤ c2

c1−N ≤ c2

c2 ≤M

c2 ≤ c1















































( ) Ma a i al T a a i . F i a , k i a b a li Din.
T i l i Dout.

for (c1 = 0; c1 <= N+M; c1++)
for (c2 = max(0, c1-N); c2<= min(M, c1); c2++)
S(c1 - c2, c2);

( )O C . A i a . I a i i l
Dout.

Fi . – P l al M l O i . Fi , a i SC P i a al
a a a i l a. N , a i a a i al a -

a i a b a li i i i a i al . La l , a
a a l i i l a i a .



C . S

Defi iti (H a i ). T P̂

a d- P i l a li a i a a i x →




ξx

ξ



 P :

P̂ =











ξx

ξ



 ∈ Qd+1

∣

∣

∣

∣

∣

∣

B̂





ξx

ξ



 = 0, Ĉ





ξx

ξ



 ≥ 0







( . )

B̂ = [B | − b] a Ĉ =





C −c

0 . . . 0 1



.

T i i al l P i l i i P̂ i
ξ = 1 la :

[

B −b
]





x

1



 = 0,





A −a

0 . . . 0 1









x

1



 ≥ 0⇔ Bx = b, Cx ≥ c

T i a a i a al b a li li i a i a
l i Mi k ki a i a a ,

a i i i a :

P̂=











ξx

ξ



∈Qd+1

∣

∣

∣

∣

∣

∣





ξ

ξ



= L̂λ′+R̂µ, ∀λ, ∀µ ≥ 0,







( . )

L̂ =





L

0 . . . 0



 a R̂ =





R V

0 . . . 0 1 . . . 1





Exa e . C i 3- l P0N a
i a

i al ,
- ,

a i . W ill
i il i

a i a
a ibl .

:

P0 =

































x

y

z











∈ Q3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ x ≤ 20,

0 ≤ y ≤ 7,

10 ≤ z ≤ 10,























( . )

T i l , a ill a i Fi . , i a a l z = 10

la . H , i i li i a i a b b i i li i



. . P

ali i a i E a i ( . ) i li i ali i a i E a i ( . ):

P0 = i li i ali i

































































x

y

z











∈ Q3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣





























1 0 0

−1 0 0

0 1 0

0 −1 0

0 0 1

0 0 −1







































x

y

z











≥





























0

−20

0

−7

10

−10



















































































( . )

= li i ali i













































































x

y

z











∈ Q3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

0 0 1
)











x

y

z











= 10,

















1 0 0

−1 0 0

0 1 0

0 −1 0



























x

y

z











≥

















0

20

0

7



















































































( . )

T i a i ( i i li i ali -
i ) i a i l ai a i i :

P0 =

































































x

y

z











∈ Q3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣





























1 0 0 0

−1 0 0 20

0 1 0 0

0 −1 0 7

0 0 1 −10

0 0 −1 10













































x

y

z

1

















≥ 0























































( . )

. . I i Ma i

Defi iti (Sa a i ). A li a r li i
a d- l P̂ a a a ai c (c ∈ B̂ c ∈ Ĉ)

i li i P̂ i c · r = 0.

W a a a a a ai , i a i li a l -
li i b i ai .



C . S

0 x20

z

10

y

7

Fi . – D R a i O P l P0. I i i a a 3-
l b l i l i a D a l z = 10

la .

Defi iti (I i a i ). T i i a i S i a b l a a -
i ai (li Â a B̂ E a-
i ( . )) a l li a a (li L̂ a R̂

E a i ( . )). Ea l Si,j ∈ S i b l a al i
i i a a li a rj a a a ai ci:

Si,j =







1 i ci · rj = 0,

0 i .
( . )

T i i a i ll i i i ai (a ali -
i ) a a a , a i a li a i a -

ai .

. . Fa A k- a
Defi iti (S i la ). A la i i d−1

i i ll a d- l D i i i i la -
i i i i a D.

Defi iti (Fa ). A a a l D i i i D a
a i la D.

Defi iti (k- a ). A a a l D i all a k- a i i i a
k- l .



. . P

M i i all , 0- a ad- l a i a (d−1)- a
i .

Exa e . C i 3- l Pk (a a ) a ib i
E a i ( . ):

0 x

z

y
10

10

10

Pk =





































































x

y

z











∈ Q3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ x

0 ≤ y

x + y ≤ 10

x + y

2
≤ z

z ≤ 10−
x + y

2



























































( . )

T i 3- l a 2- a (i ), i 1- a (i ) a
0- a (i ). T (f1 f4) Pk a b ib a :

0 x

z

y
10

10

10

0 x

z

y
10

10

10

f1 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

0 ≤ x ≤ 10, y = 0,
x

2
≤ z ≤ 10−

x

2

}

f2 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

0 ≤ y ≤ 10, x = 0,
y

2
≤ z ≤ 10−

y

2

}

f3 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x + y = 10, 5 ≤ z ≤ 10
}

f4 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x + y = 10, 0 ≤ z ≤ 5
}

T i

x

z

y
10

10

10

(e1 e6) a b a ll :

e1 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z = 10−
y

2
, 0 ≤ y ≤ 10, x = 0

}

e2 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 0, 0 ≤ z ≤ 10
}

e3 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z = 10−
x

2
, 0 ≤ x ≤ 10, y = 0

}

e4 =
{

(x, y, z) ∈ Q3
∣

∣

∣ z = 5, x + y = 10
}

e5 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z =
y

2
, 0 ≤ y ≤ 10, x = 0

}

e6 =
{

(x, y, z) ∈ Q3

∣

∣

∣

∣

z =
x

2
, 0 ≤ x ≤ 10, y = 0

}



C . S

Fi all ,

x

z

y
10

10

5

10

(v1 v4) a :

v1 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 0, z = 10
}

v2 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 10, z = 5
}

v3 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 10, y = 0, z = 5
}

v4 =
{

(x, y, z) ∈ Q3
∣

∣

∣ x = 0, y = 0, z = 0
}

. . Pa a i P l a
Defi iti (Pa a i l ). A a a i d- D(p) i
a l a a li a l m a a :

D(p) =
{

x ∈ Qd
∣

∣

∣Ax ≥ A′p + a
}

( . )

A ∈ Zn×d, A′ ∈ Zn×m, p ∈ Zm a a ∈ Zn.

Defi iti (C bi l ). A a a i d- D(p)

i m a a a b a a - a a i l ,
,D′ i a Qd+m:

D′ =











x

p



 ∈ Qd+m

∣

∣

∣

∣

∣

∣

[

A −A′
]





x

p



 ≥ a







( . )

T i i bi l i a la i
a a a ( i a i al p) i i al i a i-

a i a a p.

. . S a i C l Pa
Defi iti (S a i C l Pa ). A S C P SC P i a

a a l b , i i al a a a a a
af i i l i i a a a .

Exa e . Li i . i a a l a SC P. S a S1 i -
l i l i a i a j. All l b a a a
a a af i l i i a a a (N a
M).



. . P

for (i = 0; i < N; ++i)
for (j = 0; j < M; ++j)
S1: A[j] = A[j] + B[i];

Li i . – Si l SC P E a l

. . I a i D ai

Defi iti (S a i a ). S a i i l a b
a . A i a i i a a -

. I i al l i l i a .

Defi iti (I a i ). A i i i l i -
i i b i : i i i a al -
i l .

Exa e . S a S1 Li i . i l a i b a l
i i . H , a S1 a -
. T a N×M i i i a a S1 Li i . .

A i a N ≥ 1 a M ≥ 2,




0

0



,




0

1









0

M − 1



 a ali -

a S1 a




0

M + 2



 i a ibl

S1.

Defi iti (I a i ai ). T DS(~p) a a -
S i i ibl i a i . I a i

k al . T i a b a i
i a a a i l :

DS(~p) =



















~ıS

∣

∣

∣

∣

∣

∣

∣

∣

∣

DS











~ıS

~p

1











≥ ~0



















( . )

~p i a a ,~ıS ∈ Zdim(~ıS) a a i a i -
a S, a DS ∈ ZmDS

×(dim(~ıS)+dim(~p)+1) — mDS
i

b ai — i a i a i a ai .



C . S

Exa e . T i a i ai DS1 a S1 Li i . i :

0 N

0

M

DS1





N

M



 =











i

j





∣

∣

∣

∣

∣

∣

0 ≤ i < N

0 ≤ j < M







( . )

H , i a i ~ıS1 i l i i (i, j) a
a a ~p k a a iabl (N, M).

. . R la i

Defi iti . A la i R : E → F i a b G ⊆ E×F . x ∈ E i
ai b la i y ∈ F i (x, y) ∈ G. I i li a i

x y R a al b
b i l

x R y

R x y.

Exa e . L R b la i b E = {1, 2, 3, 4} a
F = {2, 3, 4, 5} a x R y (x ∈ E, y ∈ F ) i x < y:

R =











x

y



 ∈ E×F

∣

∣

∣

∣

∣

∣

x < y, x ∈ E, y ∈ F







( . )

T i la i a b a a l a i i




x

y



 l a la i x R y R : E → F :

1 4

2

5

R =











































x→ y

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣























1 0 −1

−1 0 4

0 1 −2

0 −1 5

−1 1 1

































x

y

1











≥ 0











































( . )

. . D R la i

Defi iti (D la i ). D b a i -
a a a S a a a a T a b

a a la i b . Ea i i i l
a ia i la i i i i a i a b



. . P

i i a . S a l a b
i b ll i la i :

δS,T (~p) =































~ıS → ~ıT

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

RS,T

















~ıS

~ıT

~p

1

















≥ ~0































( . )

Defi iti (D a ). D i b -
a b i i a : a i a ia

i a a a a lab l i i il
b li a i i la i b a a

a a lab ll i i la i .

Exa e . F SC P a l i Li i . i a
i a a a A, i a i (i, j) i a i (i′, j′),

i < i′ a j = j′. T la i a b a :

DS1

δS1,S1

δS1,S1(~p) =











i

j



→





i′

j′





∣

∣

∣

∣

∣

∣

i < i′

j = j′







( . )

Exa e . C i SC P i i Li i . . T a -
la i : a b i a S2 a a

b i a S2 a S3.
DS2

δS2,S2

DS3

δS2,S3δS2,S2(~p) =
{(

i
)

→
(

i′
) ∣

∣

∣ i = i′ − 1
}

( . )

δS2,S3(~p) =
{(

i
)

→
(

i′
) ∣

∣

∣ i = i′
}

( . )

for (i = 1; i < N; ++i)
S2: A[i] = A[i - 1] + B[i];

for (i = 1; i < N; ++i)
S3: C[i] = A[i] * D[i];

Li i . – Si l SC P



C . S

. . S l R la i

Defi iti (S l la i ). S l la i i -
al i b a i a . T , a i a a

a i a ia i a l i al a ~tS .

θS(~p) =































~ıS → ~tS

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

TS

















~ıS

~tS

~p

1

















≥ ~0































( . )

S l la i a a i a . F a l ,
a all li i SC P a i i a li l-
i l a i a a a l i al a ( l i al
a i i a i i i a a all l) il i a all -
i a [ , ]. E i i a a
i a all l ( a b li

la i ) la i a l i a i all i i .

. . C G a i

T la l al ila i i a i . O
a li a b i , i a b a . A

l al a i al i all a a a a
i l a i a ial i i b l-

i [ , ]. T i a i bl
a b i CL G [ ] ( i i S i . C a ),
C G + [ ] a i l [ ].

. Pa all l E i Pa a i
O a a i a i i
i i l . T i a i :
a a a abl a all l i a a a a a al-

l l a i a a . Ma a i , l a a i



. . P

a a i a b a kl i all .

. . Ha a Ca abili i O i
M l i l l l a all li a b i a i :

Wi i P i U i

V i a i all i i l i l a a a . T
i CPU a SIMD (Si l I i , M l i l

Da a) . I i Pi li i a i l
b i i i i i b i l i l a . O - - -

i all a i i i a a
a i i a ailabili . V L I W (VLIW) i -
i l i l a i b i a all l.

S i M l i i

A i l a a l i l i al ( a a i
i ) a b a a al . T i al i

a CPU a il b i i al. F i a ARM bi .LITTLE
CPU i l i l if a i ( i a i

i b l - a i i k
l a ). CPU a al i a l i al a a a a a .

A l a

D i a iali i a al b ff a a i : G a i
P i U i (GPU ), Di i al Si al P (DSP ), Fi l -P a abl
Ga -A a (FPGA ), A li a i -S i i I a Ci i (ASIC )
a l a . T iali i a al a i a all li a -

ib i l .

Di ib i

Pa all li a al b a i b i l i l a i ib-
i k a k. I l , ill



C . S

a a k i a all l. a i ill b i if a k .
T l k a ll i a

l i .
T k i i i ill l a
l i a i all b l i a l i CPU

a i .

. . Pa all l a l

D i a l l a all li , al a i l a -
all li a a i al a .

T l l l a a i i all i i
a bl . Ha a a a a al i lib a i a

i i a i l l la a . F i a ,
I l i i i i [ ] SSE, AVX,MMX (a ) i i a
A i i i i [ ] NEON i i .

Va i lib a i a a k all l i a all l-
i i i a a a b bi ak a a a l i l

a all li a . F a l , l i a i a b a i
i POSIX a [ ] C a [ , ]. CUDA [ ] O CL [ ]

i a ili i ff a i iali i . O MP [ , ] a
O ACC [ , ] a ( i i l a i ) b

l i a i a ff a i ia il i i . MPI [ , ] all
i ib a i b a i l l i l -

k.
S la a a Cilk, G , X a i i all i a -

all l i ( i i li i l li i l ).
A a i l l, a a al b l a k a -
( i a , GNU a all l, a , j b ) l i l k

( a l l , ).
Wi l ali , ai l O MP a all l -

a i i i i .



. . P

. . S a M F k-J i : T O MP F a k
O MP [ , ] i a A P I (API) a

a all l a i . T i i a i O MP i i
b O MP A i R i B a i il a al i -
l a i i l i a i . H , al i i l -

a i i ( i a , /lib , la /lib , i /libi ) a a i-
i i a b (a i a a

i b i i i a i ).
T a l i a O MP a b -

i il i i , all i O MP lib a i -
a iabl . T lib a i f i l i

f a . H i i l il i i -
l i abl a a ill b il i O MP
i i i al f i l b

a i i
a ll

b i i i l i

, a il a a i i i
il i i . I C C++ a , il i i (

O MP) a i #pragma omp.

F k-j i l

Defi iti ( k-j i l). T -j l i a a all l i
a ial i a i a i all i
i a all l i i . A a a a all l i , -
i i l i l a a a b i a all l. T a

all j a a all l i . T a
ial i .

Pa all l R i

Pa all l i i O MPa li i i parallel . W
i f a a i , a a a

i a . B a l , all a i a a ill
i i i . A ba i i i li a i : ial

i l all a a a . S a
a all l i a b i i la . H ll a -

a l la . T b a a b a i



C . S

num_threads la . T shared, private firstprivate la
i ibili a b a i a iabl .

Exa e . C i Li i . . T a all l i (li - ) ai
a i l i i i a b l i l i : a a i

a a ill l l i a all l i .
H printf("Hello, World.\n") (li ) ill b a a i
a b a i a a .

#include <stdio.h>
int main(int argc, char* argv[argc + 1]) {
#pragma omp parallel
{
printf("Hello, World.\n");

}
return 0;

}

Li i . – H ll , W l Wi O MP. T i a ill
i a a ”Hello, World.” a b a .

W k a i C

Va i a i l a i a
a a i a all l. All a ill i i i i a l

i i a a all l i il a k a i i
. A i i i ill if i a i a a

a k a i . A ba i i al i li a
all k a i , i a b li i nowait .

T a a i la l l a i i :
single a for . T single i

l b l a il for i ib
a a l a . W ill al i task i i

a li i a k a a b i a a a a la
i i i .



. . P

T for

T for i i j i i for l i ib i a-
i . I C a , i i i i #pragma omp for.

T l i i i i a a i ib a . I -
i i , k i i i l l i O MP i l a-
i . Ea a ill a a i (i a
a a a ) b i a a i a all l.
T i a i i i a a iall .

Exa e . C i Li i . . A l a i i i
(li - ) i i ib i l (li ). A i a
a ai a a , i a i l ill b i-
i i k a ill b i a all l: b ill lik l

b i i i i al al . H , al k
ill ill b b a a a -
iall .

F i a , i l i i i i i a i , -
0, 1, 2, 3 ill al a b i i i b b a

b i b , i b a b .

#include <stdio.h>
int main(int argc, char* argv[argc + 1]) {
#pragma omp parallel
{
#pragma omp for
for (size_t i = 0; i < 16; ++i)
printf("%zu\n", i);

}
return 0;

}

Li i . – L I a i Di ib i Wi T F C . T
b ill b i i b a ill b i a -

all l.

I l a a all l i i a i , for

a parallel a b bi a #pragma omp parallel for.
T i i l al a a i a all li a all li l .



C . S

M l i l la a b b a i .
H ll a b i i i la a ill b i

ai i i .
T schedule(<policy>, <size>) la a b l k

i ib i a k i . T size a a a b i . T
li li i k a i ib a a .

I a i la , i static li , k i a a i a l i i al
( la k i a b all ) a k a i ib-

i a bi a i a : i i ibl k i a a
i a ill i k. I k i i i i , a

k i i ib a a .
T nowait la all i i li i ba i a
k a i . I i ibili l a

a i a i . I a l i
static li , i i a i i i i i lia

i l a i ill a a a nowait la a a all l
l b a a all l l :

• b i a i ai a a i

• b l a a k i (b i li i l i i
a l al )

• b l a i a a all l i

• i l a a ia i a SIMDa O MP
i

ill i T ordered la a b al ordered

a a all l l iall . T la i a for

i i a a ial b a ordered i
i l b li i ial a . O l ordered -

a a a i a l b . C i ordered a
ill b i a all l.

Exa e . C i Li i . . T a all l l (li - ) ai a
(li - ). T i i (li ) ill

b i a all l, il all i a i ill -
ai ial.



. . P

#include <stdio.h>
int main(int argc, char* argv[argc + 1]) {
#pragma omp parallel
{
#pragma omp for ordered
for (size_t i = 0; i < 8; ++i) {
printf("parallel: %zu\n", i);
#pragma omp ordered
printf("ordered: %zu\n", i);

}
}
return 0;

}

Li i . –O L . T b i ”parallel” ill
b i i a all l a b i ”ordered”
ill b i i .

N a i a a i i -
i ( . [ ]). B i [ ] i a
a a i a - . T a i

i , a - a for -
.

T Si l C

T single i i a l a all
l . T i a a ill i i l -
a i i . S la a b .

I a i la , nowait la a b i a i li i ba i .

Exa e . C i Li i . . T i single (li
- ) ill b b a i a a . T
l i a i a all l l (li - ) ill b i ib a

a . N a b a i li i ba i a k a i
, all a ill ai a a i l -

b i i a all l l .
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#include <stdio.h>
int main(int argc, char* argv[argc + 1]) {
#pragma omp parallel
{

#pragma omp single
printf("single thread.\n");

#pragma omp for
for (i = 0; i < 8; i++)

printf("%zu: loop iteration\n", i);
}
return 0;

}

Li i . – E a l O T Si l C . ”single thread.” ill b
i b a i l a . O a ill ai a i i b -
a i li i ba i a single . ”*: loop
iteration” ill b i l i l i i a all l ( b
ill lik l b i a i ).

Ta k C

T task i li i a k a a b a a la i
i i b a a a a : i a a k l

a a k. H a k a a b i a a .
T a a b a i i i a k a l i l i i a a . I
a i la a i li i li i ba i a taskwait i .

Exa e . C i Li i . . B a single (li ), a
i l a ill a a k il a a i

ai ( a k nowait la ). U a i #pragma omp

taskwait, a ill b a i a i i a k . N a i
i a l , taskwait i f b a i i i b
a all l i : a i li i ba i i a a all l i .

S i a i

I a all l , i a i a b a a a -
a . B a l , a ba i i i li a a k-
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#include <stdio.h>
int main(int argc, char* argv[argc + 1]) {
#pragma omp parallel
{

#pragma omp single nowait
for (size_t i = 0; i < 8; ++i) {

#pragma omp task
printf("task: %zu\n", i);

}
#pragma omp taskwait

}
return 0;

}

Li i . – E a l O T Ta k C . O a ill a
a k . T a ill a i i i a k a i taskwait
i .

a i : a ill ai il all a a a
.

Ba i a al b la a i a a all l i i barrier

i nowait la ( i a l ). I i
ibili a a i nowait la

a i a a ( a a -
a , i i ).

T l l l i lib a al i li i l k a -
i i . T l k b la a omp_lock_t a a i la
i la i al omp_init_lock(), omp_destroy_lock(), omp_set_lock()

a omp_unset_lock()



C . S



C a

R la W k

S al i i al a i al bli a i a al a b i
C a a . S i . l al a i . S i .

a a i a all li a i . S i . i i li a all l-
i .

. C G a i A Af i C lO a
Mi i i i l a i a i a i i al i l -
al a i al i . T al a i a i al a b

i : i a i i f i i i i l
a , a i i l f i i .

C a i i l al l a i i al k
b A a I i i [ ]. I li F i -M ki [ , ] ai - i
li i a i i a a a a i i i a a a

l: F i -M ki ’ a iabl li i a i a a l i a -
b i ali i . L F [ ] i i i i l

[ ] a ai .
K ll al. [ ] a al l a if

a i a b a a . T i i a
l l i li a i a a l li i a -

a i i al . I i i l i O a lib a [ ]. T i
lib a li O a [ ] a i F i -M ki
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i a a i a i b a -
a . C i K ll al.’ i C G + [ ]. L

a i b a a i ai i i i a i i
a a li a i . G a i if a a i li i b
a i ai i a i a i i i i

a b il i if-then-else .
W l, L a a G i bl [ , ] al i a bi a af i -

l b a i a a a a a i a
i l a l .
T a il a i al i L V [ ]’

al i i li al a i l a a i -
a ai . Pa i k i l i P l lib [ ].

T i k a b Q ill , Raj a a Wil [ ]’ al i .
T a i al i a i l a b -
j i l a i i a a a i

j i i i j i l a. T i a i l a
i a i i l ( i i a i l -
l ) a iall i l . Ba l [ ]
a i al i a i i a li i
l i : i a i a l a a a i al la i ( i -

a , i l a a b i i al al a i j i ) a
ba k l a i l a. Va ila al. [ ] i -

al i i a i i al l a al i .
I al a a b i if i i al i i , a a -
i a al AST a l i i al a

a a ai . M l i i a i a
bi a i l lli a i - i i . T CL G [ , ] l i -
a a i i i a a a .

G al. [ ] a al i a
l i i , i a i l a

a a i a a i a all i a a
a i l b a a l , . ., i la a i abl

l a a a ial/ ll il . T i l [ ] lib a a i i iall l
b i CL G (i la P l Lib) a i l i -



. . S R

a i i ( i al ) a ll a al i
b G al. [ ].

R a a a a a al. [ ]’ a a i ba i i l -
, i. . l a ai ll il i i , i i i

ll a a ial il i a a l b . T i
a -l l a a i ili a i

l i-l l a a i il [ , ].
S i i ili i a i l a a ll il i

al ibl i R i Lab ’ R-S a C il [ ].
S k a b a l i i FPGA .

F i a , Z al. [ ] a i l a a a i a -
i li l i al l b i . Alia a

Pl [ ] a i a i a i af i i l
i FPGA i li . T l al a i i
i -l l i .

T i ba Q ill al.’ al i a b l i a
b l al li i ( C a ). I a i b a a-
i l l l i l al lib a i li (

li ) l a a l a i bl . I la i a
ll il a i a a i a i i bl .

. S i a i R i
A i i i a a all i a a a b i a
l . H , i i i ila i i i
k l a all li a i . La [ ] a i a al-

l li l i . I l l a i a i a a i
la i a l .

All a K [ ] a a all li a i al i a -
l a i

ab i l i ib i a a a all l l . W l a La ’
l l a all li a i al i a i i a i

a b l a a i , k a i la a a i ,
a a all li [ ]. T i al i a al l i i -
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a all li a i af i a a i a a -
b F a i [ , ]. Li a La [ , ] F a i ’ k
a a all l l . L i al. [ ] a l

a a i a i i ib a k a all li a i . I a
l i l i a i a i l i a a i a i i i -

i a i . B la al. [ , ] l P l , a a -
a i a all li a a a-l ali i i . T i i
a i i -l l il a Pl [ ], R-S a [ ] TRACO[ ],

a al i l -l l il a GCC [ ], LLVM [ ] IBM XL [ ].
M i a a all l l i a i li i ba i

i a i a a a all l l , a omp parallel

for O MP [ ]. F al i a i a
i a i . ., All -K [ ] a Li -La [ ].

O i ( C a ) i a i i ia ba i
li i b l i : -

a l b a i a . I ak a i a i -
i a ( i i al l al a i ) a

i i i b b il i a i a all l i i i i i -
a a i i i a i .
S i a i ba i la a i i a i a b b-

j a k . Aik a Ga [ ] a SPMD (S P ,M
D ) a . T a k -
a ’ i a i a a la a a ak i -

a i li i a a i k. O’B l a S ö [ ]
a a -ba a a i all b i -

i a i a i a . Da a S ib [ ] a
al i i li a i ba i i i i a i a all l l l .
C al. [ ] i k-j i a SPMD a i . T i
a a ak a i a k-j i a a l a i
SPMD a . T [ ] l i a bi i -

k-j i a SPMD a i l i -
a i a . S ial a a b a a il
a all l i a b il b a a SPMD a . Ba i a li -

i a i i a i a al i . F a i , Vi la a K li [ ]
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af i a l k , i li i i -
a i , X a . Z a al. al a i i -

a k a i a [ ] i a k- a all l a .
All bli a i i i i a i a . O
k i a i i i a k-j i .

. Pi li M l i a i
E i k a b a i li i . T i i ial i a b -
i a i li i Pa l a Da i [ ]. T -

la a i a i lli i b i i
. Ra a Gla [ ] i i iall i M S [ ].

T i M I I a a -
l i . T i a iali a a ( P l li

A i ) i i a i li i i i . S a i li -
i a i b La [ ] i i i a -

i i a b i l i l i (i if
i a i ) a a iabl i a l . T i i i iali
a a a a a li abl VLIW a i . Ni a Ga [ ] -

a a i li i a ak i a b i -
i li a i all a i i a i i a

a a a . Ra [ , ] a i a i l li al-
i i a - i al l i . F a i [ ] a

ai l b a li a ali i a l b ,
i a , i af i li al i [ , ]. I a b Fi -

l a Müll [ ] bi , i a li , i -
i a i a a a i i i ia i i al.

T a al b a l a i l -l l i li
a i [ , , ], all ba k [ ,

]. T ai a a a a i a i a
a i a f i i la a k a i i a i

a a . T i a l a i a l i a al
i lik O MP b a i i all i i i

a a li i i .



C . R W

P i k i i li i a a -
all li i O MP. G àl al. [ , ] a i a
all i li i i - - i i a i . A i ila b a-
i a b a ai i i O MP i task

a depend la . Ba i al. [ ] a la a i
i li i O MP i . Ea i li a i l i a i -
i i l i i la i a O MP i . Va iabl a a i -

b l i l a a a i i li a iabl i a a
a i i FIFO b f . Sbî l a al. [ ] a all li a l -
i O MP ordered a la . T i a a i i

iali i : a a i a Da a-Fl G a La -
a a i a i i b i . C a a -

a i al. [ ]’ a k a l O MP tasks a ordered .
I a a al a a a O MP a a li-
i l a all l. T a k a k i -
i i i . P al. [ ] O S a a a i O MP.
I a a i a l i i li a all li b i i

a i a a a a all li i i .
Ra a al. [ ] i i l i a -

a i li a i bl ki a i al
a i . Li al. [ ] a i li i O MP
i a k . H , i k a a a i a all li a-

i i li SC P . N l , all k i i a
i a all l la a all i i l a a all li a -

i a i i i l i i i .
O i li l i a i ( C a ) l a

a i li i ial l ill ai a i -
i . A a i k, i a a

li i l a all l a , a a a a i l a a i -
SC P : i a i a la i i i l al AST, i a

a b a i l SC P b a a a i i i .



C a

R i Af i L N
C l O a

C a i i l al ila i a k
i a a a i i i l a [ ,

]. T l a a i all l a a a l i i -
a i i ak i i a a i a a i a -

. A a a i a ibl a i i
l a, i i l i a a a f i i a i

l a i ai i i a i abl b
l al il .

O i a a a i l a
i a a a a ll i i a
a i l i a a i k a i i a i
a a b l i a i ai [ ]. T i a a l

i all i a i a b a
a l a . T a - - -a a i al i

(al k a QRWal i ) a i b Q ill , Raj a a
Wil [ ] a b a i b k i

ali a [ , , , ]. Al i a i a-
i l a i li b ll , l l b
a ai i i al a a i a a

i i l a .
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I i a , a i i al i -
l a i l b b li i l a. T

i a i li l a i a i a i i l l -
a i a b i i a a i l a [ ]. T i

a b i i all ali i ai al a
a i i . W ill ali i ai li l
l a i i i l l a.
T i a i a i a ll . S i . a a i -

a i a l l a al. T a l a
li i i , QRW [ ] a i al i i
all i S i . il S i . a b i-

i a a i l a a i i . P l a li i
l i a b i i i all lai i S i . .

E i al l a ail i S i . . T li i i
a ibl l i a i i S i . b S i . -
l i a .

. M i a i

I l al ila i , a i l a b -
b a i al i l a a l a a

i i . C a i l a il a i la i
l a i aki i a i a a l l

a i i l i l al lib a . H , i
if i l a — i a a i all i al — a

l a a i if . F i a , a i l
a b a la i a i i i l a il a

al a i i l a l a l li —
l- i — .

C i i a i ai P0:

P0(N, M) =











i

j



 ∈ Q2

∣

∣

∣

∣

∣

∣

0 ≤ i ≤ N,

0 ≤ j ≤M







( . )
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T i i a i ai i l l i Fi -
. i a S1 i a a N a

M ( i N > M ).

for (int i=0 ; i<=N ; i++)
for (int j=0 ; j<=M ; j++)
S1(i,j);

(a) L N T a S a P0.
i

j
M

N

(b) D R a i O P0.

Fi . – Si l L N D i B E a i . . Ea i a i
i a a a i l l a a i l b : l
a a N ×M a l .

I a i a i i l ali a a a b a
S1 all i a all l i i l a b a i b k -
i i l . T i li i i l b
i a l al a al l P0 l b :





i

j



 7→





c1

c2



 =





i + j

j



 ( . )

A l i a i a a i l P0 l
l i l P1 a i i Fi . a a all -

ib i E a i . .

P1(N, M) =



































































c1

c2



 ∈ Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1,

c1 ≤ N + M,

0 ≤ c2,

c1−N ≤ c2,

c2 ≤M,

c2 ≤ c1































































( . )

N i max() a min(), i a a
i a c2 a l b ai (0 ≤ c2 a c1−N ≤ c2) a

b ai (c2 ≤ M a c2 ≤ c1). T a i i al
a i i l a i l b a i b i -
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M

M N N +M

(a) Sk I a i D ai

for (c1=0;c1<=N+M;c1++)
for

(c2=max(0,c1-N);c2<=min(M,c1);c2++)→֒

S1((c1-c2),c2);

(b) G a C P l P1

Fi . – Sk L N R b E a i . . T a -
a i E a i . a b a li l P0, f -

i l a i i a l i a a all l a . I a c2 a
l l b : a i i a all l a i min() a max()

al la i .

i a “b ” i al i l a k i a i ai .
O al i a l a i “b ” a i b

a i a . T k i a i i li
l i al a , a a i l a a i l l a a i l

b ai , a i Fi . .

i

j
M

M N N +M

(a) S li I a i D ai

for (c1=0;c1<=M;c1++)
for (c2=0;c2<=c1;c2++)
S1((c1-c2),c2);

for (c1=M+1;c1<=N-1;c1++)
for (c2=0;c2<=M;c2++)
S1((c1-c2),c2);

for (c1=N;c1<=N+M;c1++)
for (c2=c1-N;c2<=M;c2++)

S1((c1-c2),c2);

(b) N G a C

Fi . – S li Al a i T T Sk L N F Fi . .
T a all l a a b li i ia l a a l . T
l a i l i a i a a l l a l

b ai : a i a a b i -
i l max() min() al la i a i a l .

T a i li i i a a l a i l a l
b , l i [ ] i i lai
i S i . . T a li l P1 i
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ai i Fi . a.
T a illa a ( k l Fi . b) a

li a ( li l Fi . b) il i a a-
al N = 10, 000, 000 a M = 1, 024 a a I l

X CPU E a . GH . S al il a ila i i
. S a S a i a a i a i i
a a bi a a a :

A[c1%10][c2] += counter++;

Tabl . i i a i i i
. . T l i ( l ) li l

a illa l . Wi i -O3 -march=native, a i -
i a i b a illa a li l . H , a i

a b i i a illa i a li l
i a , l i i b a ( . ).

Tabl . – E i Ti a S

i a illa li
-O . . .
-O . . .
-O . . .
-O - a = a i . . .

T i i i . a i i Tabl . I
a li i l i i i a i i i

-00 a li i i a i l a a illa i .
H , i i -O2 a -O3 -march=native, i i all l

i b i . S l i i i
l . Wi -O3 -march=native, a . i

a l .
Tabl . i i a il -

i la . . I l i a illa l a li l
i a l a a i a . i i

-O3 -march=native.
W a l i i a a i a i all a i a a a .
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Tabl . – i E i Ti a S

i i a illa li
-O . . .
-O . . .
-O . . .
-O - a = a i . . .

Tabl . – la E i Ti a S .

la i a illa li
-O . . .
-O . . .
-O . . .
-O - a = a i . . .

T i i i l a l ibi i a ia i a
i il , ila i i a l a li -

i i . L l a a l a i i i a a
b i a a al ai il i abli i i a i a k

a i l a . Si i i a a b i a
a l l a . O i a a i i -

l l i lai i S i . . B a , a i i b il
i i k, S i ail l al a i a

a b i i .

. E QRWC G a i
T a - - -a Q ill , Raj a a Wil [ ]’ (QRW) -
a i al i a l a a i i i
l a b i l i a l a i i . A a i-

i , a i j i l a i . T a i i
i l a a l i b . T a l

i l i a a - ll a a — i i i i a-
i i a i ai b i a a — a
a la i . O a , a l i l l b
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ai ai a l a al la i . T i i
a b a a la i li i a a l l i .

Al i , a i l i CL G, ib Ba l [ ]’ i
QRW a i al i . I i a i i

a i l i , abl b i l i li i ,
b if a b a i a ,

i a i a .
I i a i al i al i i , (d = 1)

i (d = n). I ak a i a l li , a a
i . F a i l l l d, S i i

i l a i . T l a a j
d i i a S . S a S a a

l a i a li i j i l a. T i li b ai
i a a S a l l d: a

b ai , l b a i a a S (a)
i l a a ill b a i b ai . S (b)

i l a (i ibl ) k a . T i -
i i a l b l i

a i i i a i al i a l i -
i i a S ( ). S a S i b i

a a i l a a a a b a a
i i b i i i i al l a.

Exa e . Fi . i a a l a i . T i
l li ai l aS1 a S2 a S1 a S2.

S al i i i Fi . a l a a i -
i . Fi . b a S S (a)

al i : l a a j i i i , a a
i i j i l a a l b a i a . Fi -

. ill a i i i i i a S (b) a
( ). T i a l i l a b S a S .

N a — i Fi ak i li i — l a
l li i a a a al i a all a a i l a

S1(~p) a S2(~p) i a a a a i a a .



C . R

Al i : E QRWC G a i
i : T := l li

[

TS1
, . . . , TSn

]

C :=: ( ai a a a
l b )

d :=: i i
:L :=: li l

[

L1, . . . ,Lm

]

, a l
Li = (Di, si,Bi) i a - l Di i l
b a i i l , si i i l a Bi i

b l a a li
l

F i CodeGeneration(T, C, d)
S /* Intersect the polyhedra with the context */

TC ←
[

TCi

∣

∣

∣ TCi
= TSi

∩ C, TSi
∈ T

]

;

S P ← li j i TCi
∈ TC d

i i ;
S D ← a a P i a li i j i l a;
S /* Build L from the polyhedra of D in lexicographical

order */

L←
[

(Di,∅,∅)
∣

∣

∣Di ∈ D ∧ Dj < Dk ∀ j < k
]

;

S a (D, s,B) = L ∈ L
(a) i a l b l L

a l l d, i i i l a
TSp

, ..., TSq
b i l a i i s;

(b) T ′ ← li l a a TSp
, ..., TSq

b
i a ja l a a i a

a i i l b ai ;
( ) B = CodeGeneration(T ′, C ∩ D, d + 1) ;

S a (D, s,B) ∈ L
/* Remove dead code and empty polyhedra */

A l B;

S /* Reduce code size */

l a a ja l a i L;
S L;
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S S ,S S

S

S ,S

S

j

i
A B C

D

E

F
Context :

{

0 ≤ A < B < C

0 ≤ D < E < F

}

S1(B, E) =

{

(i, j) ∈ Z2

∣

∣

∣

∣

0 ≤ i ≤ B

0 ≤ j ≤ E

}

S2(A, C, D, F ) =

{

(i, j) ∈ Z2

∣

∣

∣

∣

A ≤ i ≤ C

D ≤ j ≤ F

}

(a) S : I i O T P l aWi T C . T i a i ai
S1 i i bl il i a i ai S2 i i

a i a i ai la a i l .

S

S

S

S

S ,S

S ,S

i
A B C

j

D

E

F
for (i = 0; i <= A-1; ++i)
/* S1 */

for (i = A; i <= B; ++i) {
/* S1 and S2 */

}
for (i = B+1; i <= C; ++i)
/* S2 */

(b) S T S (a): P j i A S a a i O T Fi Di i D -
ai 0 ≤ i < A a B < i ≤ C ai i S1 S2

i l a a S1 a S2 la i A ≤ i ≤ B

ai .

S

S

S

S

S ,S

S ,S

j

D

E

F

i
A B C

for (i = 0; i <= A-1; ++i)
for (j = 0; j <= E; ++j)

S1(i, j);
for (i = A; i <= B; ++i) {
for (j = 0; j <= D-1; ++j)

S1(i, j);
for (j = D; j <= E; ++j) {

S1(i, j);
S2(i, j);

}
for (j = E+1; j <= F; ++j)

S2(i, j);
}
for (i = B+1; i <= C; ++i)
for (j = D; j <= F; ++j)

S2(i, j);

( ) S (b) T S ( ): R i O T S Di i T i a i
ai i a a A ≤ i ≤ B i i i a S1 a

S2 la a i la .

Fi . – Si l E i E a l O T E QRWAl i .
N a S a S a f i a i la a l .
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. C a b D i i
T a b a a a i l i ai a a-

a i a a b i a i l af i i
i a a i l , , i al l , a a a -

i l a i l ( i i ) af i b .
L a Wil [ ] a al i i a -

b a a a i l P . T i a i i a a a i
l i i d i m a a a bi a P ′

i a a a a a i m- a i bi
a . T m- a a a a i i a

i ali i ai i a a b a a i
l .
C a b i i a d- l a a i i m a a -

i :

. Fi i m- a bi l ( S b i . . ).

. C i li ( a a i , ali i ai ) l
( S b i . . ).

. S a a i ali i ai i i j ai ( S b -
i . . ).

W ill i i i S i . b i
a b a li l i i i i l a:

l i i b a il i a a i i al a a .
A a i a l al i i , ill a a i 2-

l D0(p) ill a i Fi . . I i i b E a i .
il a D a i bi l D′

0 i i i Fi -
. b. Tabl . ai i 1- a , a a i i

a ali i ai .



. . C

D0(p) =























(i, j) ∈ Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

i ≥ 0

i ≤ p− j

j ≥ 0

j ≤ 10























=



















(

i

j

)

∣

∣

∣

∣

∣

∣

∣

∣

∣











1 0 0 0
−1 −1 1 0

0 1 0 0
0 −1 0 10





















i

j

p

1











≥ ~0



















( . )

R0 =











0 0 1
1 0 1
0 0 0
0 10 10











( . ) I0 =











1 0 1 1
0 1 1 1
1 1 1 0
1 1 0 1











( . )

(a) P l D0(p), C i Ra R0 A I i Ma i I0.

0
i

j
p

(b) DR a i O C bi P l D′
0. T bi l -

D′
0 i a i l . T i k l li a i 1- a . I -

a D0 a ia l p ≤ 10 a a ila al a a
p > 10. F a l ,D0(p = 10) i a i bl a a i :
(

0
0

)

,
(

p

0

)

a
(

0
p

)

. D0(p = 30) i a i a a i :
(

0
0

)

,
(

p

0

)

,
(

0
10

)

a
(

p− 10
10

)

.

Fi . – R i E a l P l D0(p) F S i . S -
i . . ill lai i 1- a bi l D′

0

a S i . . ill ail - a ali i
ai a a a i i l D0(p).
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. . Fi i T k- a O A P l
A k- l F i a k- a a d- l P i a l i :

• i a a a l a (d − k) ali i a i ali i , i l i all
ali i

• i ai k + 1 i li , a a i

Al i ib i k- a a d- l P i i
i i a i . T k- a i i l b i -
i all (d− k) bi a i ai i l . I

a i a i i i i a ab , i i a k- a . T al-
i b a ai a al a b i -
i a i li a .

Al i : Fi i k- a O A d- l
i : P := d- l

I := i i a i P
k := k- a i i
:L := li k- a

L← ∅;
C ← all (d− k) bi a i ai P ;

a Ci ∈ C
S ← I ∩ Ci;
n← b al al 1 i S;
i n ≥ k + 1 S

i N S
L← L ∪ Ci;

I a b i i , i al i i i m- a (m
i b a a ) a i a a i l .

F a l , D′
0 i a 3- l . I i bi l

a a i l D0(p).
W a li D′

0, i al i i - a a i k
l li i Fi . b.



. . C

. . Fi i T V i A Vali i D ai
O m- a a , i i a ali i ai
a b a ail i Al i i ba m- a .
T ba B i li ali a a m- a F a i b il b aki m + 1

i l a F .
T a a i i a i BD · B

−1
P ( BP a

BD a i i k- a ’ ba B a a i a )
il ali i ai i j i F a a a .

Al i : Fi i V i A Vali i D ai
i :F := li m- a a i l

:L := li ( i , ali i ai ) l
L← ∅;

a Fi ∈ F
B ← ba Fi;
BP ← m + 1 la li B;
BD ← n i li a la li B;
i BP

T ← BD · B
−1
P ;

V ← j i F a a a ;
L ← L ∪ (T ,V);

. . Di j Vali i D ai
T ali i ai i ib i S i . . a

la il i i i abl i a a i i π(D′) bi l -
. O a i a i i li ali i ai

i i l la i a i ai a a
ai i i .
Al i ail i . T al i i a ai

i li . Ea ai i i i ai i -
li . I ai la , a a a i a :

i i a ai b ai . T a a a a



C . R

k i li il ai l i
ai ill b k a ai ai i li . O

l li a b k , ai l -
i ai , i i i , i a li .

Al i : Di j Vali i D ai
i :L := li ( ai , a a i i ) l

m := a a b
: P := li ( ai , li a a i i ) l

P ← ∅;
a (D,V) ∈ L
P ′ ← ∅;
remainder ← D;

a (D′, V ′) ∈ P
i dim(D ∩D′) = m

intersection← (D′ ∩ remainder, V ′ ∪ {V});
difference← (D′\ remainder, V ′);
remainder ← (D\ remainder, {V});
P ′ ← P ′ ∪ {intersection} ∪ {difference};
i dim(remainder) = m

P ′ = P ′ ∪ {remainder};

l
P ′ ← P ′ ∪ {D};

P ← P ′;

Tabl . i a ali i ai a l -
i Al i a Al i D.

. S li i l a
O al i l a i a b li i l -

a a S QRWAl i i a b i i
a a i l a. T a a i l a a i a a-

i l a b a , a a i i i , i a



. . S

Tabl . – 1- a A C i Ba , Pa a i V i A
Vali i D ai F D(p).

- a ba ai

F1 =











(i, j, p) ∈ Q3

∣

∣

∣

∣

∣

∣

∣

i = 0

j = p

0 ≤ p ≤ 10











B1 =









0 0
0 10
0 10
1 1









(

0

p

)

0 ≤ p ≤ 10

F2 =











(i, j, p) ∈ Q3

∣

∣

∣

∣

∣

∣

∣

i = 0

j = 10

p ≥ 10











B2 =









0 0
0 10
1 10
0 1









(

0

10

)

p ≥ 10

F3 =











(i, j, p) ∈ Q3

∣

∣

∣

∣

∣

∣

∣

i = p− 10

j = 10

p ≥ 10











B3 =









1 0
0 10
1 10
0 1









(

p− 10

10

)

p ≥ 10

F4 =











(i, j, p) ∈ Q3

∣

∣

∣

∣

∣

∣

∣

i = 0

j = 0

p ≥ 0











B4 =









0 0
0 0
1 0
0 1









(

0

0

)

p ≥ 0

F5 =











(i, j, p) ∈ Q3

∣

∣

∣

∣

∣

∣

∣

i = p

j = 0

p ≥ 0











B5 =









1 0
0 0
1 0
0 1









(

p

0

)

p ≥ 0

a i a a a . I i li a ai ,
i b ai i i a i a l -

i : i b a i l ( i i -) af i i
a a a l i i . A a i l l l, a a i l -

i b il ai b a , b aki a a a
a a a , l i i a l i . T i

a a i l i a l i l a ill b a
b i l . B i i a b , ai i

a a a i i i l i .
Al i lai li l a a a i l l l d. T i
l a S Al i . Fi , i l a

a i i i d i a a a a . T
a b i i i i l i . T
a a i i a i a a i a -

b a a i a a a i i al l .
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Al i : P l a S li i
i :D := i l

K :=
d := l l
:L := li l a

S D′ ← l D i a
i i d a i a a a ;

K′ ← i ai K a
ai i a D;

S C ← a b D′ a K′;
S R← a a a a i a i all Ci ∈ C ;
S P ← i a b i i i al ai ;

Fi all , i i al l i li : i i i i
a b .

Exa e . L a b l P1 S -
i . . T l Pc1 S al i (i a

c1 i i a a a a ):

Pc1(N, M, c1) =



































(c2) ∈ Z

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c2

c1−N ≤ c2

c2 ≤ c1

c2 ≤M



































( . )

T a b C1 C3 a a S :

C1 = {(N, M, c1) ∈ Q3| 0 ≤ c1 ≤M} ( . )
C2 = {(N, M, c1) ∈ Q3|M + 1 ≤ c1 ≤ N − 1} ( . )
C3 = {(N, M, c1) ∈ Q3|N ≤ c1 ≤ N + M} ( . )



. . S

S a b i a ia l a R′
1 R′

3:

R′
1(N, M) = {(c1, c2) ∈ Q2| 0 ≤ c1 ≤M} ( . )
R′

2(N, M) = {(c1, c2) ∈ Q2|M + 1 ≤ c1 ≤ N − 1} ( . )
R′

3(N, M) = {(c1, c2) ∈ Q2|N ≤ c1 ≤ N + M} ( . )

Fi all , a i i i i al l P0 a S
l aP1,0 P1,2 a i Fi . :

P1,0(N, M) =







(c1, c2) ∈ Z2

∣

∣

∣

∣

∣

∣

0 ≤ c1 ≤M

0 ≤ c2 ≤ c1







( . )

P1,1(N, M) =







(c1, c2) ∈ Z2

∣

∣

∣

∣

∣

∣

M + 1 ≤ c1 ≤ N − 1

0 ≤ c2 ≤M







( . )

P1,2(N, M) =







(c1, c2) ∈ Z2

∣

∣

∣

∣

∣

∣

N ≤ c1 ≤ N + M

c1−N ≤ c2 ≤M







( . )

i

j
M

M N N +M

Fi . – D R a i P l aP1,0,P1,1 a P1,2

Exa e . L i a l a l : i a i a -
ai P1 i il i a il . W ill a i i al -
i li l aki a ial il ll . O al i
l li l i ll i a . T i i al i a i ai

i :

D(N, M) =



























































t1

t2

c1

c2

















∈ Z4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1 ≤ N + M,

0 ≤ c2 ≤ c1,

c1−N ≤ c2 ≤M,

8 ∗ t1 ≤ c1 < 8 ∗ t1 + 8,

8 ∗ t2 ≤ c2 < 8 ∗ t2 + 8
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T i li i i t1 i b i a a i l -
D′(N, M, t1) ∈ Z3 a i a ai : t1 a ak

i i i l a i a a a a . T a i
a b i i a a i l , i ai i i i ,
i i Fi . a i al a li b l a i .

j

c1

M

Fi . – Til V i P l P1

T i a b i : C1 = {(t1) ∈ Z | 0 ≤ t1, 8 ∗ t1 ≤ M −

7}. R i i al i , a t2 i i : ll i
a a i l ill b a i i i a b :

D(N, M, t1, t2) =























c1

c2



 ∈ Z2

∣

∣

∣

∣

∣

∣

∣

∣

∣

( a ai , a )
0 ≤ t1,

8 ∗ t1 ≤M − 7



















C i a b i a a i l , b ai a -
, l a ai i l il ( a k i

i ) a a ial il i ia l ( a i
i ):

C1 = {(N, M, t1, t2) ∈ Z3 | 0 ≤ t2, 8 ∗ t2 ≤ 8 ∗ t1− 7}

C2 = {(N, M, t1, t2) ∈ Z3 | 8 ∗ t1− 7 < 8 ∗ t2 ≤ t1}

T a a i a b t1 i i .
A al i , b ai if il a b i a
b if l b i . T i i al CL G i ( Li i . ) i
li l , i i a i li i li b

min() max() al la i ( A i A. . i A i ).



. . E

for (t1=0;t1<=floord(N+M,8);t1++) {
for (t2=max(0,ceild(8*t1-N-7,8));

t2<=min(floord(M,8),t1);t2++) {→֒

for (c1=8*t1; c1<=min(min(N+M,8*t1+7),8*t2+N+7);c1++) {
for (c2=max(8*t2,c1-N); c2<=min(min(M,c1),8*t2+7);c2++) {

S1((c1-c2),c2);
}

}
}

}

Li i . – E QRWG a C

. E i al R l
W i l li i al i i CL G/P l Lib . . , i

P l Lib b i a b i i a i . T
b a k il i gcc i . . , icc i . . a
clang i . . , i f a : i i i a i (-O0) a i -
i i a i (-O3 -march =native). T a a i i a . GH I -
l X E - , i li . . All a -
iall a i l . All a CL G’ i a a a -
a i time a . T P l B a
a i i i .

. . CL G’ i

W a a i b a k a il a a i i
CL G i ib i . N i a ili . T
a b i if ai li CL G .

A a b i Fi . , l i i i all bi , i
a i a ( ) . , a a a i . a

a CL G. T l a i i l a i
, i a a . .

T i i a a ,
b i i a la il i all a . A a -



C . R

D- li .
D- il - li .

D- li .
all
l k
i ia
la

a _l _
a

l i - - -
li -la
li -la

li ali - - -
li -

237.5
3,853.57

938.46
3,882.35

146.97
187.5
157
103.28
134.38
171.43
108.33
585.71
231.25
100

1,917.39

l
l

-i
l
l

a al_ba i
a al_ a i

i - -
i - -

l i- -
l_ l

la
QR

ill
i ali

211.11
181.82
108.72
140
140
380
516.67
500
377.78
166.67
255.56
181.82
438.01
100
160

i ali
a
a l

i / l k
i /QR

ili
a ila
i i
i i

a
b
b

280
380
200
309.38
138.79

6,445.71

100
1,342.86

130.77
154.49
235.05
571.43
200
380
210

Fi . : O C Si Ra i I % O CL G’ T S i

l i i Tabl . . T i l b -
a k a i b li i ; ll i ,
b a k a a . I a l ,

a i a b a k , a -
i / l , a a . T la l

al a .

Tabl . –O i O T S F T CL G E a l .

> < a
il % a a % i a

gcc -O0 . . . . .
icc -O0 . . . . . . .
clang -O0 . . . . . . .
gcc -O3 . . . . . . .
icc -O3 . . . . . . .
clang -O3 . . . . . . .

F ll l i i -O0 a -O3 -march=native a i i Fi -
. a Fi . .
O all, a i a a a i . T a

i b a k i ab a a



. . E

D- li

D- il - li

D- li

all

l k

i ia

la

a _l _

a

l i - - -

li -la

li -la

li ali - - -

li -

1.13

1.08

1.17

1.04

0.99

0.98

1.01

0.99

0.98

1.02

1

0.96

1

1

0.97

1.17

1.57

1.18

1.14

1

1.04

1.02

0.99

1.04

1

0.99

0.99

1.19

1

1.2

1

1.01

1

1

1

0.99

1

1.01

1.01

1

0.99

1.01

1.01

1.01

0.99

l

l

l

l

a al_ba i

a al_ a i

-i

i - -

i - -

l i- -

l_ l

la

i ali

i ali

QR

1.08

1.08

0.99

0.97

1.02

1

1.02

1.06

1.06

1.01

1.14

0.97

1.03

0.97

0.99

1.16

1.17

1.23

1.18

1.17

1.85

1.07

1.4

1.46

1

1.7

1.01

1

1.2

1.01

1.02

1.02

0.99

1.01

0.99

1.04

0.98

1

1.01

0.98

1.21

1

1.02

1.02

0.97

i . . la . . . .

ill

a

a l

i / l k

i /QR

ili

a ila

i i

i i

a

b

b

1

1.01

1.18

0.99

0.99

1.02

1

1.34

1.09

1

0.98

1.08

1.04

1.01

0.81

1.03

1.15

1.18

0.99

1.01

0.5

1.03

1.96

1.01

0.98

1

1.16

1.13

1.15

1.01

1

0.99

1.01

1

1

1

1

1.04

0.99

1

1.02

1.03

1.04

1

1.01

Fi . : S O CL G’ T S i Wi -O0.

a b a k . T if i a i -
il i i a i b a i : i -O0 all l i a -

i a , il i i i li i b il i -O3.
H , al al a i l al a i
i i a : al i a , i a

l a a li . P a a i -
la .
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D- li

D- il - li

D- li

all

l k

i ia

la

a _l _

a

l i - - -

li -la

li -la

li ali - - -

li -

0.97

1.01

1.05

1.07

1.04

0.99

1.04

0.98

1.05

1.01

1.02

1

0.96

1.01

1.03

1.16

1.16

1.12

1.01

0.99

1.14

1.01

0.91

0.99

1

1.01

1

1.12

1.01

0.97

1

0.98

1.01

1

1.03

1.02

1.01

1.05

1.02

1

0.98

0.99

1.02

0.98

1.05

l

l

l

l

a al_ba i

a al_ a i

-i

i - -

i - -

l i- -

l_ l

la

i ali

i ali

QR

1

0.98

0.98

1.03

0.99

0.99

1.03

1.06

1

1.01

1.01

0.98

1

0.98

1.02

1.05

1.14

1.13

1.08

0.99

0.98

1.01

1.15

1.1

1

1

1

0.98

1.13

0.66

1.01

0.99

1.01

1.01

1.01

1.01

0.96

0.98

0.99

0.98

1.02

0.99

1.01

1

0.98

i . . la . . . .

ill

a

a l

i / l k

i /QR

ili

a ila

i i

i i

a

b

b

0.99

0.91

0.96

0.95

0.99

0.97

1

1.05

0.98

1.02

1.03

1.03

0.99

0.98

1.06

0.99

0.98

1.17

1.01

0.99

1

1

1.1

1.03

1

1

1.17

1.15

0.99

1

1

1.01

0.98

1

1

0.99

1.01

0.89

0.97

1.02

1.11

1.05

1.02

1.03

1.02

Fi . : S O CL G’ T S i Wi -O3.

. . P l B

W a a li a -al b a a il a l P l B .
i . W PL . . i ili (--tile), a l i

CL G a . T l a i
b CL G a i . T i l a i i Tabl .

il l l a i Fi . a Fi . .



. . P S F D

Tabl . – O i P l b

> < a
il % a a % i a
-O . . . . . . .

i -O . . . . . . .
la -O . . . . . . .

-O . . . . . . .
i -O . . . . . . .
la -O . . . . . . .

T l i i b a i . Wi a la ,
li i a a a a , . , i a a a . all

b a k -O3. H , i a i -O3

b i i al i a a : a
i . i i a . T i i babl i ’ li a al b a a

il a i i al i i a i i i a-
i a i f i a i .

. P i S li i Fi D i i

W a a a li i i j i l -
a, a i l b i l , i

bj i i l a a a ili a i i a i
il . E i al l a al i a i i i a l i -

ali a , l li i i al a b -
i ial. I l a a i i a l i a

a il a a li i .
W a i i a l i l ai b i a l :
i i b i i , b -

ai , i a i ai i , b li ,
i , i li i a l i a . W

abl i a i i i la i b a a i i
a i al a . B a l a i i i i a i



C . R

i

bi

a a

-

ja bi-

i l-

ja bi-

0.93

1.05

1.07

1.13

1.03

1.1

1.1

1.09

1.04

0.99

1

1.37

1.09

1.19

1.14

1.21

1.09

1.01

0.99

0.99

0.96

1.47

1.03

1.05

1.16

1.04

1.1

1.02

1

0.99

i . . la . . . .

Fi . – S P l B T S i i -O0

i l , a a i a li i a l a
i a i l li l i i

il a l b li i a . I i l a i ,
a all li i al b li ai a a a

a a bi a i a i .
T ib i S i . i al a a li all

l a a all l l l . T i i ial b a i i a i -
a l S i . a a a al la i i -

a l a . A ai a i i a l
b i i ai a i i a i ai : i a b

a i a i l l i l ai , i a -
i a i i a i al la i . F i a , i l P0,
a i i ai b i a c2: c2 ≤ c1

a c2 ≤ M . I i a all ibl li P0 i a li l i a i a
ai : b a i ai b il -
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i

bi

a a

-

ja bi-

i l-

ja bi-

1.27

1.98

1.09

0.94

1.08

1.07

0.97

1.02

1.01

1.1

1.09

0.92

1.11

1

1.25

1.24

1.16

0.88

1

0.97

0.3

0.94

0.78

0.83

0.97

0.83

1.04

0.96

0.99

0.94

i . . la . . . .

Fi . – S P l B T S i i -O3 -march=native

ai 0 ≤ c1−M ⇔ c1 ≥M a i i i ai i c1 ≤M .
A i i ai P0 a l a:

P1−alt−0(N, M) =



















































































c1

c2



 ∈ Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1,

c1 ≤ N + M,

0 ≤ c2,

c1−N ≤ c2,

c2 ≤M,

c2 ≤ c1

c1 ≥M
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P1−alt−1(N, M) =



















































































c1

c2



 ∈ Q2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 ≤ c1,

c1 ≤ N + M,

0 ≤ c2,

c1−N ≤ c2,

c2 ≤M,

c2 ≤ c1

c1 ≤M















































































C l i i a a al li i i .
B a ab i i , i l a a ba i a

a i — alb i l al — i i l a
li i i . W a i i a a ba k

li i al i b i i li i i a li a i ai .
F k l a b il i i a a all

a i a il a i l i a .

. C l i
C a i l a il l l al a i , all i
b al- l al lib a i a a i i all i

a i . U i l a a a ibl a i
a a a a a i i i a l a i

a l a a l . O i i ial i a -
l a . T if a i i l ai a il ’ b
i i a i a , a , i ai i a abili i . A l al

a a a l a a ili a k a il .
H , a ? T i ai a i .



C a

R i S i a i
O a

S a - - -a l al a all li a l i i-
i a a all l a a a a a a all l l i l i a a -
all l i . T i i li a a a b a a a a
a all l l a i . S i a i ba i ill al b i a

l i b a i . T i i a i a a b
a . I , a a all l a l a i a i / -

i a all l i ibl a i a a -
l a l a ibl . W ill i i a a i

i a a i all .
W i a a all l b aki a a a

al a O MP a k a a — a —
b l al a all li i i li i ba i a a

a i a k i i i i a a [ , ]. O
ak a i a al a i i SC P a b l

i i i a i l a all l i . T i all i l
i a i a a i li i ba i a b li il

li i ba i a b la i . T i i a a i all
a k l al l a al i . W ill l i l-

l i O MP [ ] a la : parallel, for, single, nowait,
a barrier.
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O al i i i S i . i a a l a
i a i i l i a all l . S i . -

al a a i a i i i a a
i a all l i . Ba i li i li i la i i a a all l
i i lai i S i . . S i . i a j
b a a a i a all l i ba i a

b li li i l la . W a al i
a a P l B b a k i i S -

i . . Fi all , S i . l i a .

. M i a i E a l
W a a a a i a all li , a - - -a l al -
il P [ ] a l i- a a all l l a a -
a i O MP i i . Ea a all l l i b a O MP

omp parallel for i i . T i i l a i a l i l
a , . ., i i i l a all l l . H , f -

i a i a a a b i i l a : a
a a a ( i O MP i l a i

a a a a a a all l i ) a parallel

for a i a i li i i a i ba i a
a all l l .

L i ai a i a P l -
B i [ ]. T i i al i i i Li i . . I i a li a al b a
k l a i a a i a i i a a l i li a i .

Li i . a all li a i i b
P i . . ( i i --parallel. A a tmp i i i i iali
i a a all l l (li – ) a i i i a a all l
l (li – ). A a y i i i iali i a a all l l (li – ). T

l a a y (li - ). D a a-
i , P k l a all li i l (li

).
W a b b i i l i a

i l a all l i a i a i li i i a i
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for (i = 0; i < N; i++)
y[i] = 0;

for (i = 0; i < M; i++) {
tmp[i] = 0.0;
for (j = 0; j < N; j++)
tmp[i] += A[i][j] * x[j];

for (j = 0; j < N; j++)
y[j] += A[i][j] * tmp[i];

}

Li i . – A a : O i i al C A li a al b a k l i
y = AT (Ax).

a i Li i . . T omp parallel i i l l k -
l (li – a ). T a a a a , a i

a i . T schedule(static) a nowait la a
i a all l l . T i b i a

l (li – ) all a nowait la i l i
a a ill a a a a l a a tmp. T a

i i l i a all l l
(li – ): nowait la a b a all l l (li
). H la a b a a a l i
ail i S i . . O a , i i a a y

a i la l : i a -
all l l (li ) i a a i nowait la . I a i ,

nowait la i a la a all l l (li ) b a -
i i a i l (li ).
T i , i a a

i , a i i Tabl . . T ba li ( ) i i i

Tabl . – P a O T A x B a k

Da a P i R i a i i
i . .

la . .
ala . .
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#pragma omp parallel for
for (int t2 = 0; t2 <= M - 1; t2++)
tmp[t2] = 0.0;

if (N > = 1) {
#pragma omp parallel for
for (int t2 = 0; t2 <= M - 1; t2++)

for (int t3 = 0; t3 <= N - 1; t3++)
tmp[t2] += A[t2][t3] * x[t3]

}
#pragma omp parallel for
for (int t2 = 0; t2 <= N - 1; t2++)
y[t2] = 0;

if ((M >= 1) && (N >= 1)) {
for (int t2 = 0; t2 <= N + M - 2; t2++) {

#pragma omp parallel for
for (int t3 = max(0, t2 - M + 1); t3 <= min(t2, N -

1); t3++)→֒

y[t3] += A[t2 - t3][t3] * tmp[t2 - t3];
}

}

Li i . – A a : Pa all li A O i i C U i P ut V i
. . Ea a all l l i a a i a omp parallel for i i .

I la l , i l i a all li .

ial i . T i al la i a - I l , a
ib la i S i . . O i i a a . a a

P i . T i i ai l O MP a - a i a i
a i i i la a all l l i .

N i i al a all l i a-
i .

. Pa all l R i G a i
C a i i l al il a a i i
O MP a all l i a a all l l . T a a :

. a a l i i i a all l i a : a a
a i a a a l ,
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#pragma omp parallel
{
#pragma omp for schedule(static) nowait
for (int t2 = 0; t2 <= M - 1; t2++)
tmp[t2] = 0.0;

if (N >= 1) {
#pragma omp for schedule(static) nowait
for (int t2 = 0; t2 <= M - 1; t2++)
for (int t3 = 0; t3 <= N - 1; t3++)
tmp[t2] += A[t2][t3] * x[t3];

}
#pragma omp for
for (int t2 = 0; t2 <= N-1; t2++)

y[t2] = 0;
if ((M >= 1) && (N >= 1)) {
for (int t2 = 0; t2 <= N + M - 2; t2++) {
#pragma omp for
for (int t3 = max(0, t2 - M + 1); t3 <= min(t2,

N-1); t3++)→֒

y[t3] += A[t2 - t3][t3] * tmp[t2 - t3];
}

}
}

Li i . –A a : F O i i C W S S i a i
Ha B Li . A Li i . , a i a all l i -
a k l. T l a a a i omp for i i (i a
omp parallel for) a nowait i i a b a i

a all l l (li a ).

. a a i a a l b a
i i al i a all l i ,

. a l i i i a all l i : a
a a b a l .

M O MP i l a i a b l i a i
a : a a a b i l a i a b i -
l l a . N l , l a ill

ai [ , ].
W i a i b a i a
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i l a all l i , i i i abl : i l b il a k l
a ai a i l a all l l . H , a i l i l a -

all l l i a all l l i i a i a all l i
ill li i a a l i l a all l i . T , i

l b a li l l ai i i a all l l
a i i l i l a all l l i a i l a all l i i ibl .

T al al i a all l i a a a i i ib i
Al . . T i al i i a a a i all a all li ( i

l al i ) Ab a S a T (AST), a a li AST
. T annotate i i a i a a a a i AST

i a a a a .
S a kl b a a i a all l l a ial -

i . S ial a al b a a b a i -
AST a ai a i i i i a iall

a all l. Wi i a a all l i , all a ill a -
b i f l i i . T , a -
i i i a a all l b i O MP single

a l . Pa all l l a a a
i for (i a parallel for). T al i i

i AST l i a a all l l : i i a
a a i a a l l a all l l . B a S

i i i i a l a a a a a i single

( a l i a bl k ai l i l a all l a :
a ill b a a a bl k ill al b a a ). S

i single i k l -
a a i .

A a b k l i i a all l i i i
f i a i ba i . T i i a S i i

lai i S i . .
S i a a i single

a i a ba i : l i l ba i a a i a a . O
a , i single i ba i l b

: if a a i i single

i a all l. T i al j i i single i
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Al i : Pa all l R i A a i . T i al i ak
a i a A S T a a a i i k-
a i i a i la . W a ia ,

nowait a a i i i a a a i a i i -
i b i . annotate_nowait i ib i

Al i
i : T := Ab a S a T

: T ′ := A a AST
F i region_annotation(T)

S a n ∈ root(T )
i n i

annotate(n, "#pragma omp for”);
l i n

region_annotation(body(n));

i n body(n)
annotate(n, "#pragma omp single”);

S i #pragma omp single ;
S a a _ ai (T , T ,∅);
S /* Clean up successive synchronized #pragma omp single

constructs */

T ← i #pragma omp single a
i a ba i ;

S /* Create the parallel region */

T ′ ← bl k i T a b ;
annotate(T ′, "#pragma omp parallel”);

T ′;

master .
E all , i a all l i i a i omp parallel

directive. A i l l k l, S a a AST

P a b a i a l
b b l a . H master b a if -

l a i i b ( i ) a a a i li i ba i .
N a S l al b la a b i i Al i .
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i i AST a a a i
i i .

Li i . a a i i al i
i a la i a a i a all li . Li i . a l b

a la i a a i l al a all li a Li i . b
al i a i AST. Fi , Al-

i la l k l i a i l a all l i (li – a ).
A i b l a S a S i a ba i ,
l a i a i single . A i -

i all i , i a all l l l b a a i nowait

la . Fi all , la a all l l i l .

for (int i=0; i<N; i++)
S1(i);

for (int i=0; i<N; i++)
S2(i);

#pragma omp parallel for
for (int i=0; i<N; i++)
S3(i);

for (int i=0; i<M; i++)
#pragma omp parallel for
for (int j=0; j<N; j++)

S4(i, j);

(a) Cla i O .

#pragma omp parallel
{

#pragma omp single
{
for (int i=0; i<N; i++)
S1(i);

for (int i=0; i<N; i++)
S2(i);

}

#pragma omp for nowait
for (int i=0; i<N; i++)
S3(i);

for (int i=0; i<M; i++)
#pragma omp for
for (int j=0; j<N; j++)

S4(i, j);
}

(b)O O .

Li i . – Si l C a i E a l O Al i . Li i . a
l b a a a a a i l al a all li i i

. T a all l l a a a i omp parallel for -
. Li i . b al i a

i i AST.
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. Ba i Li i
E l i i a i l a all l i ai i all ia

i a i a . I , i li i ba i a la a
O MP k a i . T ba i a b li i

nowait la .
T O MP i i a i a a ai i a ,

nowait la a b a l a for i a -
for i la l ’ a i a l

a l i al i a i l . I i ,
i i a i i al i i :

. i b a al,

. i i a b l i i ,

. b l a b a a all l i ,

. l i a ia i a SIMD .

S b i . . ill lai k a -
i i a .

Sa nowait la i i a i al i li
li b l b static. E i i li a a i
a i a i a l i al i a i ( a ) b

l .
C k i l a i O MP a l static li .

H , l i i i b i i a i , i a b i i
b i . H , i a , li li l b

li i l i i i a . N a , a abili ,
a l i i a a i li li .
S ial a b ai k a i l i l . I

k a i i i la l , i a -
k a i i a a ll a i

k a i i l . I i a , i i
nowait la a b i a al l i l i .
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T i i al i i ibili nowait la b
i i l . I k a i i a -

ibl i nowait la , a barrier b i b
la i a i a l . Li i .
a a l : nowait la a a l b i i a-

i l i a S1 (li - ) b la a all l
l S1 (i = N - 1) b l b a all l l
S2 a b . A ba i i la l i l (li ) a a

i a i a all l l a S2 a b .
C ba i la i a i S b i . . .

#pragma omp parallel
{
for (int i = 0; i < N; i++)
#pragma omp for nowait
for (int j = 0; j < M; j++)

S1: A[j] = A[j] + B[i];
#pragma omp barrier
#pragma omp for
for (int i = 0; i < M; i++)
for (int j = 0; j < i; j++)

S2: C[i] = C[i] * A[j];
}

Li i . – SC P E a l W T U O T nowaitCla R i
A Ba i .

S b i . . lai nowait la a b .
S b i . . ail a a a al a i i AST
a all l i , i l a ba i li i . Fi all , S b i .
i a i a a i a .

. . D i i ali i nowait la

I li i ba i a la a k a i . O i i
ba i a b ai i a .

T i l i a i i a i k-
a i i a i . I i ali a a
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k a i ( la ) i nowait la . A -
a i la ill i a al i ai

.
T O MP i i a i ail i i a

a nowait (a l a l i static)
a i b b for .

O i i i l
b al. T i a b a il i i b a i l b a

i l . I , i a b a ai i l -
al l: i i a i i a i ai i i

i ibl b a i i E a l ial [ ].
T l ill i i (i i al , l

bi i a a all l i a ab SIMD ) i
i ial: a i al i ai a i l a all l -
i a b i a k a i bi

a a all l i . I a i , i i al i a ab-
SIMD a b b i i a-

i a .
I a i i i a , lia O MP i l -
a i a i a l i al i a i a a . H ,

la i a l i i i li b
i i al l i al i a i . T i a al i i -

.
L S a T b a a T S. U i
a i i i D i i i , i δS,T b S a

T a a ll :

δS,T (~p) =































~u → ~v

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

RS,T

















~u

~v

~p

1

















≥ ~0































( . )

A i ui i a all l i i S a vj i a all l i -
i T , l LS,T (~p) a li k a l i al i a i
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S a T a b a :

LS,T (~p) = {~u → ~v | ui = vj} ( . )

T i i if l i al i a i S a T a b -
ib i i a i a :

δS,T (~p) \ LS,T (~p) ( . )

L δ′
S,T a L′

S,T b j i a i
a bi a i i ui + vi. T , δ′

S,T \ LS,T i a i l
a all i i i ui a vj

b S a T . I i ia l ll a a i i
ali i nowait la a S i :

δ′
S,T (~p) \ L′

S,T (~(p)) ≡ ∅ ( . )

Exa e . F i a , i a S1 a S2 i Li -
i . .

#pragma omp parallel
{

#pragma omp for nowait
for (int i = 0; i < N; ++i)
for (int j = 0; j < M; ++j)

A[i][j] = S1(B[i][j]);

#pragma omp for
for (int a = 0; a < N; ++a)
for (int b = 0; b < M; ++b)

C[a] = S2(A[a][b]);
}

Li i . – E a l O A L N C a ibl Wi T nowaitCla .

S a S2 a l i al i a i S1 (a i
l a ali ):

δS1,S2 =











i

j



→





a

b





∣

∣

∣

∣

∣

∣

i = a,

j = b







( . )
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LS1,S2 =











i

j



→





a

b





∣

∣

∣

∣

∣

∣

i = a







( . )

T i δS1,S2 li k a l i al i a i S1 a S2.
H a j i l a:

δ′
S1,S2 =

{(

i
)

→
(

a
) ∣

∣

∣ i = a
}

( . )

L′
S1,S2 =

{(

i
)

→
(

a
) ∣

∣

∣ i = a
}

( . )

T , δ′
S1,S2(~p) \ L′

S1,S2(~p) i a i a all l l (li )
a b a a i nowait la .

Exa e . T i b a S3 a S4 i Li i .
a nowait la i a all l l :

δS3,S4 =











i

j



→
(

k
)

∣

∣

∣

∣

∣

∣

i ≥ k − 1,

i ≤ k + 1







( . )

LS3,S4 =











i

j



→
(

k
)

∣

∣

∣

∣

∣

∣

i = a







( . )

δ′
S3,S4 =







(

i
)

→
(

k
)

∣

∣

∣

∣

∣

∣

i ≥ k − 1,

i ≤ k + 1







( . )

L′
S3,S4 =

{(

i
)

→
(

k
) ∣

∣

∣ i = k
}

( . )

I , a i a i a a all l l (li -
) i i a i a i l . H ,

δS3,S4(~p) \ LS3,S4(~p) i :

δS3,S4(~p)\LS3,S4(~p) = {(i)→ (k) | i = k − 1}∪ {(i)→ (k) | i = k + 1}

( . )
a i a all l l a b a a i nowait la .
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#pragma omp parallel
{

#pragma omp for
for (int i = 0; i < N; ++i)
for (int j = 0; j < M; ++j)

S3(A[i], B[i][j]);

#pragma omp for
for (int k = 0; k < N; ++k)
S4(C[k], A[k-1], A[k], A[k+1]);

}

Li i . – nowait I a ibl C

. . nowait A a i
O a i i AST a b a a i a a i l
a all l i , i li i ba i a b li a li i ba i a b
la . S Al i all annotate_nowait i i ib i

Al i .
T al i ill a a a AST i i a a

ba i i . T k i a i i l b il - . T
i a b l a ai i ba i i -

i b . I a ba i i i b ,
i i a a a a - i b il (li - , -

a - ).
A i , al i a a i i a ba i

(li ). I i a k a i , i i k a ai -
- . Ei i a (li )

a i a (li ). I i a k a i -
, al i i i b , i a (li - ). I i

a l , al i al k i b i i a la
- (i i a ): b a l , la -
i al a i - . T i k

a ai - i i a j a i l (li - ).
Fi all , al i i (li ).
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Al i : nowait A a i .T i i al i a a
ba i a i . T - i a -

la b i i ll i .
i : n := C AST

R := R AST
G := C ai
: n := A a AST

F i annotate_nowait(n,R,G)
n. ai ← ;

check_nowait_-
safety()

i all
ba i li i a
S b i . . .
last_predecessor()

i
.

i n

i check_nowait_safety(G, n)
G← G ∪ {n};

l
← last_predecessor(R, n);
. ai ← al ;

G← {n};

l
b← body(n);
b← annotate_nowait(b,R,G);

last() la
a li .

first_group() a
last_group()

i l
i a la

- a
li .

la _ ← last(b);
i _ ← first_group(b);
i n

la _ ← last_group(b);
i ¬ check_nowait_safety( _ , i _ )

la _ . ai ← al ;
G← ∅;

i ¬ check_nowait_safety(G, i _ )
← last_predecessor(R, n);
. ai ← al ;

G← ∅;

i _ .
G← ∅;

l i i _ 6= _
G← last_group;

l
G← G ∪ {n};

n.next← annotate_nowait(next(n),R,G);
n;
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. P P i i
T i i a i aki i , i a i

i i a i . Fi , l SC P b l i a bl k a a
i #pragma omp parallel . Pa all l l ill b a a
i #pragma omp for i a #pragma omp parallel for. A -
ial bl k l b a a i #pragma omp single . I
a i AST i a k a i i a ba i : #pragma omp barrier

i i b i i a a i . I i
a k a i , a i i al i

a k a i a i li i ba i . O a , i
AST i a ba i , a i i al i l

a k a i : k a i
b a a i nowait la . M , schedule(static)

la l b a i k a i i a for l ,

. E i al R l
W al a a a i b a k ak P l B [ ]
i . W P i . . all b a k i i

i : i i a a i a all li a i (--parallel),
a i a all li a i a ili (--tile --parallel). W
a li a l i b a k (2 × 25).
T l b a k b a ai a l a
i al a all l l . b a k a il i . Tabl .

ib ai a a i i a b a k : b
ai l a ai , b a all l l b

i ial l , b i l i , a b
ai la a a i b .
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Tabl . – B a k Mai C a a i i

b a k # ai l #i # i l # ai
a al. l

a i
a i- il

a a
bi
l k

l k - il
la i

a ia
i

i - il
-

- - il
f - a all

f - a all- il

a i
a i - il

a -
a - - il
ja bi-

ja bi- - il
ja bi-

ja bi- - il
l

l - il
i

i - il
_

_ - il
i l-

i l- - il
i l

i l - il
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W i la :

. A I l X E - @ . GH ( , a ), i
Li . . k l. I l T b B a H a i -
a i all i abl i i b a k . I -

a ia a , Li FIFO
li a abl ia P l B ’ a POLYBENCH_LINUX_-

FIFO_SCHEDULER. T il i gcc 7.1.1 i i -fopenmp,
-O3 a -march=native.

. T la i a al k I l X E - @ . GH
( * , al a ), i Li . . . T il i
gcc 5.4.0, i i -O3 -march=native -fopenmp. N a i la

i a iabl a i la abl a -
.

. T la la i a , b i i i icc

il i 17.0.0 a i -O3 -march=native -qopenmp.
W a i a iabl OMP_NUM_THREADS i -

a i abl a . S ill,
a ia a i i i a i a i-

, l i la a l liabl : a ia
% i ab al a a a .

T i a iabl OMP_PROC_BIND a true all la .
T P l B i a all i a a
a a ia a . N i a

a a la a b a ailabl ; i i a -
i a P i l a a all li b al a a a l ali i i a

i .
Fi . a l a i i a P
i - i la all, i , a la a a-

P l B i . W a i i i a
i a b a k : a l a i i a
a . T i a a l a i all a a i i b -

li . O a a , b i i : i
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a a a i b a a i a i a i i
a a i i i i i all a a . T
all a a l a i all a a i a ailabl i P l B (i l -

i i i a ala , i i ) i . .
H , i a i b a k , P i

i a ial i . I
l i , k a i b

f i i a all li a i f i i .

a i

a i- il

a a

bi

l k

l k - il

la i

a ia

i

i - il

-

- - il

1.04

1.17

2.93

2.64

1.88

1.04

2.14

2.39

3

8.14

1.59

1.1

0.8

1

2.87

2.31

1.08

1

1.77

1.24

3.67

2.43

1.11

0.76

0.99

0.99

1.57

1.69

1.01

1.01

1.06

1.03

2.75

1.36

1

1

f - a all

f - a all- il

a i

a i - il

a -

a - - il

ja bi-

ja bi- - il

ja bi-

ja bi- - il

l

3.23

1.14

2.6

1.18

1.14

1.59

1.16

2.12

1.11

1.28

1.58

1.28

3.39

1.26

2.34

0.92

0.8

1.18

1.11

2.27

1.12

1.05

0.82

1.07

1.58

0.98

1.38

0.99

1

1.03

1

2

1.01

0.99

0.99

1

la i all

l - il

i

i - il

_

_ - il

i l-

i l- - il

i l

i l - il

0.99

1.44

1.05

1.56

1.1

1.15

1.03

3.36

1.44

1.96

1.02

0.95

0.76

1.64

1.04

0.93

0.97

2.17

1.35

1.64

1.03

1

1

0.97

1.01

1

1.01

1.7

1

1.02

Fi . : S O P ut , Pla .
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Fi . b a l a i P i a
i , ial i a a a a . T

i a i P , P
a i . , a P b a i i . . S

i i P , i i a
i : i a i a i i a i i all i

. N l , k a i -
a P a all l , P ll
.

a i

a i- il
a a
bi

l k

l k - il

la i

a ia
i

i - il

-

- - il

5.15

3.16

0.46

0.69

1.9

2.15

6.36

9.88

3.84 · 10−2

1.18

2.18

1.4

4.12

3.17

1.31

1.6

2.05

2.15

11.28

12.28

0.14

2.87

2.43

1.07

f - a all

f - a all- il

a i

a i - il

a -

a - - il

ja bi-

ja bi- - il

ja bi-

ja bi- - il

l

0.19

2.01

0.65

3.43

3.76

2.52

0.66

4.21 · 10−2

0.34

1.99

0.87

5.12

0.65

2.52

1.52

3.16

3.01

2.96

0.72

9.55 · 10−2

0.37

2.1

0.71

5.46

i a i P

l - il

i

i - il
_

_ - il

i l-

i l- - il

i l

i l - il

4.13

4.31

3.85

0.39

1.19

5.64

2.63

0.16

2.45

8.7

4.23

4.08

2.92

0.64

1.24

5.24

2.56

0.34

3.31

14.23

Fi . : S O T S ial V i (Pla , M i ).

W al a b a k a i i a-
i ( - a ), l i Fi . . . T

i a a l a i i . la a a , a .
ala a a .

Fi all , a b a k a i i a i , -
i i il a I l O MP i . Ea b a k a l-
a i i P i i i i Fi . . la

a ala a a . S b a k , a k i *, a
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a i

a i- il
a a
bi

l k

l k - il

la i

a ia
i

i - il

-

- - il

1

1

3.52

2.61

1.2

0.99

1.94

1.51

3.1

2.06

1.11

0.98

0.95

0.93

2.69

2.6

1.03

1.01

1.14

1.07

3.33

1.61

1.26

0.99

f - a all

f - a all- il

a i

a i - il

a -

a - - il

ja bi-

ja bi- - il

ja bi-

ja bi- - il

l

4.59

1.51

2.52

1.03

1.1

1.05

1

2.67

2.17

1.11

1.06

1.07

3.93

1.12

2.22

1.04

1.07

1

0.99

2.76

2.01

1.13

1.01

0.95

ala la

l - il

i

i - il
_

_ - il

i l-

i l- - il

i l

i l - il

0.98

1.67

0.91

3.52

1.3

1.05

1

2.54

1.72

1.45

1

1.2

1

3.92

1.3

0.97

1

2.28

1.37

1.1

Fi . : S O P ut , Pla .

i i a i al i b if i , b-
abl i i : f a i i i a
a i i a ai . T a a a l a i i i

i l . a . la a ala a a . T all
a l a i i a bi l a i , babl

f i i O MP i . B a a l liabl ,
a ai b , i a ia i i a
P l B a l li i ( %).

. C l i
I i a , lai a i a
a a a . O a a b i a a a a
i -l l i i i il a l l l a all l for .

Fi , a a i a a / i i i i . S ,
i all a a l i a i . La l , i a
i a a a l ali b l a a l l. O i -



C . R S O

a i

a i- il
a a
bi

l k *

l k - il *

la i

a ia *
i

i - il

-

- - il

1

1.01

1.35

1.44

0

0

1.14

0

1.53

1.59

0.92

0.96

0.93

1.01

1.3

1.37

0

0

1.05

0

1.65

1.38

1.15

0.98

f - a all

f - a all- il

*

a i *

a i - il *

a -

a - - il

ja bi-

ja bi- - il

ja bi-

ja bi- - il

l

1.62

1.1

1.33

0

0

1.23

0.99

1.23

1.31

1.02

1.02

0.98

1.32

1.01

0

0

0

1.04

0.99

1.21

1.12

1.07

1.03

0.97

a la la

l - il

i

i - il
_

_ - il

i l- *

i l- - il *

i l

i l - il

1.01

1.02

0.99

1.07

1

0

0

1.34

1.08

1.03

1.02

1.03

1

1.09

1

0

0

1.33

1.01

1.02

Fi . : S O P ut , Pla .

i b i i i a all li a i a k : i i
i a al a i i a i i a f i i i -
i a i . I l i l al a i a a a ba i
li i a a i a all l l i i a l i

f i a i ba i a b . W -
a i i al i a a a i a l al-

a b i ial a b i a i i i a ai a - - -a P
il , . . i a a , i a a i .

Hi -l l l al il l al a a a all l i
a a ll i i a all l l .



C a

E l i i Pi li
M l i a i

. I i

Pi li a ial i l i i a all li a a l l,
a a i -l l a . T i a lai

a a a i all a a i li a all l i a l i a i
i a O MP.
T a b i a i li ai l i a -

a a i , l l l i l a i [ , ] VHDL a i [ ,
, , ] i a , a i l - a abl i . I

k i a a al a i i li a k a , a i
bj i i a a k f i i l a ailabl a a . T
ai a if i l i a a a i a a a i

b a k a all a a a a k i - i
a a .

H , a a i all a i a k a abl a i li -
i al ial a a i l i i li i l

ai a all .
W a a a i a i i -l l i li l i -

a i . T ai i a a a :
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. a a i all i i i li i i a l al il

. a i li i O MP i l l l i-
a i API

T i li l i a i i i i S i .
a a l . S i . ib i li -
a i i a l al il il S i . i i i

li i i a i . E i al l a i i S i . . F -
k i i i S i . a S i . l i a .

. M i a i

Li i . a a l a b i l i li abl — i b
l al i i —SC P. T i a i a i l

i l - a i i . H , a a a i l al a all l-
i ill l a i b a l a b i -
i i a ibi b a i i al a i -

i i Fi . . H , i a al b b a i
b l i a i l b l l b
a l a a . T i i i li a all li a b a :

a a i a a a i a i
a i l l a i : i i a i i i

l a a l i al i a i i i l . O al i
a Li i . i Li i . ak a a a i li l i -
a i i O MP i i la i i i b

i .
R l , ll i a a i i al Li -

i . i i li l i a a all l Li i . . Fi ,
a a i i al l al li i a li — a l , i i -
l l il P . T , l a i i i
i f a a k i i l al a a-
l i a a b ial i li . T i
a b a b l i i li a i a a all l i a
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for (int i = 1; i < N; ++i)
S1: A[i] = f(A[i], A[i-1]);

for (int i = 1; i < N; ++i)
S2: B[i] = f(A[i], B[i-1]);

/* ... */
for (int i = 1; i < N; ++i)
S6: F[i] = f(E[i], F[i-1]);

Li i . –O i i alPi li abl E a l . L - a i -
l al a a i a all li i i i a all li .

S S S S S S

Fi . –Vi alR a i O T D G a F T C
F Li i . . R a l a i i . T

i a l al i i i i i a l a
a all l. G a b li i b l .

i O MP la ordered a nowait all i li -
i il i i . L b i b l i a
ordered : i i a i a a ( l l b
i a ) a ordered l i a all l.

U i i i i al i Li -
i . . F a l , a a ill a bl k i i a-
i . T static li li ( i )
a a a ill al a b a i a a i a i . F i -
a , i a ill b a i i a i N/ b a

a l N a a al
a i i i ,
a a i a
i a ill b
a all l

. T nowait la i i a a a a i
a a i l il ordered la a i a i bl k
i i a l a i . Fi .

i f Li i . a Li i . : ial ill -
l l a i l ( ll i a ) b i

l ( i li ). I a all l , a
a ill b a i a l a ill ll a . I a -

all l i , a i a i a
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#pragma omp parallel
{
#pragma omp for ordered nowait
for (int i = 1; i < N; ++i)
#pragma omp ordered
S1: A[i] = f(A[i], A[i-1]);

#pragma omp for ordered nowait
for (int i = 1; i < N; ++i)
#pragma omp ordered
S2: B[i] = f(A[i], B[i-1]);

/* ... */
#pragma omp for ordered nowait
for (int i = 1; i < N; ++i)
#pragma omp ordered
S6: F[i] = f(E[i], F[i-1]);

}

Li i . – Pi li O MP Ta P a . T ordered -
i a i i i i a l il nowait all a l

i ll i l .

la i i i a i a i l . T b l i
l al b a .

T i abl a all li a i a i l ai
ial i a - - -a l al a a i a all li a i -

i . N i ail i .

. Pi li M l i a i G a i
Pi li l i a i i la ial l a a -
ial l . H , a a ak a i a al a l SC P
a a l a a ill ial. T a :

. i l i ib i ial l ,

. a a i i ial l i ordered

a nowait la ,

. i a , i l i b a all l a -
ial l



. . P M G

i
S

S

S

. . .

Fi . – Vi al a i i . L a i -
i a a i . D i b l a

i .
Wi Li i . , i l a ill l a

. I i a l , a li ill b l l b
li a .

Wi Li i . , a l ill b i i i (i
i a l , ). Ea a ill a l ,

a i i a b a . T nowait la all a a
i ia l l i a b -

l . T i b li b a a i la a k
ordered la : a ill b l i i
a al a b .

N a al i li li for l i a-
i b a i . M , i k i l b

i i A O MP
i i a i [ ], a
a ill b a i

k.

: a b k b l al b
a . S i i a i a l i a b k a

a b a .

. . S ial l i ib i

I la i l i a i i ordered a nowait i a a
l . I l a ai l i l a . T a i i -

ial i la i , a i l i ib i
l . H , l i ib i a b a a
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for (int i = 2; i < N; ++i) {
S01: a[i] = h[i-1] + R[i];
S02: b[i] = a[i-1] + a[i];
S03: c[i] = b[i-1] + b[i];
S04: d[i] = c[i-1] + c[i];
S05: e[i] = d[i-2] + d[i-1];
S06: f[i] = e[i-2] + e[i-1];
S07: g[i] = f[i] + X[i];
S08: h[i] = g[i] + Y[i];
S09: u[i] = v[i-1] + d[i];
S10: v[i] = u[i] + Z[i];

}

(a) Va D : i i al

for (int i = 2; i < N; ++i) {
S01: a[i] = h[i-1] + R[i];
S02: b[i] = a[i-1] + a[i];
S03: c[i] = b[i-1] + b[i];
S04: d[i] = c[i-1] + c[i];
S05: e[i] = d[i-2] + d[i-1];
S06: f[i] = e[i-2] + e[i-1];
S07: g[i] = f[i] + X[i];
S08: h[i] = g[i] + Y[i];

}
for (int i = 2; i < N; ++i) {
S09: u[i] = v[i - 1] + d[i];
S10: v[i] = u[i] + Z[i];

}

(b) L i ib i
Va D

Li i . – Va D : C A Sa L Di ib i . T i i al
l a b a a i l b a a -
ai l : a S01 S08 a a -

S09 a S10.

a l b a i a a li i a ill al
a . L i ib i a l b a li a

a ba k a l - a i a a i , i a -
i l al a a a al i .

Si ak a i a SC P i l a al a b i i
l ali , a a i l

(a a i a b l i ib i ): la i i
i i l l ai a . D -

i i l i ib i i li i a
i l a :

a l a b l a a al l .
F a l , i Li i . , a S1 S8 a i a

l il a S9 a S10 a la i a l . T i a l -
a i b a S1 a S8: S1, S8 a all a
i b b l a l . I a i , S9 a S10 b
la b a b a a a S1 S8 i i



. . P M G

l - a i b .

. . R la i i nowait la
A i O MP i i a i [ ], nowait la a b a l

a for i i ll b a for i
ll i i i a :

. b i a i ai i a al

. a al i i

. b for l a b a a all l i

. l a a ia i a SIMD

C a lai a i nowait la -
i a all l for l . T i a l b a li -

i b l li k a l i al i a i . F a l , a -
i a bl k i Fi . a l i a i , l -

a a all a l nowait la
i a all l for l .

U i ordered la all la i i . O a i
a a i a i in a l , all i i a i im (m < n)

a b . I i a , all i b l
i l a i b i i al l i al i a i . I

, Fi . , i ordered la a a i
bl k, all bl k i i i i li a i l
a b .

H , E a i ( . ) a b :

LS1,S2(~p) = {~u → ~v | ui ≤ vj} ( . )

T ai a al i i a a lai i C a :
i i ai la a b a l i a

i li a i i a :

δ′
S1,S2 \ P

′
S1,S2 ≡ ∅
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. . A a i

A a i ial l

T a a ial l i ordered a nowait la ,
?? a b i ll i i i a i :

. all ial l a a a i #pragma omp for ordered,

. b i ordered l a l i #pragma omp ordered -
i ,

. ali i nowait la i i a ib i S -
i . . .

T i a i a l Li i . i a a l a -
a l .

E i a all l l a l a

S i . . a S i . . lai a nowait la l
a a l a ki : i a a all l l -

i a a all l l a ial l i a ial
l . D i i a a all l l i a ial l —
i a— a b a a i nowait la a l i

a ia i : i i l i a a all l l ,
i i i nowait la a l , i ,

la i i a f i i .
Fi all , a ordered l i a nowait la a i i -

b a ordered l a ordered l l
b a a a i - l l i a #pragma omp single

i .

. E li i l i i li
S i . i l i a i li i ordered a nowait

la . H , i l b f ibl . F i a ,
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i l b a a a i a i , a ,
. O i , a ill ai i k (b a

ordered la ) a ill a l i a a . M , i
al a , ordered a la a b l
a i i a a all l l . T , a O MP i l a i

a la i a i a i a a . I
a , b a l a a l l ial, l

i a i a a a a a k.
A al a i a i i #pragma omp ordered a nowait

a a i i bl k l a i bl k i , l i l
bl ki i i , i ib i a i , i a chunk_size

1, i i i a a all i a i O MP
l k a i a l i Li i . .

T i li i a ll :

. a a , a a i li i a ia i a l k
( , n× m l k a i n a a m a ),

. a a i, a t a lock[t%n][i] a a
a l a lock[(t+1)%n][i] a a i ( , a a ill
ai i l a i a i li ),

. i a , all l k a l k a b i i
a all l i .

C i

A i i al b a a a a parallel

i all a , i i iali , a l k . I a i la , i i
i a i all l k — a a l k a i i a
— b l i a i li a .

B a a i al a li l i i a i k ,
l i l b a a i schedule(static, 1) -

l i ib i i a i . W a a l i a i
i l a a i : i i li i i i a b l a a

i a a b bl k a i a . W
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bl k
S

S

S

Fi . – S a -bl ki i a l a - a i li .
T i a i a a l a - a i li aki
i Li i . . L a i i a a i . D i
b l a i .
T schedule(static, 1) la a a ill
a a i . T i b li b a a al a -

b a i a i i i a l i a i a ial. T l k
a i b a a i la .

T i a t0 i i b bla k a . I ill
i all a a i bl k. T a t1 ill i l b
all a i i li . A i i li , a
t0 ill i a b i ill l a a t2 a

l i i a (i a i , t2 ill a i i a il
t1 a l i i a ).

al a li li b a i a i a i a i ib
i a bi a i . D a i ( i ila a i ) i -
ib i i a i l b ak l ki a i a

l k a l k i i i a i a bi a -
i .

I a l i Li i . , T block_size al a a
i i l b b k O MP i l a i

a l i Li i . .
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omp_lock_t** locks;
#pragma omp parallel
{
const size_t num_threads = (size_t)

omp_get_num_threads();→֒

const size_t block_size = (N / num_threads) + 1;
const size_t block_count = ((N + block_size - 1) /

block_size);→֒

/* Omitted: code to allocate, initialize and set the
locks. */→֒

#pragma omp for schedule(static, 1)
for (size_t block = 0; block < block_count; ++block)

{→֒

const size_t start = 1 + block * block_size;
const size_t end = MIN(start + block_size, N);
const size_t self = block % num_threads;
const size_t next = (block + 1) % num_threads;

omp_set_lock(&locks[self][0]);
for (size_t i = start; i < end; ++i) {
A[i] = f(A[i], A[i-1]);

}
omp_unset_lock(&locks[next][0]);
/* Omitted: other stages of the pipeline */
omp_set_lock(&locks[self][5]);
for (size_t i = start; i < end; ++i) {

F[i] = f(E[i], F[i-1]);
}
omp_unset_lock(&locks[next][5]);

}
/* Omitted: code to destroy and free locks */

}

Li i . – T a : E li i l i l i a i li . A
a , all l k a a 0. T a 0 ill a

i l i l k a l k a a 1. H , i
i a i bl k l , i a ill ai la a -
l i a . I a i , a a a a i a
i i a .
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C a i Wi O L

W l i a i i li i . B i -
i li li b static. H , li i l -

i i li a i a i a l a i
a .

Fi , li i i li all i l l a -
i a i . S , i a b bl k a a b

a : for a a l all i a i
k b l a l . A a l i i f a

b i i Fi . . Wi ordered a nowait la , a t0

l a b S1 b i l a i i
S2 (a i l a ai a t1 a t2 l

i i k). Wi li i l i i li , a t0 a l-
l bla k a i i .

T i a li i l i i li l b a
i a all i i a i i S i . :

a l i a i i a a i (a
i ) b a j a a ba i .

. E i al R l a Di i

O i a I l X E - @ . GH
( , a ) i Li . . . T b a k il
i i -O3 -march=native -fopenmp i . . , la . . a

i . . . . Li FIFO li a abl a i i a
a abili .

B a k van_dongen (Li i . ) a wdf (Li i . )
Fi l a Müll [ ] i a l Va D
al. [ ] a F i [ ]. T mixb a k (Li i . ) i a a l

i ai b a all l l a ial l . T la b a k
(Li i . ) i ba a a l all a a

a a l a a . T
ai i i la l ial a i .
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for (int i = 2; i < N; ++i) {
S01: a[i] = h[i-1] + R[i];
S02: b[i] = a[i-1] + a[i];
S03: c[i] = b[i-1] + b[i];
S04: d[i] = c[i-1] + c[i];
S05: e[i] = d[i-2] + d[i-1];
S06: f[i] = e[i-2] + e[i-1];
S07: g[i] = f[i] + X[i];
S08: h[i] = g[i] + Y[i];
S09: u[i] = v[i-1] + d[i];
S10: v[i] = u[i] + Z[i];

}

Li i . – Va D : i i al

for (int i = 1; i < N; ++i) {
S1: a[i] = X[i] + e[i - 1];
S2: b[i] = a[i] - g[i - 1];
S3: c[i] = b[i] + e[i];
S4: d[i] = gamma1 * b[i];
S5: e[i] = d[i] + e[i - 1];
S6: f[i] = gamma2 * b[i];
S7: g[i] = f[i] + g[i - 1];
S8: Y[i] = c[i] - g[i];

}

Li i . – WDF: i i al

W P [ ] i . . a autoPar R [ ] C -
il i . . . a l a a i l

a all li b a k (a a a all l l i mix).
N l , a a a i i wdf a van_dongen i
a a l ali .

W a i a b a k: P ,
a a i ordered+nowait a a a i

li i l k .
A i al a i a a i O MPtask .

I , task (i j i i depend a a i ) al-
l i l i . W a all -
i b a k a k a a a l b a
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for (int i = 1; i < N; ++i)
for (int j = 0; j < M; ++j)
for (int k = 0; k < M; ++k)
S1: C[i] += B[j] + A[k] + 1.;

for (int i = 1; i < N; ++i) {
S2: D[i] = D[i - 1] * C[i];
S3: E[i] = E[i - 1] * D[i];

}

Li i . – Mi : i i al

for (int i = 1; i < N; ++i)
S1: A[i] = f(A[i], A[i-1]);

for (int i = 1; i < N; ++i)
S2: B[i] = f(A[i], B[i-1]);

for (int i = 1; i < N; ++i)
S3: C[i] = f(B[i], C[i-1]);

for (int i = 1; i < N; ++i)
S4: D[i] = f(C[i], D[i-1]);

for (int i = 1; i < N; ++i)
S5: E[i] = f(D[i], E[i-1]);

for (int i = 1; i < N; ++i)
S6: F[i] = f(E[i], F[i-1]);

Li i . – T a : i i al

a li l i ib i a ib i S i . . .
Fi . l b il i i
i -O3 -march=native -fopenmp.
B a a a a k i all teaser+nanosleep

a l i i i a l ial i . M , i a
b i a task a i i a a -
b a k ai ai a i a i . H ,
i a a l i l i a a

b a k la a i a k i all.
T i a l a l b teaser, wdf a vandongen. T a i

i b a k a a i i
b k a i .

E li i l k ordered+nowait i a all



. . E R D

a

a + a l

a

i

9.61 · 10−4

2.97

1.39 · 10−2

2.53 · 10−3

1.01

0.54

2.99

1.31

0.45

1.01

5.38

3.09

2.19

1.4

1.02

locks ordered+nowait tasks+distribution

Fi . – Pi li M l i a i : S O Sl O
P ut V i (C C il Wi . . ). N = 100, 000 teaser,
wdf a van_dongen, N = 2, 000 a M = 2, 000 mix

a a l ibi i all nanosleep. T
l bl k i i ila a l k i
bl k i . W a b a i if -
bl k i ( i a a . i a bl k i

a ). T al ba i a a
i i . F k i i i
i i al bl k i a i i li a i .

T a al il i clang

a libomp a l a i Fi . . T a b a-
i a b a : a bl ki a li i l k all
a k a ordered+nowait i al l ki a i
l f i i .
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a

a

a + a l

i
3.6 · 10−5

4 · 10−5

6.4 · 10−5

0.13

1.04

5.36 · 10−2

2.25

8.7 · 10−2

0.12

1

2.76

2.21

1.41

1.85

1.03

locks ordered+nowait tasks+distribution

Fi . – S O Sl O P ut V i ( la . . ).
N = 100, 000 teaser, wdf a van_dongen. N = 2000 a M = 2000

mix.
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Fi . i al l il i i
. . . . S i a i i l f i i i i /libi a a b b-

teaser+nanosleep a l . G a a b
mix a l b a i i abl a il i i a all l l a

i i i a l a i i . O all, l a
li i l k i all i i li

l a il a i i .

a

a

a + a l

i
6.3 · 10−5

3.8 · 10−5

6.4 · 10−5

0.12

0.2

7.2 · 10−2

2.3

0.27

0.11

3.57

3.26

2.53

1.83

2.01

4.72

locks ordered+nowait tasks+distribution

Fi . – S O Sl O P ut V i (i . . . ).
N = 100, 000 teaser, wdf a van_dongen. N = 2000 a M = 2000

mix.

. F W k: Sk Pi li

W i li i l i i li i S i . . S i li
f a l i ib i i a i . I a i la ,

ak i ibl l la : if a
i li a il b al i b ali (i -

a i ai i ). T i i l i i a
a ial l . W i i i i li a all l
l a ll, i i a l la a i .

F i E a i ( . ), l i a i li l b -
a l i i b l a all l i -
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i a :

LS1,S2(~p) = {~u → ~vS2 | ui − a ≤ vj ≤ ui + b} ( . )

L i jacobi-1d P l B i a i Li -
i . . A i i a i i l S2 i i a i i, i− 1

a i+1 l S1. I a i , (b a l a l i
a l ), a i i a i i l S1 i i a i i, i− 1

a i + 1 l S2. P [ ] i . . i i --parallel ill
k a l ( A i A. . ).

for (t = 0; t < _PB_TSTEPS; t++) {
for (i = 1; i < _PB_N - 1; i++) {
S1: B[i] = 0.33333 * (A[i-1] + A[i] + A[i + 1]);

}
for (i = 1; i < _PB_N - 1; i++) {
S2: A[i] = 0.33333 * (B[i-1] + B[i] + B[i + 1]);

}
}

Li i . – ja bi- : O i i al C . T i k l i a il a i
D a a. T i i a i li i i i a a

i .

T i i a all li ibl l i a i li i a i
Li i . . T i i ila ib i S i . .
H , ai if i a a a iall a a
a a if i ( a l i i i a a a (li
- ) i a i li i i l b l ibili ): a a

i i a i a a i a i a li i a .
T i i l k l b a a a ai
a i . T i a a l a a i i i li a i :

i l t. Pa iall lli i l a ak i
ibl a a a a ( i i b a i b
a al al TSTEPS a bl k i ).
Wi i --partlbtile --parallel, P [ ] a ia-

ili [ ]. T i ili i i iall f i i ili -
il a i . W a i : ” k i li ”
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for (size_t steps = 0; steps < TSTEPS; t++) {
/* Omitted: code to set locks... */
#pragma omp for schedule(static, 1)
for (size_t block = 0; block <= block_count; ++block) {
/* Compute self and next thread indexes. */
const size_t self = block % num_threads;
const size_t next = (block + 1) % num_threads;
const int distance = 1;

int start[stages], end[stages];
for (size_t i = 0; i < stages; ++i) {

const int skew = i + distance - 1;
const int skew_start = offset + block * block_size - skew;
start[i] = MAX(skew_start, offset);
end[i] = MIN(skew_start + block_size, N - 1);

}

size_t stage = 0;
omp_set_lock(&locks[self][stage]);
for (int i = start[stage]; i < end[stage]; i++)

B[i] = 0.33333 * (A[i-1] + A[i] + A[i + 1]);
omp_unset_lock(&locks[next][stage]);
stage++;

omp_set_lock(&locks[self][stage]);
for (int i = start[stage]; i < end[stage]; i++)
A[i] = 0.33333 * (B[i-1] + B[i] + B[i + 1]);

omp_unset_lock(&locks[next][stage]);
stage++;
/* Omitted: subsequent stages... */

}
/* Omitted: code to reset locks... */

}

Li i . – ja bi- : Sk Pi li .

( i a ), ” a all l” i ( P i --parallel)
a ” ia ”. W TSTEPS 1200 a i EXTRALARGE a

il i i i . . , i . . . a la . .
i i -O3 -march=native -fopenmp. Tabl . i

i i .
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Tabl . – E i Ti F jacobi-1d

f a i la
a all l 0.02396233 0.09838166 0.12271866
k i li 0.00246000 0.01128500 0.00947800
ia 0.00271200 0.00593033 0.00595900

Wi all il i l a all l i i l a abl
il k i li a i i i a l a . Wi , k

i li a a i ia il . Al ia ili i -
a a a , il ail i

l i ia il i . All l i k
i li i . T i i a l a i

i il i i a la . A i l , b l ki -
a i i clang/libomp a icc/libiomp l f i i a i gcc/libgomp.
M , icc ail i k i li a .

T l i a i li i i i a
a l a a l a ial a li a a a
b a li i a i a . O a , k
i li a i a a all l l a al i li
a b i i : a li a a il a -

a all l l i a b i k i li . T i -
i i i a k i li , k i -

i il a i a b i i i
a i li al i i i all a i li .

. C l i

I a i a a , l ai
ial. H , i i i a il bi all

a all li . W a il i i i abl ,
a a i l i li l i a i i
ial l . T i i a al i a all l -
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i i la i a i i abl b l al i , il
i li i i i l i a i i a -bl ki a -

a i a a a i b il i i ordered a nowaitO MP
la , li i l k . Wi , a abl i li
l i a i i a i a - - -a a a i l -
al a all li ail a all li .
O a a i l i l i ial l

a l i ib i a i l ial i a i a b -
i i li l i a i . F k l i i a
i i al k i l i a i li . W -
al i a k l i a i li . T i a a i a

i ili ia ili a i i a
i i a i .
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C a

C l i A P i

Hi a i i i k l bl
ai , a i i a a a a a i . I i i -

a i l if i l i l i i i al a all a a .
A a i i i a all ia i b a . P a -

a bl l i a l i i i il l
a a a a a a a . A a i l i i -
a i a b i l ba l al l: a i
a l (i a i ai , , .) a b -

a i l a. T l a a b a i la ia al b-
ai a a i . O l a a b i i a a i

i i a i al, a a a i i l a
i a . I i i , a a a i i l -

al il , — i b i i a f i i — ill a
i a l i a a i f i i

.

. C ib i

. . R i Af i C l O a

La a a l al ila i , . ., ili a i [ ],
i i i [ , ] a a i a l a [ , , , ]
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l a i i a a i al i i l al -
il a i b ai l a i a . T al i a

a a i i i l a [ ]. U i l -
a a b i l i l i al a . C a i l

al- lib a i a a il a-
i a i f i i a .

W i C a a i al a i a all i f -
a l . G a i i

l a a i l a i l b a i i
a a i al la i . W a a al la i a b
a i b l li i l a.

W i Ba l’ i [ ] ( QRW)
Q ill , Raj a a Wil ’ [ ] (QRW) al i a i :

l a li i i a a i a QRW al-
i .
O li ” a b i i ” a a i l -
a [ ]. D i a a i a QRWal i ,

a il i a i l a i a a-
. W a b l a. Fi all ,
a b a i i i i al l a.

W i l al i i CL G [ ], a a a i -
l QRW al i . W a li a i

i CL G’ i a a P l B [ ]
b a k i . W a
a al i CL G. E i al l a
i b i ial a a .

. . R i S i a i O a

Cla i a a i a all li a P [ ] a a -
all l l a i la i i i a all l i i omp parallel for

O MP a a i . W a i C a a a a a all l i
a b a a a all l . C l a i i
b a a a a a i a all l i a a -
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f i a i a .
W a i a all l i a i i l -
al AST i a a a all l i . W l
l i i SC P i a i a all l i , b ial

i single a a a a all l l i for .
Pla i all k a i i a a all l i al i

i li ba i : b a l , k a i i
i li i ba i i a al a b i .

O a a i a i i li a a-
l i l al l. I all i i

k a i a a b i i la -
i a i . O al i i i i AST a -
i l b il i a i k a i . Ea

k a i i ( i l i ) a ai a
i a i la i a . A al-
i , i li i i a i a i i a li-

i i a i (i i li i i a i i a i i )
a la a a .

W a b P .
O b i i a a a
l a a abl ibi i i i a if P .
Ba b a i , i l al a b a li . A -
a i a all li l a i a all l i a a i

i la a all l i .

. . Pi li l i a i

A a i a all li a P [ ], PPCG[ ] R [ ] a ai l
i i i a all li i a i la SC P b i i l -l l a -

all li . H , a l i-l i li a all li .
W i C a a il l a a i all a -

all li l i i i al l a ai ial b l
b i la i i li l i a i . W a
i i i , a i a i l i i li . O a -
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i ial l a a a a i a all li a i a . W
i i l i a -

i ial l a l i i ial l i
a i i b i li a : i i l -

b l i i l . Pi li l i a i ali i
i b i a al i i i C a :

a b li l la ial l . W
al a i a i i li l i a -

i : i ordered i li i l k .
W a i i a li i a . W a

al i P . T P a
a all l b l ill a a-l ali i i a i . W
a , i li l i a i , li i l k l b a

ordered . O i i l k i b
i al Pl . O a a i l i

ial l l b i i li l i a i .

. P i

. . Af i C l O a R i

C a i l a li i l a . Al-
i al l a all b i , a i b a

a a . A a a i l al a b a li , a -
i i i . F k a a i i a a a -
i i ak a l li ibl l a li i .
A ibl i i l b a all a a -
l i a li i i li i l a. T

i i i i a l li all l a a i l . Fa
i l i a al i , all a

i . A a i i i i i i a i i
S i . . W i a i l a , a l a b li
i al l a ia a ai i i ai . H , -

k a a i b l b i l i a i
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a a i .

. . T a Pi li M l i a i
W i li l i a i i C a . T i i a

i l . I S i . , lai i
l b a a a a all l l a i a a l il k -
l. A a i i a i i k l ia ili [ ] i

a li i i l . F k l i i a -
a i all a l i a a i a all l l a i l
l i a all li a i .

. . F O MP
Cla i a a i a all li i i l b a all li i l
i #pragma omp parallel for. W a i i i a -

a l b i b i a O MP.
T ibili i f b O MP a b i ll
b a a i a all li . W k [ , , ] a b i a i i
b i i i ial a a i a all li a

i i a Pl a l i a a i .
F i a , i li l i a i i li i b -

b a : b a i a a i li l b
a a b a . A j i b a l

iall a i a k . T i l b a -
i teams ( i a al b i

i . O MP [ ]) i a all li , i b
i l a i . I a i , section a b -

l i l i ial a i a all l.
I i i , l a i b O MP.

T a , a a , a l l b a -
. A a i i i l l i i b a a

l l a a a kill a all l a a a i .
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A. . S li Til M i a i

/* Generated from o2.cloog by CLooG 0.18.4-8bde68f gmp bits in

0.42s. */→֒

for (t1=0;t1<=floord(M-7,8);t1++) {

for (t2=0;t2<=t1-1;t2++) {

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=t1;t2<=floord(8*t1+7,8);t2++) {

for (c1=8*t2;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=c1;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

}
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if (M%8 <= 6) {

t1 = floord(M,8);

for (t2=ceild(4*t1-3,4);t2<=0;t2++) {

for (c1=8*t1;c1<=8*t2+7;c1++) {

for (c2=0;c2<=c1;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=8*t2+8;c1<=8*t1+7;c1++) {

for (c2=0;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=0;t2<=t1-1;t2++) {

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=max(1,ceild(4*t1-3,4));t2<=floord(M-8,8);t2++) {

for (c1=8*t1;c1<=8*t2+6;c1++) {

for (c2=8*t2;c2<=c1;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=8*t2+7;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=max(1,ceild(M-7,8));t2<=t1;t2++) {
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for (c1=8*t1;c1<=M-1;c1++) {

for (c2=8*t2;c2<=c1;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=M;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

}

for (t1=ceild(M+1,8);t1<=floord(N-7,8);t1++) {

for (t2=0;t2<=floord(M-8,8);t2++) {

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

t2 = floord(M,8);

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

if ((N+7)%8 <= 5) {

t1 = floord(N-1,8);

for (t2=0;t2<=floord(8*t1-N,8);t2++) {

for (c1=8*t1;c1<=N-1;c1++) {

for (c2=0;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}
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}

for (c1=N;c1<=8*t2+N+7;c1++) {

for (c2=c1-N;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=0;t2<=min(floord(M-7,8),floord(8*t1-N+6,8));t2++) {

for (c1=8*t1;c1<=8*t2+N;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

for (c2=c1-N;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=ceild(M-6,8);t2<=floord(8*t1-N+6,8);t2++) {

for (c1=8*t1;c1<=8*t2+N;c1++) {

for (c2=8*t2;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

for (c2=c1-N;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=ceild(8*t1-N+7,8);t2<=floord(M-8,8);t2++) {

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {
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S1(t1,t2,(c1-c2),c2);

}

}

}

for

(t2=max(ceild(M-7,8),ceild(8*t1-N+7,8));t2<=floord(M,8);t2++)

{

→֒

→֒

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

}

for (t1=ceild(N,8);t1<=floord(N+M-8,8);t1++) {

if ((7*N+7)%8 <= 6) {

t2 = floord(8*t1-N-1,8);

for (c1=8*t1;c1<=8*t2+N+7;c1++) {

for (c2=c1-N;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for

(t2=ceild(8*t1-N,8);t2<=min(floord(M-7,8),floord(8*t1-N+6,8));t2++)

{

→֒

→֒

for (c1=8*t1;c1<=8*t2+N;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

for (c2=c1-N;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);
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}

}

}

for (t2=ceild(M-6,8);t2<=floord(8*t1-N+6,8);t2++) {

for (c1=8*t1;c1<=8*t2+N;c1++) {

for (c2=8*t2;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=8*t2+N+1;c1<=8*t1+7;c1++) {

for (c2=c1-N;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=ceild(8*t1-N+7,8);t2<=floord(M-8,8);t2++) {

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for

(t2=max(ceild(M-7,8),ceild(8*t1-N+7,8));t2<=floord(M,8);t2++)

{

→֒

→֒

for (c1=8*t1;c1<=8*t1+7;c1++) {

for (c2=8*t2;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

}

t1 = floord(N+M,8);

for (t2=ceild(8*t1-N-7,8);t2<=floord(M-8,8);t2++) {
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for (c1=8*t1;c1<=8*t2+N+7;c1++) {

for (c2=c1-N;c2<=8*t2+7;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=ceild(M-7,8);t2<=floord(8*t1-N,8);t2++) {

for (c1=8*t1;c1<=N+M;c1++) {

for (c2=c1-N;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

for (t2=ceild(8*t1-N+1,8);t2<=floord(M,8);t2++) {

for (c1=8*t1;c1<=8*t2+N;c1++) {

for (c2=8*t2;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

for (c1=8*t2+N+1;c1<=N+M;c1++) {

for (c2=c1-N;c2<=M;c2++) {

S1(t1,t2,(c1-c2),c2);

}

}

}

A. Pi li M l i a i

A. . Ja bi- : Pl Pa all l

int t, i;

int t1, t2, t3;

int lb, ub, lbp, ubp, lb2, ub2;

register int lbv, ubv;
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/* Start of CLooG code */

if ((_PB_N >= 3) && (_PB_TSTEPS >= 1)) {

B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

for (t1=2;t1<=min(_PB_N-2,3*_PB_TSTEPS-2);t1++) {

if ((2*t1+1)%3 == 0) {

B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

}

lbp=ceild(2*t1+2,3);

ubp=t1;

#pragma omp parallel for private(lbv,ubv,t3)

for (t2=lbp;t2<=ubp;t2++) {

B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒

A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

}

}

if (_PB_N == 3) {

for (t1=2;t1<=3*_PB_TSTEPS-2;t1++) {

if ((2*t1+1)%3 == 0) {

B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

}

if ((2*t1+2)%3 == 0) {

A[1] = 0.33333 * (B[1 -1] + B[1] + B[1 + 1]);;

}

}

}

for (t1=3*_PB_TSTEPS-1;t1<=_PB_N-2;t1++) {

lbp=t1-_PB_TSTEPS+1;

ubp=t1;

#pragma omp parallel for private(lbv,ubv,t3)

for (t2=lbp;t2<=ubp;t2++) {

B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒
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A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

}

}

if (_PB_N >= 4) {

for (t1=_PB_N-1;t1<=3*_PB_TSTEPS-2;t1++) {

if ((2*t1+1)%3 == 0) {

B[1] = 0.33333 * (A[1 -1] + A[1] + A[1 + 1]);;

}

lbp=ceild(2*t1+2,3);

ubp=floord(2*t1+_PB_N-2,3);

#pragma omp parallel for private(lbv,ubv,t3)

for (t2=lbp;t2<=ubp;t2++) {

B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒

A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

}

if ((2*t1+_PB_N+2)%3 == 0) {

A[(_PB_N-2)] = 0.33333 * (B[(_PB_N-2)-1] + B[(_PB_N-2)]

+ B[(_PB_N-2) + 1]);;→֒

}

}

}

for

(t1=max(_PB_N-1,3*_PB_TSTEPS-1);t1<=3*_PB_TSTEPS+_PB_N-5;t1++)

{

→֒

→֒

lbp=t1-_PB_TSTEPS+1;

ubp=floord(2*t1+_PB_N-2,3);

#pragma omp parallel for private(lbv,ubv,t3)

for (t2=lbp;t2<=ubp;t2++) {

B[(-2*t1+3*t2)] = 0.33333 * (A[(-2*t1+3*t2)-1] +

A[(-2*t1+3*t2)] + A[(-2*t1+3*t2) + 1]);;→֒
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A[(-2*t1+3*t2-1)] = 0.33333 * (B[(-2*t1+3*t2-1)-1] +

B[(-2*t1+3*t2-1)] + B[(-2*t1+3*t2-1) + 1]);;→֒

}

if ((2*t1+_PB_N+2)%3 == 0) {

A[(_PB_N-2)] = 0.33333 * (B[(_PB_N-2)-1] + B[(_PB_N-2)] +

B[(_PB_N-2) + 1]);;→֒

}

}

A[(_PB_N-2)] = 0.33333 * (B[(_PB_N-2)-1] + B[(_PB_N-2)] +

B[(_PB_N-2) + 1]);;→֒

}
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