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David Wellnitz
Collective Quantum Dynamics of Molecular

Ensembles coupled to a Cavity

Résumé Il a été démontré que le couplage collectif d’ensembles moléculaires à
une cavité modifie les réactions chimiques, à la manière d’une catalyse. Cette
observation suprenante a donné naissance au domaine de la chimie polaritonique,
mais les principes sous-jacents ne sont pas encore bien établis. En particulier, le
rôle des effets collectifs, dissipatifs et quantiques reste une question ouverte.

L’objectif central de cette thèse est de développer une compréhension théorique
plus approfondie de la dynamique quantique collective et dissipative d’ensembles
moléculaires couplés à des cavités. L’étude de cette dynamique est decomposé en
trois parties : Dans la première partie, nous utilisons une cavité pour améliorer
l’efficacité de formation de molécules ultra-froides dans leur état fondamental
en exploitant la dissipation et les effets collectifs. En utilisant la symétrie de
permutation et l’élimination adiabatique, nous avons développé une methode de
simulation permettant de calculer efficacement de très grands ensembles (> 106

molécules). Dans la deuxième partie, l’analyse est étendue à la chimie polari-
tonique à température ambiante. Les différents régimes de dynamique de réac-
tion sont ici identifiés dans le cas d’une réaction simple de transfert d’électrons
photo-induite en présence de pompage dissipatif. Le rôle des effets quantiques est
ensuite étudié à travers la création d’intrication entre les degrés de liberté vibra-
tionnels, électroniques et photoniques. En utilisant des simulations de réseaux
de tenseurs à grande échelle, nous démontrons que l’intrication peut être signi-
ficativement augmentée en introduisant du désordre dans le système. Pour le
régime sans désordre, nous avons développé d’autres méthodes d’approximation
efficaces. Dans la troisième partie plus récente, nous étudions l’intrication des
opérateurs dans une chaîne de spin ouverte avec déphasage, et démontrons que le
déphasage conduit à une croissance logarithmique de l’intrication des opérateurs.
Plus généralement, les deux premières parties démontrent l’importance et l’util-
ité des effets collectifs, dissipatifs et quantiques dans les ensembles couplés en
cavité, tandis que la troisième partie aborde des sujets plus fondamentaux pour
les systèmes quantiques ouverts.
Mots clés: QED en cavité, dynamique quantique à N corps, chimie polari-
tonique, molécules ultra-froides, états de produits matriciels, systèmes quantiques
ouverts, intrication.
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Abstract Collectively coupling molecular ensembles to a cavity has been demon-
strated to modify chemical reactions akin to catalysis. This intriguing observation
has given rise to the field of polaritonic chemistry, however, the underlying prin-
ciples are not yet well established. In particular, the role of collective, dissipative,
and quantum effects remains an open question.

The central aim of this thesis is to develop a deeper theoretical understanding of
the collective, dissipative quantum dynamics of cavity-coupled molecular ensem-
bles. This dynamics is studied in three parts: In the first part, a cavity is used
in a novel scheme for dissipative formation of ultra-cold ground state molecules
with collectively enhanced efficiency. Using permutation symmetry and adiabatic
elimination, a simulation is developed that can efficiently compute very large
(> 106 molecules) ensembles. In the second part, the analysis is extended to
room-temperature polaritonic chemistry. Here, regimes for modified reaction dy-
namics are identified for a simple photo-induced electron transfer reaction under
dissipative pumping. Then, the role of quantum effects is investigated through
the build-up of entanglement between vibrational and electro-photonic degrees
of freedom. Using large scale matrix product state simulations, it is shown that
entanglement can be significantly enhanced by introducing disorder into the sys-
tem. For the disorder-less regime, further efficient approximations methods are
developed. In the third part, a recent project, the build-up of operator entan-
glement is studied in an open spin-chain with dephasing. Here, it is found that
dephasing leads to a logarithmic growth of operator entanglement. More gener-
ally, the first two parts demonstrate the importance and usefulness of collective,
dissipative and quantum effects in cavity coupled ensembles, while the third part
discusses more fundamental topics of open quantum systems.
Keywords: Cavity QED, Many-body Quantum Dynamics, Polaritonic Chem-
istry, Ultra-cold Molecules, Matrix Product States, Open Quantum Systems, En-
tanglement
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Résumé de la Thèse en Français

Introduction
La compréhension et le contrôle des réactions chimiques constituent un défi majeur

des sciences physiques. Ce défi est principalement abordé en modifiant l’environnement
chimique de la réaction, par exemple en choisissant méticuleusement le solvant ou en in-
troduisant des matériaux capables de contrôler la réaction, appelés catalyseurs. Trouver
de nouveaux moyens de contrôler la chimie est une tâche importante, qui présente un
grand potentiel pour le progrès de la science et de la technologie.

Dans une expérience séminale en 2012, Hutchison et al. ont découverts une suppres-
sion d’une réaction de photo-isomérisation sous un couplage collectif d’une transition
moléculaire électronique à une cavité [1]. Depuis ça, des diverses expériences ont montré
des modifications des réactions chimiques induites par couplage à un mode de cavité.
Les plus importantes de ces expériences ont démontrés que le couplage fort des transi-
tions vibrationnelles d’une molécule peut modifier les taux de réaction pour les réactions
thermiquement activées [2], et même orienter les réactions vers un produit désiré [3] par
Thomas et al. Ces découvertes démontrent la possibilité de modifier les propriétés chi-
miques des molécules par couplage à des champs lumineux, lançant ainsi les bases de
ce que l’on appelle désormais la chimie polaritonique [4–9]. Malgré ces résultats expé-
rimentaux impressionnants, les principes sous-jacents ne sont pas encore bien établis.
L’objectif principale de cette thèse est de développer une compréhension théorique plus
profonde des processus sous-jacents, en particulier concernant le rôle des effets collectifs
et dissipatifs.

La théorie décrivant les interactions lumière-matière est unifiée dans le cadre de l’élec-
trodynamique quantique (EDQ), décrivant de nombreux phénomènes fondamentaux,
tels que le spectre du corps noir, la structure fine des atomes et molécules, l’émission
spontanée de la lumière et les interactions électro-magnétiques [10]. En plus, le cou-
plage de nombreux émetteurs à un champ électromagnétique commun peut donner lieu
à des effets dissipatifs collectifs [11, 12]. Pour leurs travaux sur cette théorie, Tomonaga,
Schwinger et Feynman ont reçu le prix Nobel en 1965.

Si les modes de lumière sont confinés dans un volume fini par la présence d’une cavité,
la théorie qui en résulte est appelée EDQ des cavités [10, 13, 14]. En physique atomique,
moléculaire et optique (AMO), les configurations EDQ des cavités ont longtemps été
étudiées comme un système quantique prototypique où les effets EDQ sont renforcés par
rapport à un scénario sans cavité. En 2012, Serge Haroche a reçu un prix Nobel pour
avoir démontré le contrôle et l’intrication de systèmes quantiques individuels en utili-
sant les interactions entre des atomes uniques et des champs lumineux quantiques. Afin
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d’exploiter ce contrôle, différents types de « cavités » ont été développés pour confiner
les modes de lumière [15–18]. Ces cavités sont généralement optimisées pour combiner
de faibles taux de pertes et des intensités de champ locales élevées, afin de maximiser
l’échange d’énergie cohérente avec un émetteur. Si le taux d’échange cohérent entre le
champ et l’émetteur est plus rapide que les pertes de les deux, leurs degrés de liberté
s’hybrident et forment ce que l’on appelle des polaritons, donnant lieu à des phénomènes
physiques fondamentalement différents qui ne peux généralement pas être observés sans
présence d’une cavité [13]. L’étude des conséquences des interactions lumière-matière
renforcées par les cavités est un domaine de recherche dynamique, qui inclut le travail
de cette thèse. Dans ce qui suit, je vais donner un bref aperçu des sujets spécifiques
abordés dans cette thèse.

Électrodynamique quantique des cavités
Les interactions lumière-matière sont l’une des pierres angulaires de la physique mo-

derne, en particulier de la physique de l’AMO. Ces interactions déterminent non seule-
ment (littéralement) tout ce que nous pouvons voir, mais leurs applications vont bien
au-delà. Elles sont au cœur de la photochimie, des technologies solaires, de la photosyn-
thèse et de la spectroscopie, et sont donc également essentielles aux mesures scientifiques.
Par conséquent, elles sont fondamentales pour notre compréhension de toutes les sciences
physiques.

Sans cavité, les interactions entre le champ électromagnétique du vide et la matière
sont généralement faibles et peuvent être traitées de manière perturbative, comme le dé-
termine la petite constante de structure fine α ∼ 1/137. Ceci est une conséquence du petit
champ électrique du vide, qui est dilué dans un grand volume. À l’intérieur d’un volume
confiné, c’est-à-dire une cavité, les modes électromagnétiques qui s’intègrent parfaite-
ment dans ce volume sont considérablement renforcés, tandis que tous les autres modes
sont supprimés par rapport au scénario du champ libre. Si le couplage est perturbatif,
cela conduit à une augmentation des effets mentionnés ci-dessus. Plus particulièrement,
par le confinement des modes lumineux, l’émission spontanée peut être modifiée de façon
drastique, appelée l’effet Purcell [19]. Si le champ du vide est suffisamment renforcé, le
couplage devient non-perturbatif, et les degrés de liberté de la lumière et de la matière
s’hybrident et forment des états hybrides lumière-matière appelés polaritons [13]. Afin
d’améliorer encore le couplage, des ensembles d’émetteurs peuvent être couplés au même
mode de cavité [13]. Dans le régime perturbatif, cela conduit à une superradiance [11],
tandis que dans le régime de couplage fort, cela conduit à un fractionnement accru des
polaritons. Ces effets sont présentés en détail dans le chapitre 3.

L’exemple classique de confinement des modes lumineux consiste à placer deux miroirs
métalliques l’un en face de l’autre. Par consequence, seuls les modes dont la longueur
d’onde se situe entre les deux miroirs puissent exister à l’intérieur de la cavité. De telles
cavités Fabri-Perot sont utilisées dans de nombreux montages, y compris dans certaines
des expériences mentionnées ci-dessus [2, 3]. Différents matériaux ont été également
adaptés pour servir de surfaces réfléchissantes, comme les fibres optiques pour les cavités
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dites Fabri-Perot de fibre [15]. Les réflecteurs distribué de Bragg (« Distributed Bragg
Reflectors », DBR) offrent une autre façon de confiner les modes lumineux [16]. Ces
adaptations ont été réalisées pour atteindre de faibles pertes dans la cavité, qui entrent
en compétition avec l’échange d’énergie cohérente. Cependant, en raison de la limite de
réfraction, toutes ces cavités ont en commun que la lumière ne peut être confinée dans
des volumes inférieurs à ∼ λ3 quand λ est la longueur d’onde. Des méthodes permettant
de confiner la lumière dans des volumes plus petits à proximité des émetteurs ont été
développées dans le domaine de la plasmonique [17, 20]. Les plasmons sont eux-mêmes
des excitations hybrides lumière-matière, qui conduisent à de grandes augmentations de
champ à proximité d’une surface. Sur les surfaces structurées, ces plasmons se déplacent
généralement sur la surface, mais en utilisant des nanoparticules métalliques, ils peuvent
être fixes en place. Cependant, en raison de leur composante matérielle, les plasmons
sont généralement affectés par un grand taux de perte. Tout au long de cette thèse, le
champ est traité comme un champ quantique monomode générique, néanmoins, pour des
estimations de paramètres réalistes, des cavités de type Fabri-Perot ou des DBRs sont
considérés. En raison de leur plus grand volume, les effets collectifs sont plus importants
dans ces cavités.

La EDQ des cavités a également été étudiée avec différents types d’émetteurs. De
nombreuses expériences de couplage fort ont été réalisées en utilisant des excitons de
Wannier-Mott dans des semi-conducteurs [21] et avec des atomes froids en physique
AMO [22]. Ces deux systèmes présentent des excitations fondamentales généralement
très bien contrôlées. Dans la physique AMO, cela est dû à un excellent contrôle des
systèmes quantiques individuels à l’aide de lasers, et dans les semi-conducteurs, à des
températures typiquement cryogéniques dans les expériences et à la grande extension
des excitons de Wannier-Mott. Cette extension entraîne une moyannage sur le désordre
local. Les semi-conducteurs organiques et les molécules organiques sont devenus une
nouvelle alternative en raison de leurs grandes forces de couplage, bien qu’au prix d’une
diminution de la qualité des excitons individuels [23, 24]. Naturellement, de nombreux
autres types d’émetteurs ont été utilisés dans des expériences de couplage fort, comme les
points quantiques [25], les qubits supraconducteurs [26], les centres de couleur (NV) [27],
les matériaux 2D [28–30], et même les molécules ultra-froides [31]. Dans cette thèse, les
excitations sont toujours considérées comme localisées, ce qui est le scénario typique des
systèmes AMO ou des matériaux organiques.

Chimie des polaritons
Le domaine de la chimie polaritonique a été établi sur la base de l’observation sur-

prenante de la possibilité de modifier des réactions chimiques par un couplage fort de
transitions moléculaires à un mode de cavité dans le groupe de Thomas Ebbesen à
Strasbourg [1–3]. Dans une expérience révolutionnaire [1], Hutchison et al. ont couplé
une transition électronique du produit d’une réaction de photo-isomérisation à une ca-
vité, où ils ont observé une suppression du taux de réaction dans le régime de couplage
fort collectif. Cela a conduit à un déplacement des concentrations d’équilibre des réactifs
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et des produits sous irradiation ultra-violette. En 2016 [2], Thomas et al. ont montré
que le couplage fort collectif d’une transition vibratoire peut conduire à une suppression
d’une réaction thermiquement activée. Ils ont étudié la réaction de dissociation d’une
molécule, qui a été ralentie par le couplage fort de la liaison dissociante à une cavité.
Ce phénomène est particulièrement intriguant puisque la lumière n’est pas directement
impliquée dans la réaction. En 2019 [3], Thomas et al. ont démontré que cet effet peut
être utilisé pour modifier quel produit est favorisé dans une réaction de dissociation avec
deux produits possibles. En détail, la cavité induit un ralentissement de l’une des vitesses
de réaction, ce qui change le produit favorisé dans la réaction globale.

L’observation de la chimie modifiée a été confirmée dans une série d’expériences de
suivi, qui peuvent être classées en deux régimes. Dans le régime de couplage électronique
fort (ESC), une transition entre l’état fondamental de la molécule et un état électroni-
quement excité est couplée à la cavité, tandis que dans le régime de couplage vibrationnel
fort (VSC), deux niveaux vibrationnels au sein de l’état fondamental électronique sont
couplés. La différence d’énergie de transition entre les deux régimes (& 1 eV pour ESC
et 100meV pour VSC) conduit à des différences significatives à la fois dans la configura-
tion et la chimie. De plus, en raison de l’énergie thermique de ∼ 25meV à température
ambiante, l’excitation thermique et les réactions activées thermiquement sont beaucoup
plus importantes pour le VSC que pour l’ESC.

Afin de démontrer la chimie modifiée par cavité, jusqu’à présent, le mode principal de
la cavité a généralement été couplé. Par conséquent, les énergies d’excitation & 1 eV se
traduisent par des tailles de cavité . 1 µm [32]. En raison de la petite taille des cavités,
les matériaux couplés doivent généralement être en phase solide [4], et les réactions
n’impliquent que des molécules individuelles. Les réactions de photo-isomérisation entre
deux états fondamentaux d’une molécule ont été modifiées [1, 33–35]. Les implications
pour la thermodynamique ont été analysées [33], et comment on peut utiliser ces effets
pour le stockage d’énergie [34]. Une autre classe de réactions qui a été étudiée est celle
des transitions singlet-triplet entre deux états électroniquement excités [36–43]. Ici, grâce
au couplage de l’état singlet excité électroniquement à une cavité, les énergies des états
singlets peuvent être modifiées, et même l’ordre énergétique des états singlet et triplet
peuvent être modifié, ce qui conduit à une amélioration des taux de prélevation de
triplet et d’annihilation triplet-triplet. Ces réactions sont particulièrement utiles pour
des applications pratiques, comme les lasers ou les cellules solaires. Enfin, par un couplage
fort des agrégats J aux nanoparticules plasmoniques, la suppression des taux de photo-
oxydation a été démontrée [44].

Au contraire, pour le VSC, les énergies plus faibles signifient que les cavités peuvent
être suffisamment grandes pour être remplies de fluides, permettant ainsi une classe de
réactions beaucoup plus large. En outre, les faibles échelles d’énergie signifient que des
réactions thermiquement activées peuvent être observées. Ici, il a été démontré que le
couplage du réactif, du produit et du solvant modifie la vitesse de réaction [2, 3, 45–47].
Dans cette thèse, je me concentre exclusivement sur les réactions dans le régime ESC.

Malgré ces résultats impressionnants, la compréhension théorique des processus impli-
qués n’en est encore qu’à ses débuts. Le problème sous-jacent est de calculer la dynamique
de réaction d’un grand nombre de molécules, chacune avec de multiples degrés de liberté

xii



électroniques et vibratoires, et toutes couplées indirectement via la cavité [5]. Divers
outils numériques et analytiques ont été utilisés pour aborder ce défi. Analytiquement,
des molécules simplifiées de modèle-jouet sont traitées, et les modifications génériques
sont analysés [48–53]. Numériquement, on étudie généralement des molécules spécifiques
de complexité variable allant des molécules simples diatomiques comme NaI [54] à des
molécules organiques complexes comme la rhodamine [55]. Toutefois, afin de traiter de
grands ensembles, la dynamique (au lieu du modèle moléculaire) doit être approximée.
Dans le cadre de l’approximation de Born-Oppenheimer en cavité, l’état électrophoto-
nique est approximé de ne changer qu’adiabatiquement avec la dynamique classique des
degrés de liberté nucléaires [56]. En utilisant des extensions simples de cette approche
telles que la dynamique de saut de surface ou le champ moyen d’Ehrenfest, la dynamique
de l’état excité de grands ensembles moléculaires a été calculée [55, 57–60]. En revanche,
pour calculer la dynamique quantique exacte, des méthodes plus sophistiquées sont né-
cessaires, et seul un petit nombré de molécules peut être traitées [54, 61–64]. Dans ce
cas, les effets collectifs sont pris en compte en faisant correspondre le fractionnement
de Rabi collectif à des valeurs expérimentales réalistes, car il a été déterminé que le
fractionnement de Rabi est une quantité importante pour la chimie modifiée [2]. Cepen-
dant, le rôle précis des effets collectifs devient difficile ou même impossible à étudier.
Nous donnons un aperçu des méthodes analytiques et numériques dominantes dans les
chapitres 7 et 8, respectivement.

Molécules et Chimie Ultrafroides
Les molécules ultrafroides sont des molécules à des températures au dessous de 1 µK.

Ces molécules promettent d’avoir des applications dans les simulations quantiques, le cal-
cul, la métrologie et l’étude des réactions chimiques dans le régime de l’ultrafroid [65–70].
En particulier, les dipôles permanents des molécules polaires offrent des implémentations
de modèles plus riches avec différentes phases de la matière par rapport aux atomes ultra-
froids [71, 72]. Les interactions dipolaires ont également été proposées pour être utilisées
dans le calcul quantique [73, 74]. Cependant, de telles applications nécessitent encore des
avancées dans le contrôle des molécules ultrafroides. À ce jour, les molécules ultrafroides
ont été utilisées pour mesurer des constantes fondamentales [75], par exemple le moment
dipolaire des électrons [76, 77] ou la constante de structure fine [78]. Les molécules ul-
trafroides ont également été utilisées pour étudier la chimie avec le contrôle des états
quantiques internes [79–85].

Pour refroidir les molécules, différentes techniques ont été utilisées, comme le refroidis-
sement direct par laser [86, 87], le refroidissement par gaz tampon [88], la décélération de
Stark [89], le refroidissement de Sisyphe [90], et le refroidissement par évaporation [91].
De ces méthodes, uniquement le refroidissement par évaporation a permis d’atteindre
le régime d’ultra-froid, mais même dans ce cas pas pour les molécules dans leur état
fondamental total.

Il est également possible d’assembler directement des molécules ultrafroides à par-
tir d’atomes ultrafroids. Dans ce cas, les techniques standard de refroidissement des
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atomes peuvent être utilisées pour amener les atomes dans le régime d’ultrafroid [92, 93].
L’une des façons de créer des molécules à partir de ces atomes ultrafroids est la photo-
association [94]. Dans la photo-association, des paires d’atomes sont amenées dans un
état moléculaire électroniquement excité à l’aide d’un laser. L’état excité se désintègre
ensuite dans l’état électronique de base de la molécule, laissant les molécules avec des
degrés de liberté externes ultra-froids. Cependant, l’état interne ro-vibronique après la
désintégration ne peut pas être contrôlé et est distribué de manière probabiliste selon les
facteurs de Franck-Condon. Des schémas de repompage ont été développés avec quelque
succès [95], mais à ce jour, aucun gaz moléculaire avec une densité d’espace de phase
élevée n’a été créé.

L’association magnétique de molécules ultra-froides offre une alternative qui produit
des molécules dans un état final bien défini [96]. En balayant un champ magnétique sur
une résonance de Feshbach, les paires d’atomes sont déplacées adiabatiquement d’un état
libre à un état moléculaire, qui est dans l’état électronique fondamental, mais fortement
excité par les vibrations.

Afin de créer des ensembles à haute densité de molécules dans leur état fondamen-
tal, ces états peuvent ensuite être ramenés à l’état fondamental à l’aide d’un schéma
de passage adiabatique Raman stimulé (STIRAP, « Stimulated Raman Adiabatic Pas-
sage ») [97–103]. Ce schéma implique l’état de Feshbach, l’état fondamental moléculaire
et un état électroniquement excité supplémentaire. Deux impulsions laser sont montées et
descendues en fonction du temps, changeant adiabatiquement l’état sombre du système
de l’état initial à l’état fondamental moléculaire. L’état moléculaire suit alors ce chan-
gement adiabatique, transférant la population dans l’état fondamental. Cette méthode
a été jusqu’à présent la seule méthode réussie pour produire des ensembles moléculaires
ultrafroids dans l’état fondamental total. Dans le chapitre 5, nous proposons un schéma
d’association alternatif utilisant les effets collectifs et dissipatifs dans une cavité.

Systemes Quantiques Ouvertes
Dans de nombreux scénarios réalistes, les systèmes quantiques ne sont pas complete-

ment isolés, mais interagissent avec leur environnement. Alors, en principe, un système
ne peut pas être décrit seulement par lui-même, mais l’environnement doit être inclus
dans la description, ce qui augmente considérablement sa complexité.

De tels systèmes quantiques ouverts sont omniprésents dans la nature. Par exemple,
les atomes ou les molécules excités électroniquement se couplent au champ électroma-
gnétique du vide, ce qui entraîne de petits déplacements de niveaux d’énergie et une
émission spontanée [104]. Dans les molécules organiques, l’état électronique est égale-
ment couplé aux vibrations moléculaires, ce qui entraîne un déphasage ou une relaxation
des états excités [105]. Dans la chimie polaritonique, tous les degrés de liberté électro-
niques, photoniques et vibrationnels sont généralement couplés à l’environnement, de
sorte qu’il faut l’analyser dans un cadre de système ouvert [32].

L’inclusion d’une description complète de l’environnement rendrait les calculs de la
dynamique irréalisables dans la plupart des cas. Cependant, dans de nombreux scénarios,
notamment en optique quantique, des approximations de l’environnement sont justifiées.
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La plus importante d’entre elles est l’approximation de Markov, qui suppose que l’envi-
ronnement est sans mémoire, tandis que l’évolution temporelle d’un système peut être
décrite en termes de ses coordonnées actuelles uniquement, par une équation maîtresse
de Markov [104, 106, 107]. Ceci est typiquement bien justifié dans les systèmes de type
AMO [104], et sera utilisé tout au long de cette thèse.

Un grand nombre de méthodes ont été développées pour traiter les systèmes quan-
tiques ouverts, en particulier dans l’approximation de Markov. L’élimination adiabatique
est un traitement perturbatif qui élimine les degrés de liberté qui évoluent beaucoup plus
rapidement que l’évolution du système [106]. Les trajectoires quantiques décrivent un
système comme un mélange d’états qui évoluent selon une équation de mouvement pro-
babiliste [108]. De plus, diverses méthodes ont été développées pour traiter les systèmes
ouverts avec des états de réseaux tensorielles [109]. Le chapitre 2 présente les méthodes
les plus importantes utilisées dans cette thèse.

Intrication et Réseaux de Tenseurs
La simulation de l’évolution temporelle de systèmes quantiques à N corps est une

tâche importante, qui permet de mieux comprendre la physique important pour le sys-
tème simulé. Cependant, cette tâche est rendue difficile par une croissance généralement
exponentielle de l’espace de Hilbert avec la taille du système. Ceci est en contraste avec
les systèmes classiques, où l’espace des phases croît généralement de façon linéaire avec
le nombre de particules impliquées.

Cette complexité supplémentaire trouve son origine dans l’intrication entre différents
objets quantiques [110–114]. L’intrication décrit le phénomène selon lequel l’état d’un
objet quantique individuel peut être dans une mixture, bien que l’état de l’ensemble du
système quantique soit unique, ce qui entraîne de grandes corrélations entre eux. Cela
contraste avec les états classiques, qui ne peuvent être corrélés sans être dans un mélange
statistique. Comme Bell a montré théoriquement et était confirmé par des expériences
après, de telles corrélations quantiques peuvent également être plus fortes que toute
corrélation classique possible, même en tenant compte des mélanges statistiques [115].
Dans un sens informatique, l’intrication peut donc mesurer la complexité de la dyna-
mique quantique [116, 117].

Pour de nombreux états intéressants, l’intrication est locale dans le sens où la quantité
d’intrication entre deux sous-systèmes ne depend qu’à la taille de leur frontière, et pas à
leur volume totale [114]. Les exemples incluent les états fondamentaux des Hamiltoniens
locaux, et plus généralement les états contribuant à la dynamique dans les systèmes
désordonnés ou bruyants. Ceci peut être utilisé pour simuler efficacement des systèmes
à plusieurs corps dans le formalisme des états de réseaux de tenseurs [116, 118]. En
particulier, en une dimension (1D), la frontière d’un sous-système est indépendante de
la taille du système, ce qui rend cette approche très prometteuse.

Sur cette base, les « Matrix Product States » (MPS) sont devenus l’outil par défaut
pour les simulations numériques de systèmes quantiques 1D [119]. Ici, chaque sous-
système est décrit par un tenseur, et l’intrication entre les sous-systèmes est capturée en
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introduisant des « dimensions de liaison » (« bond dimension ») supplémentaires pour
ces tenseurs. La dynamique de ces systèmes peut alors être simulée en effectuant des
mises à jour locales des tenseurs, en augmentant la dimension de lien si nécessaire [116].

Dans le chapitre 4, les états de reseaux de tenseurs sont présentés en plus détail. Aux
Chapitres 9 et 10, l’intrication entre les degrés de liberté vibrationelles, électronique, et
photoniques est analysée à l’aide de MPS, et au Chapitre 11, l’évolution temporelle de
l’intrication des opérateurs dans une chaîne de spin XXZ ouverte avec déphasage est
discutée.

Formation Collective et Dissipative de Molécules
Ultra-froides

Dans le chapitre 5, nous avons dévelopés deux schémas pour réaliser la formation de
molécules dans leur état fondamental à haut taux à partir d’atomes ultra-froids. Des
paires d’atomes ultra-froids sont excitées en continu par un laser, et une décroissance
collective vers l’état fondamental moléculaire est induite par un couplage à un mode
de cavité avec pertes (voir figure 1). Cette décroissance vers la cavité peut être beau-
coup plus importante que la décroissance vers n’importe quel autre état moléculaire.
Ça conduit à un rendement moléculaire dans l’état fondamental augmenté, qui peut
dépasser les efficacités des schémas d’association les plus modernes. En utilisant un la-
ser continu, le rendement moléculaire peut être amélioré en augmentant simplement le
nombre d’atomes, mais au prix d’un ralentissement collectif dû à la formation de po-
laritons qui déplacent l’état excité hors de la résonance. L’utilisation d’une impulsion
laser chirpée pour rester en résonance avec l’énergie d’un polariton peut contourner ce
ralentissement. Nous utilisons une combinaison d’outils analytiques et numériques pour
simuler de grands systèmes en tirant parti de symétrie de permutation, et nous déri-
vons des estimations analytiques simples pour les rendements de l’état fondamental et
les temps de transfert. Nous discutons de montages expérimentaux réalistes pour des
molécules diatomiques polaires et non polaires, ouvrant ainsi la voie aux interactions
matière-lumière collectives pour être utiliser dans l’ingénierie des états quantiques, la
formation de molécules améliorées, la dynamique collective et la chimie par cavité.

Nous considérons N paires d’atomes piégées dans un réseau optique à l’interieur d’une
cavité. Chaque molécule est décrite par quatre états, comme le montre la figure 1. Initia-
lement, toutes les molécules sont dans leur état initial |i〉, qui peut désigner une molécule
de Feshbach pré-associée ou un état de paire d’atomes. Cet état est couplé à un état
moléculaire excité |e〉 par un laser externe (fréquence de Rabi Ω). L’état excité est en-
suite couplé à l’état fondamental moléculaire |g〉 par une cavité (fractionnement de Rabi
à vide d’une molécule 2g, taux de désintégration 2κ). En outre, l’état excité |e〉 peut se
désintégrer par émission spontanée dans l’état initial |i〉 au taux γi, dans l’état fonda-
mental |g〉 au taux γg, ou dans d’autres états moléculaires collectivement appelés |x〉 au
taux γx. La dynamique de la matrice de densité ρ̂ est décrite par une équation maîtresse
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Figure 1. – Configuration pour la formation collective de molécules dissipatives. (a)
Des molécules de Feshbach sont piégées dans un réseau optique à l’intérieur
d’une cavité et amenées dans des états profondément liés par photoassocia-
tion. Un angle θ entre les faisceaux laser du réseau et l’axe de la cavité (z)
assure la correspondance des modes. (b) Schéma des niveaux d’énergie et
de leur couplage pour une seule molécule. Pour RbCs, les courbes d’énergie
potentielle peuvent être identifiées avec le potentiel de l’état fondamental
X1Σ+ (ligne continue ; se dissocie en 5s + 6s), le potentiel de l’état fon-
damental triplet a3Σ+ (ligne en traits mixtes ; se dissocie en 5s + 6s) et
le potentiel de l’état excité (A1Σ+ − b3Π)0+ (ligne tiretée ; se dissocie en
5s + 6p). Une molécule préparée dans un état de Feshbach |i〉 est excitée
par laser (force de couplage Ω, désaccord ∆) dans l’état excité |e〉, qui peut
retourner à |i〉, à l’état fondamental rovibrationnel |g〉 ou à tout autre état
(lié ou non), appelé ici collectivement |x〉. (c) Niveaux d’énergie d’une seule
molécule après élimination adiabatique de la cavité et de l’état excité avec
des taux de décroissance ζα (α=κ, i, x, g). (d) Évolution de la fraction
moléculaire de l’état fondamental de la cible Ng/N en fonction du temps
t (voir le texte), pour différents 1 ≤ N ≤ 105 (échelle logarithmique). La
ligne tiretée rouge dans l’encadré indique les résultats sans cavité.
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Figure 2. – Schéma 1 : (a) Courbe de niveau de la fraction de population finale dans
l’état de perte |x〉, N∞

x /N , en fonction du nombre N de molécules dans
la cavité et de la coopérativité de la molécule unique C. (b) Courbe de
niveau du temps T 1

2
nécessaire pour transférer la moitié de la population

de l’état |i〉 en τ = ΓΩ−2. Tous les axes sont logarithmiques.

de Lindblad

∂tρ̂ = −i
[
Ĥ, ρ̂

]
−
∑
k

D
[
L̂k

]
ρ̂ (1)

où les termes dissipatifs sont décrits par le dissipateur D[L̂]ρ̂ = 2L̂ρ̂L̂† − L̂†L̂ρ̂− ρ̂L̂†L̂.
Dans un cadre en rotation (voir le chapitre 5 pour plus de détails), le Hamiltonien est

donné par

Ĥ = Ω
√
N
(
Ŝie + Ŝei

)
+ g
√
N
(
Ŝegâ+ Ŝgeâ

†
)
+∆N̂e + δâ†â, (2)

avec les opérateurs collectifs Ŝab =
∑

n(|a〉 〈b|n)/
√
N , N̂a =

∑
n |a〉 〈a|, et l’opérateur

d’annihilation des photons de la cavité â (voir figure 1 pour les autres paramètres). Les
opérateurs de Lindblad sont

L̂κ =
√
κâ , L̂(n)

g =
√
γgσ̂

(n)
ge , L̂

(n)
i =

√
γiσ̂

(n)
ie , L̂(n)

x =
√
γxσ̂

(n)
xe , (3)

avec σ̂(n)
ab = |a〉 〈b|n.

En raison de la dimension de la croissance exponentielles de l’espace de Hilbert ∼ 4N

pour N molécules, les simulations exactes sont intraitables pour N & 10. Afin d’effectuer
des simulations à grande échelle, nous avons éliminé de manière adiabatique les états
excités de la molécule et de la cavité dans le régime de la petite population d’états excités
〈N̂e + â†â〉 � 1. Nous avons trouvé un nouvel Hamiltonien effectif et des opérateurs de
Lindblad (voir chapitre 5). De plus, en traitant le transfert de population vers l’état
|x〉 comme un canal de perte, le système est réduit à un ensemble de systèmes à deux
niveaux invariants par permutation, qui ont été efficacement simulés en utilisant une
simulation de trajectoires quantiques [122].

Au fil du temps, les molécules sont transférées de l’état initial vers les états |g〉 ou |x〉.
Cette dynamique est illustrée sur la figure 1 pour un laser avec une fréquence constant.
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Figure 3. – Schéma 2 : (a) Courbe de niveau du taux de décroissance des molécules
de Feshbach Ṅi (en unités τ−1, pour les états de Dicke symétriques), en
fonction du désaccord du laser et du nombre de molécules de l’état fonda-
mental. La cavité est maintenue en résonance avec l’énergie de transition
(δ = ∆). (b) Evolution temporelle simulée de la population de l’état fonda-
mental pour différents taux de décroissance de la cavité κ. Les paramètres
sont choisis pour 103 molécules de Rb2 à l’intérieur d’une cavité [120, 121].
Lignes tiretées : ajustements analytiques.

Nous pouvons voir que le rendement moléculaire de l’état fondamental, ainsi que le temps
de transfert, augmentent avec le nombre de molécules. Le rendement moléculaire dans
l’état fondamental devient essentiellement unité pour une grande nombre des molécules
N . Pour comprendre quantitativement ce comportement, nous avons dérivé des estima-
tions analytiques simples à la fois pour la fraction finale de la population moléculaire
dans l’état |x〉 N∞

x /N = 1−N∞
g /N et le temps auquel la moitié de la population a été

transférée T1/2, comme suit

N∞
x /N ≈

fx ln(N)

NC
, T1/2 ∼ NCτ , (4)

où fx = γx/Γ avec Γ = γx + γg + γi est le facteur de Franck-Condon pour l’état |x〉
et C = g2/(κΓ) est la coopérativité de la cavité (pour une seule particule). En plus,
τ = Ω2/γ signifie l’échelle de temps naturelle de la dynamique effective. La figure 2
montre les résultats des simulations numériques en bon accord qualitatif avec les formules
ci-dessus.

Nous avons identifié que le ralentissement de la dynamique de transfert peut être
attribué à la formation de polaritons dans l’état excité, conduisant à un désaccord effectif
entre le laser et l’état excité. Lorsque la population est transférée dans l’état fondamental,
l’énergie du polariton se déplace en fonction du temps selon la division de Rabi du vide
collectif comme

√
Ng + 1g [voir figure 3(a)]. Nous pouvons supprimer le ralentissement

en suivant cette résonance de polariton dépendante du temps, bien qu’au prix d’une
sélectivité d’état plus faible. Dans ce cas, nous trouvons des estimations analytiques

N∞
x /N ∼

γx
κ
, T1/2 ∼ Ω2/κ . (5)
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La figure 3(b) montre une comparaison de la dynamique exacte et de l’estimation
analytique, montrant à nouveau un bon accord qualitatif. Surprenant, l’augmentation
du taux de perte de cavité κ conduit à une plus grande sélectivité d’état.

Enfin, pour des configurations réalistes, nous avons trouvé que pour 104 molécules de
RbCs, une fraction d’état fondamental de ∼ 92% après 47ms peut être atteinte avec
le première scheme. Pour 103 molécules de Rb2, nous avons trouvé des fractions encore
plus élevées, soit ∼ 98% après 5ms, avec une impulsion chirpée. Dans les deux cas,
ces résultats sont bien meilleurs que la photo-association sans cavité, et peuvent même
dépasser les schémas STIRAP avec des efficacités de l’ordre de ∼ 90%.

Réactions de Transfert d’Électrons Photo-induites
Améliorées par une Cavité

Dans le chaiptre 6, nous avons étudié un modèle simple pour les réactions de trans-
fert d’électrons photo-induites dans le cas de nombreuses paires donneur-accepteur qui
sont couplées collectivement et de manière homogène à une seule mode d’une cavité
[figure 4(a)]. Nous avons analysé les effets collectifs cohérents et dissipatifs résultant
de ce couplage avec une équation maîtresse de Lindblad dans le cadre d’optique quan-
tique. Nous avons dérivé une équation de taux effective pour le transfert d’électrons,
en éliminant adiabatiquement les états donneur et accepteur et le mode de la cavité.
L’équation de taux résultante est valable à la fois pour un couplage au mode de la cavité
si faible si fort, et décrit le transfert électronique à travers des états couplés à la cavité
et à travers des états sombres non couplés. Le taux de transfert instantané d’électrons
dépend de manière non-triviale du nombre de paires dans l’état fondamental qui varie
dans le temps. Nous constatons que dans des conditions de résonance appropriées, et en
présence d’une pompage incohérente, les taux de réaction peuvent être améliorés par la
cavité. Ceci est dû au fait que la cavité est beaucoup plus efficace pour absorber l’énergie
de la pompage incohérente que les molécules individuelles.

Nous considérons N molécules couplées à une cavité. Chaque molécule est décrite par
quatre niveaux [voir la figure 4(b)]. Initialement, toutes les molécules sont dans leur état
fondamental |G〉. À partir de là, les molécules sont entraînées de manière incohérente
vers un état donneur excité |D〉 à un taux Γ+, qui se désintègre pour revenir à l’état
fondamental à un taux Γ. La transition |G〉 ↔ |D〉 est également couplée à une cavité
(séparation de Rabi dans le vide d’une seule molécule 2g), qui est entraînée de manière
incohérente à la vitesse κ+ et se désintègre à la vitesse κ. La réaction de transfert
d’électrons est décrite par un couplage cohérent V entre l’état donneur excité |D〉 et
un état accepteur excité |A〉, qui se relaxe ensuite de manière incohérente en un état
final |F 〉 au taux η. La dynamique résultante est décrite par une équation maîtresse de
Lindblad (voir ci-dessus) avec un Hamiltonien

Ĥ = g
√
N
(
ŜGDâ

† + ŜDGâ
)
+ V
√
N
(
ŜDA + ŜAD

)
, (6)
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Figure 4. – (a) Modèle schématique. N paires donneur (rouge) - accepteur (bleu) sont
couplées de manière homogène à une cavité avec une constante de couplage
g. Chaque paire et la cavité sont pompées de manière incohérente au taux
Γ+ et κ+, et se désintègrent au taux Γ et κ, respectivement. (b) Schéma
de niveau d’une molécule unique couplée à la cavité : Chaque paire est
décrite comme un système à 4 niveaux avec un état fondamental |G〉,
des états excités donneur (|D〉) et accepteur (|A〉), et un état final |F 〉,
correspondant au produit de la réaction. Les états à zéro et un photon de
la cavité sont désignés respectivement par |0ph〉 et |1ph〉. La cavité couple
de manière cohérente les états |G〉 ⊗ |1ph〉 et |D〉 ⊗ |0ph〉 avec la force
g, tandis que le couplage cohérent entre |D〉 ⊗ |0ph〉 et |A〉 ⊗ |0ph〉 avec la
force V et le désaccord ∆ induit le transfert d’électrons. Après l’élimination
adiabatique, toute la dynamique cohérente et dissipative peut être capturée
par un taux de transfert effectif r de la population de |G〉 à |F 〉 (flèche verte
pointillée). (c) Pour une augmentation de κ+, la dynamique passe d’une
dominance d’états sombres à une dominance d’états polaritoniques au-
dessus de κ+ & NΓ+. (d) Taux de transfert r sur une échelle logarithmique
en fonction du couplage collectif de la cavité gc =

√
Ng pour différents taux

de pompage de la cavité 0 ≤ κ+ ≤ 10−2κ avec N = 104, Γ = 3 × 10−7κ,
Γ+ = 10−4Γ, ∆ = 0.2κ, V = 0.1κ, et η = 10−2κ.
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et des opérateurs de Lindblad

L̂κ =
√
κâ , L̂κ+ =

√
κ+â

† , (7)
L̂
(n)
Γ =

√
Γσ̂

(n)
GD , L̂

(n)
Γ+

=
√

Γ+σ̂
(n)
DG , L̂

(n)
η =

√
ησ̂

(n)
FA . (8)

Nous avons ensuite procédé à l’élimination des deux états excités |D〉 et |A〉 et de
la cavité pour trouver un taux de transfert effectif r, qui décrit le transfert de popula-
tion unidirectionnel incohérent de l’état fondamental |G〉 à l’état final |F 〉. Ce taux de
transfert a deux contributions r = rcav + rind. Une contribution décrit le pompage di-
rect des molécules individuelles par L̂Γ+ , qui est à peine modifié par la cavité, et l’autre
contribution décrit le transfert à travers la cavité induit par L̂κ+ . Le contribution de
la cavité peut dominer si κ+ � NΓ+, comme l’indique la figure 4(c). Dans ce cas, le
taux de transfert peut être multiplié par plusieurs. Il est important de noter que nous
trouvons une force de couplage de cavité optimale proche de la limite du couplage fort
[figure 4(d)].

La dépendance des paramètres de la contribution de la cavité rcav est illustrée à la
figure 5. Le panneau (a) montre à nouveau que le taux de transfert est le plus élevé pour
un équilibre optimal entre le taux de décroissance de la cavité κ et la force de couplage
collectif de la cavité gc, et qu’il est supérieur au taux de transfert sans cavité sur un
grand régime de paramètres. Le panneau (b) montre une condition de résonance, c’est-
à-dire que le taux de transfert est le plus élevé lorsque le désaccord des états donneur
et accepteur est égal à la moitié de la division de Rabi V = gc. Les panneaux (c) et
(d) montrent la dépendance du couplage de la cavité g et du nombre de molécules dans
l’état fondamental N . Dans le panneau (c), la force de couplage de la cavité pour une
seule molécule est maintenue constante, de sorte que les lignes pour un N constant
peuvent être considérées comme le taux de transfert variant dans le temps rcav lorsque
les molécules sont transférées à partir de l’état initial. Nous pouvons voir que pour une
diminution de N et une augmentation de g, le taux de transfert augmente généralement.
Le panneau (d) montre ce qui se passe si, au lieu de g, on fait varier gc =

√
Ng. Dans

ce cas, une résonance claire est visible pour les petits N qui disparaît pour les grands N
car pour NΓ+ > κ+ le canal sans cavité domine. Les panneaux (e) et (f) sont des coupes
à travers les panneaux (c) et (d), respectivement, montrant en détail la dépendance de
N pour un g ou un gc fixes.

Intrication vibratoire améliorée par le désordre
Dans le chaiptre 9, nous avons étudié l’importance des effets quantiques dans la dy-

namique vibratoire en étudiant l’intrication entre les degrés de liberté nucléaires et élec-
troniques. Un tel intrication est souvent négligé, par exemple en calculant la dynamique
de champ moyenne d’Ehrenfest. Nous avons découvert que le désordre peut fortement
augmenter l’accumulation de ce intrication sur de courtes échelles de temps après une
photo-excitation incohérente. Nous avons constaté que cela peut avoir des conséquences
directes sur la dynamique des coordonnées de réaction. Nous avons analysé ce phéno-
mène dans un modèle désordonné de Holstein-Tavis-Cummings (HTC), un modèle jouet
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Figure 5. – Modification du taux de transfert par la cavité. Courbes de niveau du taux
de transfert rcav/rbare (a, b, c) et rtot/κ (d). On obtient rcav en définissant
κ+ = 10−3κ et Γ+ = 0 ; on obtient rbare en définissant κ+ = 0, Γ+ = 10−3Γ
et g = 0 ; on obtient rtot en définissant κ+ = 10−3κ, Γ+ = 10−3Γ. Nous
définissons des unités normalisées κ0 (par exemple κ0 = 1 eV) et fixons :
V = 0,1κ0, Γ = 3× 10−7κ0, et η = 10−2κ0. Les lignes noires et blanches
sont les contours du renforcement constant de la cavité comme indiqué
dans la barre de couleur, les lignes blanches correspondent à rcav = rbare.
(a) rcav/rbare en fonction de gc et κ pour N = 104 et ∆ = 0,2κ0. (b)
rcav/rbare en fonction de gc et ∆ pour N = 104 et κ = κ0. (c) rcav/rbare
en fonction de N et g pour ∆ = 0,2κ0 et κ = κ0 (échelle logarithmique
pour tous les axes et barre de couleur). (d) rtot/κ en fonction de N et gc
pour ∆ = 0,2κ0 et κ = κ0. (e) rcav (bleu plein, axe de gauche) et rbare (gris
tiretée, axe de gauche) et rcav/rbare (rouge plein, axe de droite) en fonction
de N , correspondant à une coupe (ligne en traits mixtes rouge) dans (c)
avec g = 2× 10−3κ0. L’axe horizontal indique gc = g

√
N comme deuxième

échelle (échelle logarithmique sur tous les axes). (f) Coupe à travers (d)
équivalent à (e). On maintient gc constant en choisissant g = gc/

√
N .
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minimal qui inclut tous les degrés de liberté fondamentaux. À l’aide d’une technique
numérique basée sur les états de reseaux tensoriels, nous avons simulé la dynamique
quantique exacte de plus de 100 molécules. Nos résultats soulignent l’importance d’aller
au-delà des théories de Born-Oppenheimer dans la chimie polaritonique.

Le modèle HTC décrit N molécules avec deux niveaux électroniques |g〉 et |e〉, qui sont
couplés à une seule coordonnée vibrationnelle (opérateur de destruction b̂). De plus, la
transition entre les deux niveaux électroniques est couplée à une cavité monomodale
(opérateur d’annihilation â). En résonance et dans un cadre rotatif, l’Hamiltonien du
modèle HTC désordonné est (voir chapitre 7 pour plus des détails)

Ĥ =
∑
n

[
gâσ̂(n)

eg + gâ†σ̂(n)
ge + νb̂†nb̂n − λνσ̂(n)

ee

(
b̂†n + b̂n

)
+ εnσ̂

(n)
ee

]
. (9)

Ici, g est la force de couplage de la cavité de la molécule unique, ν est la fréquence
vibratoire, λ est la force de couplage vibronique, et εn sont des énergies distribuées de
manière gaussienne avec une moyenne de 0 et un écart type de W [voir la figure 6(a)
pour le modèle moléculaire].

Nous étudions la dynamique cohérente à temps courts après une excitation initiale de
la cavité (état initial â† |G〉) ou d’une seule molécule (état initial σ̂(1)

eg |G〉), où |G〉 est
l’état fondamental total.

Conformément aux études précédentes [123, 124], nous constatons que le désordre
améliore le transfert de l’excitation de la molécule ou de la cavité initialement excitée
vers le collecteur de l’état sombre, comme l’indique schématiquement dans la figure 6(b).
La figure 6(c) montre la moyenne de la probabilité de transfert à partir de l’état initial
sur une période d’oscillation vibratoire, qui augmente avec le désordre W . Comme nous
le verrons plus loin, ce transfert d’excitation a un impact significatif à la fois sur la
dynamique vibratoire et sur l’intrication vibratoire, qui est indiqué schématiquement
dans la figure 6(d).

Dans un état pur, l’intrication peut être mesurée par l’entropie d’intrication, qui est
nulle dans un état de produit, et maximale dans un état d’intrication maximale. Pour
d degrés de liberté, l’entropie d’intrication prend des valeurs entre 0 et log2(d). Ici,
nous étudions l’entropie d’intrication entre les degrés de liberté collectifs électronique et
photonique d’un côté et vibrationnel de l’autre.

La figure 7 montre la dynamique de transfert de vibrations et d’excitation pour les
deux états initiaux différents. Si une molécule est initialement excitée, nous constatons
que toutes les autres molécules subissent une petite dynamique vibrationnelle. Cette dy-
namique vibratoire est considérablement accrue par rapport au scénario sans désordre
et est la plus importante pour les molécules en résonance énergétique avec la molécule
initialement excitée. De manière analogue, le transfert d’excitation est le plus impor-
tant vers les molécules en proximité énergétique avec la molécule initialement excitée
[voir panneau (b)]. Si la cavité est initialement excitée [voir panneaux (c) et (d)], toutes
les molécules subissent une dynamique vibratoire beaucoup plus importante, qui est
considérablement renforcée par rapport au scénario sans désordre. Une fois encore, la
dynamique vibratoire est plus importante sur les molécules auxquelles une plus grande
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Figure 6. – a Nous considérons des molécules de modèle-jouet avec deux surfaces
d’énergie potentielle harmoniques (espacement des niveaux vibrationnels
ν). Les deux surfaces sont séparées énergiquement par l’espacement de
niveau électronique ω et déplacées de

√
2λ le long de la coordonnée de

réaction x. b Un ensemble de molécules est couplé à une cavité avec une
force collective gc. Nous analysons la dynamique après photo-excitation in-
cohérente d’une molécule individuelle (rouge, gauche) ou de la cavité (bleu,
droite). Un schéma de niveaux d’énergie pour les excitations électroniques
et photoniques est esquissé. Le désordre conduit à un élargissement inho-
mogène par W (gauche). Le couplage de N états d’excitation électronique
(à gauche ; lignes grises, rouges, cyan, orange) et d’une excitation unique
de la cavité (à droite ; ligne bleue) conduit à de nouveaux états propres (au
centre) qui sont des superpositions avec des contributions indiquées par les
différentes couleurs. Pour gc � W , deux états polaritons aux énergies ±gc
sont formés (moitié gris, moitié bleu), ainsi que N−1 états sombres (autres
lignes). En raison du désordre, les états sombres sont des superpositions
de quelques excitations électroniques énergiquement résonantes. Tous les
états sombres acquièrent un petit poids de photons (très petite contribution
bleue). Après une excitation incohérente, l’énergie est transférée à travers
les états propres couplés comme indiqué par les flèches droites (probabilité
de transfert ξ). Pour une excitation de molécule, l’énergie est principale-
ment transférée par les états sombres, pour une excitation de cavité par les
états polaritons (épaisseur de la flèche). c Le désordre augmente le trans-
fert à partir de l’état initialement excité après l’excitation de la molécule
(rouge) ou de la cavité (bleu). Le graphique montre une probabilité de
transfert moyenne dans le temps : ξ = ν/(2π)

∫ 2π/ν

0
dt [1 − 〈Ô†Ô〉(t)] où

Ô = σ̂−
1 , â dans un système de 100 molécules. d Le transfert d’excitation

conduit à une oscillation cohérente déphasée des différentes molécules et
donc à une grande entropie d’intrication, Svib, entre les degrés de liberté
électronique et photonique (à gauche) et vibrationnel (à droite).

xxv



Résumé de la Thèse en Français

Figure 7. – Dynamique de transfert d’excitation. a Dynamique vibrationelle dans
l’espace de phase microscopique de 100 oscillateurs moléculaires pour une
réalisation de désordre unique avec W = gc/2. L’étoile et la ligne noires
correspondent à la molécule initialement excitée, les autres lignes aux 99
molécules initialement non excitées. La ligne grise (à peine visible autour de
l’origine) représente la référence W = 0. Le carré cyan et le carreau orange
sont deux exemples de molécules dont la dynamique vibratoire est la plus
fortement modifiée, également identifiées dans b. b Probabilité d’excitation
ñ
(i)
ex = 〈σ̂+

i σ̂
−
i 〉(t = 2π/ν) en fonction du décalage énergétique εi de la

molécule respective. L’encart montre la probabilité d’excitation moyennée
par le désordre en fonction de la différence d’énergie par rapport à l’état
initialement excité. Les lignes horizontales grises représentent la référence
W = 0. c,d tracés identiques pour une excitation de cavité. Paramètres :
N = 100, ν = 0.3gc, λ = 0.4, désordre tiré d’une distribution normale avec
l’écart type W , 256 réalisations du désordre.
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Figure 8. – Dynamique de l’intrication et des queues integrées. a,b Évolu-
tion temporelle de l’entropie d’intrication moyennée par le désordre Svib

dans l’intervalle de temps 0 ≤ t ≤ 2π/ν pour des valeurs de désordre
0 ≤ W ≤ gc (de clair à sombre W = 0, gc/4, gc/2, 3gc/4, gc). Les étoiles
indiquent le temps final t = 2π/ν. Les panneaux de hautes (lignes rouges)
correspondent à l’état d’excitation initial de la molécule |ψm0 〉, les pan-
neaux de bas (lignes bleues) à l’excitation initiale de la cavité |ψc0〉. c,d
Évolution temporelle de la queue gauche intégrée ηl. La ligne continue
sombre représente l’évolution temporelle exacte moyennée par le désordre
pour W = gc/2, tandis que la ligne pointillée sombre montre les résultats
équivalents calculés avec une approximation de champ moyen. La ligne en
traits mixtes claire montre les résultats pour W = 0. La ligne tiretée grise
correspond à la référence sans cavité.e,f Évolution temporelle de l’intégral
la queue droite ηr avec des styles de lignes analogues. Les paramètres sont
N = 100, λ = 0.4, et ν = 0.3gc. Moyenne sur 256 réalisations du désordre.

quantité d’excitation a été transférée. Or, ce transfert est plus important pour les molé-
cules qui sont approximativement résonantes avec les états polaritoniques.

La figure 8 (a) et (b) montre la dynamique de l’intrication vibrationnelle pour diffé-
rentes forces de désordre pour les deux états initiaux. Sans désordre, l’intrication reste
faible à tout moment, mais pour un désordre croissant, l’intrication augmente de manière
significative. Les panneaux (c) à (f) montrent les poids de queue gauche (c/d) et droite
(e/f), définis comme suit

ηl/r(t) = ∓
∑
n

∫ ∓∞

x
l/r
thr

dxnPn(xn, t) . (10)

Ici, xl/rthr ≈ ∓1.6 sont des coupures telles que le poids de la queue de l’état fondamental est
de N/100. Pn(xn, t) est l’amplitude de probabilité de trouver la coordonnée vibration-
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Figure 9. – Les panneaux supérieurs (a, b, e) montrent l’entropie d’intrication Svib,
tandis que les panneaux inférieurs (c, d, f) montrent le poids de la queue
de droite ηr en fonction de la force de couplage vibronique λ (a, c), de la
largeur du désordre W (b, d), et du nombre de molécules N (e, f), évalué au
temps t = 2π/ν. Les symboles « × » rouges correspondent à une excitation
moléculaire, les symboles « + » bleus correspondent à une excitation de la
cavité. Les symboles représentent des réalisations individuelles de désordre.
La ligne continue est un guide pour l’œil à travers les moyennes de toutes les
256 réalisations de désordre. Les lignes en pointillés dans les panneaux c, d
et f représentent les résultats de champs moyenne moyenné par le désordre
pour référence. η0 = 10−2 est le poids de la queue dans l’état fondamental.
Les paramètres sont N = 100, ν = 0.3gc, λ = 0.4, et W = gc/2 sauf
indication contraire.

nelle à la position xn au temps t. Pour une molécule initialement excitée, sans désordre,
la dynamique des queues est très similaire à la dynamique sans cavité [panneau (c)]. Ce-
pendant, en présence de désordre, la dynamique des queues change, et les deux queues
sont augmenté après une période vibratoire. Pour une cavité initialement excitée, la
dynamique de la queue droite est fortement supprimée. En présence de désordre, cepen-
dant, cette suppression ne subsiste pas, mais le pic sans cavité est élargi et décalé vers la
droite. Il est important de noter qu’en présence de désordre, les prédictions d’un ansatz
de champ moyen négligeant l’intrication sont fausses dans tous les scénarios.

La figure 9 est une image plus quantitative de ces résultats en montrant à la fois
l’intrication et la queue droite après une période d’oscillation en fonction du couplage
vibronique λ, du désordre W et du nombre de molécules N . Nous avons trouvé une
correspondance claire entre la queue droite et l’intrication vibratoire. Les deux quanti-
tés augmentent avec l’augmentation du couplage vibronique. Avec le désordre, les deux
quantités ont un pic à une force de désordre intermédiaire ∼ gc/2, et un plateau pour
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un grand désordre pour une cavité initialement excitée, alors que le pic n’existe pas
pour une molécule initialement excitée. Pour une augmentation de N , les modifications
de l’intrication et de la queue sont importantes si la cavité est initialement excitée, ce-
pendant, pour une molécule unique initialement excitée, les modifications disparaissent.
Encore une fois, dans tous les cas, l’approximation du champ moyen est complètement
fausse.

Modèle HTC avec plusieurs excitations
Nous avons également étudié le modèle HTC sans désordre dans le scénario de multi-

excitation. Nous avons étudié l’effet de la fraction d’excitation et du couplage vibronique
sur la dynamique vibrationnelle et d’intrication, ainsi que l’approximabilité des systèmes
par un ansatz de champ moyen vibrationnel. Nous avons trouvé que la dynamique vi-
bratoire moyenne est bien décrite par un ansatz de champ moyen, tant que le couplage
vibronique n’est pas trop grand. Nous avons utilisé l’ansatz de champ moyen pour esti-
mer le transfert de l’excitation et de la dynamique vibratoire entre les molécules, et nous
avons trouvé qu’il est le plus important si environ la moitié du système est initialement
excité.

Nous avons étudié l’évolution temporelle du modèle HTC avec une nombre d’exci-
tations Nexc à partir de l’état initial

∏Nexc

n=1 σ̂
(n)
eg |G〉, représenté schématiquement sur la

figure 10(a). Nous avons analysé l’entropie de von Neumann entre les différents degrés
de liberté, comme l’indique la figure 10(b).

Dans le chaiptre 8, nous avons calculé la dynamique en utilisant trois méthodes diffé-
rentes : Une simulation MPS numériquement exacte comme référence exacte, une simu-
lation de champ moyen (état produit, PS) négligeant tout intrication vibratoire, et une
approximation de polariton rotatif (RPA) négligeant également la dynamique électro-
photonique rapide. Cette hiérarchie est illustrée sur la figure 10 (c) et (d). Alors que les
trois approximations reproduisent la réduction de la dynamique vibratoire par rapport
au scénario sans cavité, seules la MPS et la PS reproduisent les détails de la dyna-
mique vibratoire. Pour Nexc = N , la figure 10(e) montre la dynamique d’intrication,
illustrant que l’intrication est la plus importante entre les degrés de liberté électroniques
et photoniques, tandis que l’intrication vibrationnelle reste faible.

Cela change pour Nexc < N , comme le montre la figure 11. Dans ce cas, même pour de
petits λν, l’entropie d’intrication vibrationnelle est importante par rapport aux autres
entropies [voir panneau (a)]. Pour une augmentation de λν, Svib augmente davantage
[voir les panneaux (b) à (d)]. Par conséquent, alors que pour un petit couplage vibro-
nique, la dynamique moyenne est bien approximée par un ansatz de champ moyen, pour
de grands λν, cet ansatz échoue complètement [panneaux (e) à (h)]. De manière sur-
prenante, pour Nexc = N , nous trouvons toujours un bon accord (non montré ici, voir
Chapitre 8).

Pour les λν intermédiaires, nous avons également utilisé la simulation de champ moyen
pour calculer le transfert d’excitation et les amplitudes vibrationnelles de la figure 12.
Pour les petites fractions d’excitation, les excitations et la dynamique vibrationnelle res-
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Figure 10. – Vue d’ensemble de la configuration. (a) Configuration schématique et état
initial. (b) Illustration des degrés de liberté et des entropies d’intrication
Sph et Svib. (c) Évolution vibrationelle dans l’espace de phase dans les dif-
férents modèles, en unités du mouvement du point zéro. Pour comparai-
son, la ligne d’absence de cavité est également représentée (« no cavity »)
(d) Nombre d’excitation dans les différents modèles. L’approximation du
polariton rotatif traite l’excitation comme constante. (e) Évolution de
l’entropie d’intrication de différentes partitions du système.
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Figure 11. – Dynamique d’intrication et des vibration dans le modèle HTC. Nous
considérons 10 molécules avec Nexc = 2, et fixons gc = 1. (a) à (c)
montrent l’évolution temporelle des entropies d’intrication Svib (bleu,
continu), Sexc (orange, tiretée), et Sph (verte, pointillée) pour différentes
valeurs de λ et ν indiquées en (d). (d) montre la dépendance de l’entropie
vibrationnelle moyenne dans le temps Svib par rapport à λ et ν . (e) à
(g) montrent les trajectoires dans l’espace de phase de la vibration d’une
seule molécule calculées avec MPS (continu, bleu), PS (tiretée, orange),
et RPA (pointillée, vert), pour différentes valeurs de λ et ν . La figure (h)
donne l’erreur de la dynamique vibratoire (détails dans le chapitre 8).

Figure 12. – Dépendance des fractions de déplacement et d’excitation du nombre de
molécules et la fraction d’excitation initiale. gc = 1, λ = 0.4, ν = 0.3.
N̂

(1)
exc =

∑Nexc

n=1 σ̂
+
n σ̂

−
n . N (1) = Nexc, N (2) = N−Nexc Simulations de champs

de moyenne.
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Figure 13. – Modèle schématique et simulation. (a) Nous considérons une chaîne de
spins infinie avec des interactions entre voisins les plus proches (doubles
flèches vertes) et un déphasage (flèches bleues), qui est initialement dans
un état Néel. (b) Après quelques temps, le système évolue d’un état pur
vers un état mixte avec des corrélations entre les spins, indiquées par les
connexions rouges. (c) La chaîne de spins est simulée en utilisant un MPS
infini comme décrit dans la section 4.5. L’intrication des opérateurs est
déterminée par les tenseurs λ, comme indiqué en rouge.

tent localisées sur les états initialement excités, ce qui est cohérent avec la discussion de
la section précédente sur le transfert d’excitation sans désordre. Lorsque environ la moi-
tié des molécules sont initialement excitées Nexc/N ∼ 1/2, le transfert de la dynamique
vibratoire et des excitations est le plus important. Une augmentation supplémentaire de
Nexc/N réduit à nouveau le transfert d’excitation, mais ne le ramène pas à 0.

Croissance logarithmique de l’intrication des opérateurs
sous déphasage

Dans le chaiptre 11, nous avons commencé à étudier l’évolution temporelle de l’intrica-
tion des opérateurs dans les systèmes quantiques ouverts, en particulier sous déphasage.
Nous avons découvert que si l’aimantation est conservée, après une hausse et une baisse
initiales, l’intrication des opérateurs croît à nouveau de manière logarithmique. En par-
ticulier, dans le modèle XXZ, nous avons trouvé que cette croissance logarithmique a un
préfacteur universel 1/4, indépendant des paramètres spécifiques.

Nous étudions un système ouvert qui évolue selon l’équation maîtresse. En particulier,
nous avons examiné l’Hamiltonien

Ĥ =
1

4

∑
i

(
Jxσ̂

x
i σ̂

x
i+1 + Jyσ̂

y
i σ̂

y
i+1 + Jzσ̂

z
i σ̂

z
i+1

)
+
hz
2

∑
i

σ̂zi , (11)

avec σ̂x/y/z matrices de Pauli. Nous considérons le modèle XXZ Jx = Jy et hz = 0, le
modèle XYZ Jx 6= Jy et hz = 0, et le modèle d’Ising à champ transverse avec Jy =
Jz = 0. Nous appelons en outre J = Jx. Nous nous intéressons à un type particulier de
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dissipation, le déphasage, qui apparaît lorsque le couplage avec l’environnement conserve
l’aimantation

L̂i =

√
γ

2
σ̂zi . (12)

Ce modèle décrit une chaîne de spins interagissant avec son environnement, comme
l’indique schématiquement dans la figure 13(a) et (b). Nous étudions la dynamique
d’une état initial Néel dans l’orientation x ou z [figure 13(b)].

Nous nous intéressons à la simulabilité du système à l’aide de réseaux tensoriels comme
indiqué dans la figure 13(c). Dans ce cas, la simulabilité peut être quantifiée par l’in-
trication des opérateurs (OE), qui est essentiellement l’entropie de von Neumann des
matrices de densité réinterprétées comme des états [voir la figure 13(c) ainsi que les
Chapitres 4 et 11 pour plus de détails].

Dans le modèle XXZ pour une état initial Néel dans l’orientation z et avec de petits
taux de déphasage, nous constatons que initialement, l’OE croît rapidement, puis dé-
croît et connaît une lente croissance logarithmique aux temps longs [figure 14(a)]. Cette
croissance logarithmique est trouvée pour toutes différentes valeurs de Jz et γ, mais le
pic initial et le décalage dépendent de ces deux quantités. Cela contraste avec les mo-
dèles d’Ising avec champ transverse et XYZ qui ne conserve pas l’aimantation. Pour ces
modèles, l’OE décroît jusqu’à une constante aux temps longs. Pour un état initial Néel
dans l’orientation x sans magnétisation bien définie, l’OE décroît jusqu’à zéro. De plus,
nous constatons que sur une large gamme de paramètres, le préfacteur de la croissance
logarithmique devient 1/4 aux temps longs [voir figure 14(c) et (d)]. Au Chapitre 11,
nous expliquons l’origine de ce préfacteur.
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Figure 14. – Évolution temporelle de l’intrication des opérateurs SOP. (a) Évolution
temporelle pour différents paramètres dans le modèle XXZ, avec un état
initial de Néel dans la direction z (axe de temps logarithmique). Aux
temps longs, on trouve une croissance logarithmique avec le préfacteur
1/4. (b) Intrication des opérateurs pour différents scénarios. Ligne bleue
pleine : Modèle XXZ avec l’état initial de Néel dans la direction x (Jz =
−J/2, γ = J/2) ; ligne tiretée rouge : modèle d’Ising à champ transverse
avec l’état initial de Néel dans la direction z (hz = J , γ = J/2) ; ligne
en traits mixtes verte : Modèle XYZ avec état initial de Néel dans la
direction z (Jy = 0, 8J , Jz = −J/2, γ = J/2). (c),(d) Préfacteur de
la croissance logarithmique aux temps longs. Les tangentes aux courbes
d’intrication des opérateurs dans le panneau (a) η log2(tJ)+S0 au temps
t0 sont calculées en fonction du temps inverse. Dans le panneau (c), Jz =
−J est fixé et γ varie, tandis que dans le panneau (d), γ = J est fixé et
Jz varie. Les lignes tiretée grises sont des estimations analytiques dans la
limite d’un déphasage important et d’un temps long.
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1. Introduction
Understanding and controlling chemical reactions is a major challenge in the physical

sciences. So far, this challenge has mostly been approached by modifying the chemi-
cal environment of the reaction, e.g. by carefully choosing the solvent or introducing
materials that can steer the reaction called catalysts. Finding novel ways to control
chemistry is an important task and holds great potential for the advancement of science
and technology.

In a seminal experiment in 2012, Hutchison et al. discovered the suppression of a
photo-isomerization reaction under collective strong coupling of an electronic molecular
transition to a cavity [1]. Since then, various experiments have shown modifications to
chemical reactions induced by coupling to a cavity mode. One breakthrough was the
finding that strong coupling of vibrational transitions of a molecule can modify reaction
rates for thermally activated reactions [2], and even steer reactions to a desired prod-
uct [3] by Thomas et al. These discoveries demonstrate the possibility to modify chemical
properties of molecules solely by coupling to light fields, laying the foundation for what
is now called polaritonic chemistry [4–9]. Despite these impressive experimental results,
the theoretical understanding of the underlying processes is still in its infancy. Develop-
ing a deeper theoretical understanding of these processes, in particular concerning the
role of collective and dissipative effects, is the general objective of this thesis.

The theory describing light-matter interactions is unified in the framework of quan-
tum electrodynamics (QED), describing many fundamental phenomena, such as the
black body spectrum, fine structure, spontaneous emission, and electro-magnetic inter-
actions [10]. Furthermore, through the coupling of many emitters to a common electro-
magnetic field, collective dissipative effects can arise [11, 12]. For their work on this
theory, Tomonaga, Schwinger and Feynman were awarded with the Nobel prize in 1965.

If the light-modes are confined to a finite volume by the presence of a cavity, the re-
sulting theory is called cavity QED [10, 13, 14]. In atomic, molecular and optical (AMO)
physics, cavity QED setups have long been studied as a prototypical quantum system
where QED effects are enhanced compared to a free space scenario. In 2012, Serge
Haroche was awarded a Nobel Prize for demonstrating the control and entanglement
of individual quantum systems using interactions between single atoms and (quantized)
light fields. In order to harness this control, various types of “cavities” have been devel-
oped to confine light modes [15–18]. These cavities are generally optimized to combine
small loss rates and high local field intensities, in order to maximize the coherent energy
exchange with an emitter. If the coherent exchange rate between field and emitter is
faster than the losses of either of them, the two degrees of freedom hybridize and form
so-called polaritons, giving rise to fundamentally different physical phenomena that are
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1. Introduction

generally not observed in free space [13]. Studying the consequences of cavity-enhanced
light-matter interactions is a vibrant research field, which includes the work of this thesis.

In the remainder of this introduction, I will give a brief overview over the specific
topics addressed in this thesis. The first section contains more details on cavity QED
and polaritons, including systems in which systems they have been observed and their
applications. Then, a more detailed overview of polaritonic chemistry is given. Following
that, ultracold molecular setups are introduced, which are studied in the first part of
this thesis. These three sections focus on the different setups considered in this thesis,
while the following two sections will introduce the theoretical background of the methods
used. Open quantum systems and dissipation are introduced, which will be in general
part of the theoretical setup considered in this thesis. After that, entanglement and
matrix product state are discussed, which are used for numerical studies throughout
this thesis. Finally, the main results of this thesis are summarized.

1.1. Cavity Quantum Electrodynamics
Light-matter interactions are one of the corner-stones of modern physics, in particular

of AMO physics. These interactions determine not only (quite literally) everything we
can see, but their applications extend far beyond that. They are at the core of photo-
chemistry, solar technologies, photosynthesis, and spectroscopy, thus being central also
for scientific measurements. As a result, they are crucial for our understanding of all
physical sciences.

In free space, interactions between the vacuum electromagnetic field and matter are
typically weak and can be treated perturbatively, as determined by the small fine struc-
ture constant α ∼ 1/137. This is a consequence of the small vacuum electric field, which
is diluted across a large volume. Within a confined volume, i.e. a cavity, the electromag-
netic modes that fit neatly into this volume are significantly enhanced, whereas all other
modes are suppressed compared to the free field scenario. If the coupling remains pertur-
bative, this leads to an increase of the above mentioned effects. Most notably, through
confinement of the light modes, spontaneous emission can be drastically modified, called
the Purcell effect [19]. If the vacuum field is enhanced enough, the coupling becomes
non-perturbative, and light and matter degrees of freedom hybridize and form hybrid
light-matter states called polaritons [13]. In order to enhance the coupling further, en-
sembles of emitters can be coupled to the same cavity mode [13]. In the perturbative
regime, this leads to superradiance [11], whereas in the strong coupling regime this leads
to an enhanced polariton splitting. These effects are introduced in detail in Chapter 3.

The textbook example of confining light modes is by placing two metallic mirrors
facing each other, such that inside the cavity only modes whose wavelength fits neatly
in between both mirrors can exist. Such Fabri-Perot cavities are used in many setups,
including some of the experiments mentioned above [2, 3]. Different materials have
also been adapted to act as reflecting surfaces, such as optical Fibers for so called
Fiber Fabri Perot cavities [15]. Dielectric Bragg reflectors (DBR) offer another way
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to confine light modes [16]. These adaptations have been made to reach low cavity
losses, which compete with coherent energy exchange. However, all these cavities have
in common that, due to the refraction limit, light cannot be confined to volumes smaller
than ∼ λ3 where λ is the wavelength. Methods to confine light to smaller volumes in the
proximity to emitters have been developed in the field of plasmonics [17, 20]. Plasmons
are themselves hybrid light-matter excitations, that lead to large field enhancements
close to a surface. On structured surfaces, these plasmons typically travel along the
surface, but using metallic nanoparticles, they can be confined. However, due to their
material component, plasmons are generally plagued by high loss rates. Throughout this
thesis, the field is treated as a generic single mode quantum field, however, for realistic
parameter estimates, Fabri-Perot type cavities or DBRs are considered. Due to their
larger volume, in these cavities collective effects are more relevant.

Cavity QED has also been studied with different types of emitters. Many strong cou-
pling experiments have been made using Wannier-Mott excitons in semi-conductors [21]
and with cold atoms in AMO physics [22]. Both of these systems have typically very
well-controlled fundamental excitations. In AMO physics this is due to excellent control
of individual quantum systems using lasers, and in semi-conductors due to the large
extension of Wannier-Mott excitons which leads to an effective averaging, in addition
with typically cryogenic temperatures in experiments. Organic semi-conductors and or-
ganic molecules have become a staple alternative due to their large coupling strengths,
albeit at the cost of a broadening (homogeneous and inhomogeneous) of the exciton
resonance [23, 24]. Naturally, many other types of emitters have been used in strong
coupling experiments, such as quantum dots [25], (superconducting) qubits [26], color
(NV) centers [27], 2D materials [28–30], and ultracold molecules [31]. In this thesis,
excitations are always considered to be localized, which are the typical scenario in AMO
systems or organic materials.

Cold and ultracold atoms and molecules offer precise control over individual degrees
of freedom, and strong coupling of individual atoms [32–34] or atomic ensembles [35] has
been demonstrated. This makes cold atom cavity QED ideally suited for fundamental
tests of quantum mechanics, such as preparing and measuring entangled states [36–38].
Similarly, the precise control allow to test fundamental physics in the setup of quantum
metrology [39] and to create novel lasers using superradiance [40]. Furthermore, cold
atom cavity QED has also been used for quantum simulation [41–47] and computing [48,
49], where precise control over individual degrees of freedom is needed. In Chapter 5, I
consider strong coupling of ultracold molecules, which offer similar advantages as cold
atoms [50–54], and for which strong coupling has been demonstrated [31].

The fundamental excitations in organic molecular materials are Frenkel excitons,
which are localized on single molecules. As a result, their properties are strongly in-
fluenced by the local environment, leading to energetic disorder and fast decoherence.
After the first observation of strong coupling with organic molecules in 1998 [24], the
relaxation dynamics of excited states towards the lower polariton has been thoroughly
investigated [55–66]. Under the right conditions, the relaxation can lead to Bose-Einstein
condensation of polaritons and polariton lasing [67–78] (see e.g. Ref. [79] for a review).

7



1. Introduction

Furthermore, the large dipoles of organic molecules enabled the study of the collective
ultra-strong coupling regime, where the interaction strength becomes comparable to the
bare excitation energy [80–83], as well as strong coupling of individual molecules [84–87].
The resulting collective hybrid states have been observed to be able to modify energy
transport and conductivity [88–93]. Finally, and this is the topic of this thesis, modifica-
tions to chemistry have also been observed for strong coupling of electronic [1, 94–101]
and vibrational [2, 3, 102, 103]. These modifications have been reviewed in different
occasions [4, 5, 7, 104, 105] and will be discussed in the following section.

1.2. Polariton Chemistry
The field of polaritonic chemistry has been established based on the surprising obser-

vation of the possibility to modify chemical reactions by strong coupling of molecular
transitions to a cavity mode in the group of Thomas Ebbesen in Strasbourg [1–3]. In a
breakthrough experiment [1], Hutchison et al. have coupled an electronic transition of
the product of a photo-isomerization reaction to a cavity, where they observed a suppres-
sion of the reaction rate in the collective strong coupling regime. This led to a shift in
the equilibrium concentrations of reactants and products under ultra-violet irradiation.
In 2016 [2], Thomas et al. have shown that collective strong coupling of a vibrational
transition can lead to a suppression of a thermally activated reaction. In particular, they
investigated the dissociation reaction of a molecule, which was slowed down by strong
coupling of the dissociating bond to a cavity. This is particularly intriguing since light
is not directly involved in the reaction. In 2019 [3], Thomas et al. demonstrated that
this effect can be used to modify which product is favored in a dissociation reaction with
two possible products. In detail, the cavity induces a slowdown of one of the reaction
rates, which changes which product is favored in the overall reaction.

The observation of modified chemistry was confirmed in a series of follow-up exper-
iments, which can be categorized into two regimes. In the electronic strong coupling
(ESC) regime, a transition between the ground state and an electronically excited state
is coupled to the cavity, whereas in the vibrational strong coupling (VSC) regime, two
vibrational levels within the electronic ground state are coupled. The difference in tran-
sition energy between the two regimes (& 1 eV for ESC compared to ∼ 100meV for
VSC) leads to significant differences in both setup and chemistry. Furthermore, due to
the thermal energy ∼ 25meV at room temperature, thermal excitation and thermally
activated reactions are much more important for VSC than for ESC.

In order to demonstrate cavity modified chemistry, so far, generally the principal mode
of the cavity has been coupled. Therefore, the excitation energies & 1 eV translate to
cavity sizes . 1 µm [106]. Due to the small cavity sizes, coupled materials are typically in
the solid phase [4], and reactions only involve individual molecules. Photo-isomerization
reactions between two ground states of one molecules have been modified [1, 66, 101, 107].
The implications for thermodynamics have been analyzed [66], and how this may be
useful for energy storage [101]. Another class of reactions that have been studied are
singlet-triplet transitions between two electronically excited states [94–96, 99, 100, 108–
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110]. Here, through coupling of the electronically excited singlet state to a cavity,
the energies and even the energetic ordering of the singlet and triplet states can be
modified, leading to enhanced triplet harvesting rates and triplet-triplet annihilation.
These reactions are particularly useful for practical applications, such as lasers or solar
cells. Lastly, by strong coupling of J-aggregates to plasmonic nano-particles, suppression
of photo-oxidization rates has been demonstrated [97].

In contrast, for VSC, the smaller energies mean that cavities can be large enough
to be filled with fluids, thus enabling a much wider class of reactions. In addition,
the low energy scales mean that thermally activated reactions can be observed. Here,
coupling of reactant, product, and solvent have been shown to modify the reaction
rate [2, 3, 102, 111, 112]. In this thesis, I focus exclusively on reactions in the ESC
regime.

Despite these impressive results, the theoretical understanding of the involved pro-
cesses is still in its infancy. The underlying challenge is to compute the reaction dy-
namics of a large number of molecules, each with multiple electronic and vibrational
degrees of freedom, and all indirectly coupled via the cavity [5]. Various numerical
and analytical tools have been used to tackle this problem. Analytically, this chal-
lenge has been approached by considering generic toy-model molecules and analyzing
how they are modified [113–118]. Numerically, generally specific molecules with vary-
ing complexity ranging from simple diatomic NaI [126] to complex organic molecules
such as rhodamine [120] are studied. However, in order to treat large ensembles, the
dynamics (instead of the molecular model) needs to be approximated. Within the cav-
ity Born-Oppenheimer approximation, the electro-photonic state is assumed to change
adiabatically with the classical dynamics of the nuclear degrees of freedom [119]. Using
simple extensions of this approach such as surface hopping or mean-field Ehrenfest, the
excited state dynamics of large molecular ensembles has been computed [120–124]. In
contrast, in order to compute the exact quantum dynamics, more sophisticated meth-
ods are needed, and typically only a few molecules can be treated [125–129]. In this
case, collective effects are accounted for by matching the collective Rabi splitting to
realistic experimental values, since the Rabi splitting has been determined to be an
important quantity for modified chemistry [2]. However, the precise role of collective
effects becomes hard to investigate. We give an overview over the dominant analytical
and numerical methods in Chapters 7 and 8, respectively.

1.3. Ultracold Molecules and Ultracold Chemistry
Ultracold molecules are molecules at sub-µK temperatures. These molecules promise

to have applications in quantum simulations, computation, metrology, and the study of
chemical reactions in the ultracold regime [50–54, 130]. In particular, the permanent
dipoles of polar molecules offer implementations of richer models with different phases of
matter compared to ultracold atoms [131, 132]. The dipole interactions have also been
proposed to be used for quantum computation [133, 134]. However, such applications still
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require advances in control of ultracold molecules. Ultracold molecules have been used
for measurements of fundamental constants [135], e.g. the electron dipole moment [136,
137] or the fine structure constant [138]. Ultracold molecules have also been used to
investigate chemistry with control of the internal quantum states [139–145].

In order to cool molecules, different techniques have been used, such as direct laser
cooling [146, 147], buffer gas cooling [148], stark deceleration [149], Sisyphus cool-
ing [150], and evaporative cooling [151]. Only evaporative cooling has so far reached
the ultracold regime, however, not for molecules in the total ground state.

Alternatively, ultracold molecules can be directly assembled from ultracold atoms.
In this case, standard atom cooling techniques can be used to bring atoms into the
ultracold regime [152, 153]. One way to create molecules from these ultracold atoms is
by photo-association [154]. Here, pairs of atoms are brought into an electronically excited
molecular state with a laser. The excited state subsequently decays into the electronic
molecular ground state, leaving molecules with ultracold external degrees of freedom.
However, the internal ro-vibronic state after this decay cannot be controlled, and is
instead probabilistically distributed according to Franck-Condon factors. Repumping
schemes have been developed with limited success [155], but to date, no molecular gas
with high phase space density has been created.

Magnetic association of ultracold molecules provides an alternative which produces
molecules in a well defined final state [156]. By sweeping a magnetic field over a Feshbach
resonance, atom pairs are adiabatically moved from a free scattering state to a molecular
state, which is in the electronic ground state, but ro-vibrationally highly excited.

In order to create high density ensembles of ground state molecules, these states can be
subsequently brought to the ground state using a stimulated Raman adiabatic passage
(STIRAP) scheme [157–163]. This scheme involves the Feshbach state, the molecular
ground state, and one additional electronically excited state. Two laser pulses are time-
dependently ramped up and down, adiabatically changing the dark state of the system
from the initial state to the molecular ground state. The molecular state then follows
this adiabatic change, transferring population into the ground state. This method has
so far been the only successful method to produce ultracold molecular ensembles in the
total ground state. In Chapter 5, we propose an alternative association scheme using
collective and dissipative effects in a cavity.

1.4. Open Quantum Systems
In many realistic scenarios, quantum systems are not closed, but interact with their

environment. Then, in principle, a system cannot be described in isolation, but the envi-
ronment needs to be included in the description, significantly increasing its complexity.

Such open quantum systems are omnipresent in nature. For example, electronically
excited atoms or molecules couple to the electromagnetic vacuum field, leading to small
energy level shifts and spontaneous emission [164]. In organic molecules, the electronic
state is also coupled to molecular vibrations, resulting in dephasing or relaxation [165].
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1.5. Entanglement and Matrix Product States

In polaritonic chemistry, typically all electronic, photonic, and vibrational degrees of
freedom couple to the environment so that it needs to be analyzed in an open system
framework [106].

Including a full description of the environment would make computations of the dy-
namics intractable in most cases. However, in many scenarios, especially in quantum
optics, approximations of the environment are justified. The most important among
these is the Markov approximation, which assumes that the environment is memory-
less, and the time evolution of a system can be described in term of its current state,
only, by a Markovian master equation [164, 166, 167]. This is typically well justified in
AMO type systems [164], and will be used throughout this thesis.

There have been a large number of methods developed to treat open quantum sys-
tems, especially in the Markov approximation. Adiabatic elimination is a perturbative
treatment that eliminates degrees of freedom that evolve much faster than the system’s
evolution [166]. Quantum trajectories describes a system as a mixture of states which
evolve according to a probabilistic equation of motion [168]. In addition, various methods
have been developed to treat open systems with Matrix Product states [169]. Chapter 2
introduces the most important methods used in this thesis.

1.5. Entanglement and Matrix Product States
Simulating the time evolution of quantum many body systems is an important task,

which helps to gain a deeper insight into the underlying physics. However, this task is
made challenging by a generally exponential growth of the Hilbert space with system
size. This is in contrast to classical systems, where the phase space generally grows
linearly with the number of involved particles.

This added complexity is rooted in entanglement between different quantum ob-
jects [170–174]. Entanglement describes the phenomenon that the state of an individual
quantum object may be not well defined, although the state of the whole quantum sys-
tem is well defined, leading to large correlations between them. This is in contrast to
classical states, which cannot be correlated without being in a statistical mixture. As
shown theoretically by Bell and confirmed in experiments, such quantum correlations can
also be stronger than any possible classical correlation, even when allowing for statistical
mixtures [175]. In a computational sense, entanglement thus measures the complexity
of the quantum dynamics [176, 177].

For many interesting states, entanglement is local in the sense that the amount of en-
tanglement between two subsystems scales with the size of their border [174]. Examples
include ground states of local Hamiltonians, and more generally states contributing to
the dynamics in disordered or noisy systems. This can be used to efficiently simulate
many-body systems in the formalism of tensor network states [176, 178]. In particular
in one dimension (1D), the border of a subsystem is independent of system size, making
this approach very promising.

Based on this insight, matrix product states (MPS) have become the default tool for

11



1. Introduction

numerical simulations of 1D quantum systems [179]. Here, each subsystem is described
by a tensor, and entanglement between the subsystems is captured via introducing ad-
ditional “bond dimensions” for these tensors. Dynamics of these systems can then be
simulated by making local updates to the tensors, increasing the bond dimension if
necessary [176].

In Chapter 4, matrix product states are introduced in more detail. In Chapters 9
and 10, the entanglement between vibrations and electro-photonic degrees of freedom is
analyzed using MPS, and in Chapter 11, the time evolution of operator entanglement in
a XXZ spin chain with dephasing is discussed.

1.6. Overview of Results
This thesis provides some insight into the role of collective and dissipative effects in

polaritonic chemistry and where these effects may be useful. Concerning computations,
it is demonstrated how to adapt methods from quantum optics to analyze the involved
scenarios. In order to treat large ensembles, molecules are approximated by toy mod-
els for understanding fundamental aspects of the emergent dynamics in a bottom-up
approach.

In the first part of this thesis, the theoretical background of the analytical and numer-
ical methods is introduced. In Chapter 2, the concepts and methods of open quantum
systems are illustrated. Then, quantum optics setups are introduced from an AMO
perspective in Chapter 3. Finally, an overview over MPS with a focus on the methods
used in this thesis is given in Chapter 4.

The methods introduced in Chapters 2 and 3 are then applied to study the formation
of ground state molecules inside a cavity in Chapter 5. There, it is shown how the
formation of ground state molecules from atom pairs can be collectively and dissipatively
enhanced inside a cavity.

The third part is concerned with polaritonic chemistry. In Chapter 6, the methods
used to analyze ground state formation in ultracold chemistry are adapted to photo-
induced electron transfer reactions in a cavity. Here, conditions for modified reaction
rates under incoherent pumping are discussed. Following that, an overview over previous
analytical and numerical work on polaritonic chemistry is given in Chapters 7 and 8,
respectively. In the final two chapters of this part, the entanglement between vibrational
and electro-photonic degrees of freedom in simplified cavity coupled molecules is ana-
lyzed. In Chapter 9, it is shown that disorder of the electronic energies can surprisingly
enhance this type of entanglement. This effect is related to a breaking of permutation
symmetry, and ultimately leads to modified distributions along the vibrational coor-
dinate. In Chapter 10 the influence of the excitation fraction on this entanglement
is discussed, and a product state simulation for the regime with low entanglement is
proposed.

In the final part of this thesis, operator entanglement as an open system adaptation
of entanglement is discussed in Chapter 11. For an XXZ spin chain, it is shown that
dephasing leads to a decrease followed by a logarithmic growth of operator entanglement.

12



1.6. Overview of Results

This is in contrast to a strictly linear growth without dephasing. Finally, in Chapter 12,
this thesis is concluded by summarizing the implications of the work presented in a
general context and giving an outlook on future prospects.
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2. Open Quantum Systems

Most naturally occurring quantum systems are not perfectly isolated from their envi-
ronment, but instead interact with it. These quantum systems are called open quantum
systems, in contrast to closed systems which do not interact with any environment. In
fact, a perfectly isolated system could never be observed, as any observation presents an
interaction with the environment (the observer) [1]. Interactions with the environment
can have different consequences for the system. Energy can be lost to the environment,
e.g. due to spontaneous emission of an atom or photon loss from a cavity. Alternatively,
measurements (intentional or not) of the system by its environment will project the
system into a specific state, leading to dephasing without loss of energy. In general,
such interactions entangle the system with its environment, such that the two are not
independent anymore [2].

The concept of open quantum systems is particularly important in quantum optics
setups, where interactions with the free space electro-magnetic field are omnipresent, and
the resulting dynamics has been studied in great detail [1–3]. In many situations, we are
only interested in the system dynamics, and the environment acts as a bath that modifies
the system dynamics without back-action on the bath [2]. In such cases, the bath can
be treated as Markovian, i.e. memory-less [1, 2]. This approximation greatly simplifies
the dynamics, as it means that the time evolution depends only on the current state of
the system, and neither on the state of the bath (which is assumed to be at equilibrium)
nor its prior evolution. Various methods have been developed to describe and simulate
Markovian open quantum systems [1], including, but not limited to, Lindblad master
equations [1, 2, 4], quantum Langevin equations [1, 5–7], and quantum trajectories [8–10].

The remainder of this chapter is organized as follows: In Section 2.1, the approx-
imations needed to derive a Markovian master equation are discussed in detail, and
the Lindblad master equation is introduced as the general form of a Markovian master
equation. Section 2.2 shows how the Lindblad master equation can be unraveled into
quantum trajectories, which can often be simulated more efficiently. This chapter is
concluded with a discussion of adiabatic elimination in Section 2.3. Adiabatic elimina-
tions is a technique for the perturbative treatment of the Lindblad master equation if
the system can be separated into fast and slowly evolving coordinates. The Lindblad
master equation, quantum trajectories, and adiabatic elimination are used to describe
open quantum systems throughout this thesis, in particular in Chapters 5, 6, and 11.
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Figure 2.1. – Schematic illustration of the derivation of the master equation. The system
(blue) is coupled to a bath (grey), such that the total evolution is a sum
of system, bath, and interaction. Under some conditions, the bath can be
eliminated, leading to a effective evolution of the system only, with the
bath leading to dissipation.

2.1. The Markovian Master Equation in Lindblad Form
In this section, I will discuss the Lindblad master equation as a general Markovian

master equation. I will further show how to derive a Markovian master equation from
the coupled system-bath equation. This will provide some insight into the conditions
which need to be fulfilled to describe a system as Markovian.

I consider a generic setup where the system of interest is weakly coupled to a much
larger bath, as schematically illustrated in Figure 2.1(a). If the conditions detailed below
are met, it is possible to derive an effective equation of motion for the system only,
where the bath leads to qualitatively new, dissipative dynamics, including energy loss
and decoherence. This is illustrated in Figure 2.1(b). The resulting equation describing
the system’s evolution, only, is generally known as a master equation.

The price to pay is that the system (in contrast to the combination system + bath)
is not in a pure state, but instead in a mixed state, which is described by a density
matrix [2]

ρ̂ =
∑
n

pn |ψn〉 〈ψn| . (2.1)

Here, |ψn〉 are the different possible system states, and pn the probabilities that the
system is in the respective state, such that pn ≥ 0 and

∑
n pn = 1. The diagonal entries

of the density matrix are called probabilities, since they correspond to the probabilities
of the corresponding states; the off-diagonal entries are know as coherences, as they
determine whether the density matrix describes a coherent or incoherent superposition
of the two states. Notably, a density matrix contains quadratically more information
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2.1. Lindblad Master Equation

than a state, i.e. a state of dimension D leads to a density matrix of dimension D2.
This can be seen as an added computational cost for eliminating the environment, even
in the Markovian limit. The various properties and consequences of the density matrix
have been discussed in great detail in many textbooks (see e.g. Reference [2]) and will
not all be repeated here. Two important properties which will be used later are that (i)
the diagonal entries are all ≥ 1, and (ii) the trace is Tr ρ̂ = 1, both trivial consequences
from Equation (2.1).

Lindblad showed that under some reasonable conditions, a Markovian equation of
motion that preserves the properties of a density matrix can always be written in the
form of a so-called Lindblad master equation [4] (see also Section 3.2 of Reference [2])

∂tρ̂ = −i
[
Ĥ, ρ̂

]
+
∑
k

(
2L̂kρ̂L̂

†
k − L̂

†
kL̂kρ̂− ρ̂L̂

†
kL̂k

)
. (2.2)

The first commutator on the right hand side describes coherent system dynamics, which
can be either the system’s Hamiltonian dynamics or induced by the bath. By itself,
this term is known as the von Neumann equation and a direct generalization of the
Schrödinger equation to density matrices. The sum over k describes the incoherent
processes. Each k corresponds to a different process, whose properties are determined
by the corresponding Lindblad operator L̂k. These terms are unique to open quantum
systems and arise due to unidirectional transfer of information from the system to the
bath.

The derivation of the Lindblad master equation, including the Lindblad operators,
is generally tied to a specific system and bath [1]. Here, instead, I derive a Markovian
master equation not in Lindblad form for an arbitrary system and bath, which is adapted
from Crispin Gardiner and Peter Zoller’s book “Quantum Noise” (Chapter 5, pages
135ff) [1]. The Lindblad form is then a consequence of the fact that it describes the
most general possible Markovian master equation.

To start, I will introduce a vectorization of the density matrix and the Lindblad master
equation (2.2). Conceptually, you may think of choosing a basis ρ̂n for the density matrix
(e.g. generalized Gell-Mann matrices), such that ρ̂ = cnρ̂n. The vectorized density matrix
is then given as ~ρ = (cn)n=1,...,D2−1. The vector space spanned by the density matrices
has a well-defined scalar product given by the trace, i.e. ~ρ1 · ~ρ2 ≡ Tr{ρ̂1ρ̂2}. With these
definitions, we can rewrite the equation of motion as a matrix-vector equation

∂t~ρ = L~ρ . (2.3)

We call L the Liouvillian super-operator, since it is an operator acting on operators.
Its elements are in principle computed by plugging the basis-elements ρ̂n of the density
matrix into Equation (2.2). With this definition, the master equation is formally solved
by

~ρ(t) = eLt~ρ(0) . (2.4)
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Figure 2.2. – Multi-dimensional “phase space” spanned by system (horizontal) and bath
(vertical) coordinates. (a) Schematic representation of projectors P and
Q. The P manifold consists only of states with fixed bath density matrix,
but arbitrary system. The Q manifold contains all other values of the bath
density matrix as well as all possible correlations between system and bath.
(b) Schematic representation of the allowed evolution.

Furthermore, projection super-operators P and Q are defined as illustrated in Fig-
ure 2.2(a) by

P ρ̂tot = ρ̂B ⊗ TrB ρ̂tot , (2.5)
Q = I − P . (2.6)

Here, I is the super-operator identity. P projects the bath into its equilibrium state
ρ̂B. Note that Q projects into all states whose bath density matrix is orthogonal to ρ̂B,
including all states with system-bath entanglement.

Finding an effective equation for the system density matrix is then equivalent to
finding an equation of motion for the density matrix restricted to the subspace P ρ̂tot.
This can be done by treating the system-bath interaction perturbatively, as illustrated
in Figure 2.2(b). In particular, the evolution of the system is computed considering only
terms that are fully restricted to the P manifold or bring the bath out of its equilibrium
state and after some (short) evolution back into its equilibrium state.

Following is a list of conditions that are needed to derive the Markovian master equa-
tion in this way. These conditions should not be viewed as independent, but rather
partially follow from each other. They are (with nomenclature from Figure 2.1):

1. Interaction between system and bath is weak LI � LS,LB

2. Factorization of the total density matrix ρ̂tot(t) = ρ̂B ⊗ ρ̂(t) at t = 0 for a steady
state of the bath ρ̂B: LB~ρB = 0

3. Factorization of the total density matrix ρ̂tot(t) ≈ ρ̂B ⊗ ρ̂(t) at t > 0

4. Statistical properties of the bath unaffected by coupling to the system (ρ̂B does
not change)
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2.1. Lindblad Master Equation

5. Markov approximation: Bath correlation functions decay (or oscillate) quickly
6. Choice of interaction such that PLIP = 0

Using the projection operators, the density operator can be rewritten as

~ρtot(t) = P~ρtot(t) +Q~ρtot(t) ≡ v(t) + w(t) . (2.7)

We can write down the equations of motion for v(t) and w(t) as

∂tv(t) = P(LS + LB + LI)[v(t) + w(t)] = Lsysv(t) + PLIw(t) , (2.8)
∂tw(t) = Q(LS + LB + LI)[v(t) + w(t)] = (LS + LB +QLI)w(t) +QLIv(t) . (2.9)

together with the initial condition w(0) = 0 (Condition 2). I have further used
1. LSP = PLS

(LS does not care for tracing out the bath)
2. PLB = 0

(PLB

∑
α ~ρ

(α) ⊗ ~ρ(α)B =
∑

α

[
~ρ(α) ⊗ ~ρB

][
Tr
(
LB~ρ(α)B

)]
= 0)

3. LBP = 0

(Condition 2)
4. PLIP = 0

(Condition 6)
Equation (2.9) is formally solved by

w(t) =

∫ t

0

dτ exp[(LS + LB +QLI)(t− τ)]QLIv(τ) . (2.10)

Plugging this solution into Equation (2.8), we find

∂tv(t) = LSv(t) + PLI

∫ t

0

dτ exp[(LS + LB +QLI)(t− τ)]QLIv(τ) . (2.11)

Since the interaction is assumed to be small (Condition 1), the QLI in the exponent
leads to higher order corrections and can be neglected. Now, the Markov approximation
can be applied. The memory of the bath is here encoded in the decay or oscillation
of the out-of-equilibrium bath exp[(LS + LB)(t− τ)]Q, which are assumed to decay or
oscillate quickly. Then, only terms with τ ∼ t contribute to the integral. Thus, we can
replace v(τ) ≈ v(t) and extend the lower integral bound to −∞. For a precise discussion
of the errors in the case of the quantum optics master equation, see e.g. Atom-Photon
Interactions by Cohen-Tannoudji Chapter IV.D [3]. The result is

∂tv(t) = LSv(t) + PLI

∫ ∞

0

dτ exp[(LS + LB)τ ]QLIv(t) . (2.12)

Clearly, the right hand side only depends on time via v(t), and not on v(t′) at earlier
times t′ < t or explicitly on t.

One could now continue to derive a specific master equation by introducing a bath
and a model, however, we will stop here with this general result.
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Figure 2.3. – Quantum trajectories for Rabi oscillations with spontaneous emission. γ =
Ω. (a) 5 example trajectories. (b) Average over an increasing number of
up to 104 trajectories.

2.2. Quantum Trajectories
The Lindblad master equation directly describes the time evolution of the system’s

density matrix. Depending on the context, however, alternative descriptions may be
more appropriate. This can be due to computational cost, for subsequent analytical
calculations, or for conceptual reasons. The most common alternative is the quantum
trajectories algorithm, which describes an ensemble of states instead of the master equa-
tion [10]. This is in many situations more efficient to simulate.

The simulation of master equations in open quantum many-body systems is generally
computationally expensive, due to a combination of the exponential scaling of the Hilbert
space dimension combined with the quadratic scaling of the density matrix. Consider
for example N two level systems. Then, the Hilbert space has dimension 2N , whereas
the density matrix has dimension ∼ (2N)2 = 4N . For N = 20, this leads to a Hilbert
space dimension ∼ 106, and to a density matrix dimension ∼ 1012, out of reach of any
computation without further approximations. In the following, I will first explain the
quantum trajectories algorithm and then show its equivalence to the Lindblad master
equation.

In order to reduce the simulation complexity, the key idea behind the quantum trajec-
tories algorithm is to decompose the density matrix into an ensemble of M states |ψn〉,
n = 1, . . . ,M , such that

ρ̂ =
1

M

M∑
n=1

|ψn〉 〈ψn| (2.13)

similar to Equation 2.1. The goal is then to write a (stochastic) equation of motion for
the states |ψn(t)〉. This method is known under the names of Monte Carlo wavefunctions,
quantum jumps, or quantum trajectories [8–10]. These states then follow a stochastic
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evolution which sample the pns from Equation 2.1 in a Monte Carlo manner. Observables
can be computed by averaging over different trajectories, as schematically illustrated in
Figure 2.3.

In order to describe the quantum trajectories algorithm, we first define the non-
hermitian Hamiltonian

ĤNH = Ĥ − i
∑
k

L̂†
kL̂k . (2.14)

The master equation then reads

∂tρ̂ = −iĤNHρ̂+ iρ̂Ĥ†
NH + 2

∑
k

L̂kρ̂L̂
†
k . (2.15)

The first two terms then describe some kind of generalized coherent dynamics, whereas
the third term will lead to stochastic jumps.

To first order in δt, we can write the following algorithm [10]
1. Evolve the state according to

|ψn(t+ δt)〉 =
(
1− iĤNHδt

)
|ψn(t)〉 (2.16)

2. Compute the jump probability

δp = 1− 〈ψn(t+ δt)|ψn(t+ δt)〉 = δt
∑
k

〈ψn(t)| L̂†
kL̂k |ψn(t)〉 (2.17)

3. Draw a random number r ∈ [0, 1]. If r < δp, a jump happens, otherwise, renor-
malize |ψn(t+ δt)〉 and restart from 1. for the next time step

4. Chose which jump operator L̂k is applied with probabilities

pk = 〈ψn(t)| L̂†
kL̂k |ψn(t)〉 /δp× δt (2.18)

5. Apply the jump

|ψn(t+ δt)〉 = Lk |ψn(t)〉 /
√
pk × δp/δt (2.19)

Starting from a pure density matrix |ψn(t)〉 〈ψn(t)|, the density matrix at time t+δt is
then given as a weighted sum of the density matrix if no jump happens and the different
jump probabilities, each with their respective probability

ρ̂(t+ δt) =
(
1− iĤNHδt

)
|ψn(t)〉 〈ψn(t)|

(
1 + iĤNHδt

)
+ δp

∑
k

pkL̂k |ψn(t)〉 〈ψn(t)| L̂†
k/(pk × δp/δt) . (2.20)
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The first line gives the contribution if no jump happens, the second line gives the
ensemble-averaged jump contributions. From here, the underlying equation of motion
can be reconstructed as

ρ̂(t+ δt)− |ψn(t)〉 〈ψn(t)|
δt

= −iĤNH |ψn(t)〉 〈ψn(t)|+ i |ψn(t)〉 〈ψn(t)| ĤNH

+
∑
k

L̂k |ψn(t)〉 〈ψn(t)| L̂†
k +O(δt

2) . (2.21)

This result is exactly the first order approximation to the master equation Equation (2.15).
If at time t the density matrix does not describe a pure state, but instead given by a
statistical mixture, the same arguments independently hold for all terms. Then, since
the density matrix is a linear superposition of pure states and Equation 2.2 is linear in
time and ρ̂, the algorithm holds for arbitrary density matrices. Analogously, if the initial
density matrix is not pure, it needs to be rewritten as in Equation (2.1) and the initial
state needs to be sampled from the |ψn〉 with probabilities pn, respectively [10].

This method is however still first order in time. In order to compute higher order
methods, we use the following algorithm [10, 11]

1. Draw a random number r ∈ [0, 1]

2. Solve the equation ∥∥∥exp(−iĤNH∆t
)
|ψn(t)〉

∥∥∥2 = r (2.22)

to compute the jump time ∆t

3. Compute |ψn(t′)〉 in the interval t′ ∈ [t, t+∆t] as

|ψn(t′)〉 =
exp
[
−iĤNH(t

′ − t)
]
|ψn(t)〉∥∥∥exp[−iĤNH(t′ − t)
]
|ψn(t)〉

∥∥∥ (2.23)

4. Choose a jump k at random with probability

pk =
〈ψn(t+∆t)| L̂†

kL̂k |ψn(t+∆t)〉∑
k 〈ψn(t+∆t)| L̂†

kL̂k |ψn(t+∆t)〉
(2.24)

5. Apply the jump

|ψn(t+∆t)〉 = L̂k |ψn(t+∆t)〉
√
pk

(2.25)

6. Restart from step 1. with tnew = t+∆t

It is straightforward to see that for an infinitesimal time step dt, this algorithm
is equivalent to the first order algorithm above. That is, the evolution according to
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exp
(
−iĤNHt

)
is the proper generalization of the infinitesimal time step, and quantum

jumps occur at the same rate.
The higher order method is particularly efficient if the jump time ∆t in Equation (2.22)

can be computed analytically. This is e.g. the case if the dynamics due to ĤNH does
not change the jump probabilities. In this case Equation (2.22) describes an exponential
decay and an analytic solution is readily available. This is in particular the case in
Chapters 5 and 6.

In order to compute expectation values of an operator Ô at time t, we need to compute
Tr[ρ̂(t)Ô]. With the decomposition of the density matrix Equation (2.13), one finds [10]

Tr

[
1

M

M∑
n=1

|ψn(t)〉 〈ψn(t)| Ô

]
=

1

M

M∑
n=1

〈ψn(t)| Ô |ψn(t)〉 . (2.26)

Figure 2.3(a) shows the individual expectation values of the operator σ̂+σ̂− in a driven
dissipative two level system. Averaging many of these trajectories then slowly converges
to the master equation, as shown in Figure 2.3(b).

In addition to standard numerical errors such as finite time steps, quantum trajectories
also have a fundamental error source due to the finite number of trajectories M [10].
This is fundamentally rooted in the fact that the ensemble averaged density matrix∑

n(|ψn〉 〈ψn|)/M only matches the true density matrix in the infinite sample limit.
For a finite sample size, expectation values are computed according to Equation (2.26)

as the average over many trajectories. These trajectories are independent, and thus the
central limit theorem ensures that the estimate of the expectation value will be Gaussian
distributed with mean 〈Ô〉 and variance (〈Ô2〉 − 〈Ô〉2)/M [10]. The resulting statistical
error is thus well-known, and can be controlled by increasing the sample size.

In addition to the computational equivalence, these algorithms are more fundamen-
tally motivated by continuous measurement theory [12]. In quantum mechanics, a mea-
surement projects the system into an eigenstate of the measurement operator. Analo-
gously, incoherent interactions with the environment (such as spontaneous emission of
a photon) can be thought of effective measurements of the system, potentially with a
subsequent modification. For example, spontaneous emission of a photon can be thought
of first measuring the atom in the excited state and subsequently transferring the atom
into the ground state. Continuous measurement theory then describes a system under
continuous monitoring by applying measurements stochastically at some average rate.
This stochastic application directly leads to the above described algorithm [12].

2.3. Adiabatic Elimination
Adiabatic elimination provides a perturbative treatment of systems which can be sep-

arated into fast and slow evolving degrees of freedom with weak coupling between them.
Then, excited states are only perturbatively populated due to far detuning or decay
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Figure 2.4. – Schematic illustration of the elimination procedure. The quantum system
is split into ground states which evolve slowly according to Lg; and excited
states which quickly according to Le. Ground and excited state manifold
are coupled by LI , such that the total density matrix evolves according to
∂t~ρ = (Lg + Le + LI)~ρ. Adiabatic elimination then gives an evolution for
the ground states with excited states in equilibrium.

and can be adiabatically eliminated from the dynamics, leaving an effective equation
for the ground states only. The book Stochastic Methods by Crispin Gardiner [13] pro-
vides a general introduction into adiabatic elimination in a way that can be applied
to quantum or classical problems. Reiter and Sørensen derive explicit formulas for the
effective Hamiltonian and Lindblad operators in the case that all dissipation brings ex-
cited states into the ground state manifold [14]. Adiabatic elimination has been used
to describe many open quantum optics setups [3, 13, 14], for example cavity QED [15],
dissipative preparation of entanglement [16], or effective descriptions of lasers [1].

The fundamental idea is shown in Figure 2.4: The system is split into excited states
which decay quickly towards (or oscillate quickly around) their equilibrium. In order
to adiabatically eliminate the excited states, one then assumes that they are well ap-
proximated by their equilibrium values, and derives a resulting equations for the ground
states only. This is conceptionally very similar to the derivation of the Markovian master
equation, where the bath’s degrees of freedom quickly relax to their equilibrium, while
the system evolves slowly (in the interaction picture). In contrast to that derivation, in
this section we consider a direct separation into ground states and excited states split
on the state level, instead of two distinct systems as used in Section 2.1. Mathemati-
cally that means the Hilbert space is a direct sum instead of a product of ground and
excited states. The methods however are so similar that also the derivation of the mas-
ter equation may be considered as an adiabatic elimination of the bath. Furthermore,
both derivations rely on a vectorization of the density matrix, projection operators, and
treating the fast evolving manifold as close to equilibrium.

In order to derive formulas for adiabatic elimination, the Hilbert space is split into
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slowly evolving ground states |gn〉 and fast evolving excited states |em〉. Then, projection
operators can be defined as

P̂ =
∑
n

|gn〉 〈gn| , (2.27)

Q̂ =
∑
m

|em〉 〈em| . (2.28)

To more easily define super-operators, the following notation is used for super-operators(
Â⊗ B̂

)
ρ̂ ≡ B̂ρ̂ÂT . (2.29)

With this notation, for example, the Liouvillian super-operator L can be written as

L = −iÎ ⊗ ĤNH + iĤ∗
NH ⊗ Î + 2

∑
k

L̂∗
k ⊗ L̂k . (2.30)

The projection super-operators are defined by

P = P̂ ⊗ P̂ , (2.31)
Q = I − P = Q̂⊗ Q̂+ Q̂⊗ P̂ + P̂ ⊗ Q̂ . (2.32)

These notation is analogously used in Reference [17] to derive lowest order estimates for
the residual excited state population. The goal is now to proceed to derive an effective
equation of motion for P~ρ.

Following the Handbook of Stochastic Methods, we separate the Liouvillian L =
Lg + Le + LI according to

Lg = PLP , (2.33)
Le = QLQ , (2.34)
LI = PLQ+QLP . (2.35)

The following steps are now analogous to the derivation of the master equation in
Section 2.1. First define

~v(t) ≡ P~ρ(t) , (2.36)
~w(t) ≡ Q~ρ(t) . (2.37)

The equations of motion for ~v and ~w then read

∂t~v(t) = Lg~v(t) + LI ~w(t) , (2.38)
∂t ~w(t) = Le ~w(t) + LI~v(t) . (2.39)

The equation for ~w(t) with ~w(0) = 0 is then formally solved by

~w(t) =

∫ t

0

dτ exp[Le(t− τ)]LI~v(τ) . (2.40)
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The condition ~w(0) = 0, i.e. no initial excited state population, is a reasonable assump-
tion in most scenarios. If we had initial population in the excited state, it would quickly
relax to the ground state. However, this relaxation dynamics can not be described by
adiabatic elimination, since by definition during this dynamics the excited state popu-
lation does not follow its equilibrium adiabatically.

Analogous to the derivation of the master equation, the excited states decay (or oscil-
late) fast, so that the only relevant contribution to the integral is at time τ ∼ t. Thus,
the lower bound of the integral can be extended to −∞ and ~v(τ) can be replaced by
~v(t). Equation (2.40) then simplifies to

~w(t) =

∫ ∞

0

dτ exp(Leτ)LI~v(t) , (2.41)

which is solved by

~w(t) = −(Le)−1LI~v(t) . (2.42)

This is the dynamical equilibrium value of the excited state coordinates at time t in first
order perturbation theory.

Plugging this result back into Equation (2.38), we find [13, 17]

∂t~v(t) =
[
Lg − LI(Le)−1LI

]
~v(t) ≡ Leff~v(t) . (2.43)

Thus, the effective evolution of the ground state has two contributions. The first term
is the bare ground state evolution, and the second term is an effective excited state
evolution due to excitation from the ground state, propagation in the excited state, and
relaxation back to the ground state.

In the special case that all Lindblad operators describe relaxation processes from the
excited state back to the ground state, i.e. L̂k = P̂ L̂kQ̂ ∀k, Reiter and Sørensen gave
explicit formulas for the effective Hamiltonian and Lindblad operators [14]. They split
the non-hermitian Hamiltonian ĤNH = Ĥg + ĤNH,e + V̂+ + V̂− by projecting into the
different subspaces

Ĥg = P̂ ĤP̂ , (2.44)
ĤNH,e = Q̂ĤNHQ̂ , (2.45)

V̂+ = Q̂ĤP̂ , (2.46)
V̂− = P̂ ĤQ̂ . (2.47)

Note that due to the structure of the Lindblad operators, only the excited subspace
Hamiltonian is non-hermitian. This situation is schematically illustrated on the left
hand side of Figure 2.5.

Under this condition, Leff can be written as a Lindblad master equation [14]

∂tρ̂ = −i
[
Ĥeff , ρ̂

]
+
∑
k

2L̂eff,kρ̂L̂
†
eff,k − L̂

†
eff,kL̂eff,kρ̂− ρ̂L̂†

eff,kL̂eff,k (2.48)
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Figure 2.5. – Schematic illustration of the computation of the effective Hamiltonian and
Lindblad operators according to Eqs. (2.49) and (2.50), respectively. The
green arrows schematically indicate the path effectively taken by the dis-
sipator L̂eff,1, which induces transfer between the ground states. In this
example, L̂eff,2 leads to dephasing and Ĥeff induces an energy shift.

with

Ĥeff = Ĥg −
1

2
V̂−

[
Ĥ−1

NH,e +
(
Ĥ−1

NH,e

)†]
V̂+ , (2.49)

L̂eff,k = L̂kĤ
−1
NH,eV̂+ . (2.50)

These terms are illustrated on the right hand side of Figure 2.5. In particular, the
dissipators can be thought of virtually exciting an excited state, following the excited
state evolution, and finally relaxing dissipatively to the ground state, as illustrated in
green for L̂eff,1. Analogously, the Hamiltonian can be thought of as a virtual excitation
process, followed by excited state evolution, and finally coherent transfer back to the
ground state.

The Equations (2.49) and (2.50) are directly applied in Chapter 5 to compute the
effective Hamiltonian and Lindblad operators for ultracold molecules coupled to a cavity.
Here, a laser offers a weak coherent drive to excite electronically excited states, and cavity
decay and spontaneous emission offer dissipative decay channels back to the ground state.
In Chapter 6 we also consider incoherent pumping of the molecules. Then we need to
use the more general formulation of Equation (2.43). There, in the absence of a coherent
pump, we derive purely dissipative transfer rates between the ground states.
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3. Quantum Optics
In this chapter, some basic concepts of quantum optics are introduced. First, the

Jaynes-Cummings model is derived in Section 3.1. This is the simplest model to describe
quantum optics consisting of a single two-level emitter coupled to a single optical mode.
The approximation made during the derivation of this model are discussed and some
simple results are given. In Section 3.2, the Jaynes-Cummings model is generalized to
many two-level emitters, i.e. the Tavis-Cummings model. In Section 3.3 the solution
of the Tavis-Cummings model using generalized Dicke states is introduced. Dissipative
effects and in particular collective dissipative effects are discussed in Section 3.4. Finally,
the fate of Dicke states in setups with local dissipation and other symmetry breaking
effects is considered in Sections 3.5 and 3.6, respectively.

3.1. The Jaynes-Cummings Model and the Rotating
Wave Approximation

The simplest nontrivial setup in quantum optics consists of a single emitter coupled
to a single electromagnetic mode. Such a setup may describe an atom in a cavity, where
the discreteness of optical modes ensures that only one mode is coupled [1]. This setup
is schematically indicated in Figure 3.1(a).

In this setup, the quantized electromagnetic mode has an annihilation operator â, and
the Hamiltonian of the mode only reads

Ĥ = ~ωcâ†â . (3.1)

Here, we ignore the vacuum energy ~ωc/2, which just shifts the total energy. In the
emitter, often only one transition between two energy levels called |g〉 and |e〉 is resonant
with the optical mode. Thus, ignoring all other energy levels, the Hamiltonian of the
free dipole reads

Ĥ = ~ωg |g〉 〈g|+ ~ωe |e〉 〈e| . (3.2)

The coupling between an electromagnetic field ~E and an emitter is determined by
the emitter’s dipole ~d and given by ~d ~E. If the emitter is not a perfect dipole, other
coupling terms may arise, but in practice this coupling is sufficient to describe most
situations [1]. We assume that the charge distribution in the emitter differs for ground
and excited states. In this case, there is generally a non-vanishing transition dipole
~deg = 〈g| ~̂d |e〉 for ~̂d =

∫
d3~rq(~r)~̂r the dipole operator for a charge distribution q(~r). If
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3. Quantum Optics

Figure 3.1. – Schematic illustration of the setup and the level scheme of the Jaynes-
Cummings model. (a) The cavity and the atom coherently exchange en-
ergy. (b) The possible states in the single excitation regime are the total
ground state |0, g〉, the single photon state |1, g〉 and the atomic excited
state |0, e〉. Due to the coherent coupling, the excited states hybridize to
form polaritons (red) with the Rabi splitting

√
4g2 +∆2.

the emitter has no permanent dipole, i.e. 〈g| ~̂d |g〉 = 〈e| ~̂d |e〉 = 0, the dipole operator
can be written as d̂ = ~deg(|e〉 〈g|+ |g〉 〈e|). The electric field operator can be written in
terms of creation and annihilation operator as ~̂E = ~E0(â

†+ â) [1]. In total, the coupling
Hamiltonian reads

Ĥ = ~deg ~E0(|e〉 〈g|+ |g〉 〈e|)(â† + â) . (3.3)

In order to simplify the notation, raising, lowering, and population operators are
defined as σ̂+ = |e〉 〈g|, σ̂− = |g〉 〈e|, and σ̂z = |e〉 〈e| − |g〉 〈g|, respectively. The total
Hamiltonian is then given by

ĤRabi = ~ωaσ̂+σ̂− + ~ωcâ†â+ g
(
σ̂+ + σ̂−)(â† + â

)
, (3.4)

with ωa = ωe − ωg and g = ~deg ~E0, and the Hamiltonian shifted by the energy ωg. This
Hamiltonian is known as the quantum Rabi model. Note that, since the vacuum field
strength ~E0 is inversely proportional to the square root of the cavity volume, so is the
coupling constant g, motivating the search for small volume cavities mentioned in the
discussion. Despite only having two degrees of freedom, this Hamiltonian still hosts rich
physics and has only been solved recently [2].

The quantum Rabi Hamiltonian can be further simplified by the so-called rotating
wave approximation (RWA). This approximation is most easily understood by trans-
forming into the rotating frame with the time-dependent unitary transform

U = exp
[
it
(
ωaσ̂

+σ̂− + ωcâ
†â
)]
. (3.5)
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3.1. Jaynes-Cummings Model

The states are transformed according to |ψ〉 → U |ψ〉, and the transformed Hamilto-
nian reads

Ĥ = UĤU † + i~(∂tU)U † (3.6)
= g

{
σ̂+â† exp[−it(ωa + ωc)] + σ̂+â exp[−it(ωa − ωc)]+
σ̂−â† exp[it(ωa − ωc)] + σ̂−â exp[it(ωa + ωc)]

}
. (3.7)

For g,∆ � ωa + ωc (∆ = ωa − ωc), the terms proportional σ̂+â† and σ̂−â oscillate
very fast compared to the system dynamics. In this case, these oscillations average
out quickly. For typical cold atom experiments, g and ∆ are MHz or GHz, whereas
ωa + ωc ∼ 1015Hz, 6 orders of magnitude larger. The RWA then consisits of neglecting
these terms, and we can write the Jaynes-Cummings Hamiltonian [3]

ĤJC = ~ωaσ̂+σ̂− + ~ωcâ†â+ ~g
(
σ̂+â+ σ̂−â†

)
. (3.8)

This Hamiltonian provides an excellent approximation for most experimental setups.
This approximation is in fact so good that trying to reach break this approximation
has given rise to a field of its own. This challenge of reaching the so-called ultra-strong
coupling regime g ∼ ωa + ωc has been achieved using organic molecules about a decade
ago [4, 5].

In contrast to ĤRabi, ĤJC conserves the number of excitations â†â + σ̂+σ̂−. From
another perspective, the terms that do not conserve excitation number and thus break
energy conservation need to oscillate quickly due to Heisenberg’s uncertainty principle.
As a result, ĤJC only couples states with the same number of excitation. The manifold
with Nex excitations is spanned by the two states |Nex, g〉 and |Nex − 1, e〉. The first
number is the number of photons, whereas the second number is the state of the emitter.
As a result, the spectrum of the Hamiltonian can be easily obtained by diagonalizing
2× 2 matrices [1, 6]. (

Nexωc
√
Nexg√

Nexg (Nex − 1)ωc + ωa

)
(3.9)

The absolute ground state |0, g〉 is the only state with 0 excitations. The energies of the
other states with Nex > 0 excitations are given by

ENex,± = ~

[
ωa + (2Nex − 1)ωc

2
±
√

∆2

4
+Nexg2

]
. (3.10)

The corresponding eigenstates are |±Nex〉 = αNex,± |Nex, g〉+ βNex,± |Nex − 1, e〉 with

αNex,± =

√
2Nexg2

∆2 + 4Nexg2 ±∆
√
∆2 + 4Nexg2

, (3.11)

βNex,± =

√
∆2 + 2Nexg2 ±∆

√
∆2 + 4Nexg2

∆2 + 4Nexg2 ±∆
√
∆2 + 4Nexg2

. (3.12)
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Figure 3.2. – Schematic illustration of the Tavis-Cummings model. (a) N identical emit-
ters are coupled to a cavity mode, leading to coherent energy exchange
between the excited cavity state |1, g〉 and the symmetric emitter excited
state |0, esym〉. (b) Schematic level diagram. In the single excitation limit,
the states |1, g〉 and |0, esym〉 hybridize and for polaritons split by the en-
ergy

√
4Ng2 +∆2. The N − 1 orthogonal emitter states |0, easym〉 remain

unperturbed.

The energy difference E1,+ − E1,− on resonance (∆ = 0) for M = 1 is known as the
vacuum Rabi (or polariton) splitting and given by 2g. This is schematically illustrated
in Figure 3.1(b). The first excited states |±1〉 are also known as polaritons (or polaritonic
states).

3.2. The Tavis-Cummings Model
If, instead of a single emitter, N identical emitters are coupled to the same elec-

tromagnetic mode, the Jaynes-Cummings model straightforwardly generalises to the
Tavis-Cummings model with the Hamiltonian

ĤTC = ~ωa
N∑
n=1

σ̂+
n σ̂

−
n + ~ωcâ†â+ g

N∑
n=1

σ̂+
n â+ σ̂−

n â
† , (3.13)

where the subscript n indicates which emitter the corresponding operator is acting on [7].
The RWA can be made analogously to the single emitter case, and the Hamiltonian ĤTC

conserves the total excitation number N̂ex =
∑

n σ̂
+
n σ̂

−
n + â†â.

First, consider the single excitation limit Nex ≤ 1. The unique ground state is given
by |G〉 ≡ |0, g · · · g〉 with Nex = 0. The manifold Nex = 1 is spanned by the single
photon state |1, g · · · g〉 and the N emitter excited states σ̂+

n |0, g · · · g〉. In the manifold
of emitter excited states, only the symmetric superposition (1/

√
N)Ŝ+ |G〉 with Ŝ+ =∑

n σ̂
+
n is coupled to the cavity with enhanced coupling strength

√
Ng. The other states

[e.g. (σ̂+
1 − σ̂+

2 )/
√
2 |0, g · · · g〉] decouple from the cavity and are commonly labeled “dark

states.” A simple basis for these dark states is given by |k〉 =
∑

n exp(2πikn/N)σ̂+
n |G〉
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3.3. Generalized Dicke States

Figure 3.3. – Schematic illustration of the generalized Dicke states. Through the use of
permutation symmetry, N identical two level systems can be re-written
in the Dicke basis. Each state is determined by its J (left-right) and M
(up-down) quantum number, with −J ≤M ≤ J . The Ŝ+ operator (green)
keeps J constant and increases M by one, while the Ŝ− operator (blue)
keeps J constant and reduces M by one. States with J < N/2 are highly
degenerate.

with k = 1, . . . , N−1. The eigenenergies and eigenstates of ĤTC are then given analogous
to Equations (3.10), (3.11) and (3.12), as well as the dark states with bare energies ωa.

3.3. Generalized Dicke States
In this section, the eigenstates of ĤTC with arbitrary Nex are described. In this

case, the permutation symmetry among the emitters can be used to classify the emitter
excited states. In particular, the emitter states are described by so-called generalized
Dicke states schematically shown in Figure 3.3 [6], where the states have been classified
according the total spin symmetry

Ŝ2 =

(∑
n

σ̂xn

)2

+

(∑
n

σ̂yn

)2

+

(∑
n

σ̂zn

)2

, (3.14)

with σ̂x = σ̂+ + σ̂− and σ̂y = −i(σ̂+ − σ̂−). Analogously to other spin operators,
the operators Ŝ+, Ŝ− and Ŝz commute with Ŝ2. As a consequence, ĤTC commutes
with Ŝ2, and the total spin J with Ŝ2/4 |ψ〉 = J(J + 1) |ψ〉 is a conserved quantum
number. In addition, emitter states are labeled by their spin-z quantum number M :
Ŝz/2 |ψ〉 = M |ψ〉. The additional factors 1/4 and 1/2 are introduced to translate
between Pauli matrices and spin operators.

The symmetry sectors with J < N/2 are highly degenerate. However, it is possible to
further split the Hilbert space into a direct sum of sub-spaces which the Hamiltonian are
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3. Quantum Optics

not mixed by the spin operators Ŝ±,z [8, 9]. As a consequence, for an initial state with a
given J , the relevant Hilbert space that this state can explore has size 2J and contains
only states with equal J , but different M (see Figure 3.3). The Hilbert space may be even
further restricted due to the excitation number, that is for states with excitation number
Nex, the condition M ≤ Nex−N/2 has to be fulfilled. As a simple example, the J = N/2

manifold is given by N + 1 states |J = N/2,M = Nex −N/2〉 ∝
(
Ŝ+
)Nex

|0, g · · · g〉.
This separation into symmetry sectors can be concisely written as [8]

[
D1/2(R)

]⊗N ∼= Jmax⊕
J=Jmin

dNJ⊕
i=1

DJ,i(R) (3.15)

This formula essentially states that any rotation (which is the same as applications of
global spin operations) of N identical spin-1/2 particles is equivalent to a block-diagonal
diagonal operation where an equivalent rotation is applied on a collective spin with size
J somewhere between Jmin = 0, 1/2 and Jmax = N/2.

The spin operators can be straightforwardly applied to the Dicke states using the
standard spin algebra. We write the states as |J,M〉 (dropping the index i which resolves
the additional degeneracy for convenience) and find

Ŝ±/2 |J,M〉 =
√
J(J + 1)−M(M ± 1) |J,M ± 1〉 , (3.16)

Ŝz/2 |J,M〉 =M |J,M〉 , (3.17)
Ŝ2/4 |J,M〉 = J(J + 1) |J,M〉 . (3.18)

Here, the additional degeneracy has been dropped, as it is irrelevant for this equation.
With these identities, the Tavis-Cummings model can be solved straightforwardly even

for large atom numbers N . The dark states are then the states in the bottom diagonal of
the Dicke ladder, which have finite excitation but cannot transfer energy to the cavity,
i.e. Ŝ− |J,M = −J〉 = 0. These results will be used when describing large ensembles of
molecules coupled to a cavity in Chapter 5.

3.4. Weak Coupling, the Purcell Effect, and
Superradiance

In realistic cavities, photons are not trapped indefinitely, but are instead lost over
time. In this section, the consequences of photon-loss from the cavity are discussed,
while the next section deals with spontaneous emission from the atoms. In the first part
of this section, only a single emitter coupled to the cavity mode is considered, and in
the second part, collective effects are taken into account.

Figure 3.4 illustrates the scenario where a single two level atom is coherently coupled
to a cavity mode which decays at rate κ. Then, the time evolution is described by the
master equation Eq. (2.2) with Ĥ = ĤJC and L̂ =

√
κ/2â

∂tρ̂ = −i
[
ĤJC, ρ̂

]
− κ

2
â†âρ̂− κ

2
ρ̂â†â+ κâρ̂â† . (3.19)
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3.4. Weak Coupling

Figure 3.4. – Schematic illustration of the Purcell effect. Left side: a single two level
emitter is coherently coupled (rate g) to a decaying cavity mode (rate κ).
Right side: If the decay of the cavity is much faster than the coherent
energy exchange, the cavity can be adiabatically eliminated, leading to an
effective decay rate of the emitter g2/κ.

For simplicity we assume ∆ = 0 in the following discussion and only consider the single
excitation manifold â†â + σ̂+σ̂− = 1. The results can be straightforwardly extended.
The eigenenergies and decay rates of the excited states can be found by diagonalizing

ĤNH =

(
−iκ/2 g
g 0

)
(3.20)

The eigenvalues are

E± =
−iκ
4
±
√
g2 − κ2

16
. (3.21)

This result exhibits a bifurcation at κ = 4g. For κ < 4g the root is real and the
eigenenergies are shifted with respect to the bare eigenenergies. This is the so-called
strong coupling regime, and the physics is determined by the polaritons discussed above
in Section 3.1.

For κ > 4g the root is imaginary, and dissipation is so fast that coherent exchange
of energy between atom and cavity is suppressed. In this case, the eigenenergies are
not shifted with respect to the bare ones, and we speak of the weak coupling regime.
However, both eigenvalues are imaginary, showing that the cavity provides a decay
channel for both excited states. For κ � g, the effect of the cavity on the excited
emitter state |0, e〉 can be computed perturbatively and expanding the root yields a
decay rate g2/(2κ). The same result can be obtained by adiabatic elimination of the
|1, g〉 state [see Figure 3.4(b)]. This modified decay rate due to modifications of the
vacuum electromagnetic field was predicted by Purcell 1946 and is accordingly called
Purcell effect [10].

Now, consider the generalization of this effect to the case of many identical emitters
coupled to a lossy cavity, as illustrated in Figure 3.5(a). As discussed in Section 3.2,
without losses, the coupling of symmetric excited states to the cavity is collectively
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3. Quantum Optics

Figure 3.5. – Schematic Illustration of superradiance. (a) Many emitters are coupled to
a lossy cavity with decay rate κ larger than any coherent exchange rate.
(b) Adiabatic elimination of the cavity leads to an effective model for the
emitters only, which can be written using generalized Dicke states. The
decay rate depends on the Dicke quantum numbers and is indicated by the
thickness of the arrow.

enhanced. As a result, the condition for strong or weak coupling (defined for the single
excitation limit) becomes κ = 4

√
Ng.

In the case where the cavity decay is much faster than any coherent process, the cavity
excited state can be adiabatically eliminated (see Section 2.3 in the previous chapter).
In this case, the ground state manifold consists of all states without cavity photons, and
the excited state manifold contains all states with exactly one cavity photon. States
with more cavity photons are ignored and lead to higher order corrections. Then the
terms for adiabatic elimination using the result derived by Reiter and Sørensen [11] can
be written as

Q̂ = â†â , (3.22)

Ĥe,NH =
(
−∆− i

κ

2

)
â†â , (3.23)

Ĥg = 0 , (3.24)
V̂+ = gâ†Ŝ− , (3.25)
V̂− = gâŜ+ . (3.26)

The effective operators read

Ĥeff =
g2∆

∆2 + κ2/4
Ŝ+Ŝ− (3.27)

L̂eff =
g
√
κ

−∆− iκ/2
Ŝ− (3.28)

As a result, the effective (non-hermitian) Hamiltonian is diagonalized by the generalized
Dicke states. Using Equation (3.16), both energy shifts and decay rates are collectively
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enhanced and proportional to

〈J,M | Ŝ+Ŝ− |J,M〉 = J(J + 1)−M(M − 1) = (J +M)(J −M + 1) . (3.29)

This is schematically illustrated in Figure 3.5(b) for ∆ = 0. The decay is strongest in the
completely symmetric manifold, i.e. for J = N/2. Importantly the dark states M = −J
do not couple to the cavity, and clearly do not decay according to Equation (3.29).
As a result, even inside a lossy cavity, some excited states cannot decay due to their
symmetry.

This enhanced decay rate is known as super-radiance, whereas the suppression of decay
in the dark states is called sub-radiance. The first prediction of super-radiance was made
by Dicke in 1954 [12]. He considered an ensemble of emitters that are so close to each
other that they all couple to the same light mode in free space. In particular, all emitters
are within one wavelength. In this case, the same type of symmetric states become
fundamental excitations of the system, and constructive interference of spontaneous
emission leads to collectively enhanced decay.

3.5. Spontaneous Emission and the Fate of Dicke States
Above, I have shown how the Dicke basis can be used to efficiently simulate or even

diagonalize permutation symmetric cavity problems. This discussion relied on the writ-
ing of the Hamiltonian and Lindblad operators in terms of total spin operators Ŝ±,z.
As a result, the Hamiltonian commutes with Ŝ2, giving an additional symmetry to the
problem. This result remained valid even under cavity decay, which does not break the
permutation symmetry.

If, however, spontaneous emission of individual atoms is added to the problem, the
Lindblad operators also depend on the individual Lindblad operators, even if the decay
rate is identical for all atoms. In fact, it is not a priori obvious whether the Dicke
states are a useful basis in this case. Several works have been published on how to use
permutation symmetry also in this case [8, 9, 13–16].

In 2008, Chase and Geremia have shown that indeed identical dissipation of individual
two-level emitters can be captured by the Dicke states [8]. In particular, they give
formulas to compute the recycling terms in the Dicke basis. Importantly, these recycling
terms can change the quantum number J . However, the full density matrix is determined
by amplitudes for different J and M , since the recycling terms do not couple different
degenerate subspaces within the same J-manifold. Zhang et al. used this result to
develop a quantum trajectories simulation in the Dicke basis [16], which we adapt in
Chapter 5 for the simulation of ultracold molecules coupled to a cavity.

If more than two levels are involved, no mapping to the Dicke states is known. How-
ever, it is still possible to drastically reduce computational cost by taking advantage of
permutation symmetry [9, 14]. The underlying insight is that density matrix elements
that can be transformed into each other by permutation of emitters must be identical,
leading to a drastic reduction in the number of independent density matrix elements.
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3.6. Some Notes on Breaking Permutation Symmetry
The above simplifications for the many emitter scenario rely on the permutation sym-

metry of the emitters. It is thus important to consider what happens if this permutation
symmetry is broken. In general, as long as the exchange between emitter and light mode
happens on a faster time scale than any symmetry breaking effects, such effects should be
perturbative. In this case, polariton formation should not be inhibited. Below, different
types of “disorder” are discussed.

The least disruptive type of disorder is a local phase shift of the excited states. This
might happen because the light arrives at different atoms at different times. A simple
unitary transform into the so-called timed Dicke states can be used to transform back
into a picture without phase shift, such that the physics is not changed [17].

This changes for disordered local coupling strengths to the cavity, e.g. due to its spacial
mode profile. In this case, the permutation symmetry is irreversibly broken, and the
symmetrically excited state is not the one coupling to the cavity. Instead, e.g. in the
single excitation manifold, the state coupling to the cavity is given by∑

n

gnσ̂
+
n√∑
n g

2
n

|0, g · · · g〉 , (3.30)

where gn are the local coupling strengths. The resulting Rabi splitting is simply 2
√∑

n g
2
n.

Similar to the symmetric case, all orthogonal excited emitter states remain dark. How-
ever, for multiple excitations, the state created by applying the same operator multiple
times to the ground state is only approximately an eigenstate of the system, and the
real eigenstates become more complex.

In the case of local energetic disorder, as is common for example in organic molecules
coupled to cavities, the dark states acquire a photon contribution [18, 19]. In the case
where

√
Ng is larger than the disorder, this photon contribution is perturbative, and

polariton states with approximately the same properties as the bare polaritons can be
defined [20]. However, even in this case the disorder can lead to interesting, qualitatively
new effects such as enhanced transfer [18, 21]. This physics is the topic of Chapter 9.

Finally, also other local couplings such as dipole interactions between the emitters
can break the permutation symmetry and lead to large modifications, especially in high
density ensembles [22].
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4. Matrix Product States

Many body quantum systems are generally hard to simulate due to the exponential
scaling of the Hilbert space with system size. That is, in order to describe an arbitrary
state of N d-level system, in principle dN parameters are needed, as opposed to N × d
parameters for an equivalent classical system. This is due to entanglement between the
different sub-systems [1–3]. Entanglement describes the phenomenon that in quantum
mechanics, a quantum system can be in a well-defined (pure) state, while neither sub-
system is in a well-defined state individually. Then, all information is stored in the
correlation between the sub-systems. This is in contrast to classical systems, whose state
must be well-defined on a fundamental level (i.e. each sub-system is in a well-defined
state). The need to fully account for all possible correlations leads to the exponential
scaling with system size.

In contrast, in real-world quantum systems entanglement is typically limited and
local, meaning that entanglement of a sub-system with the rest scales as the surface of
the subsystem, called “area-law” [1]. Based on this insight, tensor network states have
been developed as a method to describe quantum systems [4, 5]. In these states, the
Hilbert space is systematically truncated by limiting entanglement via a so-called bond-
dimension. Tensor network methods have proven particularly successful for 1D systems,
where the surface of a subsystem in 0-dimensional, i.e. constant. One-dimensional tensor
network states are known as Matrix Product States (MPS) [4, 6]. In this case, the bond
dimension can be interpreted as the maximum number of allowed correlations in any
contiguous bi-partition of the system.

In this chapter, Matrix Product States are introduced with a focus on the methods
used in this thesis. The underlying mathematical framework together with the common
concise graphical notation is established in Section 4.1. In Section 4.2, the canonical
form of the MPS is defined, followed by a brief interlude on how conserved quantities
can increase the efficiency of an MPS simulation in Section 4.3. In Section 4.4, the time
evolving block decimation algorithm is discussed to compute the time evolution of a
state. This algorithm is used to compute the short time dynamics of the Holstein-Tavis-
Cummings model in Chapters 9 and 10. To conclude this chapter, in Section 4.5 a specific
implementation to simulate translation invariant infinite open systems is explained. This
implementation is used to analyze the operator entanglement dynamics of an XXZ chain
with dephasing in Chapter 11.
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4. Matrix Product States

Figure 4.1. – Examples for the graphical representation of tensors and tensor products.
Each box is a tensor, each leg is one index. A shared leg (index) signifies
contraction of that index. The top row gives examples for tensors, the
bottom row displays how to represent calculations.

4.1. Matrix Product State Representation
Almost as the name suggests, the Matrix Product State framework decomposes state

vectors into products of tensors (of rank 2 and 3). Writing down the corresponding
equations typically results in a clutter of indices that hides the underlying concepts.
This motivates an easier visual representation of tensors introduced in Figure 4.1, which
is standard in the field. Each blue box stands for a tensor, and the number of legs of
each box is the rank of that tensor (its number of indices). Some examples are shown
in the top row. Furthermore, if two tensors share the same leg, the corresponding index
is contracted over. As a simple example, two boxes connected by one leg represent the
scalar product of two vectors (bottom left). With this definition, generic tensor products
can be displayed graphically (see bottom row for examples).

With this notation, we now proceed to discuss the MPS representation of a state. An
arbitrary state of N d-dimensional quantum objects [e.g. a spin (d−1)/2 chain of length
N ] is fully determined by a dN dimensional tensor ci1,...,iN with

|ψ〉 =
d∑

i1=1

· · ·
d∑

iN=1

ci1,...,iN |i1, . . . , iN〉 . (4.1)

A MPS is a decomposition of the tensor ci1,...,iN into a product of rank-3 Γ tensors
(rank-2 tensors at the edges) as shown in Figure 4.2. The indices connecting two ad-
jacent Γs (sites) are called internal indices, the open indices correspond to the physical
dimension and are thus called physical indices. The dimension of the internal indices
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4.2. Canonical Form

Figure 4.2. – The MPS approximation. An arbitrary tensor can be decomposed into a
product of lower rank tensors, where the “bond dimension” is exponentially
large and stores the information (top row). The MPS approximation then
consists of systematically truncating of the bond dimension to compress
the information with minimal loss.

is called the “bond dimension.” Such a decomposition is in principle always possible,
e.g. by a successive application of matrix decomposition algorithms [such as a singu-
lar value decomposition (SVD) [7]] with the combination of multiple indices into one
matrix dimension. For a general tensor c, the maximum bond dimension in the center
of the chain is dN/2. Then, the total dimension of one of the central tensors (Γ[3/4] if
Figure 4.2) is dN , and the MPS representation does not lead to any compression of
information. In contrast, a simple product state can be described by a decomposition
with bond dimension 1, by identifying Γ[n] with the state vector on the nth site.

The central approximation is to systematically truncate the bond dimension to a max-
imum value χ by neglecting the least important correlations [4, 6]. This is schematically
indicated in the second row of Figure 4.2. In practice, this can be done by computing
a SVD of the two tensors to both sides of the bond in a physically meaningful basis
as detailed below in Section 4.2. Then, the smallest singular values can be neglected,
effectively reducing the bond dimension. As a result, the total number of elements in
the truncated MPS is ∼ Nχ2d� dN , and it grows only linearly with N for fixed bond
dimension. In practice, larger systems often require larger bond dimension, however, the
scaling is typically sub-exponential [4].

4.2. Canonical Form
As introduced above, the Γ tensors are not uniquely defined. Given a certain MPS

representation, other representations can be generated by multiplying tensor Γ[n] with
a matrix A from the right and tensor Γ[n+1] with the inverse A−1 from the left, such
that upon contraction A and A−1 cancel. However, in order to be able to truncate in a
physically meaningful way, certain orthogonality conditions should be fulfilled, leading
to the so-called canonical form [8]. In the canonical form, in addition to the Γ tensors,
diagonal χ× χ matrices λ[n] are introduced as indicated in Figure 4.3(a). The freedom
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4. Matrix Product States

Figure 4.3. – Canonical form of the MPS. (a) In addition to the rank-3 Γ tensors (blue
squares), diagonal λ-tensors (black dots) are stored. (b)-(e) Orthogonality
conditions: Appropriate contraction over a physical and bond index yields
the identity (I). (d/e) At the edges of the chain, only the physical index
is contracted.

Figure 4.4. – Canonical form as a Schmidt decomposition. Due to the orthogonality
conditions Figure 4.3(b) to (e), the matrices U and V are unitary. The
entries of λ[n] are then the singular (or Schmidt) values for this decompo-
sition.

of choice from the Γ[n]s and the λ[n]s is then used to fulfill the orthogonality conditions
Figure 4.3(b) to (e).

Physically, this condition is related to writing the state |ψ〉 as a Schmidt decomposition
in the following way [6, 8]: The matrices U and V to the left and right of a given λ[n]

as defined in Figure 4.4 are semi-unitary, i.e. matrix multiplication with respect to the
physical indices gives the identity. This can be easily confirmed by repeated application
of conditions (b) and (d) [(c) and (e)] for U [V ], respectively. As a consequence, the
states given by the columns of U (rows of V ) are orthogonal to each other and the entries
of the diagonal matrix λ[n] are the unique Schmidt values of the decomposition of the
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whole state according to [8]

|ψ〉 =
∑
i

λ
[n]
ii

∣∣ψLi 〉⊗ ∣∣ψRi 〉 , (4.2)〈
ψ
L/R
i

∣∣∣ψL/Rj

〉
= δij . (4.3)

This orthogonality property ensures that setting the smallest entries λ[n] to zero during
the truncation corresponds to throwing away the least important contributions [4].

Furthermore, the conditions Figure 4.3(b) to (e) give a straightforward recipe to com-
pute the canonical form using SVDs. In particular, a SVD of the total tensor ci1,...,iN
with treating the indices {i1, . . . , in−1} as a combined left and the indices {in, . . . , iN} as
a combined right index gives the desired unitarity of the matrices U and V in Figre 4.4.
Successive application of the SVD then results in the correct conditions for the Γs and
λs. Sections 4.4 and 4.5 discuss how to preserve these conditions during time evolution.

In addition to its fundamental role in ensuring the truncation accuracy, the canoni-
cal form is also practically useful when computing expectation values, as illustrated in
Figure 4.5 [6]. In general, an expectation value of an operator is given by the tensor
contraction shown in Figure 4.5(a). In many cases, local operators containing only a few
indices are the most interesting. In these cases, the operator acting on the full state is a
tensor product of the local operator with identities acting on all other physical dimen-
sions, e.g. Î1 ⊗ Ô23 ⊗ Î456 [see Figure 4.5(b)]. Then, the contraction over these indices
becomes trivial, as illustrated in Figure 4.5(b). If the MPS is given in its canonical form,
application of the conditions Figure 4.3(b) to (e) can be used to simplify the computa-
tion, and only local tensors Γ and λ are needed to compute the expectation values of
local operators [Figure 4.5(c)].

Analogously, local density matrices can also be computed from local tensors, only.
Local density matrices are computed by tracing out all other degrees of freedom

ρ̂n = Tr1,...,n−1,n+1,...,N |ψ〉 〈ψ| . (4.4)

In graphical notation, this translates to contracting all but one index as shown in Fig-
ure 4.5(d). Again, the conditions Figure 4.3(b) to (e) can be applied to reduce the
computation to only include local tensors.

Lastly, the Schmidt value interpretation of the λ tensors results in a very easy method
to compute entanglement or von Neumann entropies for bi-partitions of the system [6].
In particular, according to Equation (4.2), the reduced density matrix of the right hand
side is given by

ρ̂R =
∑
i

(
λ
[n]
ii

)2 ∣∣ψRi 〉 〈ψRi ∣∣ . (4.5)

As a result, the entanglement entropy is given by

S = Tr
[
ρ̂R log2

(
ρ̂R
)]

=
∑
i

(
λ
[n]
ii

)2
log2

[(
λ
[n]
ii

)2]
. (4.6)
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4. Matrix Product States

Figure 4.5. – Computation of local expectation values density matrices using MPS. (a)
General expectation value using the graphical tensor notation. (b) Within
the MPS framework, a local expectation value is computed by contracting
all open indices. (c) Using the canonical form, the MPS can be contracted
and local expectation values can be computed using local tensors, only. (d)
Local density matrices are computed by contracting the all indices except
for the local physical ones. Using orthogonality conditions in the canonical
form, this computation can be reduced local tensors.

64



4.3. Conserved Quantities

Figure 4.6. – Quantum Number Conservation. The top indicates the “flow” of quan-
tum numbers. Number conservation requires that incoming and outgoing
indices add up to the same number. The matrix below indicates the re-
sulting block-sparse structure of Γ[n].

This formula will be used to compute entanglement entropies and operator space entan-
glement entropies in Chapters 9 and 11, repsectively.

4.3. Conserved Quantities
This section contains a brief interlude on how to use conserved quantities to improve

the efficiency of numerical simulations. More mathematical background can be e.g. found
in References [6, 9], and a practical introduction in Reference [10]. In this thesis, con-
servation laws are used to make MPS simulations more efficient in Chapters 9, 10 and
11.

In this section, I only discuss conservation laws that can be written as a sum of single-
site operators. Examples include the total magnetization of a spin chain Ŝz =

∑
n σ̂

z
n, the

total particle number n̂tot =
∑

n b̂
†
nb̂n, or the number of excitations in a cavity problem

n̂exc = â†â +
∑

n σ̂
+
n σ̂

−
n . Furthermore, the system is assumed to be in an eigenstate

of the operator assigned to the conserved quantity. In this case, a quantum number
flow can be assigned to each possible value of an index, as schematically indicated in
Figure 4.6. As an example, consider a system with conserved magnetization Ŝz. Here,
the local physical index on one site iout can have two possible values for the conserved
quantity, +1 or −1 in the spin up and spin down state, respectively. Quantum numbers
can then also be assigned to the internal indices by enforcing that the flow through
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Figure 4.7. – Schematic illustration of the TEBD algorithm. (a) A time step is generally
computed by multiplying a state with exp

(
−iĤdt

)
. (b) The goal is to

find a MPS representation of the final state. (c)/(d) The TEBD algorithm
decomposes the evolution operator into two site “gates.” These are then
applied locally together with a singular value decomposition, which yields
the updated Γ and λ tensors.

each tensor balances χin = χout + iout. As a consequence, the value of χin is equal
to the inverse magnetization of the left part of the chain. Starting to build from the
left, it is clear that such a decomposition is always possible. With these choices, the
tensors Γ[n] become block-sparse with blocks associated to the different possible quantum
numbers, as indicated in Figure 4.6. This block-sparse structure can lead to a significant
speedup in matrix operations required for computing the time evolution, such as matrix
multiplication of SVDs.

The different possible values of the conserved quantity can be identified as symmetry
sectors, and are discussed in detail in Chapter 11.

4.4. Time Evolving Block Decimation
In order to simulate dynamics, we need to compute a MPS representation of the state
|ψ(t+ dt)〉 from the representation of |ψ(t)〉. This can be achieved by applying the
time evolution operator exp

(
−iĤdt

)
to the state |ψ(t)〉 as shown in Figure 4.7(a/b).

However, in most cases of interest the time evolution operator is hard to compute exactly.
In addition, even with an approximate representation of the time evolution operator, a
direct application would increase the dimension of all internal bonds at once, making
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4.4. TEBD

the intermediate state expensive to store.
One way to circumvent this problem is given by the time evolving block decimation

(TEBD) algorithm, which uses a Trotter decomposition of the time evolution operator
into local two-site operators [4, 6]. In the context of classical simulation of quantum
computation, methods to efficiently apply such one- and two-site gates have been de-
veloped [8]. Then, using a SVD, the resulting state can be truncated, as schematically
indicated in Figure 4.7(c/d).

In detail, the total Hamiltonian Ĥ is decomposed into a sum of local two site Hamil-
tonians Ĥnn+1 as

Ĥ =
∑
n

Ĥnn+1 . (4.7)

Then, the time evolution operator can be approximately written as a product of two-site
operators

exp
(
−iĤdt

)
= exp

[
−i

(∑
n

Ĥnn+1

)
dt

]
=
∏
n

exp
[
−iĤnn+1dt

]
+O(dt2) , (4.8)

where the remainder ∼ O(dt2) is given by the Baker-Campbell-Hausdorff formula. The
MPS can then be multiplied with this product by successively multiplying with every
factor (gate), where each gate acts only on two sites. This successive application of gates
is often called a sweep, and by sweeping through the system, the MPS at time t+dt can
be computed. The simple sweep given is Equation (4.8) is only accurate up to first order
in the time step, and would thus require very small time steps. Higher order sweeps
that reduce this error have also been developed [11]. In this thesis in particular, second
order sweeps LRRL and fourth order sweeps LRL(-2R)LLLLRLRRRR(-2L)RLR [11]
are used, where L indicates a sweep from the left to the right, and R indicates a sweep
starting from the right and ending at the left. The -2 indicates that the gates should be
applied for a negative timestep −2dt. Note that the definition left to right is arbitrary,
and it is only important that the gates are applied in opposite order.

Figure 4.8 shows in detail how a two site gate is applied, including truncation, while
keeping the MPS in canonical form [4, 6, 8]. The key idea lies in the SVD in (c), which
allows for proper truncation, and the reintroduction of λ[n] and λ[n+2] in step (d), which
restore the correct orthogonality conditions. Panels (g) and (h) show that indeed, the
resulting MPS is orthogonal. Notably, the proof of orthogonality in condition (h) relies
on the unitarity of the time evolution gate, which will become important in the next
section when we consider non-unitary time evolution.

The TEBD algorithm as introduced above can only treat nearest neighbor interactions.
However, by swapping two neighboring sites, this can be easily generalized to arbitrary
interactions [8]. The respective SWAP gate is illustrated in Figure 4.9, and orthogonality
can be proven exactly as in Figure 4.8(g/h). By iterative swapping of a single site
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Figure 4.8. – Application of a two site gate. (a) The local time evolution operator is
applied by contracting the tensor including three local λs, two Γs and the
unitary operator (b). (c) A singular value decomposition is performed with
the left physical and bond index as one – and the right physical and bond
index as the other matrix dimension, resulting in two unitary tensors (green
squares) and one diagonal tensor (black dot). (d) The unitary tensors are
multiplied with the inverse of the outside λ tensors (cyan rectangles). (e/f)
If necessary, the central diagonal tensor is truncated to find the new λs
and Γs. (g) Due to the unitarity of the singular value decomposition, the
orthogonality condition at the nth side is fulfilled. (h) Due to the unitarity
of the gate, the orthogonality condition at the (n+ 1)th side is fulfilled.
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Figure 4.9. – Scheme for swapping two sites. A SVD is performed by identifying the left
bond and right physical index with one matrix dimension, and the right
bond and left physical index with the other.

Figure 4.10. – Infinite MPS. Translation invariance of the state by n sites can be used
to reduce the MPS to n sites. Here, n = 2.

through the system, a one-to-all coupling of spin-boson type models can be efficiently
implemented [12], which we use to simulate cavity QED Hamiltonians in Chapters 9 and
10.

As a final note for this section, we have only discussed two-site Hamiltonians and
two-site gates. The inclusion of single site Hamiltonians (such as random energy offsets)
is possible either by including them into two site gates or by adding separate single site
gates, which just modify the local tensor Γ[n], i.e. need no SVD or truncation [8].

4.5. Time Evolving Block Decimation for Infinite Open
Systems

In the final section of the chapter the extension of MPS concepts to translation-
invariant infinite open systems is discussed. This section is strongly based on works of
Orús and Vidal [13, 14], who first discussed the underlying concepts in the late 2000s.
First, infinite translation-invariant MPS are introduced, then an MPS description of open
systems using density matrices. Finally, those concepts are combined into translation
invariant open systems.

Infinite MPS
If a state |ψ〉 is translation invariant, then the MPS representation of this state needs

to be translation invariant as well. As a result, only one of the translation invariant
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Figure 4.11. – Computing partial traces for an open system MPS. Locally, the trace is
computed by multiplication with the trace-ket (orange triangle), which is
the tensor corresponding to the identity matrix of local physical dimen-
sion n.

sub-systems needs to be stored, instead of an entire (infinitely long) chain. This is
schematically illustrated in Figure 4.10 for translation invariance by two sites. In this
case, only four distinct tensors Γ[1/2] and λ[1/2] exist, which are infinitely repeated. This
is illustrated by connecting the right internal index of Γ[2] to λ[1].

Note that although the right part of the equality in Figure 4.10 looks similar to a finite
periodic system, it in fact does not correspond to a periodic system. Indeed, for bond
dimensions χ > 1, non-trivial correlations between site n and site n + 2 are possible,
which would not be the case for periodic systems. In contrast, in those systems, one
of the internal indices could always be reduced to dimension 1, since there can be no
entanglement between a system and itself.

Open System MPS
The MPS concepts used to describe quantum states can be straightforwardly gener-

alized to density matrices [6, 15, 16]. In fact, the basic idea introduced in Figure 4.2
describes the decomposition of an arbitrary tensor into a product of rank 3 and 2 tensors.
By defining a basis set ρ̂[n]i , i = 1, . . . , d2 for the density matrix, the global density matrix
can be written in terms of a tensor ci1,...,iN completely analogously to Equation (4.1) as

ρ̂ =
∑

i1,...,iN

ci1,...,iN ρ̂
[1]
i1
⊗ · · · ⊗ ρ[N ]

iN
. (4.9)

This tensor can then be written in terms of a matrix product state, with analogous
definitions of the canonical form, implementation of conservation laws, and so on.

Importantly, we want to choose an orthonormal basis under the natural scalar product
given by the trace, i.e. [15]

Tr

[(
ρ̂
[n]
i

)T
ρ̂
[n]
j

]
= δij . (4.10)

This means that internal products of vectorized operators correspond to taking the trace
of the matrix product, as is used e.g. when computing expectation values. The most
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standard choice of basis is the so-called Choi isomorphism [15], i.e. interpreting both left
and right indices of the density matrix as one joint index.

In order to compute a reduced density matrix from the full density matrix, the other
degrees of freedom need to be traced over. Due to the definition of the scalar prod-
uct and the orthonormal basis choice Equation (4.10), this translates to multiplication
with the the vectorized identity matrix, which we call here “trace-ket”, as illustrated in
Figure 4.11. Analogously, local expectation values can be computed by contracting the
respective physical index with the vectorized form of the corresponding operator.

The dynamics can be computed analogously to the dynamics of states by replacing the
Hamiltonian with the Lindbladian exp(Ldt) [15]. The Trotter decomposition and the
TEBD scheme from Section 4.4 work analogously for density matrices. However, since
the evolution operator is in general non-unitary, the re-orthogonalization according to
Figure 4.8(h) does not hold, and the MPS needs to be re-orthogonalized by hand (see
Reference [6] for how that can be done for finite systems). For infinite systems, this
re-orthogonalization is discussed below.

Alternatively, the vectorization process can be thought of as stacking two state rep-
resentations on top of each other as ρ̂ = |ψ〉 〈ψ| and then combining the two physical
indices for each site [16]. This however leads to an increase in the bond dimension
χ→ χ2 and the physical dimension d→ d2. Naïvely, this results in a quadratic increase
in computational cost, however, the required bond dimension is often relatively small [15]
(see also Chapter 11). At this point it is worth noting that also other approaches have
been developed to simulate open systems [16], e.g. based on quantum trajectories [17].

Infinite Open Systems
The concepts for translation invariant infinite and those for open systems can be

directly combined to compute the time evolution of infinite open chains. However, a
few technical problems arise when computing observables/reduced density matrices and
trying keep the MPS in its canonical form. These problems are discussed in this section.

To restore the canonical form of the MPS after a non-unitary gate application, a
re-orthogonalization scheme was introduced by Orús and Vidal [14]. The underlying
insight to restore the orthogonality is the following: Instead of the identity, the tensors
TL = (λ[n]Γ[n])†(λ[n]Γ[n]) in Figure 4.3(b) will have generally different eigenvectors, the
largest of which is labeled VL, as shown in Figure 4.12(c). By finding this eigenvectors
and multiplying the tensor T from the left with the eigenvector and from the right
with its inverse, the identity will clearly be an eigenvector of the modified tensor. An
equivalent modification can be made for the condition in Figure 4.3(c). Both of these
modifications can be done in parallel, as shown in Figure 4.12.

In order to compute local reduced density matrices (and expectation values) in an
infinite open chain, we need to trace over all other infinitely many degrees of freedom, as
schematically indicated in Figure 4.13(a). This corresponds to multiplying one “block”
with A∞ from both sides, where the matrix A is defined in Figure 4.13(b) as the trace
over one of the infinitely repeating blocks. This infinite trace can be computed by first
diagonalizing A = W−1DW , and then computing D∞ as shown in Figure 4.13(c), which
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Figure 4.12. – Application of a non-unitary two site gate to an infinite MPS with re-
orthogonalization. Details are given in the main text.
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Figure 4.13. – Computation of the reduced density matrix for an infinite open system.
Details are given in the text.

can be done element-wise. Importantly, this power is always well defined. To see this,
consider that Tr(ρ̂) = 1 by definition, but also Tr(ρ̂) = Tr(A∞) = Tr(D∞). This is only
possible if A has exactly one eigenvalue of 1 and all other eigenvalues are smaller than
1, so that they vanish when taken to power ∞. Then, A∞ becomes just the projector
onto its largest eigenvector, which can be easily computed, as shown in Figure 4.13(c).
Note that this computation of the largest eigenvector is stable even in the presence of
numerical errors, when the eigenvalues are not identical 1. Finally, the local density
matrix can be computed by contracting with the maximal left and right eigenvectors of
A, as shown in Figure 4.13(d). To my knowledge, this is the first time a partial trace
was computed in this way.

In order to use conservation laws in infinite systems, it is important that the blocks are
initially truly translation invariant. That means that in the initial state, the “quantum
number flow” through one block needs to add to 0. This is used in Chapter 11 to include
the conservation of magnetization in an open XXZ chain with dephasing.
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5. Publication: Collective Dissipative
Formation of Ultracold Molecules in
a Cavity

The following chapter is a reprint of a work proposing to use a cavity to enhance the
formation of ultra-cold molecules, published in Phys. Rev. Lett. 125 193201 (2020) [1].
In this work, we have studied a mechanism to realize high-yield molecular formation from
ultra-cold atoms. We have considered a setup where atom pairs are continuously excited
into a molecular state by a laser, and the subsequent decay is steered into the ground
state by collective coupling of the molecules to a cavity mode. We have demonstrated
that the ground state molecular yield can be improved by simply increasing the number
of atoms and can overcome efficiencies of state-of-the-art association schemes. Two
different implementations for our proposal setup were examined, and their advantages
and disadvantages are discussed. Using a combination of analytical and numerical tools,
we were able to simulate very large (∼ 106) molecular ensembles.

This chapter is organized as follows: In Section 5.1, we introduce ultra-cold molecules
in general, together with our scheme to create them. In Section 5.2, we present the
model that is used to describe said scheme, and in Section 5.3, the excited states are
eliminated to derive an effective model. In Section 5.4, we discuss the first implemen-
tation, which leads to very high efficiencies, albeit at the cost of long creation times.
In Section 5.5, we explain how to speed up the creation by introducing a chirped laser
pulse. In Section 5.6, we estimate realistic numbers for the creation of RbCs and Rb2

molecules that are competitive with or even better than STIRAP. Finally, Section 5.7
concludes this chapter.

5.1. Introduction
There is considerable interest in preparing and manipulating ultracold ensembles of

molecules for quantum simulations, metrology and the study of chemical reactions in
the ultracold regime [2–6]. Diatomic molecules in their electronic and rovibrational
ground state are routinely produced using the coherent stimulated Raman adiabatic pas-
sage (STIRAP) technique [7–11]. Alternatively, continuous formation of ground state
molecules can be realized by photoassociation via a weakly bound excited molecular
state [12–17]. While more sophisticated methods such as photoassociation followed by
pulsed population transfer [18] or re-pumping of vibrationally excited molecules [19, 20]
have been experimentally demonstrated, efficiencies of ground state molecular formation
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are usually lower than those achieved with STIRAP and without rotational state selec-
tivity. It has recently been proposed that these efficiencies can be increased by strength-
ening light-molecule coupling rates to ground-state transitions using a cavity [21] or a
photonic waveguide [22]. Common to all these schemes is the use of formation processes
based on single molecules.

Here, we propose a mechanism to exploit collective effects to perform continuous
high-yield molecular formation from ultracold atoms in a cavity. Our scheme is based
on photoassociation to a collective excited bound-state followed by superradiant-type
decay induced by the cavity to the molecular ground state. We consider the regime of
large dissipation with negligible number of cavity photons and electronic excitations,
and derive an effective master equation for the internal dynamics of N atom pairs. We
show that (i) a continuous laser gives rise to enhancement of the fraction of ground state
molecules N∞

g /N ∼ [1 − log(N)/(NC)] approaching 1, with NC the collective cooper-
ativity; and (ii) a chirped laser pulse that matches the time-varying excited molecular
polariton energies can lead to a final molecular yield N∞

g /N ∼ 1 − Γ/κ, with Γ the
excited state linewidth and κ the cavity linewidth. The two schemes are most useful for
weak and strong cavity couplings, respectively, for which we provide concrete examples.
With scheme (i) collective effects always increase the molecular yields at the cost of
decreased transfer rates. In contrast, scheme (ii) cannot be directly compared to the
single particle scenario with a cavity, but always has higher yields than single-particle
photo-association without a cavity. Both schemes can serve as alternatives to STIRAP
that relax the requirement for expensive, narrow linewidth, phase-coherent lasers [23],
and offer a natural way to continuously populate a molecular lattice coupled to a cav-
ity. More broadly, this work exemplifies the opportunities for state engineering using
collective effects in the presence of strong dissipation.

5.2. Model
We consider a setup consisting of N identical pairs of atoms and a single mode cavity.

The external dynamics of each pair is assumed to be frozen, e.g., by confining to an
optical lattice potential. We model each atom pair as a four-level system with states
|i〉n , |e〉n , |g〉n and |x〉n, 1 ≤ n ≤ N . The first three states correspond to a two-atom
initial state (e.g., a low-energy scattering state or pre-formed Feshbach molecular bound
state), a molecular excited state and the absolute electronic and rovibrational molecular
ground state, respectively [see Fig. 5.1(b)]. The fourth level |x〉n represents a set of
arbitrary excited molecular (e.g. vibrationally or rotationally excited) or free particle
states, whose population we want to avoid. The dynamics of the system’s density matrix
ρ̂ is governed by the master equation ∂tρ̂ = −i[Ĥ, ρ̂] + Dρ̂, with Ĥ = ĤLA + ĤC + Ĥ0

the system Hamiltonian and (~ = 1)

ĤLA = Ω
√
N
(
Ŝie + Ŝei

)
(5.1)

ĤC = g
√
N
(
â†Ŝge + Ŝegâ

)
. (5.2)
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Figure 5.1. – Basic setup for collective dissipative molecule formation. (a) Feshbach
molecules are trapped in a lattice inside a cavity and brought into deeply
bound states by photoassociation. An angle θ between the lattice laser
beams and the cavity (z) axis ensures mode matching. (b) Scheme of
energy levels and their coupling for a single molecule. For RbCs the po-
tential energy curves can be identified with the ground state potential
X1Σ+ (continuous line; dissociates to 5s + 6s), triplet ground state po-
tential a3Σ+ (dash-dotted line; dissociates to 5s + 6s) and excited state
potential (A1Σ+−b3Π)0+ (dashed line; dissociates to 5s+6p). A molecule
prepared in a Feshbach state |i〉 is laser excited (coupling strength Ω, de-
tuning ∆) into the excited state |e〉, which can decay back into |i〉, the
rovibrational ground state |g〉 or any other state (bound or not), here col-
lectively called |x〉. (c) Energy levels of a single molecule after adiabatic
elimination of the cavity and excited state with decay rates ζα (α=κ, i, x,
g). (d) Evolution of the target ground state molecular fraction Ng/N as a
function of rescaled time t (see text), for different 1 ≤ N ≤ 105 (log-scale).
The red dashed line in the Inset indicates the results without cavity.
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Here, ĤLA and ĤC represent the coupling of the transition dipole moments of the tran-
sitions |i〉n ↔ |e〉n and |e〉n ↔ |g〉n to the laser and cavity fields with Rabi frequency
Ω and vacuum Rabi frequency g, respectively. Ŝαβ =

∑
n σ̂

(n)
αβ /
√
N are collective opera-

tors that couple the internal states of each pair n via σ̂(n)
α,β = |α〉 〈β|n (α, β = i, e, g, x).

Ĥ is defined in a rotating frame (see Appendix) with the detunings of the laser and
the cavity, ∆ = ωie − ωL and δ = ωC − ωL − ωgi, respectively. These are included in
Ĥ0 = ∆N̂e + δâ†â, where N̂α =

∑
n σ̂

(n)
αα are total state populations, â is the cavity

photon annihilation operator, and ωL, ωC and ωαβ are the frequencies of the laser, the
cavity and the transitions, respectively.

Dissipative terms are described by the super-operator

Dρ̂ = L[L̂κ]ρ̂+
N∑
n=1

(
L[L̂(n)

γi
] + L[L̂(n)

γx ] + L[L̂
(n)
γg ]
)
ρ̂ (5.3)

with 3N + 1 decay channels, each governed by a Lindblad term L[L̂]ρ̂ = −{L̂†L̂, ρ̂} +
2L̂ρ̂L̂†. Here we include cavity decay with rate 2κ, L̂κ =

√
κâ, and spontaneous emission

from the excited state |e〉n for each pair n, L̂(n)
γα =

√
γασ̂

(n)
αe with rates 2γα for α = i, g, x.

We define Γ =
∑

α γα and the complex detunings ∆̃ = ∆− iΓ and δ̃ = δ − iκ.

5.3. Adiabatic Elimination
In the regime of strong dissipation, both the excited states and the cavity mode

are weakly populated 〈N̂e + â†â〉 � 1 and can be adiabatically eliminated [24] (see
Appendix). Then, the dynamics reduces to an effective master equation for the sub-
systems {|i〉n , |g〉n , |x〉n} [see Fig. 5.1(c)]. We find that the new effective Lindblad
operators read

L̂κeff =
√
λκξ̂Ŝgi L̂

α,(n)
eff =

√
λαγ

(
σ̂
(n)
αi − σ̂(n)

αg ξ̂Ŝgi

)
(5.4)

The terms L̂κeff and L̂
α,(n)
eff in Eq. (5.4) result from a virtual excitation of the states |e〉n

being lost via the cavity or via spontaneous emission, respectively. Here, λκ = Ω2κ/g2

and λαγ = Ω2γα/∆̃
2 are the respective rates, while ξ̂ =

√
Ng2(N̂gg

2−∆̃δ̃)−1 is a collective
dimensionless operator stemming from the excited state propagator, which captures the
effects of virtually excited superradiant states [in the weak light-matter coupling regime
(Ng + 1)g2 < (κ − Γ)2/4] or virtually excited polaritons [in the strong coupling regime
(Ng + 1)g2 > (κ − Γ)2/4]. Thus, Eq. (5.4) gives rise to collective, dissipative, and uni-
directional population transfer from the states |i〉n to the desired molecular bound states
|g〉n and the loss states |x〉n [see Fig. 5.1(c)], with rates that depend on the many-body
state via ξ̂Ŝgi.

We find a new effective Hamiltonian

Ĥeff = −Ω2

2∆̃

(
N̂i +

√
NŜig ξ̂Ŝgi

)
+ h.c. (5.5)
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The first term −Ω2N̂i/(2∆̃) in Eq. (5.5) corresponds to the usual AC Stark shift for a
small coupling Ω. The second term corresponds to the self energy due to a molecule
being virtually excited by the laser and exchanging this excitation with the cavity. Since
[N̂α, Ĥeff ] = 0, Ĥeff cannot drive any coherent population transfer and thus we find that
all interesting dynamics is driven by dissipation. In the following, we simulate the
effective equations of motion first on bare resonance ∆ = δ = 0, then on resonance with
a (virtual) polariton.

Numerically, the master equation evolution with terms from Eqs. (5.4) and (5.5) can
be efficiently simulated by exploiting the permutation symmetry among the N three level
systems, which allows for utilizing a collective spin basis [25]. In practice we further-
more employ a quantum trajectory method [25, 26] (see Appendix). In the numerical
simulations, the initial state is the product

⊗
n |i〉n.

For ∆ = 0, we choose typical parameters for RbCs as measured in Ref. [27] [see also
Fig. 5.1(b) and Appendix]. We consider up to N = 105 molecules trapped in a three-
dimensional optical lattice created by a laser with wavelength λlatt = 1064.5 nm. Two
lattice beams are placed at angles ±θ (θ = arccos[λlatt/(2λeg)] = 57°) with respect to
the cavity axis in order to match a desired cavity mode [Fig. 5.1(a) and below]. The
excited state has a half linewidth Γ/2π = 2.65MHz. The branching ratios fα ≡ γα/Γ
for the decay from |e〉 into the states |x〉, |g〉, and |i〉 are fx ≈ 0.999, fg = 1.3× 10−3,
and fi = 1.3× 10−4, respectively, such that photoassociation without a cavity leads to a
maximal asymptotic value of (〈N̂g〉/N)(t→∞) ≡ (Ng/N)(t→∞) ≡ N∞

g /N = fg/(fg+
fx) ≈ 1.3× 10−3. The photoassociation laser (wavelength of λPA = 1557 nm) has a Rabi
frequency Ω/2π = 70 kHz in the weak coupling regime. We assume a cavity of length
L = 280 µm, free spectral range c/2L = 535GHz, mode waist ω0 = 12 µm, and half
linewidth κ/2π = 5.4MHz, which is tuned in resonance with the λeg = 977 nm transition
|e〉 ↔ |g〉, resulting in a peak vacuum Rabi frequency g/2π = del

√
fgωge/2~ε0V /2π =

770 kHz with the mode volume V = πω2
0L/4 and the electronic transition dipole moment

del = 0.1 a.u. [27]. We assume the temperature to be small enough so that all molecules
are in the lowest lattice band. For a typical lattice depth of E0 = 48ER [8], with
ER = (2π~/λlatt)2/(2mRbCs) the recoil energy, this implies T �400 nK, but even for
higher temperatures the scheme may be beneficial (see Appendix).

5.4. On Bare Resonance
For ∆ = δ = 0, we find Ĥeff = 0 and the dynamics is governed by dissipative Lindblad

terms only, with ξ̂ =
√
NC(1 + N̂gC)

−1. Figure 5.1(d) shows exemplary results for the
time evolution of the molecular ground state fraction Ng/N as a function of N , with
1 ≤ N ≤ 105 in units of the characteristic time scale τ = ΓΩ−2. For N = 1 the figure
shows that the presence of a cavity (here C ≈ 0.04) induces an enhancement of N∞

g /N
from ∼ 0.1% (no cavity, dashed red line) to ∼ 4%, due to increased state-selectivity [21].
Strikingly, with increasing N , we observe an enhancement towards N∞

g /N → 1, at the
cost of an increased transfer time. Figure 5.2(a) is a contour plot of the long-time
population fraction N∞

x /N in the loss state |x〉 as a function of N and C. The plot
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Figure 5.2. – On bare resonance: (a) Contour plot of the final population fraction in the
loss state |x〉, N∞

x /N , as a function of the number N of molecules in the
cavity and the single molecule cooperativity C. (b) Contour plot of the
time T 1

2
needed to transfer half of the population away from the state |i〉

in τ = ΓΩ−2. All axes are logarithmic.

shows that, for increasing collective cooperativity NC, N∞
x /N rapidly decreases from

its bare (no-cavity) value ∼ 1 towards 0 [upper right corner in Fig. 5.2(a)].
To gain further insight, we obtain an analytical solution of the dynamics in the limit

of large collective cooperativity NC � 1 and large but finite molecule number Ng � 1.
In the quantum trajectories picture, the decay rate of a state |ψ〉 is given by 〈ψ| −
2
∑
L̂†
effL̂eff |ψ〉. With these assumptions, we can restrict the discussion to the symmetric

Dicke states, assume (Ng+1)C � 1, and neglect fluctuations by approximating operators
by their expectation values Nα ≡ 〈N̂α〉. We then obtain the following rates for the decays
via the different channels (see Appendix)

2
〈
L̂κ†effL̂

κ
eff

〉
≈ 2

τ

Ni

(Ng + 1)C
≡ ζκ , (5.6)

2
∑
n

〈
L̂
α,(n)†
eff L̂

α,(n)
eff

〉
≈ 2fα

τ

Ni

(Ng + 1)2C2
≡ ζα . (5.7)

For (Ng + 1)C � 1, the cavity-decay dominates, ζκ � ζα. Dynamics is then governed
by the non-linear rate equations Ṅi = −ζx − ζg − ζκ, Ṅx = ζx, and Ṅg = ζg + ζκ, for
which we provide analytical solutions in the Appendix for the time-dependence of the
populations, Nα(t). For large N∞

g , we find for the loss state fraction

N∞
x

N
≈ fx ln(N)

NC

NC→∞−−−−→ 0, (5.8)

demonstrating a collective improvement over the single molecule result fx/(C + 1) of
Ref. [21]. The half time T 1

2
=
∫ N/2
Ni=N

dNi/Ṅi for population transfer out of state |i〉 is
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well approximated by

T 1
2
∼ NCτ. (5.9)

This scaling is observed as straight contours for large NC in the numerical simulations
of Fig. 5.2(b). The demonstration of increased molecular yield in the ground state due to
collective dissipative effects, at the cost of decreased transfer rates, is one of the central
results of this work.

5.5. Following the Polaritons
We find that the slowdown of T 1

2
in Eq. (5.9) is due to terms ∝ 1/[(Ng + 1)C] in

Eqs. (5.6) and (5.7), caused by Zeno blocking of the virtually excited superradiant states
and detuning from the virtually excited polaritons. The latter usually dominates and is
captured by Fig. 5.3(a), which is a contour plot of Ṅi as a function of Ng and ∆, with
δ = ∆. For ∆ = 0, the figure shows that Ṅi decreases rapidly with increasing Ng. The
rate Ṅi is instead maximized for an optimal choice of detuning

∆±
opt = ±

[
max

(
0, (Ng + 1)g2 − Γ2 + κ2

2

)]1/2
. (5.10)

This reflects the formation of two polaritons with energy E± ∼ ∆±
opt for large enough

Ng ≥ (Γ2+κ2)/2g2. To circumvent the slowdown, we propose to chirp the laser detuning
to stay resonant with the polariton energy, which depends on the (time dependent)
ground state population Ng(t). This adjustment can be adiabatic since the dynamics
of Ng(t) is slow compared to Γ [O(Ω2/Γ)], and thus it is sufficient to consider a time
dependent ∆(t) and δ(t) = ∆(t) in Eqs. (5.4) and (5.5).

For g � κ + Γ �
√
Ng + 1g, the decay rates of the different channels assume the

simple form (see Appendix) 1

2
〈
L̂κ†effL̂

κ
eff

〉
≈ 2Ω2κ

(κ+ Γ)2
Ni ≡ ζκ (5.11)

2
∑
n

〈
L̂
α,(n)†
eff L̂

α,(n)
eff

〉
≈ 2Ω2γα

(κ+ Γ)2
Ni ≡ ζα. (5.12)

and the rate equations Ṅi,g,x above are solved as

Ni(t)

N
= exp

[
−2Ω2(κ+ γg + γx)t

(κ+ Γ)2

]
(5.13)

Ng(t)

N
=

κ+ γg
κ+ γg + γx

{
1− exp

[
−2Ω2(κ+ γg + γx)t

(κ+ Γ)2

]}
. (5.14)

1. We note that the inequality g � κ + Γ ensures that staying in resonance with the polariton is
possible, as for g & κ+Γ this is prevented by fluctuations of Ng. For small Ng we have κ+Γ &

√
Ng + 1g

and no polariton splitting is present.
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Figure 5.3. – Chirped pulse: (a) Contour plot of the decay rate of Feshbach molecules
Ṅi (in units τ−1, for symmetric Dicke states), as a function of the laser
detuning and the number of ground state molecules. The cavity is kept
at resonance with the transition energy (δ = ∆). (b) Simulated time
evolution of the ground state population for different cavity decay rates κ.
The parameters are chosen for 103 Rb2 molecules inside a cavity [14, 21],
i. e. Γ/2π = 6MHz and g/2π ≈ 50MHz. Dashed lines: analytical fits of
Eqs. (5.13) and (5.14).

These results are formally similar to those of Ref. [22] for a single molecule coupled to a
photon wave-guide, however, here the cavity decay rate κ is fully tuneable. We note that
while collective effects are present in the polariton formation, the final rate is independent
of N 2. For κ � γx, the ground state population approaches N as N∞

g /N ' 1 − γx/κ,
at the cost of an increasing time-scale ∼ κ/Ω2, due to the continuous Zeno effect [28].

Figure 5.3(b) shows a comparison of numerical and analytical results (continuous and
dashed lines, respectively) for the increase of Ng/N as a function of time t, for different
values of κ. We find good agreement for large values of t/τ and κτ in the regime of
validity of Eqs. (5.13) and (5.14), as expected. In addition to this dynamics, a few
molecules are trapped in so-called “dark states” |d〉 that cannot decay via the cavity
(L̂κeff |d〉 = 0). This minor effect is caused by the breaking of permutation symmetry
through spontaneous emission [29, 30] (see also Appendix), and responsible for a time
delay in reaching the asymptotic N∞

g , as magnified in the inset of Fig. 5.3(b).

5.6. Experimental Considerations
Whether higher molecular yields are reached by staying on bare resonance or chirping

the laser depends on what limits state selectivity. If transfer times are not a concern,
staying on bare resonance is usually best, as we estimate N∞

x (chirp) > N∞
x (bare) for

Ng2/[κ2 ln(N)] > 1 (see Appendix). If instead transfer times are a concern, due, e.g.,
to background gas collisions, then the chirped scheme may be better, as for a given

2. This is in contrast to the scheme of Ref. [22], for which collective effects decrease the efficiency
due to dark state population caused by individual laser excitations.
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T 1
2

we find N∞
x (bare) ∼ ln(N)N∞

x (chirp) (see Appendix). These behaviors, derived for
identical cavity coupling strengths gn, hold also approximately for moderately varying
gn due to, e.g, in-homogeneity of the cavity mode, lattice geometry or thermal motion
(see Appendix).

For N = 104 RbCs Feshbach molecules (see parameters above), the system is closer
to the first scenario and we find that staying on bare resonance (∆ = 0) provides the
highest yield. For a reasonable lattice lifetime of 1 s, we obtain a peak ground state
population Ng/N ≈ 92% after 55ms with a transfer half time T 1

2
≈ 3.2ms (98% for

infinite lattice lifetime). These results are essentially unchanged by considering locally
different coupling constants gn = g(~xn) = g exp[−(x2n + y2n)/ω

2
0] cos(2πzn/λeg), due to

the finite cavity mode waist ω0 and the different lattice positions, with zn (xn, yn)
oriented along the cavity axis (in the perpendicular planes) [see Fig. 5.1(a)]. For example,
for a 20× 20× 25 lattice at angle θ = 57° and assuming perfect matching of lattice and
cavity modes with cos(2πzn/λeg) = 1 3, we find a peak Ng/N ∼ 92%, a transfer time
48ms and T 1

2
∼ 2.7ms, with infinite lattice lifetime final fraction 97%. Thus, ground

state populations comparable to STIRAP (∼ 90%) [8, 9] can be achieved without the
need of time-dependent laser pulses. These results are robust against reasonable lattice
mismatches. Even in a worst case scenario of complete positional disorder [i.e., uniform
and Gaussian (σxy = 5 µm) distributions in the z and x− y directions, respectively] we
find a peak Ng/N ∼ 71% (73% for infinite lattice lifetime) after 21ms and T 1

2
∼ 0.4ms.

For a scenario with 103 Rb2 Feshbach molecules (see Fig. 5.3, parameters as in
Ref. [14, 21]) we are in the regime where the chirped pulse results in a higher yield.
For example, choosing a vacuum Rabi frequency g/2π ≈ 50MHz, a laser Rabi frequency
Ω/2π = 200 kHz, and a cavity half linewidth κ/2π = 300MHz, we obtain a ground state
population of Ng/N ≈ 98% after 5ms (T 1

2
∼ 0.5ms). Even for a spatially disordered

worst case scenario (uniform position distribution along z, σxy = 2.5 µm, mode waist
of 5 µm), we reach a ground state fraction of 89% after 5ms (T 1

2
∼ 0.3ms). In both

cases this is a significant increase from 54% without cavity, and can overcome typical
STIRAP efficiencies [9].

Similar to STIRAP [8, 23], the presence of additional excited states in proximity to
the |e〉 state might decrease the transfer efficiency of our schemes. This can be avoided
by choosing an excited state with sufficiently large hyperfine and Zeeman splitting [8].
Once the rovibrational ground state is reached, population transfer between the hyperfine
sublevels can be achieved with high fidelity [31].

5.7. Conclusion
In summary, we proposed two novel methods for high-yield state selective prepara-

tion of ultracold molecules in a cavity that exploit collective and dissipative effects.
It is an exciting prospect to investigate how similar collective effects could be used to

3. Lattice positions are defined as xn = (m + 1/2)λlatt/2, and yn = (m′ + 1/2)∆y with ∆y =
λlatt/[4 sin(θ)] ≈ 317 nm, with −10 ≤ (m,m′) < 10 integers.
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engineer generic state-transfer schemes and even chemical reactions outside of the ultra-
cold regime [32–36], such as room-temperature cavity-modified electron transfer reac-
tions [37, 38]. The experimental setups proposed here – molecules trapped on a lattice
potential and embedded in a cavity – offer unique opportunities to explore collective
dynamics for measurements [39], non-equilibrium quantum phase transitions [40, 41],
or quantum information applications using long-lived molecular states [42] and cavity-
controlled gates [43, 44], while also allowing for a non-destructive detection of the
molecules [45, 46].
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5.A. Rotating Frame

Appendix
In Sec. 5.A we define the rotating frame. In Sec. 5.B, we give details for the adiabatic

elimination. In Sec. 5.C, we discuss how the permutation symmetry can be used for an
efficient simulation and display the resulting equations that are used for the simulation.
In Sec. 5.D we give the states used for the RbCs simulations. In Sec. 5.E we derive the
rate equations on bare resonance, and their solution is presented in Sec. 5.F. The rate
equations on polariton resonance and the function to match the polariton resonance are
provided in Sec. 5.G. In Sec. 5.H we give some details on the dark states. In Sec. 5.I
we compare the schemes on bare resonance and on polariton resonance, and in Sec. 5.J
we display the threshold and effective cooperativity used to describe the local cavity
coupling constants. In Sec. 5.K we discuss the effects of finite temperature.

5.A. Rotating Frame
Setting the initial state energy to zero, the full Hamiltonian reads in a non-rotating

frame of reference

Ĥ =
∑
n

ωieσ̂
(n)
ee + ωixσ̂

(n)
xx − ωgiσ̂(n)

gg + ωC â
†â

+ Ω
{
σ̂
(n)
ie exp

[
i(ωLt− ~k~xn)

]
+ h.c.

}
+ g(σ̂(n)

ge â
† + h.c.) (5.15)

We arrive at the given Hamiltonian by applying the unitary transform

U = exp

[
i

(∑
n

ωLtσ̂
(n)
ee + ωixtσ̂

(n)
xx − ωgitσ̂(n)

gg + (ωL + ωgi)tâ
†â+ ~k~xnσ̂

(n)
ee

)]
(5.16)

according to the rules

Ĥ → Ĥ ′ = UĤU † + i(∂tU)U † (5.17)
|ψ〉 → |ψ′〉 = U |ψ〉 (5.18)
Ô → Ô′ = UÔU † (5.19)

with Ô an arbitrary observable. In the paper the further definitions ∆ = ωie − ωL and
δ = ωC − ωL − ωgi were used.

5.B. Adiabatic Elimination
In order to adiabatically eliminate the cavity and the excited states, we follow the

formalism of Reiter and Sørensen [24]. First, we split the system into an excited state
manifold with fast dynamics and a ground state manifold with slow dynamics, both of
which are weakly coupled. We define the ground state manifold by N̂e+ â

†â = 0, so that
there are neither molecular excitations nor photons. The excited state manifold contains
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all remaining states (N̂e + â†â ≥ 1), but as we use the interaction as a perturbation,
it is sufficient to restrict the analysis to the single excitation limit N̂e + â†â = 1. The
condition for the adiabatic elimination to be valid is that the interaction is much slower
than the excited state dynamics, e. g. because

√
NΩ� Γ or

√
NΩ�

√
Ngg. Following

the notation of Reiter and Sørensen, we arrive at:

Ĥe = Ĥ0 + ĤC

= ∆N̂e + δâ†â+ g
√
N
(
â†Ŝge + Ŝegâ

)
(5.20)

Ĥg = 0 (5.21)
V̂ + =

√
NΩŜei (5.22)

V̂ − =
√
NΩŜie (5.23)

The Lindblad operators L̂k are defined in the main paper.
Next, we calculate the non-hermitian Hamiltonian ĤNH ≡ Ĥe − i

∑
L̂†
kL̂k. Note that

the factor 2 compared to Reiter and Sørensen [24] arises due to a different definition of
the Lindblad operators:

ĤNH = ∆̃N̂e + δ̃â†â+ g
√
N
(
â†Ŝge + Ŝegâ

)
(5.24)

with ∆̃ ≡ ∆− iΓ and δ̃ ≡ δ − iκ. In the single excitation limit ĤNH can be inverted. It
is straightforward to confirm that:

Ĥ−1
NH =

[
∆̃2δ̃ − ∆̃(N̂g + N̂e)g

2
]−1

×{
∆̃2â†â− g

√
N∆̃

(
Ŝegâ+ Ŝgeâ

†
)
+
[
∆̃δ̃ −

(
N̂g + 1

)
g2
]
N̂e +Ng2ŜegŜge

}
(5.25)

The effective operators are now given by:

Ĥeff = −1

2
V̂ −
[
Ĥ−1

NH +
(
Ĥ−1

NH

)†]
V̂ + + Ĥg (5.26)

L̂keff = L̂kĤ
−1
NHV̂

+ (5.27)

We find:

Ĥeff = −Ω2

2∆̃

(
N̂i +

√
NŜig ξ̂Ŝgi

)
+ h.c. (5.28)

L̂κeff =
Ω
√
κ

g
ξ̂Ŝgi (5.29)

L̂
α,(n)
eff =

Ω
√
γα

∆̃

(
σ̂
(n)
αi − σ̂(n)

αg ξ̂Ŝgi

)
(5.30)

with ξ̂ =
√
Ng2

(
N̂gg

2 − ∆̃δ̃
)−1

.
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The adiabatic elimination as discussed above is valid in the single excitation limit,
which can be assumed if 〈N̂e + â†â〉 � 1. The number of excitation 〈N̂e + â†â〉 can be
estimated by comparing the pumping rate

√
NiΩ to the total excitation decay Γtot and

the total detuning ∆tot:

〈N̂e + â†â〉 ≈ NiΩ
2

Γ2
tot +∆2

tot

!
� 1 . (5.31)

We first consider the scheme on bare resonance. The short times dynamics is best
described in terms of bare excitons so that Ni ≈ N , Γtot = Γ, and ∆tot = 0. In this
case we can rewrite Eq. (5.31) to find N

!
� Γ2/Ω2 ≈ 1400 for the RbCs parameters.

In contrast, the long time dynamics is best described by polaritons and dark states.
As the latter are populated only very slowly, we restrict the analysis of the long time
dynamics to polaritons. We find Γtot = (κ + Γ)/2 and ∆2

tot = Ngg
2 − (Γ − κ)2/2. For

g � Γ+κ and Ng > 0 the condition Eq. (5.31) simplifies to Ng/N � g2/Ω2 ≈ 8× 10−3.
We conclude for the RbCs parameters in the paper, although the initial dynamics is not
described correctly by adiabatic elimination, after a population fraction of around 1%
is transferred to the ground state, the adiabatic elimination is valid.

Using the chirped pulse the initial dynamics is still described by bare excitons as
above and we find N

!
� Γ2/Ω2 ≈ 1000 for the Rb2 parameters. For later times, again

ignoring dark states, we find Γtot = (κ+Γ)/2 and ∆2
tot = 0. This leads to the condition

(κ2/2 + Γ2/2)/Ω2 ≈ 1.4× 105
!
� N . Thus for the Rb2, the initial dynamics is not fully

captured by the adiabatic elimination, but as soon as polaritons form, which happens
after a short time, the elimination condition is clearly fulfilled.

Note that for the theoretical part of the paper the results are fully independent of
the choice of Ω, which only enters into the definition of τ . Hence, for the theory the
adiabatic elimination condition is fulfilled if Ω is kept small enough to fulfill condition
Eq. (5.31).

5.C. Numerical Simulations
In order to develop an efficient algorithm, we use two steps: In a first step we go

from N three level molecules (with states |i〉, |g〉, and |x〉) to two level molecules (with
states |i〉 and |g〉) with variable molecule number. In a second step we take advantage
of the permutation symmetry of the system to reduce N spin-1/2 (two level) systems
(dimension ∼ 2N) to one spin-N/2 system (dimension ∼ N2) [25, 47–51]. Note that
both steps are exact.

For the first step we use that molecules that enter state |x〉 have no coherence with
the rest of the system (decay only via local dissipation) and have no influence on the
dynamics of the system. This allows us to treat decay into state |x〉 as molecule loss
and we only need to treat the dynamics of the remaining two level systems.

In order to simulate N identical two level systems with particle loss, we employ a
quantum trajectories algorithm analogous to the one used by Zhang et al. [25]. We
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Term Value

−i
[
Ĥeff , |N, J,M〉 〈N, J,M|

]
0

−
{∑

k L̂
k†
eff
Lk

eff , |N, J,M〉 〈N, J,M|
} − 2Ω2κ

g2
|N, J,M〉 〈N, J,M|(J +M)(J −M + 1)|ξ|2

− 2Ω2Γ∣∣∣∆̃∣∣∣2 |N, J,M〉 〈N, J,M|

×
[
N
2

+M − 2(J +M)(J −M + 1)Re (ξ) + (J +M)(J −M + 1)
(

N
2

−M + 1
)
|ξ|2

]
L̂κ

eff |N, J,M〉 〈N, J,M|L̂κ†
eff

Ω2κ
g2

|N, J,M − 1〉 〈N, J,M − 1|(J +M)(J −M + 1)|ξ|2

∑
n L̂

i,(n)
eff

|N, J,M〉 〈N, J,M|L̂i,(n)†
eff

Ω2γi∣∣∣∆̃∣∣∣2 |N, J − 1,M〉 〈N, J − 1,M|βJ
N (J −M)

+
Ω2γi∣∣∣∆̃∣∣∣2 |N, J,M〉 〈N, J,M|

[
N
4

+M − (J +M)(J −M + 1)Re (ξ)
]

+
Ω2γi∣∣∣∆̃∣∣∣2 |N, J,M〉 〈N, J,M|αJ

N |M − (J +M)(J −M + 1)ξ|2

+
Ω2γi∣∣∣∆̃∣∣∣2 |N, J + 1,M〉 〈N, J + 1,M|δJN (J +M + 1)

∑
n L̂

g,(n)
eff

|N, J,M〉 〈N, J,M|L̂g,(n)†
eff

Ω2γg∣∣∣∆̃∣∣∣2 |N, J − 1,M − 1〉 〈N, J − 1,M − 1|βJ
N (J +M − 1)

+
Ω2γg∣∣∣∆̃∣∣∣2 |N, J,M − 1〉 〈N, J,M − 1|(J +M)(J −M + 1)

[
−Re (ξ) + 1

4
|ξ|2

]
+

Ω2γg∣∣∣∆̃∣∣∣2 |N, J,M − 1〉 〈N, J,M − 1|αJ
N (J +M)(J −M + 1)|1 + (M − 1)ξ|2

+
Ω2γg∣∣∣∆̃∣∣∣2 |N, J + 1,M − 1〉 〈N, J + 1,M − 1|δJN (J −M + 2)

∑
n L̂

x,(n)
eff

|N, J,M〉 〈N, J,M|L̂x,(n)†
eff

Ω2γx∣∣∣∆̃∣∣∣2
∣∣∣N − 1, J − 1

2
,M − 1

2

〉 〈
N − 1, J − 1

2
,M − 1

2

∣∣∣4JβJ
N

+Ω2γx∣∣∣∆̃∣∣∣2
∣∣∣N − 1, J + 1

2
,M − 1

2

〉〈
N − 1, J + 1

2
,M − 1

2

∣∣∣4(J + 1)δJN

Table 5.1. – Different contributions to the time evolution of density matrix element
|N, J,M〉 〈N, J,M |. Notation: ξ = g2/[(N/2 − M + 1)g2 − ∆̃δ̃] (a fac-
tor of

√
N different from the operator ξ̂). αJN = (N + 2)/(4J(J + 1)),

βJN = (N + 2J + 2)(J + M)|1− (J −M + 1)ξ|2/(4J(2J + 1)), δJN =
(N − 2J)(J −M + 1)|1 + (J +M)ξ|2/[4(J + 1)(2J + 1)].

describe the dynamics of the two level systems in the Dicke basis |J,M〉 [47], while
keeping track of the molecule number N [25]. The result are equations for a matrix
of the form |N, J,M〉 〈N, J,M ′|. The contributions to the equations of motion for the
diagonal matrix elements |N, J,M〉 〈N, J,M | are given in Tab. 5.1.

As there are no off-diagonal elements generated in the equations in Tab. 5.1 and the
initial state is given by the diagonal element |N,N/2, N/2〉 〈N,N/2, N/2|, the diagonal
elements are sufficient to describe the system dynamics. This motivates the description
using a quantum trajectory algorithm, which becomes a simple Monte Carlo Markov
chain of jumps between the matrix elements, due to the trivial Hamiltonian contribution.

5.D. Molecular States
We choose the states proposed in Ref. [27] for STIRAP association of ultracold

molecules. The initial state |i〉 is given by a Feshbach molecule in the sixth vibra-
tional level below dissociation threshold, characterized by the atomic quantum numbers
fRb = 2; mfRb

= 2; fCs = 4; mfCs
= 2; mf = 4, and the quantum numbers for the

atomic motion l = 2; ml = 0, which couple to MF = 4. For the excited state we choose
|e〉 = (A1Σ+− b3Π)0+ (v′ = 38), which has favorable transition dipole moments to both
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the initial Feshbach molecule and to the absolute ground state |g〉 = X1Σ+ (v = 0).

5.E. Derivation of Rate Equations
In order to consider the effects of the different decay channels, we need to separate

the decay rates given in the second row of Tab. 5.1 into the different decay channels.
For no detuning ∆ = δ = 0, this yields:

−
{
L̂κ†effL

κ
eff , |N, J,M〉 〈N, J,M |

}
= −2Ω2

CΓ

(J +M)(J −M + 1)(
N
2
−M + 1 + 1

C

)2 |N, J,M〉 〈N, J,M | (5.32)

−

{∑
n

L̂
α,(n)†
eff L

α,(n)
eff , |N, J,M〉 〈N, J,M |

}

= −2Ω2γα
Γ2
|N, J,M〉 〈N, J,M |×[

N

2
+M − 2

(J +M)(J −M + 1)
N
2
−M + 1 + 1

C

+
(J +M)(J −M + 1)

(
N
2
−M + 1

)(
N
2
−M + 1 + 1

C

)2
]

(5.33)

where α = i, g, x.
To simplify these equations, we make two assumptions: (i) We assume that the dy-

namics is taking place in the completely symmetric state, for which J = N/2, and (ii)
we assume NgC � 1. The first assumption is justified further below. The second as-
sumption is justified for large collective cooperativity NC and not too small C (e. g.
C ∼ 10−3 is fine for N ∼ 105, but not thermodynamic limit with N →∞ and C → 0).
In this way, only the initial dynamics with Ng � N is ignored, which we empirically
find to be a good approximation. Using Ng = N/2−M and Ni = N/2+M , we simplify:

−
{
L̂κ†effL̂

κ
eff , |N, J,M〉 〈N, J,M |

}
(i)
≈ −2Ω2

CΓ

Ni(Ng + 1)(
Ng + 1 + 1

C

)2
(ii)
≈ −2Ω2

Γ

Ni

(Ng + 1)C
(5.34)

−

{∑
n

L̂
α,(n)†
eff L̂

α,(n)
eff , |N, J,M〉 〈N, J,M |

}
(i)
≈ −2Ω2γα

Γ2

[
Ni − 2

Ni(Ng + 1)

Ng + 1 + 1
C

+
Ni(Ng + 1)(Ng + 1)(

Ng + 1 + 1
C

)2
]

(ii)
≈ 2Ω2γα

Γ2

Ni

(Ng + 1)2C2
. (5.35)
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Now we can justify assumption (i): For NgC � 1 the cavity decay channel is dominant,
for which J does not change. As J = N/2 for the initial state, we can thus expect J
to remain close to this value. In fact, the dominant spontaneous emission rate γx can
only decrease N − 2J , pushing the system back into the superradiant state J = N/2 if
it moves out of that state during the initial dynamics. This corresponds to the results
of numerical simulation, where initially N − 2J grows, but then quickly decays back
towards zero.

Note that the Eqs. (5.34) to (5.35) are still state dependent. In order to get rate
equations we need to take the expectation value of the right hand side. For N �
1, the fluctuations of the particle numbers Ni and Ng around their mean values are
typically small compared to their expectation values. Therefore, the expectation values
of the right hand side are well approximated by taking the expectation value of Ng

directly in the denominator, recovering the rate equations given in the paper. Note
that by comparing simulations of the rate equations to simulations of the full master
equation, we find that up to a prefactor for the loss state population Nx they give a
good approximation to the dynamics.

5.F. Solution of Rate Equations
For large NgC, we note that Nx � N , as Ṅx � Ṅg. Thus, to first order Ng =

N −Ni. For large N , we can thus write down a differential equation for the initial state
population:

ṅi ≡ Ṅi/N ≈ −
2

NCτ

ni
1− ni

(5.36)

with τ = Γ/Ω2 This equation can be integrated to find for the time T to reach a
population fraction ni in the initial state:

T (ni) =

∫ ni

1

dn′
i

ṅ′
i

=
NCτ

2
ln

(
eni−1

ni

)
(5.37)

or inverted to get the time evolution of ni

ni(t) = −W
[
− exp

(
−1− 2t

NCτ

)]
(5.38)

where W (x) is the product logarithm or Lambert W function, which is defined as the
inverse of x = wew.

5.G. Rate Equations with Detuning
In order to compute rate equations for the chirped pulse, we replace ∆ = δ = ∆opt

with

∆opt =

{
max

[
0, (Ng + 1)g2 − Γ2 + κ2

2

]}1/2

. (5.39)
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If we assume (Ng + 1)g2 > (κ2 + Γ2)/2, the cavity decay dominates and we can restrict
the analysis to the completely symmetric Dicke state, for which one can replace ŜigŜgi =
N̂i(N̂g + 1)/N . This leads to:

L̂κ†effL̂
κ
eff = Ω2g2κ

N̂i

(
N̂g + 1

)
[(
N̂g −Ng

)
g2 − (κ−Γ)2

2

]2
+ (κ+ Γ)2

[
(Ng + 1)g2 − Γ2+κ2

2

]
≈ Ω2κ

(Γ + κ)2
N̂i (5.40)

L̂α†effL̂
α
eff =

Ω2γα
Γ2 + (Ng + 1)g2

×

N̂i −
2N̂i

(
N̂g + 1

)
g2κΓ + N̂i

(
N̂g + 1

)2
g4[(

N̂g −Ng

)
g2 − (κ−Γ)2

2

]2
+ (κ+ Γ)2

[
(Ng + 1)g2 − Γ2+κ2

2

]


≈ Ω2γα

(Γ + κ)2
N̂i (5.41)

where we approximated by replacing operators with their expectation values and ne-
glecting higher order terms in (Γ + κ)/

√
Ng + 1g.

However, in numerical simulations the noise term N̂g −Ng turns out to be important
as well. Firstly, for ∆Ng ∼

√
Ng, we find that the noise term looks like Ngg

4. This
is only negligible if N1/4g � κ + Γ. Secondly, we can end up in a negative feedback
loop, running out of resonance: Consider a state for which 〈N̂g〉(t1) < Ng(t1). In this
case ∂t〈N̂g〉 ∼ 〈L̂κ†effL̂κeff〉 < ∂tNg ∼ 〈L̂κ†effL̂κeff〉

∣∣∣
N̂g=Ng

. This leads to (〈N̂g〉 − Ng)(t2) <

(〈N̂g〉 − Ng)(t1) for t2 > t1, running further out of resonance. In practice this can be
solved by keeping ∆ a bit smaller than ∆opt. We choose

∆ =

{
max

[
0, N

(
Ng(t)

N

)1.5

g2 − Γ2 + κ2

2

]}1/2

(5.42)

with Ng(t)/N plugged in according to an empiric estimate

Ng(t)

N
=

(κ+ γg)(κ+ γx)

(κ+ γg + γx)
2

{
1− exp

[
−2Ω2(κ+ γg + γx)t

(κ+ Γ)2

]}
+

γ2g
(κ+ γg + γx)(γg + γx)

{
1− exp

[
2Ω2(γg + γx)t

Ng2 − Γ2

2
+ κ2

2

]}
(5.43)

This choice yields very good results, and a further optimization is beyond the scope of
this paper.
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5.H. Dark States
As discussed above and shown in Tab. 5.1, only spontaneous emission towards |i〉

and |g〉 can decrease J − N/2. This effect corresponds to a symmetry breaking, as
only the J = N/2 states are completely symmetric at the state level. The resulting
states with lowered J can still decay via the cavity until M = −J , or reformulated
Ni = N/2 − J . This however leaves N/2 − J molecules trapped in the initial state, as
L̂eff
κ |N/2, J,M = −J〉 = 0. The remaining states are dark states and will decay with a

lower rate. Note that the dark states do not have shifted energies with respect to the
bare excited states. Thus the laser is detuned with respect to the initial state – dark
state transition by about ∆2 ∼ Ng2. This leads to a further lowered decay rate.

We can estimate the number of molecules that are trapped in these dark states by
assuming that every spontaneous emission towards |g〉 reduces J , whereas spontaneous
emission towards |i〉 leaves J unchanged. This rough approximation is empirically jus-
tified for J ≈ N/2, and is consistent with the finding of Ref. [30] that spontaneous
emission is more relevant for dark states than dephasing. With this assumption the
dark state fraction becomes γg/(κ+ γg + γx). The decay rate of this dark states is given
by 2Ω2(γg + γx)/(∆

2 + Γ2) ≈ 2Ω2(γg + γx)/(Ng
2 − κ2/2 + Γ2/2).

5.I. Comparison between both Schemes
For given g, we find that the chirped pulse scheme gives a loss state population of:

N∞
x

N
(chirp) ≈ γx

κ
� γx√

Ng
� γx√

Ng

κ√
Ng

=
fx
NC

≈ N∞
x

N ln(N)
(no chirp) (5.44)

Thus for ln(N) < Ng2/κ2 the scheme without a chirp yields higher state selectivity.
In contrast, for given half time we find:

N∞
x

N
(no chirp) ≈ fxτ ln(N)

5T 1
2

(5.45)

T 1
2
(chirp) ≈ ln(2)κ

Ω2
≈ ln(2)τκ

Γ
(5.46)

N∞
x

N
(chirp) ≈ fxτ ln(2)

T 1
2

(5.47)

Thus, for N & 30, the state selectivity with the second scheme is higher. For a typical
number of N ∼ 1000 molecules we find that the state selectivity with the chirped pulse
is higher by a factor of 2. Note also that the first scheme does not decay exponentially,
but the long time dynamics exhibits a stronger collective slowdown so that considering
the total transfer time instead of the half time favors the chirped scheme even more.
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5.J. Influence of Local Cavity Coupling Constant

Figure 5.4. – (a) Contour plot of N∞
x /N with indicated choice of Cthr for the disorder

model according to the red dashed line. This corresponds to N∞
x being

half of its no cavity value. (b, c) Comparison of (b) the final ground
state population and (c) the halftime calculated with the full simulation
(continuous line) and the effective model (dashed line). We choose N = 10
and C0 ≡ g20/(κΓ) ≈ 4. The local coupling strength is given by g(z) =
g0 cos(2πz/λeg) and z is randomly distributed with probability density
function p(z) = exp[−z2/(2σ2

z)].

5.J. Influence of Local Cavity Coupling Constant
In order to model local cavity coupling constants for large molecule numbers, we use

an effective model. We define a threshold cooperativity Cthr, and assume that molecules
with local coupling Cn = g2n/(κΓ) < Cthr do not couple to the cavity gn → 0, whereas
molecules with Cn > Cthr couple with average cooperativity Cn → Ceff = (

∑
Cn)/N

′. By
employing this binary decision model, we arrive at a situation with particle permutation
symmetry, which can be simulated as described above. Cthr = Cthr(N) is chosen such
that, if N molecules couple with Cthr to a cavity, the |x〉 state fraction is half of its no
cavity value [red dashed line in Fig. 5.4(a)]. Errors are given by or smaller than the
linewidth.

In order to derive an expression for Ceff , we analyze the limit for which the cavity
decay is dominant. We first derive an expression for the states after k decay processes
via the cavity. Then, we calculate the cavity decay rate and the spontaneous emission
rates for these states. Comparing the rates of decay for the different decay channels we
can estimate the final ground state population and the half time.

For a local cavity coupling constant, we find effective operators for the master equation
after adiabatic elimination

Ĥeff = 0 (5.48)
L̂κeff =

√
λκξ̂Ŝgi (5.49)

L̂
α,(n)
eff =

√
λαγ

(
σ̂
(n)
αi −

σ̂
(n)
αg gn
g0

ξ̂Ŝgi

)
(5.50)

with Ŝgi =
∑

n gnσ̂
(n)
gi /(
√
Ng0) and ξ̂ =

√
Ng20(

∑
n g

2
nσ̂

(n)
gg + κΓ)−1, where g0 is the peak

cavity coupling constant, C̄ is the average cooperativity and C is the peak cooperativity.
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5. Publication: Ultracold Cavity Chemistry

Taking the initial state as
∣∣ψ(0)

〉
=
⊗

n |i〉n, the state after k decay processes via the
cavity decay channel L̂κeff is given by∣∣ψ(k)

〉
=

1

Nk

(
L̂κeff

)k ∣∣ψ(0)
〉
=

1

N ′
k

∑
I,G

⊗
l∈I

gl |i〉l ⊗
⊗
m∈G

|g〉m (5.51)

for some normalization constants Nk and N ′
k. I denotes the set of atom pairs in state |i〉

and G denotes the set of molecules in state |g〉. The sum runs over all possible choices
of sets I and G such that |G| = k, |I| = N − k, and I ∩ G = ∅. This can be easily
confirmed by checking

∣∣ψ(0)
〉
=
⊗

n |i〉n and L̂κeff
∣∣ψ(k)

〉
∝
∣∣ψ(k+1)

〉
. In these states we

get to leading order in 1/(NgC̄):

ζκ ≈
2

τ

Ni

(Ng + 1)C̄
(5.52)

ζα ≈
2fα
τ

Ni

(Ng + 1)2C̄2
. (5.53)

This also justifies in hindsight to look at the cavity dominated limit, as cavity decay
dominates for NgC̄ � fα. From these we get the equations of motion:

Ṅi ≈ −
2

τ

Ni

(Ng + 1)C̄
(5.54)

Ṅg ≈
2

τ

Ni

(Ng + 1)C̄
(5.55)

Ṅx ≈
2fx
τ

Ni

(Ng + 1)2C̄2
(5.56)

These equations are equivalent to Eqs. (5.6) and (5.7) and the rate equations Ṅi,g,x in
the main paper for no disorder with the replacement C → C̄. This motivates the choice:

Ceff =

∑
nCn
N ′ (5.57)

where the sum over molecules with Cn > Cthr and N ′ is the number of these molecules.
Fig. 5.4(b) and (c) show a comparison of the effective model and a full simulation for

10 molecules and different disorder strengths. We find a good correspondence.

5.K. Finite Temperature Effects
Our scheme is intended to work in the ultracold regime, where temperatures T are

smaller than the inter-band lattice energy gap hνvib and the effects of finite T are neg-
ligible. For typical lattice depths, this entails temperatures of several hundreds of nK
(see below), which is achievable in many experiments. We note that it is commonly
achieved to prepare a Mott insulator state in the lowest lattice band [52, 53]. However,
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5.K. Finite Temperature Effects
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<latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit><latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit><latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit><latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit>

0.2
<latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit><latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit><latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit><latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit>

kB ⇥ T/E0
<latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit><latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit><latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit><latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit>

0
<latexit sha1_base64="/FnwfJg5mfdcfsvSp5mAsjbURkQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis13WG54lbdJcgm8XJSgRyNYflrMIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0Dm5ssqIhLGyJQ1Zqr8nMhppPYsC2xlRM9Hr3kL8z+unJrzzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaXeyuMowgVcwjV4UIM6PEAD2sAA4Rle4c15dF6cd+dj1Vpw8plz+APn8wd+g4zG</latexit><latexit sha1_base64="/FnwfJg5mfdcfsvSp5mAsjbURkQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis13WG54lbdJcgm8XJSgRyNYflrMIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0Dm5ssqIhLGyJQ1Zqr8nMhppPYsC2xlRM9Hr3kL8z+unJrzzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaXeyuMowgVcwjV4UIM6PEAD2sAA4Rle4c15dF6cd+dj1Vpw8plz+APn8wd+g4zG</latexit><latexit sha1_base64="/FnwfJg5mfdcfsvSp5mAsjbURkQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis13WG54lbdJcgm8XJSgRyNYflrMIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0Dm5ssqIhLGyJQ1Zqr8nMhppPYsC2xlRM9Hr3kL8z+unJrzzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaXeyuMowgVcwjV4UIM6PEAD2sAA4Rle4c15dF6cd+dj1Vpw8plz+APn8wd+g4zG</latexit><latexit sha1_base64="/FnwfJg5mfdcfsvSp5mAsjbURkQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis13WG54lbdJcgm8XJSgRyNYflrMIpZGqE0TFCt+56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0Dm5ssqIhLGyJQ1Zqr8nMhppPYsC2xlRM9Hr3kL8z+unJrzzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaXeyuMowgVcwjV4UIM6PEAD2sAA4Rle4c15dF6cd+dj1Vpw8plz+APn8wd+g4zG</latexit>

0.1
<latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit><latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit><latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit><latexit sha1_base64="qKl4EwONTWbLFhHo22A5VgBpYpo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T2TLTFMMYjqSPOKMGis9unVvUK25dXcBsk68gtSgQHNQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJboOcyzQzKNlyUZQJYhIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC81ZfXSfuq7tnEHq5rjVYRRxnO4BwuwYMbaMA9NMEHBiN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/WOaNOQ==</latexit>

0.2
<latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit><latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit><latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit><latexit sha1_base64="d4+VluD1d+WYwC9kvK4YO9Tdybk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/PCVHBtPO/b2djc2t7ZLe2V9w8Oj44rJ6dtnWSKYYslIlHdkGoUXGLLcCOwmyqkcSiwE07u5n7nCZXmiWyaaYpBTEeSR5xRY6VHz60NKlXP9RYg68QvSBUKNAaVr/4wYVmM0jBBte75XmqCnCrDmcBZuZ9pTCmb0BH2LJU0Rh3ki1Nn5NIqQxIlypY0ZKH+nshprPU0Dm1nTM1Yr3pz8T+vl5noNsi5TDODki0XRZkgJiHzv8mQK2RGTC2hTHF7K2FjqigzNp2yDcFffXmdtGuu77n+w3W13iziKME5XMAV+HADdbiHBrSAwQie4RXeHOG8OO/Ox7J1wylmzuAPnM8fWmqNOg==</latexit>

kB ⇥ T/E0
<latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit><latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit><latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit><latexit sha1_base64="ADNAQ/BOLfoyshH5be+0OCENYBo=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7grgh6DIniMkBckyzI7mU2GzD6Y6RVDyK948aCIV3/Em3/jJNmDJhY0FFXddHcFqRQaHefbKqytb2xuFbdLO7t7+wf2Ybmlk0wx3mSJTFQnoJpLEfMmCpS8kypOo0DydjC6nfntR660SOIGjlPuRXQQi1Awikby7fLIvyE9FBHXpEHOyZ3v+HbFqTpzkFXi5qQCOeq+/dXrJyyLeIxMUq27rpOiN6EKBZN8WuplmqeUjeiAdw2NqVnmTea3T8mpUfokTJSpGMlc/T0xoZHW4ygwnRHFoV72ZuJ/XjfD8NqbiDjNkMdssSjMJMGEzIIgfaE4Qzk2hDIlzK2EDamiDE1cJROCu/zyKmldVF2n6j5cVmqNPI4iHMMJnIELV1CDe6hDExg8wTO8wps1tV6sd+tj0Vqw8pkj+APr8wd73pLS</latexit>

T
1 2
/m

s
<latexit sha1_base64="ru/F+k+yQ4uO7lLLOxOuvLUpuiw=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiZF0GXBjcsKfUETwmQ6aYfOTMLMRCghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVTY2t7Z3qru1vf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7LfzBA5GKxqKr5wnxOZoIGlGMtJECu94NvEginLl51srhJfQ40lPJM67ywG44TWcBuE7ckjRAiU5gf3njGKecCI0ZUmrkOon2MyQ1xYzkNS9VJEF4hiZkZKhAnCg/WzyRw3OjjGEUS1NCw4X6eyJDXKk5D01ncaJa9QrxP2+U6ujGz6hIUk0EXi6KUgZ1DItE4JhKgjWbG4KwpOZWiKfIZKJNbjUTgrv68jrpt5qu03TvrxrtbhlHFdTBGbgALrgGbXAHOqAHMHgEz+AVvFlP1ov1bn0sWytWOXMK/sD6/AFYzZf1</latexit><latexit sha1_base64="ru/F+k+yQ4uO7lLLOxOuvLUpuiw=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiZF0GXBjcsKfUETwmQ6aYfOTMLMRCghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVTY2t7Z3qru1vf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7LfzBA5GKxqKr5wnxOZoIGlGMtJECu94NvEginLl51srhJfQ40lPJM67ywG44TWcBuE7ckjRAiU5gf3njGKecCI0ZUmrkOon2MyQ1xYzkNS9VJEF4hiZkZKhAnCg/WzyRw3OjjGEUS1NCw4X6eyJDXKk5D01ncaJa9QrxP2+U6ujGz6hIUk0EXi6KUgZ1DItE4JhKgjWbG4KwpOZWiKfIZKJNbjUTgrv68jrpt5qu03TvrxrtbhlHFdTBGbgALrgGbXAHOqAHMHgEz+AVvFlP1ov1bn0sWytWOXMK/sD6/AFYzZf1</latexit><latexit sha1_base64="ru/F+k+yQ4uO7lLLOxOuvLUpuiw=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiZF0GXBjcsKfUETwmQ6aYfOTMLMRCghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVTY2t7Z3qru1vf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7LfzBA5GKxqKr5wnxOZoIGlGMtJECu94NvEginLl51srhJfQ40lPJM67ywG44TWcBuE7ckjRAiU5gf3njGKecCI0ZUmrkOon2MyQ1xYzkNS9VJEF4hiZkZKhAnCg/WzyRw3OjjGEUS1NCw4X6eyJDXKk5D01ncaJa9QrxP2+U6ujGz6hIUk0EXi6KUgZ1DItE4JhKgjWbG4KwpOZWiKfIZKJNbjUTgrv68jrpt5qu03TvrxrtbhlHFdTBGbgALrgGbXAHOqAHMHgEz+AVvFlP1ov1bn0sWytWOXMK/sD6/AFYzZf1</latexit><latexit sha1_base64="ru/F+k+yQ4uO7lLLOxOuvLUpuiw=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiZF0GXBjcsKfUETwmQ6aYfOTMLMRCghCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVTY2t7Z3qru1vf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7LfzBA5GKxqKr5wnxOZoIGlGMtJECu94NvEginLl51srhJfQ40lPJM67ywG44TWcBuE7ckjRAiU5gf3njGKecCI0ZUmrkOon2MyQ1xYzkNS9VJEF4hiZkZKhAnCg/WzyRw3OjjGEUS1NCw4X6eyJDXKk5D01ncaJa9QrxP2+U6ujGz6hIUk0EXi6KUgZ1DItE4JhKgjWbG4KwpOZWiKfIZKJNbjUTgrv68jrpt5qu03TvrxrtbhlHFdTBGbgALrgGbXAHOqAHMHgEz+AVvFlP1ov1bn0sWytWOXMK/sD6/AFYzZf1</latexit>

3.2
<latexit sha1_base64="yJMENzeZdZ53bVhMcotRCboHOi8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK30eFWtDcoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1XOr3sN1pd7M4yjCGZzDJXhwA3W4hwa0gMEInuEV3hzpvDjvzseyteDkM6fwB87nD178jT0=</latexit><latexit sha1_base64="yJMENzeZdZ53bVhMcotRCboHOi8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK30eFWtDcoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1XOr3sN1pd7M4yjCGZzDJXhwA3W4hwa0gMEInuEV3hzpvDjvzseyteDkM6fwB87nD178jT0=</latexit><latexit sha1_base64="yJMENzeZdZ53bVhMcotRCboHOi8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK30eFWtDcoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1XOr3sN1pd7M4yjCGZzDJXhwA3W4hwa0gMEInuEV3hzpvDjvzseyteDkM6fwB87nD178jT0=</latexit><latexit sha1_base64="yJMENzeZdZ53bVhMcotRCboHOi8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK30eFWtDcoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1XOr3sN1pd7M4yjCGZzDJXhwA3W4hwa0gMEInuEV3hzpvDjvzseyteDkM6fwB87nD178jT0=</latexit>

(a)
<latexit sha1_base64="nWPO2IS0s/Frk2sRt0RzBDs0Cec=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rNLrYbni1twlyCbxclKBHM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfUsljVD72fLUObmyyoiEsbIlDVmqvycyGmk9iwLbGVEz0eveQvzP66cmvPUzLpPUoGSrRWEqiInJ4m8y4gqZETNLKFPc3krYhCrKjE2nZEPw1l/eJJ16zXNr3kO90mjlcRThAi6hCh7cQAPuoQltYDCGZ3iFN0c4L86787FqLTj5zDn8gfP5A411jVo=</latexit><latexit sha1_base64="nWPO2IS0s/Frk2sRt0RzBDs0Cec=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rNLrYbni1twlyCbxclKBHM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfUsljVD72fLUObmyyoiEsbIlDVmqvycyGmk9iwLbGVEz0eveQvzP66cmvPUzLpPUoGSrRWEqiInJ4m8y4gqZETNLKFPc3krYhCrKjE2nZEPw1l/eJJ16zXNr3kO90mjlcRThAi6hCh7cQAPuoQltYDCGZ3iFN0c4L86787FqLTj5zDn8gfP5A411jVo=</latexit><latexit sha1_base64="nWPO2IS0s/Frk2sRt0RzBDs0Cec=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rNLrYbni1twlyCbxclKBHM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfUsljVD72fLUObmyyoiEsbIlDVmqvycyGmk9iwLbGVEz0eveQvzP66cmvPUzLpPUoGSrRWEqiInJ4m8y4gqZETNLKFPc3krYhCrKjE2nZEPw1l/eJJ16zXNr3kO90mjlcRThAi6hCh7cQAPuoQltYDCGZ3iFN0c4L86787FqLTj5zDn8gfP5A411jVo=</latexit><latexit sha1_base64="nWPO2IS0s/Frk2sRt0RzBDs0Cec=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rNLrYbni1twlyCbxclKBHM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfUsljVD72fLUObmyyoiEsbIlDVmqvycyGmk9iwLbGVEz0eveQvzP66cmvPUzLpPUoGSrRWEqiInJ4m8y4gqZETNLKFPc3krYhCrKjE2nZEPw1l/eJJ16zXNr3kO90mjlcRThAi6hCh7cQAPuoQltYDCGZ3iFN0c4L86787FqLTj5zDn8gfP5A411jVo=</latexit>

(b)
<latexit sha1_base64="Tn3ooDYUSKpHr3mW9BFzPxWCY7s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rAbXw3LFrblLkE3i5aQCOZrD8tdgFLM0QmmYoFr3PTcxfkaV4UzgvDRINSaUTekY+5ZKGqH2s+Wpc3JllREJY2VLGrJUf09kNNJ6FgW2M6Jmote9hfif109NeOtnXCapQclWi8JUEBOTxd9kxBUyI2aWUKa4vZWwCVWUGZtOyYbgrb+8STr1mufWvId6pdHK4yjCBVxCFTy4gQbcQxPawGAMz/AKb45wXpx352PVWnDymXP4A+fzB476jVs=</latexit><latexit sha1_base64="Tn3ooDYUSKpHr3mW9BFzPxWCY7s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rAbXw3LFrblLkE3i5aQCOZrD8tdgFLM0QmmYoFr3PTcxfkaV4UzgvDRINSaUTekY+5ZKGqH2s+Wpc3JllREJY2VLGrJUf09kNNJ6FgW2M6Jmote9hfif109NeOtnXCapQclWi8JUEBOTxd9kxBUyI2aWUKa4vZWwCVWUGZtOyYbgrb+8STr1mufWvId6pdHK4yjCBVxCFTy4gQbcQxPawGAMz/AKb45wXpx352PVWnDymXP4A+fzB476jVs=</latexit><latexit sha1_base64="Tn3ooDYUSKpHr3mW9BFzPxWCY7s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rAbXw3LFrblLkE3i5aQCOZrD8tdgFLM0QmmYoFr3PTcxfkaV4UzgvDRINSaUTekY+5ZKGqH2s+Wpc3JllREJY2VLGrJUf09kNNJ6FgW2M6Jmote9hfif109NeOtnXCapQclWi8JUEBOTxd9kxBUyI2aWUKa4vZWwCVWUGZtOyYbgrb+8STr1mufWvId6pdHK4yjCBVxCFTy4gQbcQxPawGAMz/AKb45wXpx352PVWnDymXP4A+fzB476jVs=</latexit><latexit sha1_base64="Tn3ooDYUSKpHr3mW9BFzPxWCY7s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsuAjWXEfEFyhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHsuWmSXoR3QsecgZNVZ6rAbXw3LFrblLkE3i5aQCOZrD8tdgFLM0QmmYoFr3PTcxfkaV4UzgvDRINSaUTekY+5ZKGqH2s+Wpc3JllREJY2VLGrJUf09kNNJ6FgW2M6Jmote9hfif109NeOtnXCapQclWi8JUEBOTxd9kxBUyI2aWUKa4vZWwCVWUGZtOyYbgrb+8STr1mufWvId6pdHK4yjCBVxCFTy4gQbcQxPawGAMz/AKb45wXpx352PVWnDymXP4A+fzB476jVs=</latexit>

⌫vib = 10Hz
<latexit sha1_base64="IQalJysF2spSRXbJXaKAMjeQcTQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaCm4kJKIoBuh4KbLCn1BE8JkOmmHTiZhZlKoIXs3/oobF4q49Qfc+TdO2gjaemDgcM5c7rnHjxmVyrK+jLX1jc2t7dJOeXdv/+DQPDruyigRmHRwxCLR95EkjHLSUVQx0o8FQaHPSM+f3OZ+b0qEpBFvq1lM3BCNOA0oRkpLnllxeOI5IVJjEaZT6mfwBtqWc/4jNe8zz6xadWsOuErsglRBgZZnfjrDCCch4QozJOXAtmLlpkgoihnJyk4iSYzwBI3IQFOOQiLddH5LBmtaGcIgEvpxBefq74kUhVLOQh20lkeUy14u/ucNEhVcuynlcaIIx4tFQcKgimBeDBxSQbBiM00QFlRnhXiMBMJK11fWJdjLJ6+S7kXdtur23WW10S7qKIFTUAFnwAZXoAGaoAU6AIMH8ARewKvxaDwbb8b74uuaUcycgD8wPr4Bn0ua0g==</latexit><latexit sha1_base64="IQalJysF2spSRXbJXaKAMjeQcTQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaCm4kJKIoBuh4KbLCn1BE8JkOmmHTiZhZlKoIXs3/oobF4q49Qfc+TdO2gjaemDgcM5c7rnHjxmVyrK+jLX1jc2t7dJOeXdv/+DQPDruyigRmHRwxCLR95EkjHLSUVQx0o8FQaHPSM+f3OZ+b0qEpBFvq1lM3BCNOA0oRkpLnllxeOI5IVJjEaZT6mfwBtqWc/4jNe8zz6xadWsOuErsglRBgZZnfjrDCCch4QozJOXAtmLlpkgoihnJyk4iSYzwBI3IQFOOQiLddH5LBmtaGcIgEvpxBefq74kUhVLOQh20lkeUy14u/ucNEhVcuynlcaIIx4tFQcKgimBeDBxSQbBiM00QFlRnhXiMBMJK11fWJdjLJ6+S7kXdtur23WW10S7qKIFTUAFnwAZXoAGaoAU6AIMH8ARewKvxaDwbb8b74uuaUcycgD8wPr4Bn0ua0g==</latexit><latexit sha1_base64="IQalJysF2spSRXbJXaKAMjeQcTQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaCm4kJKIoBuh4KbLCn1BE8JkOmmHTiZhZlKoIXs3/oobF4q49Qfc+TdO2gjaemDgcM5c7rnHjxmVyrK+jLX1jc2t7dJOeXdv/+DQPDruyigRmHRwxCLR95EkjHLSUVQx0o8FQaHPSM+f3OZ+b0qEpBFvq1lM3BCNOA0oRkpLnllxeOI5IVJjEaZT6mfwBtqWc/4jNe8zz6xadWsOuErsglRBgZZnfjrDCCch4QozJOXAtmLlpkgoihnJyk4iSYzwBI3IQFOOQiLddH5LBmtaGcIgEvpxBefq74kUhVLOQh20lkeUy14u/ucNEhVcuynlcaIIx4tFQcKgimBeDBxSQbBiM00QFlRnhXiMBMJK11fWJdjLJ6+S7kXdtur23WW10S7qKIFTUAFnwAZXoAGaoAU6AIMH8ARewKvxaDwbb8b74uuaUcycgD8wPr4Bn0ua0g==</latexit><latexit sha1_base64="IQalJysF2spSRXbJXaKAMjeQcTQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaCm4kJKIoBuh4KbLCn1BE8JkOmmHTiZhZlKoIXs3/oobF4q49Qfc+TdO2gjaemDgcM5c7rnHjxmVyrK+jLX1jc2t7dJOeXdv/+DQPDruyigRmHRwxCLR95EkjHLSUVQx0o8FQaHPSM+f3OZ+b0qEpBFvq1lM3BCNOA0oRkpLnllxeOI5IVJjEaZT6mfwBtqWc/4jNe8zz6xadWsOuErsglRBgZZnfjrDCCch4QozJOXAtmLlpkgoihnJyk4iSYzwBI3IQFOOQiLddH5LBmtaGcIgEvpxBefq74kUhVLOQh20lkeUy14u/ucNEhVcuynlcaIIx4tFQcKgimBeDBxSQbBiM00QFlRnhXiMBMJK11fWJdjLJ6+S7kXdtur23WW10S7qKIFTUAFnwAZXoAGaoAU6AIMH8ARewKvxaDwbb8b74uuaUcycgD8wPr4Bn0ua0g==</latexit>

0.8
<latexit sha1_base64="UpOu17LW/AQEJVVEujj8barrQaM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsMeCF48V21poQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCSqG1KNgktsG24EdlOFNA4FPoaT27n/+IRK80S2zDTFIKYjySPOqLHSg+fWB9Wa53oLkHXiF6QGBZqD6ld/mLAsRmmYoFr3fC81QU6V4UzgrNLPNKaUTegIe5ZKGqMO8sWpM3JhlSGJEmVLGrJQf0/kNNZ6Goe2M6ZmrFe9ufif18tMVA9yLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwV19eJ50r1/dc//661mgVcZThDM7hEny4gQbcQRPawGAEz/AKb45wXpx352PZWnKKmVP4A+fzB2OCjUA=</latexit><latexit sha1_base64="UpOu17LW/AQEJVVEujj8barrQaM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsMeCF48V21poQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCSqG1KNgktsG24EdlOFNA4FPoaT27n/+IRK80S2zDTFIKYjySPOqLHSg+fWB9Wa53oLkHXiF6QGBZqD6ld/mLAsRmmYoFr3fC81QU6V4UzgrNLPNKaUTegIe5ZKGqMO8sWpM3JhlSGJEmVLGrJQf0/kNNZ6Goe2M6ZmrFe9ufif18tMVA9yLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwV19eJ50r1/dc//661mgVcZThDM7hEny4gQbcQRPawGAEz/AKb45wXpx352PZWnKKmVP4A+fzB2OCjUA=</latexit><latexit sha1_base64="UpOu17LW/AQEJVVEujj8barrQaM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsMeCF48V21poQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCSqG1KNgktsG24EdlOFNA4FPoaT27n/+IRK80S2zDTFIKYjySPOqLHSg+fWB9Wa53oLkHXiF6QGBZqD6ld/mLAsRmmYoFr3fC81QU6V4UzgrNLPNKaUTegIe5ZKGqMO8sWpM3JhlSGJEmVLGrJQf0/kNNZ6Goe2M6ZmrFe9ufif18tMVA9yLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwV19eJ50r1/dc//661mgVcZThDM7hEny4gQbcQRPawGAEz/AKb45wXpx352PZWnKKmVP4A+fzB2OCjUA=</latexit><latexit sha1_base64="UpOu17LW/AQEJVVEujj8barrQaM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEsMeCF48V21poQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCSqG1KNgktsG24EdlOFNA4FPoaT27n/+IRK80S2zDTFIKYjySPOqLHSg+fWB9Wa53oLkHXiF6QGBZqD6ld/mLAsRmmYoFr3fC81QU6V4UzgrNLPNKaUTegIe5ZKGqMO8sWpM3JhlSGJEmVLGrJQf0/kNNZ6Goe2M6ZmrFe9ufif18tMVA9yLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwV19eJ50r1/dc//661mgVcZThDM7hEny4gQbcQRPawGAEz/AKb45wXpx352PZWnKKmVP4A+fzB2OCjUA=</latexit>

2.8
<latexit sha1_base64="Ig0w62KDAjPcas6dcR+S2/duLP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKYI8FLx4r9gvaUDbbSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ncLW9s7uXnG/dHB4dHxSPj1r6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByt/A7T6g0T2TTTFMMYjqSPOKMGis9Vt3aoFzxXG8Jskn8nFQgR2NQ/uoPE5bFKA0TVOue76UmmFFlOBM4L/UzjSllEzrCnqWSxqiD2fLUObmyypBEibIlDVmqvydmNNZ6Goe2M6ZmrNe9hfif18tMVAtmXKaZQclWi6JMEJOQxd9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgr7+8SdpV1/dc/+GmUm/mcRThAi7hGny4hTrcQwNawGAEz/AKb45wXpx352PVWnDymXP4A+fzB2aOjUI=</latexit><latexit sha1_base64="Ig0w62KDAjPcas6dcR+S2/duLP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKYI8FLx4r9gvaUDbbSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ncLW9s7uXnG/dHB4dHxSPj1r6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByt/A7T6g0T2TTTFMMYjqSPOKMGis9Vt3aoFzxXG8Jskn8nFQgR2NQ/uoPE5bFKA0TVOue76UmmFFlOBM4L/UzjSllEzrCnqWSxqiD2fLUObmyypBEibIlDVmqvydmNNZ6Goe2M6ZmrNe9hfif18tMVAtmXKaZQclWi6JMEJOQxd9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgr7+8SdpV1/dc/+GmUm/mcRThAi7hGny4hTrcQwNawGAEz/AKb45wXpx352PVWnDymXP4A+fzB2aOjUI=</latexit><latexit sha1_base64="Ig0w62KDAjPcas6dcR+S2/duLP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKYI8FLx4r9gvaUDbbSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ncLW9s7uXnG/dHB4dHxSPj1r6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByt/A7T6g0T2TTTFMMYjqSPOKMGis9Vt3aoFzxXG8Jskn8nFQgR2NQ/uoPE5bFKA0TVOue76UmmFFlOBM4L/UzjSllEzrCnqWSxqiD2fLUObmyypBEibIlDVmqvydmNNZ6Goe2M6ZmrNe9hfif18tMVAtmXKaZQclWi6JMEJOQxd9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgr7+8SdpV1/dc/+GmUm/mcRThAi7hGny4hTrcQwNawGAEz/AKb45wXpx352PVWnDymXP4A+fzB2aOjUI=</latexit><latexit sha1_base64="Ig0w62KDAjPcas6dcR+S2/duLP0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKYI8FLx4r9gvaUDbbSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ncLW9s7uXnG/dHB4dHxSPj1r6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByt/A7T6g0T2TTTFMMYjqSPOKMGis9Vt3aoFzxXG8Jskn8nFQgR2NQ/uoPE5bFKA0TVOue76UmmFFlOBM4L/UzjSllEzrCnqWSxqiD2fLUObmyypBEibIlDVmqvydmNNZ6Goe2M6ZmrNe9hfif18tMVAtmXKaZQclWi6JMEJOQxd9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgr7+8SdpV1/dc/+GmUm/mcRThAi7hGny4hTrcQwNawGAEz/AKb45wXpx352PVWnDymXP4A+fzB2aOjUI=</latexit>

2.4<latexit sha1_base64="zGZmD3UvFHrwY+b/husX7AMdq44=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkNAT0GvHiMmBckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwOmljQUFR1090VpoJr43nfTmFre2d3r7hfOjg8Oj4pn561dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5m/udJ1SaJ7JppikGMR1JHnFGjZUeq25tUK54rrcA2ST+ilRghcag/NUfJiyLURomqNY930tNkFNlOBM4K/UzjSllEzrCnqWSxqiDfHHqjFxZZUiiRNmShizU3xM5jbWexqHtjKkZ63VvLv7n9TIT3QY5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsiH46y9vknbV9T3Xf6hV6s1VHEW4gEu4Bh9uoA730IAWMBjBM7zCmyOcF+fd+Vi2FpzVzDn8gfP5A2B+jT4=</latexit><latexit sha1_base64="zGZmD3UvFHrwY+b/husX7AMdq44=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkNAT0GvHiMmBckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwOmljQUFR1090VpoJr43nfTmFre2d3r7hfOjg8Oj4pn561dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5m/udJ1SaJ7JppikGMR1JHnFGjZUeq25tUK54rrcA2ST+ilRghcag/NUfJiyLURomqNY930tNkFNlOBM4K/UzjSllEzrCnqWSxqiDfHHqjFxZZUiiRNmShizU3xM5jbWexqHtjKkZ63VvLv7n9TIT3QY5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsiH46y9vknbV9T3Xf6hV6s1VHEW4gEu4Bh9uoA730IAWMBjBM7zCmyOcF+fd+Vi2FpzVzDn8gfP5A2B+jT4=</latexit><latexit sha1_base64="zGZmD3UvFHrwY+b/husX7AMdq44=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkNAT0GvHiMmBckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwOmljQUFR1090VpoJr43nfTmFre2d3r7hfOjg8Oj4pn561dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5m/udJ1SaJ7JppikGMR1JHnFGjZUeq25tUK54rrcA2ST+ilRghcag/NUfJiyLURomqNY930tNkFNlOBM4K/UzjSllEzrCnqWSxqiDfHHqjFxZZUiiRNmShizU3xM5jbWexqHtjKkZ63VvLv7n9TIT3QY5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsiH46y9vknbV9T3Xf6hV6s1VHEW4gEu4Bh9uoA730IAWMBjBM7zCmyOcF+fd+Vi2FpzVzDn8gfP5A2B+jT4=</latexit><latexit sha1_base64="zGZmD3UvFHrwY+b/husX7AMdq44=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkNAT0GvHiMmBckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwOmljQUFR1090VpoJr43nfTmFre2d3r7hfOjg8Oj4pn561dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji5m/udJ1SaJ7JppikGMR1JHnFGjZUeq25tUK54rrcA2ST+ilRghcag/NUfJiyLURomqNY930tNkFNlOBM4K/UzjSllEzrCnqWSxqiDfHHqjFxZZUiiRNmShizU3xM5jbWexqHtjKkZ63VvLv7n9TIT3QY5l2lmULLloigTxCRk/jcZcoXMiKkllClubyVsTBVlxqZTsiH46y9vknbV9T3Xf6hV6s1VHEW4gEu4Bh9uoA730IAWMBjBM7zCmyOcF+fd+Vi2FpzVzDn8gfP5A2B+jT4=</latexit>

2<latexit sha1_base64="8DGAy7b28YwB2g1GwjKO0ubLVq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1a8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTXjnZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr3mTaXeyuMowgVcwjV4cAt1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+Bi4zI</latexit><latexit sha1_base64="8DGAy7b28YwB2g1GwjKO0ubLVq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1a8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTXjnZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr3mTaXeyuMowgVcwjV4cAt1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+Bi4zI</latexit><latexit sha1_base64="8DGAy7b28YwB2g1GwjKO0ubLVq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1a8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTXjnZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr3mTaXeyuMowgVcwjV4cAt1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+Bi4zI</latexit><latexit sha1_base64="8DGAy7b28YwB2g1GwjKO0ubLVq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1a8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTXjnZ1wmqUHJVovCVBATk8XXZMQVMiNmllCmuL2VsAlVlBmbTcmG4K2/vEk6tarnVr3mTaXeyuMowgVcwjV4cAt1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+Bi4zI</latexit>

⌫vib = 54 kHz
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Figure 5.5. – Temperature dependence of (a) the final molecular fraction and (b) the
transfer half time. We simulate N = 6 molecules, that oscillate classically
at frequency νvib, for a peak cavity coupling constant g0/2π = 10MHz,
with thermal energy up to 20% of the lattice depth. The linewidth corre-
sponds to the statistical error due to the trajectories and the choice of z0,i
and φ0,i (one standard deviation). The violet and green line correspond to
T 1

2
νvib < 1 and T 1

2
νvib > 1, respectively.

the precise distribution of molecules in the lattice will depend on the chosen preparation
and loading scheme. In the following we assume that molecules in any doubly occu-
pied site are rapidly lost via three-body recombination or light-induced collisions in the
early stages of our scheme. This leaves a lattice with at most one Feshbach molecule
per site. In the following, we estimate the efficiency of our scheme when population of
higher bands cannot be neglected, i.e., for kBT & hνvib with kB the Boltzmann constant.

Due to the unfavorable scaling of the size of the density matrix with increasing N and
band number, a computation of the quantum many-body dynamics becomes impracti-
cal for just a few particles. We thus estimate the efficiency of the scheme in a classical
approximation for the on-site motion of the molecules. This corresponds to treating the
molecules in coherent states, which, compared to typical experimental scenarios, largely
overestimates the number of molecules in higher bands. We distinguish two regimes
depending on how fast the population transfer T 1

2
occurs compared to 1/νvib, i.e. the

characteristic oscillation time of a particle at the bottom of a lattice well. We find that if
T 1

2
νvib < 1, the system is well modelled by adding static disorder to the cavity coupling

constant (due to positional disorder inside the lattice). In this case, we find that the
efficiency of the scheme is only slightly decreased from the zero-temperature case [see
Fig. 5.5, upper violet curves]. If instead T 1

2
νvib & 1, as for the parameters in the paper,

the decrease in efficiency is larger. However, we estimate that reasonably good transfer
rates are still possible, as discussed below [see also Fig. 5.5, lower green curves]. We note
that the decrease in efficiency is always accompanied by a speed-up in the transfer dy-
namics. Finally, if the thermal energy is on the order of the lattice depth E0, molecules
are lost from the trap, leading to a steep decrease in transfer efficiency. In the following
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we provide more details on our calculations.

The lattice band spacing can be calculated from the potential and its harmonic ap-
proximation:

V (~x) = E0 sin
2

(
2πx

λlatt

)
+ E0 sin

2

[
2π(cos θz + sin θy)

λlatt

]
+ E0 sin

2

[
2π(cos θz − sin θy)

λlatt

]
(5.58)

≈ 4π2E0

λ2latt

[
x2 +

(
2 sin2 θ

)
y2 +

(
2 cos2 θ

)
z2
]

(5.59)

with the parameters of the main text λlatt = 1064.5 nm, θ = 57°, and E0 = 48ER =
kB × 1.8 µK for the recoil energy ER = (2π~/λlatt)2/(2mRbCs). We will restrict this
analysis to motion along the z-direction, as here the variation of the cavity coupling
constant with motion is largest and consider the one dimensional potential V (z) =
V (x = y = 0, z). The oscillation frequency in the z-direction is given by νvib =
(2 cos θ/λlatt)

√
E0/mRbCs = 54 kHz. We model the thermal motion by

zi(t) = z0,i cos(2πνvibt+ φ0,i) , (5.60)

with Boltzmann distributed amplitudes z0,i chosen according to
p(z0,i) = exp[−V (z0,i)/(kBT )]/Z with the partition function Z =

∫
dz exp[−V (z)/(kBT )],

and a random initial phase φ0,i ∈ (0, 2π]. This thermal motion leads to a time dependent
cavity coupling constant for each molecule gi(zi) = g0 cos[2πzi/λeg], which is incorpo-
rated in the simulation. We choose g0/2π = 10MHz to get T 1

2
' 3ms in order to

approximate the transfer half time T 1
2

computed in the main text for RbCs. This allows
us to provide results for characteristic transfer half times T 1

2
νvib & 1, similar to the

large-N case of the main text, however for the case of just a few particles. The results
are presented in Fig. 5.5, which shows a moderate decrease of both transfer efficiency
and transfer time. Since the key parameter is here the quantity T 1

2
νvib, we expect that

similar results should hold also for larger N .
All temperature induced frequency shifts can be ignored, as both shifts of thermally

excited states compared to the ground state ∆ν ∼ kBT/h as well as Doppler broadening
σD =

√
kBT/(mRbCsλ2) ∼ kHz are on the order of kHz, much smaller than the natural

linewidth Γ or cavity linewidth κ, which are on the order of MHz or GHz, respectively.
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Polaritonic Chemistry
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6. Publication: A Quantum Optics
Approach to Photo-Induced
Electron Transfer Reactions in a
Cavity

The following chapter is a reprint of a work investigating cavity-modified photo-
induced electron transfer reactions, which was published in J. Chem. Phys. 154 054104
(2021) [1]. In this work, we have studied a simple model for these reactions for the case
of many donor-acceptor pairs that are collectively coupled to a lossy photon mode of a
cavity. We have described both coherent and dissipative collective effects resulting from
this coupling within the framework of a quantum optics Lindblad master equation. We
have adiabatically eliminated the excited donor and acceptor states and the cavity mode
to compute an effective rate equation, for which we have derived an analytic expression.
This rate equation depends non-trivially on the time-varying number of pairs in the
initial ground state. We have found that under proper resonance conditions, and in the
presence of an incoherent drive, reaction rates can be enhanced by the cavity. This en-
hancement persists, and can even be largest, in the weak light-matter coupling regime.
We also discuss how this cavity effect is relevant for realistic experiments. This study
was one of the first detailed studies of dissipation for polaritonic chemistry especially
with respect to collective, dissipative effects.

This chapter is organized as follows: In Section 6.1, we introduce the general physics
and motivate the study. In Section 6.2, we discuss our model in detail. Section 6.3
contains a thorough discussion of the adiabatic elimination procedure, whose result is
presented and scrutinized in Section 6.4. Section 6.5 concludes this chapter.

6.1. Introduction
Collectively coupling a large number of molecules to a cavity mode can lead to a sig-

nificant modification of chemical reaction rates [2, 3]. This has been demonstrated in
a series of recent breakthrough experiments where vibrational [4–8] or electronic [9–11]
transitions have been strongly coupled to cavity modes or other confined electromagnetic
fields. Theoretically understanding such collective cavity-modified chemistry is a major
challenge due to the difficulty of modeling the dynamics of large ensembles of molecules
with many internal (i.e., electronic, vibrational, etc.) and motional degrees of freedom
together with those of the electromagnetic field. Cavity-induced effects in polaritonic
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chemistry have often been described within a coherent Hamiltonian framework [12–18],
however incoherent dissipation from molecular radiative and non-radiative transitions,
different molecular environments, cavity losses, etc., can play an important role in the
dynamics [19–26]. In particular, cavity losses represent an ultrafast (fs timescale) decay
mechanism unique to polaritonic chemistry [27]. The interplay between coherent Hamil-
tonian dynamics and these dissipation channels adds an additional layer of complexity
for theory.

In order to understand basic mechanisms underlying cavity-modified chemistry, it can
be thus instructive to analyze simplified models of few-level systems, which can be ef-
ficiently described by standard quantum optics tools [19, 20, 28–30]. For example, in
many situations where a large dissipation is present one can use an adiabatic elimination
procedure [31, 32], a theoretical tool that can make it possible to significantly reduce
the complexity of the problem by finding analytical solutions to the molecular dynamics
of just a few key degrees of freedom [33]. Using these techniques for the case of ground-
state atoms cooled to submillikelvin temperatures [34, 35], we have recently shown that
collective dissipative effects can compete with, and even dominate over, coherent Hamil-
tonian dynamics for molecular formation in a cavity in realistic experiments with up to
105 molecules – a dissipative form of polaritonic chemistry [33]. It is an interesting ques-
tion to explore to what extent these dissipative mechanisms and theoretical techniques
can be used to investigate reactions in more ordinary situations in chemistry.

Here, we study the Lindblad master equation dynamics that describes a photoinduced
electron transfer reaction of many donor-acceptor pairs homogeneously coupled to a
cavity. We simplify each pair to a 4-level system, an approximation which neglects
internal and external motional degrees of freedom [36]. In our model an electron donor
is excited by an incoherent external field, leaving a single electron loosely bound. This
electron is then coherently transferred to an acceptor, which finally relaxes incoherently
into a final state. We introduce and explain the concept of the adiabatic elimination
procedure as a tool to analyze dissipative polariton chemistry, and clarify under which
conditions it may be used. In order to obtain an analytical result for the modification of
the transfer rate from the donor to the acceptor, we adiabatically eliminate the cavity
mode and the excited donor/acceptor states. We show that for our specific problem this
leads to a purely dissipative, and essentially classical, effective master equation without
any coherent contribution, that is, with effective Hamiltonian

Ĥeff = 0 . (6.1)

The master equation can be numerically simulated for a very large number of donor-
acceptor pairs, and makes it possible to derive an analytical expression for the instan-
taneous transfer rate, given in Eq. (6.22). The coherent (quantum) dynamics of the
excited states is implicitly included in this transfer rate, capturing the effects of vir-
tually excited polaritons (in the strong coupling regime), superradiant states (in the
weak coupling regime), and dark states, all within a single formula. We analyze the
validity of the analytical formula and discuss the conditions under which it can describe
observations in realistic experimental setups.
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6.2. Model

We find that electron transfer occurs via two distinct types of channels: One type
comprises N transfer channels that are activated by spontaneous absorption of an inco-
herent photon by an individual donor-acceptor pair. For large N , these transfer channels
use mostly “dark states” that are decoupled from the cavity, and they are therefore es-
sentially independent of the cavity coupling strength g. The other transfer channel is
activated by absorption of an incoherent photon into the cavity. Here, the electron
transfer occurs via the collective, cavity coupled states, in particular super-radiant or
polaritonic states, which we call “bright states”. This channel is added by the cavity
and has a strong dependence on g. The transfer efficiency is maximal for an interme-
diate cavity coupling that can be in the weak or strong coupling regime, depending on
the model parameters. We find that the transfer rate scales non-trivially with increas-
ing number of donor-acceptor pairs and that for realistic situations the cavity transfer
channel can dominate and enhance the transfer rate.

Those results are in line with recent theoretical studies for small system sizes [19–26]
that have highlighted the role of dissipation, and possibilities for optimal coupling
strengths close to the weak coupling regime. In contrast to previous works, here we
confirm such observations in toy-models for macroscopic molecule numbers. Further,
recent research has highlighted that collective effects lead to a modified reaction dy-
namics that differs from a simple increase of the Rabi splitting with N , in a coherent
Hamiltonian framework without dissipation [37–39]. Here we derive a non-linear rate
equation for a purely dissipative regime, and find that instantaneous transfer rates are
non-trivial due to a combination of transfer through dark and polaritonics states, which
depends on the instantaneous number of coupled pairs, N(t). We note that while in our
work the role of dark and bright states depends directly on the relative rates at which
they are externally excited, the natural mixing of dark and bright states due to disorder
and vibrational couplings has been also investigate in several recent works [17, 40–44].

The remainder of the paper is organized as follows: We start by introducing our
simplified electron transfer model in Sec. 6.2. There, we explain how to describe both
coherent and dissipative processes within the master equation approach in Sec. 6.2,
and discuss the relevance of this model to realistic experiments in Sec. 6.2. We then
present the adiabatic elimination procedure in detail in Sec. 6.3. In Sec. 6.4 we discuss
the effective master equation: In Sec. 6.4 we provide an analytical expression for the
electron transfer rate and clarify the contributions of the different transfer channels;
in Sec. 6.4 we demonstrate the validity of our rate equation and analyze the resulting
dynamics; and in Sec. 6.4 we evaluate the parameter dependencies of the transfer rate,
and estimate when the cavity can increase it. We provide a conclusion and an outlook
in Sec. 6.5.
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Figure 6.1. – (a) Schematic model. N donor (red) - acceptor (blue) pairs are homo-
geneously coupled to a cavity with coupling constant g. Each pair and
the cavity are incoherently pumped at rate Γ+ and κ+, and decay at rate
Γ and κ, respectively. (b) Level scheme of a single molecule coupled to
the cavity: Each pair is described as a 4-level system with a ground state
|G〉, excited donor (|D〉) and acceptor state (|A〉), and a final state |F 〉,
corresponding to the reaction product. The zero and one photon-number
states of the cavity are denoted as |0ph〉 and |1ph〉, respectively. The cavity
coherently couples the states |G〉 ⊗ |1ph〉 and |D〉 ⊗ |0ph〉 with strength g,
while coherent coupling between |D〉⊗|0ph〉 and |A〉⊗|0ph〉 with strength V
and detuning ∆ induces the electron transfer. After the adiabatic elimina-
tion, all coherent and dissipative dynamics can be captured by an effective
transfer rate r of population from |G〉 to |F 〉 (green dotted arrow). (c)
Schematic level-diagram for eigenstates of Hamiltonian Eq. (6.2) (not to
scale). (d) For increasing κ+, the dynamics transitions from being domi-
nated by dark states to being dominated by bright states above κ+ & NΓ+.
(e) Transfer rate r from Eq. (6.22) on a logarithmic scale as a function of
the collective cavity coupling gc =

√
Ng for various cavity pumping rates

0 ≤ κ+ ≤ 10−2κ with N = 104, Γ = 3 × 10−7κ, Γ+ = 10−4Γ, ∆ = 0.2κ,
V = 0.1κ, and η = 10−2κ.
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6.2. Model
Quantum optics master equation approach

We consider a model of N donor-acceptor pairs homogeneously coupled to a single-
mode cavity as schematically depicted in Fig. 6.1(a). Each donor-acceptor pair is de-
scribed by a 4-level system with a ground state |G〉, an excited donor state |D〉, an
excited acceptor state |A〉, and a final state |F 〉; the cavity is described by a photon
mode with annihilation operator â. We are interested in the transfer dynamics from
|G〉 to |F 〉. The cavity is resonantly coupled to the |G〉 ↔ |D〉 transition with single
molecule coupling strength g. We further include the following dissipative processes:
incoherent cavity pumping at rate κ+, leading to the creation of a cavity photon, cavity
decay at rate κ, leading to loss of photons from the cavity, pumping of the individual
pairs from their ground state |G〉 to donor state |D〉 at rate Γ+, the inverse decay process
Γ, and an artificially introduced non-radiative relaxation from the acceptor state |A〉 to
the final state |F 〉 at rate η. The corresponding level scheme including the cavity states
|0ph〉 and |1ph〉 with zero and one photon, respectively, is shown in Fig 6.1(b).

We set ~ = 1 and work in a rotating frame 1 where we include the bare excited
state energies derived from the operator N̂eωDG + N̂FωFG = N̂e(ED − EG) + N̂F (EF −
EG) in the definition of the states. Here, the operator N̂e = N̂D + N̂A + â†â gives
the excitation number, with the population number operators N̂ψ =

∑
n |ψ〉 〈ψ|n, ψ ∈

{G,D,A, F}, and the subscript n labeling the nth pair. We also make the rotating
wave approximation, and neglect all counter-rotating terms, which is valid for gc ≡√
Ng � ωDG [36]. Under these considerations, all coherent dynamics is described by

the Hamiltonian

Ĥ =∆N̂A +
N∑
n=1

V (|D〉 〈A|n + |A〉 〈D|n)

+
N∑
n=1

g
(
|D〉 〈G|n â+ |G〉 〈D|n â

†) . (6.2)

The first line on the right hand side of Eq. (6.2) describes the contributions due to the
energy difference ∆ = EA−ED between the states |A〉 and |D〉, and the coherent coupling
of the two states with strength V associated with the tunneling of an electron from the
donor to the acceptor. The second line describes Tavis-Cummings like coupling between
the transition |G〉 ↔ |D〉 and the cavity with strength g, in particular the absorption of
a cavity photon by a pair in state |G〉, bringing it to the excited donor state |D〉, and
the inverse process. This Hamiltonian part gives rise to two upper and lower polariton
states |P±〉 at energies ±gc. This term induces an indirect symmetric coupling between
the pairs via the cavity, leading to collective effects.

1. Precisely, the rotating frame transformation is achieved by applying the unitary operator Û =

exp
[
iωDGtN̂e

]
, where the Hamiltonian and the states transform according to Ĥ ′ = ÛĤÛ† + i(∂tÛ)Û†

and |ψ′〉 = Û |ψ〉, respectively.
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The Hamiltonian in Eq. (6.2) commutes with N̂e and thus cannot change the number of
excitations. In the following we discuss the eigenstates of Ĥ in the single excitation limit
〈N̂e〉 ≤ 1 [see Fig. 6.1(c) for a level-diagram sketch]. Ignoring |F 〉 for the moment, the
total ground state |Gc〉 of the system (〈N̂e〉 = 0) is the state with all individual pairs in
state |G〉, and no cavity photons. In the first excited manifold (〈N̂e〉 = 1), we find 2N−2
dark states, labelled as |k±〉, with zero photon weight and uncoupled from the cavity,
as ensured by the condition (

∑
n |G〉 〈D|n) |k±〉 = â |k±〉 = 0. The coherent coupling

between the states |D〉 and |A〉 induces a separation of the dark states into two sets of
N − 1 energetically degenerate states at energies ∆/2±

√
∆2/4 + V 2. The label k 6= 0

indicates their N − 1 “quasi-momenta” defined by a discrete Fourier transform, which
means that there is a phase exp(−2πikn/N) for the nth pair in an excited state (see
Appendix 6.A for their precise definition). The three remaining eigenstates of Eq. (6.2)
are those states that couple to light. These states are labeled |+〉, |−〉, and |X〉, they are
superpositions of |P±〉 and

∑
n |A〉n /

√
N , where |A〉n ≡ (|A〉 〈G|n) |Gc〉 labels the state

with pair n in state |A〉, and can be obtained by diagonalizing the remaining 3×3 block
matrix in the Hamiltonian. Concerning the donor-acceptor pairs in state |F 〉, we note
that those pairs do not add any coherent contribution in the Hamiltonian Eq. (6.2).
We can thus ignore them and construct the eigenstates as given above for a reduced
number of pairs (see Appendix 6.A). Note that in our model we neglect disorder or
vibrational couplings which would lead to a mixing of polariton states |±, X〉 with dark
states |k±〉 and give rise to effective coherent mixing and decay processes between those
states [17, 40–44].

In order to model both coherent and dissipative dynamics, we use a Lindblad master
equation [45]

∂tρ̂ = −i
[
Ĥ, ρ̂

]
+
∑
k

D
[
L̂k

]
ρ̂ , (6.3)

with the dissipator D[L̂]ρ̂ ≡ −L̂†L̂ρ̂ − ρ̂L̂†L̂ + 2L̂ρ̂L̂†, see below. The density matrix
ρ̂ is a hermitian matrix capturing all state populations on the diagonal and coherences
between states on the off-diagonal. The sum runs over all decay channels, describing the
dissipative processes characterized by Lindblad operators L̂k, induced by the exchange
of energy between the system and a much larger “bath”. Equation (6.3) is a valid
description if the bath that the energy is transferred to is “Markovian” — that is, it
thermalizes at a timescale much faster than the timescale associated with any coherent
coupling back to the system. This is typically true for the background electromagnetic
field in our setup. The incoherent decay processes considered here are described by
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2 + 3N Lindblad operators

L̂κ+ =

√
κ+
2
â† , (6.4)

L̂κ =

√
κ

2
â , (6.5)

L̂
(n)
Γ+

=

√
Γ+

2
|D〉 〈G|n , (6.6)

L̂
(n)
Γ =

√
Γ

2
|G〉 〈D|n , (6.7)

L̂(n)
η =

√
η

2
|F 〉 〈A|n , (6.8)

describing cavity pumping, cavity decay, pumping of individual pairs, decay of individual
pairs back to the state G, and relaxation of pairs from |A〉 to |F 〉, respectively.

In a system with dissipation, the spectrum is not characterized by the real eigenen-
ergies of the Hamiltonian Eq. (6.2), but it is useful to characterize it by the complex
eigenvalues of the non-hermitian Hamiltonian

ĤNH = Ĥ − i
∑
k

L̂†
kL̂k , (6.9)

which partly governs the density matrix evolution, as is seen by rewriting Eq. (6.3) as

∂tρ̂ = −i
(
ĤNHρ̂− ρ̂Ĥ†

NH

)
+ 2

∑
k

L̂kρ̂L̂
†
k. (6.10)

The real parts of the eigenvalues of ĤNH correspond to the eigenenergies of the different
states in the absence of dissipation, whereas the imaginary parts of the eigenvalues deter-
mine the width of the spectral peaks, corresponding to the rate at which one eigenstate
decays into other eigenstates. For small dissipation, the eigenstates of the non-hermitian
Hamiltonian are close to the eigenstates of Eq. (6.2). In contrast, for large dissipation,
when the width of the peaks becomes comparable to their separation, different spectral
peaks can merge. This happens e.g. at the transition from strong to weak coupling for
increasing κ, when the difference between the eigenenergies of the two polaritons |+〉 and
|−〉 vanishes, and instead two states with different decay rates, one more photon-like and
one more exciton like, are the proper eigenstates of ĤNH. Working with the full master
equations and the non-hermitian Hamiltonian allows us to treat both weak and strong
coupling in the same formalism.

Discussion of possible model implementations
We choose our simple toy model in order to study fundamental collective quantum

effects by using well established quantum optics tools, such as the adiabatic elimination
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presented in Sec. 6.3. Here, we discuss in which limits this simple model can be a
realistic model for experiments. In particular, we argue that the main effect observed
in this manuscript, i.e. the cavity-enhanced transfer rates in the presence of dissipation,
should also be observable in realistic setups.

The Hamiltonian Eq. (6.2) has been proposed by Mandal et al. [36] for an electron
transfer setup with a single donor coupled to a cavity. There, it has been proposed that
nanocrystal donors and organic molecular acceptors (e.g. CdS and anthraquinone [46])
could be a specific system to observe cavity modified electron transfer. In this case we
identify the following states: |G〉 is the total ground state of the system before electron
transfer, |D〉 corresponds to a state with an excited electron-hole pair in the nanocrystal.
|A〉 corresponds to the state with an electron in the lowest unoccupied molecular orbital
of the organic molecule and a hole remaining on the semiconductor. We consider the
state |A〉 to have the same nuclear positions as the state |D〉, and is thus vibrationally
excited. The additional state |F 〉 corresponds to the vibrational ground state of the
charged organic molecule.

Our setup is a generalization of the setup of Mandal et al. to many donor-acceptor
pairs, but neglecting internal motion. Instead of a single pair [36], we consider N = 104

pairs, homogeneously coupled to the cavity field, e.g. by being placed in the central
plane of a single-mode 210 nm Fabry-Perot cavity [see Fig. 6.1(a)]. For such a scenario,
precise values of the parameters depend on the specific choices of the type and the size
of the donor nanocrystal and the type of the organic molecule acceptor. Typical orders
of magnitude are [36, 46, 47]: gc = 0.2 eV, κ = 1 eV, Γ = 3× 10−7 eV, ∆ = 0.2 eV,
V = 0.1 eV, and ωDG = 3 eV. Note that here we consider the (untypical) case of a
strong coherent donor-acceptor coupling strength V outside the regime of validity of
Marcus theory V � kBT [36]. For the internal relaxation in the acceptor, which we
artificially summarize in the decay rate η, we choose a value of 10−2 eV. We choose it
not too large to avoid blocking population transfer into the state |A〉 by the continuous
Zeno effect [48], and not too small such that population can decay into |F 〉. Note
that the precise choice of η does not influence our conclusions on the scaling behavior of
transfer rates discussed below. Note further that here we focus on unidirectional electron
transfer from donor to acceptor and thus ignore electron transfer back to the donor after
the molecule has relaxed into the final state |F 〉 [46]. We also ignore the dynamics of
the hole in the semiconductor, which can be important in real experiments [46], and any
temperature induced effects, as the thermal energy at room temperature kBT ≈ 25meV
is much smaller than any energy scale associated with the Hamiltonian in Eq. (6.2). In
the following, we discuss possible implementations of the incoherent photon pumping,
and the role of motional degrees of freedom.

Incoherent pumping

We assume that the experiment takes place in an external, incoherent electromagnetic
field, which pumps photons into the system. Such an external field could be e.g. created
by a lamp or sunlight, as long as there is sufficient emission around 3 eV. The light
can be either absorbed by the cavity or by the donor-acceptor pairs, which is described
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by Lindblad operators L̂κ+ and L̂
(n)
Γ+

, respectively. The geometry of the cavity and the
incoming light can be used to control the relative magnitude of the two terms: If all
incoming light is aimed at the cavity mirrors, only L̂κ+ is non-zero, whereas if the light
enters perpendicular to the cavity axis, L̂κ+ will vanish and the L̂(n)

Γ+
will be non-zero. In

order to compare both processes, in the following we first keep Γ+ = 10−4Γ constant and
vary κ+ [see Fig. 6.1(e) and 6.3], and later analyze the role of the individual processes
(Figs. 6.4 and 6.5).

Note that for transitions with an excitation energy ∼ 3 eV as considered here, ther-
mal excitations are negligible because the Boltzmann factor completely vanishes at room
temperature T , exp[−ωDG/(kBT )] ∼ 10−61 (kB is the Boltzmann constant). For exper-
iments that use transitions in the infrared spectrum, or work at higher temperatures,
thermal photon populations might also be an incoherent photon source.

External motion

For nanocrystal donors, we can consider stationary donor-acceptor pairs in the center
of the cavity. However, one may argue that our results may also hold for some more
general setups with external motion, such as liquid solutions. One can argue for this since
the distances over which the pairs are moving on relevant time-scales are irrelevant, even
in a gas phase at room temperature (see argument below). In experiments, collisions
with solvent molecules might further suppress these already negligible effects. However,
in many experiments solvents play a crucial role in the reaction by drastically modifying
the local potential energy landscape. This could e.g. lead to energetic disorder and a
mixing of bright and dark states, which for simplicity we do not consider here.

At room temperature, in a gas phase, donor-acceptor pairs move at velocities v ∼√
kBT/m . 160m s−1, where m & 100 u is the mass of a donor-acceptor pair, and

T ≈ 300K is the temperature. The bright state lifetime is ∼ 1/κ ≈ 0.66 fs, the dark
state lifetime is ∼ 1/η ≈ 66 fs, during which each pair moves by ∼ v/κ ≈ 0.1 pm,
or v/η ≈ 10 pm, respectively. This is negligible compared to the wavelength of the
cavity mode λ ∼ 210 nm, so that entanglement between motion and electronic degrees
of freedom should be suppressed over relevant timescales. Thermal motion also leads to
a negligible Doppler broadening of

√
kBT/(mc2)ωDG ≈ 1.6 µeV.

Internal motion

By internal motion, we mean the relative motion of the nuclei in the donor and the
acceptor, i.e. vibrations, which generally couple to the electronic degrees of freedom.
Depending on the type of donors and acceptors, this coupling can be large and lead to
important effects such as vibrational decoupling [12, 49], conical intersections [15, 17],
or even entanglement between vibrations and electronic degrees of freedom [50]. In
nanocrystals, however, this coupling is typically small [36]. Therefore, for such systems
it can be realistic to neglect it. For the organic molecule acceptors we include the
effects of internal motion in the effective rate η. This then allows for a disentangled
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description, where both internal and external motional degrees of freedom separate from
the electronic dynamics. In the following, we will only focus on the electronic dynamics.

6.3. Adiabatic Elimination
Numerically simulating the full master equation Eq. (6.3) becomes impossible for

just a few donor-acceptor pairs N & 10 even for our simplified model, as the number
of elements in the density matrix scales as 42N . We thus proceed by introducing an
adiabatic elimination procedure which allows us to significantly reduce this complexity.
Adiabatic elimination is a standard technique in quantum optics [31, 32, 51, 52] that
can be used if the system can be split into fast and slow evolving subspaces. In this
case, the fast subspace is typically close to its equilibrium state. Adiabatic elimination
then allows us to eliminate the fast degrees of freedom by approximating them with
their equilibrium value, and derive an effective master equation for the slow degrees of
freedom only, significantly reducing the complexity of the problem. Here, we choose
the photons and the excited states |D〉 or |A〉 as fast degrees of freedom and the states
|G〉 and |F 〉 as slow ones, such that the effective master equation following adiabatic
elimination describes direct population transfer from |G〉 to |F 〉 [see Fig 6.1(b)]. In our
case the elimination condition is fulfilled when the excited states decay much faster than
they are pumped, and thus 〈N̂e〉 � 1.

Adiabatic elimination can be formalized by defining projection operators,
P̂ =

⊗
n(|G〉 〈G|n + |F 〉 〈F |n) and Q̂ = Î − P̂ , into the slow and fast manifold, respec-

tively, where
⊗

n denotes a tensor product over all pairs. The goal is to derive an effective
equation of motion for P̂ ρ̂P̂ under the condition 〈N̂e〉 � 1. In order to simplify notation,
we define superoperators, which are linear operators acting on operators, i.e. they can
be expressed as matrices acting on operators written as vectors. The relevant projection
superoperators are P and Q = I − P , where I is the superoperator identity. They are
defined by P ρ̂ = P̂ ρ̂P̂ , and Qρ̂ = P̂ ρ̂Q̂ + Q̂ρ̂P̂ + Q̂ρ̂Q̂, respectively. We further de-
fine the evolution superoperator L = −i[Ĥ, ·]+

∑
kD[L̂k], such that the master equation

Eq. (6.3) can be written as ∂tρ̂ = Lρ̂. Superoperators can be written as a tensor product
of two operators: one acting from the right as a transpose, and one acting from the left
that is: O~ρ = (Ô1 ⊗ Ô2)~ρ ≡ Ô2ρ̂Ô

T
1 . In general, a superoperator is the sum of multiple

such terms. For example, we can write P = P̂ ⊗ P̂ , Q = P̂ ⊗ Q̂+ Q̂⊗ P̂ + Q̂⊗ Q̂ and

L = −iÎ ⊗ ĤNH + iĤ∗
NH ⊗ Î + 2

∑
k

L̂∗
k ⊗ L̂k , (6.11)

where Ô∗ ≡ (Ô†)T denotes the element-wise complex conjugate of an operator Ô.
As shown by Finkelstein-Shapiro et al. [31], with these definitions we can write the

effective master equation as

∂t(P ρ̂) = Leff(P ρ̂) (6.12)
Leff = PLP − PLQ(QLQ)−1QLP , (6.13)
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where the first term in PLP describes the direct evolution in the slow subspace (i.e. |G〉
and |F 〉 in our case), the second term PLQ(QLQ)−1QLP describes an excitation into
the excited subspace, some excited state evolution, followed by a decay back into the slow
subspace. The formula Eq. (6.13) strongly resembles other forms of perturbation theory,
and reduces to textbook second order perturbation theory in quantum mechanics [53],
if all dissipative terms vanish. In this case PLQ and QLP reduce to the perturbation
Hamiltonian, and PLP + QLQ reduces to the bare Hamiltonian. In the remainder
of this section, we evaluate Leff by only considering a single excitation for the excited
state propagator (QLQ)−1. The solution is given below by Eqs. (6.14) and (6.21) and a
formula for the instantaneous transfer rate can be cast into the simple analytical form
of Eq. (6.22).

We first discuss the individual contributions to the dynamics governed by Eq. (6.13):
The term PLP describes the dynamics confined to the ground state manifold. In our

model this is only loss of population into the excited state due to pumping of the cavity
(κ+) or via pumping of individual donors (Γ+) by the external incoherent light source,
leading to

PLP = −P̂ ⊗ P̂
(
κ+
2

+
Γ+

2
N̂G

)
−
(
κ+
2

+
Γ+

2
N̂G

)
P̂ ⊗ P̂ . (6.14)

The term QLP describes the population transfer from the ground state to the excited
state manifold, due to the pumping terms above:

QLP = κ+
(
â†
)∗ ⊗ â† + Γ+

∑
n

(|D〉 〈G|n)
∗ ⊗ |D〉 〈G|n . (6.15)

The term PLQ describes decay from the excited state into the ground state, either
due to photon loss from the cavity (κ), due to spontaneous emission from the molecules
back into the ground state (Γ), or due to relaxation of the acceptor state (η):

PLQ = κâ∗ ⊗ â+ Γ
∑
n

(|G〉 〈D|n)
∗ ⊗ |G〉 〈D|n

+ η
∑
n

(|F 〉 〈A|n)
∗ ⊗ |F 〉 〈A|n . (6.16)

The term QLQ describes the excited state evolution. This includes coherent transfer
between donor state |D〉 and acceptor state |A〉, the coherent energy exchange between
donor state |D〉 and cavity, as well as population loss due to emission:

QLQ = −iÎ ⊗ Q̂ĤNHQ̂+ iQ̂Ĥ∗
NHQ̂⊗ Î

− iQ̂⊗ P̂ ĤNHP̂ + iP̂ Ĥ∗
NHP̂ ⊗ Q̂ , (6.17)
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with the projections of the non-hermitian Hamiltonian

P̂ ĤNHP̂ = −iκ+
2
− i

Γ+

2
N̂G, (6.18)

Q̂ĤNHQ̂ = g
∑
n

(
|D〉 〈G|n â+ |G〉 〈D|n â

†)
+ V

∑
n

(|A〉 〈D|n + |D〉 〈A|n)

+
(
∆− i

η

2

)
N̂A − i

κ

2
â†â− i

Γ

2
N̂D. (6.19)

Note that since we only consider a single excitation, there can be neither further pump-
ing from the excited state, nor relaxation into the excited state.

We can now directly proceed to diagonalize QLQ using the eigenstates and complex
eigenenergies of ĤNH discussed above and given in Appendix 6.A. We label the eigen-
states |NF , ψ〉, where NF = {i1, . . . , iN−M} is the set of pairs in state |F 〉, |NF | and
M = N − |NF | are the numbers of pairs in and outside of state |F 〉, respectively, and
ψ ∈ {Gc, k±,+,−, X} is one of the eigenstates of ĤNH for given NF . The corresponding
complex eigenenergies are denoted as E(M)

ψ . We label the elements of the excited state
propagator (QLQ)−1 by G, with elements

G(N ′
F , ψ;NF , φ)

≡(〈NF , ψ| ⊗ 〈N ′
F , φ|)(QLQ)

−1(|NF , ψ〉 ⊗ |N ′
F , φ〉)

=
[
i
(
E

(N−|NF |)
ψ

)∗
− iE

(N−|N ′
F |)

φ

]−1

, (6.20)

Using the expressions QLP and PLQ in the diagonal basis of ĤNH given in Ap-
pendix 6.C, calculating PLQ(QLQ)−1QLP is straightforward. We find:

PLQ(QLQ)−1QLP =∑
NF ,N ′

F
ψ,φ∈{k±,±,X}

{[
κ+

(
cphψ

)∗
cphφ + Γ+

∑
n

(
cDnψ
)∗
cDnφ

]
G(NF , ψ;N ′

F , φ)

×

[
κ
(
c̄phψ

)∗
c̄phφ + Γ

∑
n′

(
c̄
Dn′
ψ

)∗
c̄
Dn′
φ

]
× |NF , G〉 〈NF , G| ⊗ |N ′

F , G〉 〈N ′
F , G|

+

[
κ+

(
cphψ

)∗
cphφ + Γ+

∑
n

(
cDnψ
)∗
cDnφ

]
G(NF , ψ;N ′

F , φ)

[
η
∑
n′

(
c̄
An′
ψ

)∗
c̄
An′
φ

]

× |NF ∪̇{n}, G〉 〈NF , G| ⊗ |N ′
F ∪̇{n}, G〉 〈N ′

F , G|

}
, (6.21)
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where cψφ and c̄ψφ are state overlaps defined in Appendix 6.B, and the state notation
“NF ∪̇{n}” indicates that an electron was transferred in pair n, bringing it from state
|G〉 to state |F 〉. The first two lines in the right hand side of Eq. (6.21) describe processes
that do not contribute to population transfer: A photon is injected into the cavity (κ+
terms) or a molecule is brought into the donor state (Γ+ terms), and then after some
coherent evolution the excitation is lost back into the initial state via cavity decay (κ
terms) or spontaneous emission (Γ terms). The third and fourth line describe population
transfer of a donor-acceptor pair from the ground state |G〉 to the final state |F 〉: A
pair is excited or a photon is absorbed by the cavity, the excitation is transferred to a
pair in the acceptor state, and the excitation is lost via the L̂η channel to reach the final
state |F 〉, as discussed in detail in Sec. 6.4. Note that no coherences between states with
different NF are generated by these terms. Thus there will be no coherences between
|G〉 and |F 〉 other than those already present in the initial state. For the default case
where in the initial state N ′

F = NF , we use the short hand notation for the propagator
G(M,ψ, φ) = G(NF , ψ;NF , φ) with M = N − |NF |.

6.4. Results

Rate equation
Our effective master equation Eq. (6.13) with the term of Eq. (6.21) describes purely

dissipative population transfer from |G〉 to |F 〉. Only the last two lines in Eq. (6.21)
contribute. The transfer is characterized by the instantaneous transfer rate from states
|G〉 to |F 〉 [see Fig. 6.1(b)], that is, the situation where M pairs are transiently in state
|G〉,

r =
∑
φ,ψ

[
κ+

(
cphψ

)∗
cphφ + Γ+

∑
n

(
cDnψ
)∗
cDnφ

]

× G(M,ψ, φ)

[
η
∑
n′

(
c̄
An′
ψ

)∗
c̄
An′
φ

]
. (6.22)

This instantaneous transfer rate r, which can be computed efficiently for arbitrary system
parameters, is the main result of our paper.

The rate r in Eq. (6.22) is determined by a sum over contributions from the eigenstates
of ĤNH, ψ, φ ∈ {k±,±, X}. We identify two independent processes driving population
transfer, given by the κ+ and Γ+ terms, respectively: i) Cavity photons that are inco-
herently excited at rate κ+ are transformed into excitations of |D〉 and |A〉 via collective
excitations {±, X}, which is reflected by the state overlaps of those eigenstates with the
photon mode, cphψ (see Appendix 6.B for state overlap definitions). Note that the overlap
with the (localized) dark states vanishes cphk± = 0. The second line in Eq. (6.22) describes
a transfer of the excitation to the final state |F 〉 via the acceptor states |A〉, which is
seen by the overlaps c̄Anψ , and the decay rate η for decaying into the final state |F 〉;
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ii) Alternatively, each molecule in state |G〉 can be individually excited into the donor
states |D〉 at rate Γ+, which overlaps with all states {k±,±, X} via cDnψ . With the same
mechanism as in i) [second line in Eq. (6.22)] the excitation can then be transferred into
the acceptor state |A〉, and finally to the state |F 〉.

The “propagator” relevant to both processes, is [from Eq. (6.20)]:

G(M,ψ, φ) =
[
i
(
E

(M)
ψ

)∗
− iE

(M)
φ

]−1

(6.23)

with E
(M)
ψ the complex excited state eigenvalues. For ψ = φ, G reduces to the inverse

decay rate, i.e. the life-time, of the excited state ψ. Although all excited states decay
fast compared to pumping rates, in the propagator G transfer via relatively long-lived
states is preferred over transfer via states that decay quickly back into the state |G〉.

The relative importance of the two processes i) and ii) above depends directly on the
relative magnitude of κ+ and Γ+ [see Fig. 6.1(d)], on the instantaneous ground state
population M , and indirectly on the other system parameters via state overlaps cψφ , and
the propagator G. Note that Eq. (6.22) is independent of the total number of pairs
N , as pairs in the state |F 〉 do not participate in any dynamics. Fig. 6.1(e) shows the
dependence of the rate r on the collective cavity coupling gc = g

√
N for different values

of κ+. For κ+ = 0, only the Γ+-channels contribute and the transfer rate is essentially
independent of gc. This indicates that the transfer occurs dominantly via dark states,
which are unmodified by gc. In contrast, if we increase κ+, we find a strong dependence
of r on gc. In both extreme cases gc = 0 and gc →∞, the κ+-channels do not contribute,
but the transfer rate r has a maximum for a small gc. The relative importance of the two
channels and their dependence on different system parameters are discussed in detail in
Subsection 6.4.

Time evolution
From Eq. (6.22), we can numerically compute the |G〉 → |F 〉 transfer time evolution.

In particular, we are interested in the evolution of the populations 〈N̂G〉 and 〈N̂F 〉 in
states |G〉 and |F 〉, respectively. With the rates from Eq. (6.22) we can do this easily
for very large system sizes N ∼ 104. To do so, we describe the density matrix as a
statistical mixture of pure states, each of which can be stochastically evolved in time.
Such a technique is well developed and known as quantum trajectories or quantum
Monte-Carlo wavefunction method [54]. Here, such a quantum trajectory algorithm
is trivially simplified by the fact that there is no coherence in the effective dynamics,
i.e. Ĥeff = 0 (see Appendix 6.D).

To check the validity of our adiabatic elimination, we initially compare our results to
a numerical simulation of the full master equation (6.3) for a small system. For this
simulation we also use a quantum trajectory approach [54]. In Fig. 6.2 we compare
the results for N = 8. We find that for typical parameters, the elimination condition
〈N̂e〉 � 1 is fulfilled and both descriptions match even for the largest considered cavity
drive that we consider, κ+/κ = 10−2. Note that when varying N , to make small and
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Figure 6.2. – Test of validity for a small system. Comparison of the time evolution
(log-log scale) of state populations described by the full master equation
(continuous lines, red and blue) with the ones obtained from the effective
rate equation Eq. (6.22) (dashed black line) for N = 8. The upper red and
dashed black lines show the ground state population 〈N̂G〉, the blue line
the excited state population 〈N̂e〉 (which vanishes in the limit of validity
of the effective equation). For the full simulations, the shaded area corre-
sponds to two standard deviations of the mean calculated from 104 quan-
tum trajectories. Parameters for the simulations: gc = 0.2κ, κ+ = 10−2κ,
Γ = 3× 10−7κ, Γ+ = Γ/6, ∆ = 0.2κ, V = 0.1κ, and η = 10−2κ.

Figure 6.3. – Large system time evolution with initially N = 104 ground-state pairs.
Shown is the evolution of 〈N̂G〉 for different cavity pumping rates 0 ≤
κ+ ≤ 10−2κ (log-log scale). We simulate Eq. (6.22) for with gc = 0.2κ,
Γ = 3× 10−7κ, Γ+ = 10−4Γ, ∆ = 0.2κ, V = 0.1κ, and η = 10−2κ.
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large system sizes comparable we approximately match the collective cavity coupling
gc =

√
Ng and pumping rate NΓ+ (instead of g and Γ+). In this way we achieve an

equivalent mixing of photons and excited states and equivalent total incoherent transfer
rates.

The algorithm to compute 〈N̂G〉 from Eq. (6.22) scales only linearly with the number
of pairs, which allows us to consider N = 104 pairs in Fig. 6.3. In this figure we show the
time evolution of the number of ground state donor-acceptor pairs for different values
of κ+. We observe that a weak cavity pump of only κ+/κ = 10−5 already leads to a
significant acceleration of the ground-state depletion at times when only few ground-
state pairs remain coupled to the cavity. While the initial dynamics is barely modified,
we find that the long-time depletion becomes even super-exponential. For larger values
of κ+/κ, also the earlier dynamics speeds up. For example increasing κ+/κ from 10−3

to 10−2, the entire dynamics shifts by a factor of 10, indicating that the transfer is
completely dominated by the cavity in this regime, as the transfer rate r is proportional
to the rate at which the cavity is pumped κ+.

Discussion of the rate equation
In this subsection, we analyze the dependence of the transfer rate r given by Eq. (6.22)

on the various model parameters, and identify for which parameters the presence of a
cavity increases r. Fig. 6.4(a) to (c) are contour plots of the rate modification due
to the cavity: rcav/rbare, where rcav is given by setting Γ+ = 0 in Eq. (6.22), and
rbare is given by setting κ+ = 0 and g = 0 in Eq. (6.22), describing transfer via the
cavity only and without the cavity, respectively. The white lines in Fig. 6.4 highlight
parameter points where rcav = rbare, i.e. where both setups perform equally well. We set
κ+/κ = Γ+/Γ = 10−3 for both scenarios to compare situations with the same driving
field: If interaction with the background photon field is the dominant loss and excitation
mechanism, we have κ+/κ = 〈n̂ph〉/(1 + 〈n̂ph〉) = Γ+/Γ, for 〈n̂ph〉 the average photon
density in the background field. This can be shown by a standard derivation of the
master equation [55]. Here we analyze the experimentally relevant limit (see Sec. 6.2),
where κ � Γ, and thus κ+ � Γ+. Note that in an opposite limit, the bare transfer
would dominate over the one via the cavity.

In all contour plots we can see that for vanishing cavity coupling gc =
√
Ng → 0, the

cavity transfer rate vanishes rcav → 0. This happens because for gc = 0, photons cannot
be transformed into donor states |D〉, and thus cannot drive any population transfer.
Similarly, for diverging coupling gc → ∞, rcav also vanishes, because both upper and
lower polariton states [i.e. eigenstates of the second line of Eq. (6.2), |P±〉 in Fig. 6.1(c)]
are far detuned from the state |A〉. This suppresses coherent population transfer from
the polariton states to |A〉. Between both extreme cases, we find an optimal value of
gc, for which rcav is maximal and the cavity enhances the transfer. Notably, for a large
parameter regime, the optimal gc lies in the weak coupling regime gc ≤ κ/4, a regime
where the polariton splitting is not observable 2.

2. gc ≤ κ/4 is the condition for having two eigenstates with different eigenenergies However, the
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Figure 6.4. – Cavity modification of the transfer rate. (a, b, c) Contour plots of the
transfer rate rcav/rbare. rcav is given by setting κ+ = 10−3κ and Γ+ = 0
in Eq. (6.22); rbare is given by setting κ+ = 0, Γ+ = 10−3Γ and g = 0 in
Eq. (6.22) (see text). We define normalized units κ0 (e.g. κ0 = 1 eV) and
set: V = 0.1κ0, Γ = 3× 10−7κ0, and η = 10−2κ0. Black and white lines
are contours of constant cavity enhancement as indicated in the colorbar,
white lines correspond to rcav = rbare. (a) rcav/rbare as a function of gc
and κ for N = 104 and ∆ = 0.2κ0. (b) rcav/rbare as a function of gc and
∆ for N = 104 and κ = κ0. (c) rcav/rbare as a function of N and g for
∆ = 0.2κ0 and κ = κ0 (log-scale for all axes and colorbar). (d) rcav (blue
solid, left axis) and rbare (grey dashed, left axis) and rcav/rbare (red solid,
right axis) as a function of N , corresponding to a cut (red dashed line) in
(c) with g = 2 × 10−3κ0. The horizontal axis shows gc = g

√
N as second

scale (log-scale on all axes).

123



6. Publication: Electron Transfer in Cavities

For which parameters weak or strong coupling is optimal is e.g. seen in Fig. 6.4(a),
which shows rcav/rbare as a function of κ and gc in normalized units κ0. In the limit
of small κ, the enhancement is maximal for a collective coupling strength matching the
energy difference between states |A〉 and |D〉, gc ∼ ∆ = 0.2κ0. This can be understood
from taking the limit V → 0 in the Hamiltonian Eq. (6.2). Then, |A〉 is in resonance
with an upper polariton state [|P+〉 in Fig. 6.1(c)] of the Tavis-Cummings part [second
line in Eq. (6.2)]. We thus find that in this strong coupling limit, the enhancement
is efficiently mediated by a polaritonic state. In contrast, for larger values of κ, rcav
is maximal for a gc inside the weak coupling regime. There, although no polariton
splitting is present, the mixing between cavity and donor state induced by the non-
hermitian Hamiltonian (6.9) can still be important. Thus, there is an excited state with
both cavity and |A〉 state contribution which can enable coherent transfer, although in
many cases the cavity photon decays before this coherent transfer takes place. For a
given gc there exists an optimal finite κ > 0. This optimal κ is larger than zero, since
in the limit κ → 0 the cavity cannot be excited by the incoherent pump. In the limit
κ → ∞, the cavity photons are lost before they can be absorbed by a donor-acceptor
pair. We find that lines of constant enhancement correspond to gc ∝

√
κ, indicating

that the proper figure of merit is the collective Purcell factor g2c/κ, which is not tied to
weak or strong coupling.

Similar effects can be observed for variable energy difference between the states |D〉
and |A〉 in Fig. 6.4(b), which shows rcav/rbare as a function of ∆ and gc. For large ∆, the
transfer efficiency is maximal for gc ≈ |∆|. We again attribute these points of efficient
populations transfer to respective resonances with the upper and lower polariton states
of the Tavis-Cummings part in the Hamiltonian. For larger gc � |∆|, the large detuning
leads to a large suppression of the transfer rate, as both polaritons are out of resonance.
In contrast, for small values of |∆|, rcav/rbare is maximal for a small gc close to the weak
coupling regime. Note that we still find significant cavity enhancement inside this weak
coupling regime.

In Fig. 6.4(c) we analyze rcav/rbare as function of g andN . Here, we find that increasing
N decreases the cavity enhancement factor rcav/rbare, although it increases the collective
cavity coupling gc. Fig. 6.4(d) is a cut through Fig. 6.4(c) for fixed g. For increasing
N , initially the collective effects increase the cavity transfer rate rcav. However, this
effect competes with an increase of rbare ∝ N due to the increasing number of transfer
channels. For small N , the collective effects compensate for the increasing number of
transfer channels, keeping rcav/rbare approximately constant. This can also be seen as
vertical sections of contours in Fig. 6.4(c) for small g. Further increasing N , the collective
enhancement becomes weaker and rcav/rbare decreases. For gc & (κ,∆), rcav decreases
for increasing N due to a too large polariton splitting. Note that here N is the number
of pairs in state |G〉, such that even if initially the enhancement is only weak, at later
times a larger enhancement can be observed [see also Fig. 6.3].

In the analysis of Fig. 6.4 we found that the main features of the cavity modification

difference can be only spectrally resolved at a larger gc. Note also that we neglected other dissipation
Γ, η � κ, in this approximate condition.
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of initial transfer rates can be understood in terms of resonance conditions of collective
bright states, which is included in the state overlaps [compare Fig. 6.1(c)]. It is important
to point out that in general the dynamics can also involve dark states, populated through
individual pumping. Therefore, lastly we also analyze the instantaneous rates with both
cavity (κ+ > 0) and individual pair (Γ+ > 0) pumping. To distinguish a scaling in the
number of pairs N from simple polaritonic resonance conditions, we now compare rates
as function of the collective cavity coupling, gc = g

√
N and N in Fig. 6.5. In general, we

now find that, depending on gc, for large enough N , the overall instantaneous transfer
rate rtot exhibits a dependence on N [Fig. 6.5(a)]. This can be explained by a dominance
of dark state transfer for large N [as sketched in Fig. 6.1(d)]. This is exemplified in
Fig. 6.5(b), where we compare the contributions to rtot = rcav + rind, which besides the
cavity rate rcav now also contains the bare individual pumping part rind. We define the
latter by setting κ+ = 0 in Eq. (6.22), which is different from rbare which is defined
outside the cavity by setting g = κ+ = 0. Note that in accordance with the discussion
above, rcav does not depend on N for constant gc, whereas rind grows with increasing
N . We find that for large enough N , rtot is dominated by rind. Furtheremore, for large
N , the cavity influence on the individual pumping vanishes and rind ≈ rbare. This can
be understood from the fact that the states excited by Γ+ have vanishing polariton
contribution [cDn±,X → 0 as N →∞ in Eq. (6.22)], and in our model the dark states |k±〉
decouple from the cavity. Note that in the regime of small N , where individual pumping
excites a significant fraction of bright states, we find rind < rbare.

It is worth to re-emphasize that the dynamics is governed by a non-linear rate equation,
which implies that the instantaneous rate from Eq. (6.22) also depends on time. Then,
the time dependence of resonance conditions, together with the dependence on rates on
N due to bright and dark state contributions from Fig. 6.5, give rise to non-trivial decay
dynamics, as the super-exponential behavior observed in Fig. 6.3.

Finally, we want to emphasize that we conclude from Fig. 6.4, that for the numbers
relevant for nanocrystal setups as described in Sec. 6.2, the initial transfer rate can be
enhanced by a factor rcav/rbare ∼ 2.5 in the cavity-coupled scenario.

6.5. Conclusion & Outlook
We have presented a Lindblad master equation approach to analyze electron transfer

in donor-acceptor pairs coupled to a cavity, in a model where we treat each pair as a
4-level system. Despite neglecting essential mechanisms such as external and internal
motional degrees of freedom, such a toy model can help us to discover fundamental
mechanics in polaritonic chemistry, using standard tools from quantum optics. By using
an adiabatic elimination procedure, we could simplify the problem by eliminating the
excited donor and acceptor states, and the cavity, to derive an effective, classical, rate
equation for the population transfer between donor and acceptor. This allowed us to
gain analytical insight and to perform numerical simulations for very large system sizes.
We verified the validity of this approach by benchmarking it for small systems.

We have found that transfer occurs via two types of channels: One channel is driven
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Figure 6.5. – Cavity modification of instantaneous transfer rates including individual
pumping [parameters as in Fig. 6.4(c/d), Γ+ = 10−3Γ]. The total rate
rtot is the sum of the individual pumping rind [obtained by setting κ+ = 0
in Eq. (6.22)] and rcav. (a) rtot, as a function of gc and N (both axes
and color bar are on a log scale). (b) Cut through (a) at the red dashed
line gc = 0.2κ, and comparison with rind (red dash-dotted) and rind (blue
dashed, log scale axes). gc is held constant by choosing g = gc/

√
N .
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by pumping incoherent photons into the cavity and strongly depends on the cavity
parameters; the other N channels are driven by individual excitation processes and
are essentially unchanged with respect to the no-cavity scenario. Whereas the first
channel uses only the three bright states modified by the cavity, the other N channels
transfer population via all excited states, and are dominated by the dark states. As
the population transfer is purely dissipative and does not require long-lived coherences
between different pairs, we expect it to be robust with respect to perturbations such
as dephasing, weak static disorder, and weak coupling to external and internal motion.
We have simulated the transfer process for large systems and found that the cavity
can enhance reaction rates for realistic magnitudes of parameters. This effect is largest
for a finite coupling strength between molecules and cavity that falls into the weak
coupling regime for strong dissipation. We have analyzed the relevance of the toy-model
approximation with regard to recent experimental setups.

It will be interesting to apply the full adiabatic elimination procedure also in the pres-
ence of internal and external motional degrees of freedom, and for thermally activated
electron transfer. While our effective master equation is purely dissipative and does not
build up any coherence, it will be also interesting to investigate the role of entanglement
between electronic and motional degrees of freedom, when including the latter. Even
without entanglement, it will be interesting to analyze the role of vibrational decoupling
on the final transfer rate [12, 49].

The effects observed here are similar to those used to enhance electron transfer or
electron-hole generation by plasmonic nano-particles [56–58]. It is an interesting prospect
to investigate how the theory developed here may be helpful to understand those types
of systems.

As the model presented here uses generic states, our theory can be directly generalized
to other types of photo-activated reactions, such as photoisomerization [9], long-range
energy transfer [59–61] or singlet triplet transitions [62–66].

Acknowledgements
We are grateful to Stefan Schütz, Cyriaque Genet, and Thomas Ebbesen for stimu-

lating discussions. This work is supported by ANR 5 “ERA-NET QuantERA” - Projet
“RouTe” (ANR-18-QUAN-0005-01), LabEx NIE (“Nanostructures in Interaction with
their Environment”) under contract ANR-11-LABX-0058 NIE within the Investissement
d’Avenir program ANR-10-IDEX-0002-02. D. W. acknowledges financial support from
Agence Nationale de la Recherche (Grant ANR-17-EURE-0024 EUR QMat). G. P. ac-
knowledges support from the Institut Universitaire de France (IUF) and the University
of Strasbourg Institute of Advanced Studies (USIAS). Research was carried out using
computational resources of the Centre de calcul de l’Université de Strasbourg.

127



6. Publication: Electron Transfer in Cavities

Appendix

6.A. Eigenstates and eigenenergies of ĤNH

As discussed in the main text, pairs in state |F 〉 do not participate in the dynamics
and can be largely ignored. We label the set of pairs in state |F 〉 by NF . The remaining
pairs are labeled 1, . . . ,M .

For a given NF , we construct the 2M − 2 dark states of the cavity |k±〉 with general
form

|k±〉 =
M∑
n=1

exp(−2πikn/M)√
M

(
αk± |D〉n + βk± |A〉n

)
, (6.24)

where k ∈ {1, . . . ,M − 1} is the quasi-momentum, and αk± and βk± are the amplitudes
of |D〉 and |A〉, respectively. Due to destructive interference of the different phases of
pairs in state |D〉, the overall coupling to the cavity vanishes: (

∑
n |G〉 〈D|n) |k±〉 = 0.

The amplitudes αk± and βk± , as well as the corresponding eigenenergies E(M)
k±

, are given
by the components of the normalized eigenvectors and the eigenvalues of the matrix(

−iΓ
2

V
V ∆− iη

2

)
, (6.25)

respectively, and are independent of k. Note that these eigenstates are in general not
orthogonal, i. e. 〈k+|k−〉 6= 0, because the matrix Eq. (6.25) is not hermitian.

The three remaining eigenstates have the form

|±/X〉 =

(
α±/X |Gc〉 ⊗ |1ph〉+ β±/X

M∑
n=1

|D〉n√
M

+ γ±/X

M∑
n=1

|A〉n√
M

)
. (6.26)

The prefactors α±/X , β±/X , γ±/X , and the eigenenergies are given by the components
of the eigenvectors and the eigenvalues of the non-hermitian Hamiltonian in the basis
|Gc〉 ⊗ |1ph〉, |D〉n, and |A〉n  −iκ2 √

Mg 0√
Mg −iΓ

2
V

0 V ∆− iη
2

 , (6.27)

respectively. The eigenvalue with the largest, intermediate, and smallest real part and
the respective eigenvectors are assigned to |+〉, |X〉, and |−〉, respectively. The full
solution can be easily computed numerically or analytically, but it is rather long and
uninsightful, so it is not given here. 3 Note that also these states are not necessarily
orthogonal. A complete set of eigenstates of the first excited manifold (〈N̂e〉 = 1) is
given by |NF , ψ〉 with ψ ∈ {k+, k−,+,−, X : k ∈ {1, . . . ,M − 1}}.

3. see https://www.wolframalpha.com/input/?i=%7B%7Bd0%2C+sqrt%7BM%7D*g%2C+0%7D%2C+
%7Bsqrt%7BM%7D*g%2C+d1%2C+V%7D%2C+%7B0%2C+V%2C+d2%7D%7D for the full expression
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6.B. State overlaps

6.B. State overlaps
We define the inverse bras by

〈
k±
∣∣ etc., such that

〈
k±
∣∣k′±〉 = δkk′ and

〈
k±
∣∣k′∓〉 = 0.

With these definitions, we can rewrite the non-hermitian Hamiltonian as

Q̂ĤNHQ̂ =
∑

NF ,φ∈{k±,±,X}

E
(M)
φ |NF , φ〉

〈
NF , φ

∣∣ . (6.28)

For a fixed NF , we define the state overlaps with the notation |1ph〉 ≡ |Gc〉 ⊗ |1ph〉:

cphφ =
〈
φ
∣∣1ph〉 , (6.29)

cDn
φ =

〈
φ
∣∣D〉

n
, (6.30)

cAn
φ =

〈
φ
∣∣A〉

n
, (6.31)

cphφ = 〈1ph|φ〉 , (6.32)
cDn
φ = 〈D|n |φ〉 , (6.33)
cAn
φ = 〈A|n |φ〉 , (6.34)

Using that the identity can be written as Î =
∑

φ |φ〉
〈
φ
∣∣, we can use the cψφ to expand

the states |1ph〉, |D〉n, and |A〉n in the eigenbasis of ĤNH

|1ph〉 =
∑
φ

cphφ |φ〉 , (6.35)

|D〉n =
∑
φ

cDnφ |φ〉 , (6.36)

|A〉n =
∑
φ

cAnφ |φ〉 , (6.37)

〈1ph| =
∑
φ

cphφ
〈
φ
∣∣ , (6.38)

〈D|n =
∑
φ

cDnφ
〈
φ
∣∣ , (6.39)

〈A|n =
∑
φ

cAnφ
〈
φ
∣∣ . (6.40)

The sums run over all eigenstates of the first excited manifold of ĤNH. These identities
are useful when computing PLQ and QLP .

The indices cph+/X/− can be computed as the top row of

α+ β+ γ+
αX βX γX
α− β− γ−

−1

. (6.41)
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In order to calculate the cDn,Anψ terms, we first calculate its Fourier transform c̃Dk,Akψ =∑
n exp(−2πikn/M)cDn,Anψ /M , where ψ ∈ {k+, k−,+,−, X}. The terms c̃D0,A0

+ , c̃D0,A0

X ,
and c̃D0,A0

− are obtained by dividing the second, third row of the result of Eq. (6.41) by√
M . The k 6= 0 indices can be computed as

(
c̃Dkk+ c̃Dkk−
c̃Akk+ c̃Akk−

)
=

(αk+√
M

βk+√
M

αk−√
M

βk−√
M

)−1

. (6.42)

Note that due to quasi-momentum conservation, all cross-terms c̃Dk,Akk′−
with k 6= k′

vanish. Finally, we can compute cD/Anψ by Fourier transforming

cDn,Anψ =
M∑
k=0

exp(2πikn/M)c̃Dk,Akψ (6.43)

The c̄ph+,−,X indices are directly given by the coefficients α+,−,X . To compute c̄Dn,Anψ ,
we again define its Fourier transform ˜̄cDk,Ak , which is given by βψ/

√
M and γψ/

√
M for

ψ ∈ {+, X,−}, or αψ/
√
M and βψ/

√
M for ψ ∈ {k+, k−}.

The computation of the transfer rate Eq. (6.22) is simplified by the straightforward
to proof identities

∑
ψ∈{+,−,X}

φ∈{k+,k−:k∈{1,...,M−1}}

[
κ+

(
cphψ

)∗
cphφ + Γ+

∑
n

(
cDnψ
)∗
cDnφ

]
G(M,ψ, φ)

[
η
∑
n′

(
c̄
An′
ψ

)∗
c̄
An′
φ

]

+
∑

ψ∈{k+,k−:k∈{1,...,M−1}}
φ∈{+,−,X}

[
κ+

(
cphψ

)∗
cphφ + Γ+

∑
n

(
cDnψ
)∗
cDnφ

]
G(M,ψ, φ)

[
η
∑
n′

(
c̄
An′
ψ

)∗
c̄
An′
φ

]

= 0 , (6.44)

∑
ψ∈{k+,k−:k∈{1,...,M−1}}
φ∈{k+,k−:k∈{1,...,M−1}}

[
κ+

(
cphψ

)∗
cphφ + Γ+

∑
n

(
cDnψ
)∗
cDnφ

]
G(M,ψ, φ)

[
η
∑
n′

(
c̄
An′
ψ

)∗
c̄
An′
φ

]

=
∑

i,j∈{+,−}

M2(M − 1)Γ+

(
c̃Dkki

)∗
c̃Dkkj G(M,ki, kj)η

(
˜̄cAkki

)∗
˜̄cAkkj . (6.45)
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6.C. PLQ and QLP in the eigenbasis of ĤNH

In order to rewrite QLP and PLQ in the eigenbasis of ĤNH, we use definitions
Eqs. (6.36) to (6.40). Dropping the index NF for convenience, we find

QLP = κ+

{[(
cph+

)∗
|+〉+

(
cph−

)∗
|−〉+

(
cphX

)∗
|X〉
]
〈Gc|

⊗
[
cph+ |+〉+ cph− |−〉+ cphX |X〉

]
〈Gc|

}
+ Γ+

∑
n

 ∑
ψ∈{k±,+,−,X}

(
cDnψ
)∗ |ψ〉 〈Gc| ⊗

∑
φ∈{k±,+,−,X}

cDnφ |φ〉 〈Gc|

 , (6.46)

PLQ = κ
{
|Gc〉

[(
c̄ph+

)∗
〈+|+

(
c̄ph−

)∗
〈−|+

(
c̄phX

)∗
〈X|
]

⊗ |Gc〉
(
c̄ph+ 〈+|+ c̄ph− 〈−|+ c̄phX 〈X|

)}
+ Γ

∑
n

 ∑
ψ∈{k±,+,−,X}

(
c̄Dnψ
)∗ |Gc〉 〈ψ| ⊗

∑
φ∈{k±,+,−,X}

c̄Dnφ |Gc〉 〈φ|


+ η

∑
n

 ∑
ψ∈{k±,+,−,X}

(
c̄Anψ
)∗ |Fn〉 〈ψ| ⊗ ∑

φ∈{k±,+,−,X}

c̄Anφ |Fn〉 〈φ|

 , (6.47)

where we used the notation |Fn〉 ≡ |NF ∪̇{n}, Gc〉.

6.D. Quantum trajectories for full dynamics
Quantum trajectories offer an efficient way to simulate quantum open system dynam-

ics [54], by reducing the complexity of simulating the time evolution of the full density
matrix to simulating the time evolution of an ensemble of states, and reconstructing the
density matrix from this ensemble. In the quantum trajectories algorithm, each state
is evolved by the non-hermitian Hamiltonian ĤNH = Ĥ − i

∑
k L̂

†
kL̂k, according the the

modified Schrödinger equation

∂t |ψ〉 = −iĤNH |ψ〉 . (6.48)

The state |ψ〉 looses norm in this evolution, and when its norm 〈ψ|ψ〉 drops below p,
a uniformly distributed random variable between 0 and 1, a quantum jump occurs. A
random Lindblad operator L̂ is chosen for the jump, where each Lindblad operator L̂i
has probability

pi =
〈ψ| L̂†

i L̂i |ψ〉∑
k 〈ψ| L̂

†
kL̂k |ψ〉

. (6.49)
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The jump is then executed by computing

|ψ′〉 = L̂i |ψ〉√
〈ψ| L̂†

i L̂i |ψ〉
. (6.50)

Identifying this with the master equation dynamics in Eq. (6.10), Eq. (6.48) corresponds
to the first part, and the jumps correspond to the second part.

As the state |F 〉 does not take part in any dynamics, we describe each pair as a 3-
level system with levels |G〉, |D〉, and |A〉. We treat emission to state |F 〉 as effective
pair loss, and compute a new Hamiltonian and Lindblad operators each time a pair is
“lost”. We consider a maximum of 1 cavity photon, which we find to be sufficient. If
the system is in its ground state |Gc〉, there is no coherent evolution Ĥ |Gc〉 = 0, and we
can compute the decay rate l = 〈Gc|

∑
k L̂

†
kL̂k |Gc〉, and calculate the time until the next

jump analytically T = − ln(p)/l. To compute the excited state evolution, we compute

|ψ(t+ dt)〉 = exp
(
−iĤNHdt

)
|ψ(t)〉 (6.51)

for a small timestep dt = 0.01/κ, and calculate the norm of 〈ψ|ψ〉 after every timestep.

6.E. Quantum trajectories for effective dynamics
In order to simulate a trajectory defined by the instantaneous decay rate r(M), which

depends only on the number of pairs in state |G〉, we can use the method described
above for evolution out of the ground state. For a random number p, we can compute
the time until the first jump as t1 = − ln(p)/r(N). For each jump exactly one pair is
transferred from state |G〉 into state |F 〉. A full trajectory can thus be calculated from a
set of random numbers p1, . . . , pN according to ti = ti−1 − ln(pi)/r(N − i+ 1). Between
timestep ti and ti+1, exactly i pairs are in state |F 〉, and N − i pairs are in state |G〉.
The state is efficiently stored as the number M of ground state pairs. The average and
standard deviation are computed by sampling over many trajectories.
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7. The Holstein Tavis Cummings
Model

At room temperature, molecular dynamics is often not restricted to just a few states
per molecule. Instead, generally multiple vibrational and rotational degrees of freedom
are relevant, in addition to the electronic energy levels. The vibrational and electronic
degrees of freedom are usually also coupled to each other, and both may play an impor-
tant role in chemical reactions [1, 2].

The purpose of this chapter is to introduce the basic physics of the Holstein-Tavis-
Cummings (HTC) model, which is analyzed in detail in Chapters 9 and 10. The HTC
model is a toy model for cavity-coupled molecules includes coupled electronic, photonic,
and vibrational degrees of freedom on a minimalist level. This chapter is organized as
follows: In Section 7.1, the HTC model is introduced. Then, in Section 7.2, polaron
decoupling phenomenon is discussed as the main result of previous theoretical work on
this model.

7.1. The Model
The Holstein Tavis Cummings (HTC) model was introduced by Cwik et al. to study

organic polariton condensates [3], and subsequently used in polaritonic chemistry to
study fundamental phenomena in cavity-coupled molecules [4–7]. This model describes
molecules by a single harmonic vibrational coordinate which is coupled to two electronic
levels. The electronic transitions are in turn coupled to a single mode cavity. These
toy model molecules are schematically illustrated in Figure 7.1(a), together with the
different degrees of freedom and their coupling in Figure 7.1(b).

This toy model is used to qualitatively understand coupled vibrational-electro-photonic
dynamics in a bottom up approach. To some extend, it may also be directly relevant
for diatomic molecules, which only have a single vibrational coordinate, or even more
complex molecules if the nuclear dynamics is dominated by a single vibrational mode.
However, even in those scenarios, the vibration may generally be an-harmonic, especially
far from the minima during a chemical reaction [see Figure 7.1(a)].

The HTC Hamiltonian is a sum of the Tavis-Cummings Hamiltonian introduced in
Chapter 3, independent harmonic vibrations of the different molecules, and a Holstein-
type coupling between vibrations and electronic coordinates of each molecule

ĤHTC = ĤTC + Ĥvib + ĤH (7.1)
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7. The Holstein Tavis Cummings Model

Figure 7.1. – (a) Schematic picture of the approximation to a molecule and the param-
eters. (b) Degrees of freedom and how they are coupled by the different
terms in the Hamiltonian.

with

ĤTC = ωe

N∑
n=1

σ̂+
n σ̂

−
n + ωcâ

†â+ g
N∑
n=1

σ̂+
n â+ σ̂−

n â
† , (7.2)

Ĥvib = ν
N∑
n=1

b̂†nb̂n , (7.3)

ĤH = −λν
N∑
n=1

σ̂+
n σ̂

−
n

(
b̂n + b̂†n

)
. (7.4)

Here, ωe and ωc are the frequency of the electronic transition and the cavity, respectively,
while g denotes the single molecule coupling strength to the cavity. Both the vibrational
frequency ν and the vibronic coupling λν are typically much smaller than the electronic
transition energy ν, λν � ωe. The distance between the two potential minima is

√
2λ (in

units of the zero point motion of the vibration). The Huang-Rhys factor λ2 quantifies
the shift of the electronic energy level spacings, i.e. the energy difference between the
vibrational ground state of the two electronic energy levels is ωe − λ2ν.

7.2. Polaron Decoupling
This simple model has been studied to gain insight into the underlying mechanisms

of cavity-modified chemistry. In particular, it has been noted that the displacement of
the excited polariton state is collectively reduced compared to the bare value

√
2λ in the

regime gc � λ2ν [4, 7]. This is rooted in the fact that the polariton is a symmetric su-
perposition with the excitation distributed amongst all N molecules. Consequently, each
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individual molecule is only excited with a probability 1/(2N), so that the displacement
of the minimum of each individual oscillator is reduced by a factor 1/(2N). Finally, when
considering the symmetrical displacement coordinate of all oscillators (

∑
n b̂n+b̂

†
n)/
√
2N ,

this corresponds to a collective reduction of the displacement by a factor 1/(2
√
N).

Analytically, the lower polariton can be approximately written down as [4]

|LP 〉 = |−〉 ⊗ D̂†
0̃

[
λ/
(
2
√
N
)]
|0vib〉 (7.5)

with the vibrational vacuum state |0vib〉. Here,

D̂0̃(x) = exp

[
x
∑
n

(
b̂†n − b̂n

)
/
√
N

]
(7.6)

is the displacement operator acting on the symmetric vibrational mode. As a result, the
coupling of the vibration to the polariton state is suppressed by a factor 1/(2

√
N), an

effect termed polaron decoupling. Equivalently, this reduced displacement corresponds
to a reduced coupling between between electronic and vibrational degrees of freedom,
which leads to suppressed reaction rates in a simple model [4].

Notably, the lower polariton state |LP 〉 given above has no entanglement between
photo-electronic and vibrational degrees of freedom. Instead, it is a direct product state
between these two degrees of freedom. This is because in the regime gc � λ2ν, the
delocalization of the excitation is much faster than the reorganization of the nuclei to
adjust to the electronic excitation. This is different for a symmetric superposition of
polaron-like excitations of individual molecules, which would be the correct eigenstate
for perturbative cavity coupling [7]. Here, the vibrational state of each molecule is
entangled with its electronic state.

In Chapters 9 and 10, the dynamics of the HTC model is analyzed numerically in
detail. A particular focus is put on the entanglement dynamics, which may be viewed as
a quantifier for the simulation complexity. In Chapter 9, we study the effects of disorder
on the vibrational and entanglement dynamics in detail, and show that disorder can
also lead to entanglement even for small λ. In Chapter 10, we study the case of large
excitation numbers, and show that entanglement is enhanced for intermediate excitation
fractions. Furthermore, we develop an efficient product state approximation that is valid
for small entanglement.
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8. Numerical Studies of Polaritonic
Chemistry

The field of polaritonic chemistry analyzes the modification of chemical reactions un-
der strong coupling to a cavity [1, 2]. In Chapter 7, the Holstein-Tavis-Cummings model
was introduced as a toy model to qualitatively investigate cavity-induced modifications.
The present chapter gives an overview over the more common approach to analyze re-
alistic molecular models numerically. In this case, in order to analyze large molecular
ensembles, the dynamics is often approximated using different techniques. In Section 8.1,
the Born-Oppenheimer approximation is introduced as a strong approximation, together
with two extensions. In Section 8.2, numerically exact methods are discussed. Matrix
Product States, which have been used to analyze the short-time dynamics in heuristic
models, are the topic of Section 8.3. Section 8.4 gives a short overview over some other
methods used. Finally, the simulation of dissipation is considered in Section 8.5. Finally,
Section 8.6 concludes by discussing how our work in the following two chapters relates
to this literature.

8.1. Born-Oppenheimer based methods
The Born-Oppenheimer approximation is a drastic approximation based on a sepa-

ration of time scales between the nuclear and electronic dynamics in a molecule, which
makes it possible to efficiently simulate large molecular ensembles. This separation of
time scales is seen from the typically much larger separation of electronic energy lev-
els compared to vibrational energy levels. The Born-Oppenheimer approximation then
consists of assuming that the electronic eigenstates adiabatically adjust to any changes
in the nuclear coordinates. As a result, potential energy surface can be computed for
adiabatically connected electronic states on which the nuclear dynamics takes place. In
the presence of a cavity which is strongly coupled to an electronic transition, the elec-
tronic and photonic degrees of freedom hybridize to form new polaritonic eigenstates.
In this case, the Born-Oppenheimer approximation can be generalized by computing
polaritonic potential energy surfaces [3], assuming that the combined electro-photonic
dynamics is much faster than the nuclear dynamics.

If different potential energy surfaces approach each other in avoided crossings or in-
tersect in conical intersections, the non-adiabatic coupling between the potential energy
surfaces can become important, and the Born-Oppenheimer approximation breaks down.
Cavities have been shown to induce such conical intersections especially between dark
states in the collective regime [4–6]. This can be understood as a consequence of the
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degeneracy of the dark states for two level systems. In this case, the dynamics can-
not be restricted to a single potential energy surface and non-adiabatic couplings need
to be considered. Below, two extensions of the Born-Oppenheimer approximation are
introduced to account for non-adiabatic couplings.

Mean-field Ehrenfest

One possible extension of the Born-Oppenheimer approximation to include non-adiabatic
couplings is to allow the electronic state to be in superpositions of different potential
energy surfaces, and then calculate the “mean-field” nuclear dynamics for this superposi-
tion. Alternatively, this approximation can be seen as assuming a product state between
nuclear degrees of freedom on the one, and electronic and photonic degrees of freedom
on the other hand. If, in addition, the nuclear dynamics is also treated classically, this
approximation is known as the mean-field Ehrenfest method [7].

Due to the strength of its assumption, this method can be used to simulate large
ensembles of molecules. It has been applied to simulate the excited state dynamics of
large ensembles of dye molecules coupled to a cavity including their environment [8,
9]. However, this mean-field dynamics completely neglects any entanglement between
vibrational and electro-photonic degrees of freedom. This assumption is investigated in
detail in Chapters 9 and 10.

Fewest Switches Surface Hopping

Another extension of the Born-Oppenheimer approximation to include non-adiabatic
couplings are Fewest Switches Surface Hopping methods [7, 10]. Here, instead of con-
sidering states with superpositions of electronic states, the dynamics remains restricted
to just one potential energy surface at all times. The non-adiabatic couplings are then
implemented as stochastic jumps between different potential energy surfaces. In par-
ticular, jump probabilities are computed from the non-adiabatic couplings and then
stochastically jumps are implemented conceptionally reminiscent of a quantum trajecto-
ries simulation as described in Chapter 2 Section 2.2. At each jump, energy conservation
is enforced by transforming potential energy into kinetic energy and vice versa. By av-
eraging over multiple trajectories with different jumps, the quantum dynamics is then
approximated. As a result, this method can reproduce correlations between electronic
and nuclear degrees of freedom, in contrast to multi-trajectory Ehrenfest methods.

This method was used to simulate the excited state dynamics of ensembles of organic
molecules coupled to a cavity [11, 12]. However, as the number of potential energy
surfaces that are close to each other increases, the number of jumps between them
increases as well. Thus, the number of trajectories needed for the simulation can become
very large. This is especially important in the dark state manifold, where there are
typically many potential energy surfaces in close energetic proximity, rendering large
scale simulations intractable [8].
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8.2. Quasi-exact Numerical Methods
Small systems can be directly investigated using numerically exact methods for prop-

agating quantum states. Such methods choose a basis for the Hilbert space and then
compute the time evolution according to the Schrödinger equation. This can be further
generalized to propagate with the non-hermitian Hamiltonian to treat open systems, as
discussed below.

One efficient choice of basis is physically motivated by the Born-Oppenheimer poten-
tial energy surfaces. In particular, a combined electro-nuclear basis is given by expanding
the nuclear coordinates in real space, and at each real space coordinate choose the elec-
tronic basis according to the potential energy surfaces. The kinetic energy term then
contains non-adiabatic coupling terms between the potential energy surfaces, as the elec-
tronic basis changes in space [4]. This basis has been used to investigate collective effects
in the photo-dissociation of MgH+ coupled to a cavity together with several atoms [13].

Alternatively, the multi configurational time dependent Hatree Fock method (MCTDH)
expands the wave function into more abstract, adaptive orbitals, to increase the effi-
ciency. This method has been used to investigate the photo-dissociation dynamics of up
to 6 NaI molecules collectively coupled to a cavity [5, 14, 15]. However, even with such
advanced methods, problems involving more than just a few small molecules become
intractable.

8.3. Tensor Network Methods
Moving away from ab initio methods, tensor networks have been used in order to

simulate the excited state dynamics. For these methods, heuristic molecular models
have been build from vibronic spectra by extracting vibrational frequencies and Huang-
Rhys factors. The resulting model contains harmonic vibrational degrees of freedom
coupled to the electronic levels analogous to the HTC model introduced in Chapter 7,
however with many vibrations.

Del Pino et al. investigated the full vibrational-electro-photonic quantum dynamics of
multiple organic dye molecules coupled to a common cavity mode [16, 17]. The tensor
networks were build with chain mapping for the vibrations of the individual molecules.
For dye molecules that have been used in strong coupling experiments with J-aggregates,
they showed that the dynamics is not adequately described by treating the vibrations in
a Markovian approximation. However, due to the computation of many vibrations for
each molecule, this method becomes intractable for large molecule numbers, and only
small systems have been analyzed.

8.4. Other Methods
Also other methods have been used to simulate molecular dynamics in cavities. For ex-

ample, Density Functional Theory (DFT) is an ab initio framework to describe quantum
mechanics in terms of equations of motion for the density functionals of electrons, nuclei.
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This method has been extended to include photons in a framework labeled QEDFT [18],
and has been used to simulate small molecular ensembles [18, 19].

Coupled cluster theory provides an alternative heuristic ansatz do describe molecular
ground state wave functions and dynamics. However, so far, it has only been applied to
strong coupling with single molecules single molecules [20, 21].

8.5. Dissipation
Many of the above methods have been recently extended to also account for dissipation

of the cavity mode. This dissipation occurs often at similar time scale as the system
dynamics, and may thus greatly influence the dynamics [22]. For single molecules, the
dynamics when coupling to a lossy cavity has been analyzed using exact non-Hermitian
Hamiltonian and master equation formalisms [23–25], and QEDFT methods [26]. Using
MCTDH with a non-Hermitian Hamiltonian, up to 5 NaI molecules were analyzed. In
order to analyze larger ensembles, the Fewest Switches Surface Hopping Method has
been used [27, 28].

8.6. Conclusion
In conclusion, various methods have been developed for simulating polaritonic chem-

istry problems, which can be categorized into two classes. For small systems, highly
accurate methods such as wave-function propagation, tensor networks, or QEDFT are
available. However, the restriction to just a few molecules hinders a systematic analysis
of collective effects. In order to simulate larger systems, one must instead rely on exten-
sions of the Born-Oppenheimer approximation, which make strong assumptions. Here,
collective effects can be systematically studied, but the quantum nature of the problem
is partially neglected.

As a result, the importance of quantum effects in large molecular ensembles has not
yet been analyzed. Understanding these effects is not only fundamentally interesting,
but also relevant for estimating the regime of validity of the different approximation
methods. The Chapters 9 and 10 present a detailed study of quantum effects for large
molecular ensembles, and their relevance for the vibrational dynamics.
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9. Publication: Disorder Enhanced
Vibrational Entanglement and
Dynamics in Polaritonic Chemistry

The following chapter is a reprint of the preprint arXiv:2107.06053 (2021) [1], which
discusses the effect of disorder on entanglement in polaritonic chemistry. The aim of
this chapter is to study quantum entanglement between vibrational and electro-photonic
degrees of freedom as a proxy to understand the role of quantum effects in polaritonic
chemistry setups. Such entanglement is often neglected in semi-classical theoretical
descriptions, e.g. by computing the Ehrenfest dynamics (see Chapter 8). In this work, we
have shown that disorder can strongly enhance the build-up of vibrational entanglement
on short timescales after incoherent photo-excitation of either the cavity or a single
molecule. We have found that this can have direct consequences for reaction coordinate
dynamics, whose probability distribution is modified by the entanglement. In particular,
we have analyzed this phenomenon in a disordered Holstein-Tavis-Cummings model
(see Chapter 7). Using a numerical technique based on matrix product states, we have
simulated the exact quantum dynamics of more than 100 molecules.

This chapter is organized as follows: Section 9.1 introduces the main physics. Then,
the disordered Holstein-Tavis-Cummings model is quickly re-introduced in Section 9.2,
and realistic parameters are discussed in Section 9.3. In Section 9.4, we summarize the
main results of this chapter, which we subsequently discuss in more detail. In Section 9.5,
we scrutinize how disorder modifies excitation transfer and as a result also the mean
vibrational dynamics. In Section 9.6, we then analyze the influence of entanglement on
the nuclear distribution along the reaction coordinates. The scaling of the entanglement
and modifications to the distribution with the different system parameters is presented
in Section 9.7. Finally, Section 9.8 concludes this chapter.

9.1. Introduction
Polaritonic chemistry, or the modification of chemical reactivity using effects of cavity

quantum electrodynamics (cavity-QED), is an emerging field of research at the interface
of quantum chemistry and physics [2–8]. Experiments have demonstrated that a col-
lective coupling of electronic [9–17] or vibrational [18–22] transitions of large ensembles
of molecules to confined non-local electromagnetic fields can provide means to control
chemical reactivity. Many experiments have achieved a collective strong coupling regime,
where the cavity and the molecules can coherently exchange energy at a rate faster than
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their decay processes. In such scenarios, the cavity-molecule system has to be consid-
ered as one entity with new “polaritonic” eigenstates, which are collective superpositions
of photonic and molecular degrees of freedom. Identifying the underlying mechanisms
of collective cavity-modified chemistry remains to be a major challenge. A theoretical
understanding of the problem requires to solve complex quantum many-body dynamics
in large systems with coupled electronic, photonic, and vibrational degrees of freedom.

Numerically computing the collective time evolution of all degrees of freedom in polari-
tonic chemistry is an important — yet extremely challenging — task for understanding
chemical reaction dynamics, which has been attempted at different levels of approxi-
mations. For small systems, the Schrödinger equation can be solved directly [23] or
using quantum chemistry tools such as multi-configurational time-dependent Hartree-
Fock methods [24]. Density functional theory can be used for ab initio simulations of
few realistic molecules [25]. For larger systems, stronger approximations are needed.
Standard approaches are based on the Born-Oppenheimer approximation. In the Born-
Oppenheimer approximation, electro-photonic dynamics are treated as instantaneous
compared to nuclear dynamics so that polaritonic (and dark) potential energy surfaces
can be computed [26]. On these adiabatic potential energy surfaces, nuclear dynamics
can then be computed. However, this method neglects non-adiabatic couplings between
potential energy surfaces and thus fails if the separation between potential energy sur-
faces becomes small, as it is often the case in polaritonic chemistry [6, 27, 28]. In order
to include the non-adiabatic couplings, two common methods are fewest switches surface
hopping [29–31] or mean-field Ehrenfest dynamics [32, 33]. Ehrenfest dynamics assumes
a product state between nuclear and electro-photonic degrees of freedom, completely
neglecting any entanglement between them. As a consequence, such entanglement can
serve as a measure for the validity of approximations relying on the separability of nu-
clear and electro-photonic degrees of freedom, and more generally the complexity of the
dynamics.

The role of “quantum effects” in molecular dynamics is also a fundamentally inter-
esting research question [34–37]. Entanglement is often used to determine the impor-
tance of quantum effects by quantifying quantum correlations without classical equiva-
lent [38–40]. In this context, the entanglement between electronic and nuclear degrees
of freedom of molecules has been previously studied for single molecules [41, 42]. For
cavity-coupled molecules, it is known that a collective cavity-coupling can strongly sup-
press this entanglement by reducing vibronic couplings, an effect termed “polaron decou-
pling” [43, 44]. However this effect neglects local disorder in the electronic level spacings
of individual molecules. In this paper, we will show that the combined effect of local
disorder and a cavity coupling can lead to a strong enhancement of electro-vibrational
entanglement build-up on a typical timescale for coherent molecular dynamics (femtosec-
onds) after an incoherent photo-excitation.

To analyze this entanglement build-up we make use of a matrix product state (MPS)
approach. Recently, MPSs (more broadly: tensor networks) have been suggested to
numerically tackle dynamics in polaritonic chemistry [45] also for larger system sizes.
An MPS can be thought of as a generalization of a product state, which by definition does
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not include any entanglement, into a larger space with small but finite entanglement.
The entanglement of an MPS is limited by a so called “bond dimension”, which can
be systematically increased until convergence is reached [46]. Since excessively large
entanglement rarely plays an important role in physical dynamics, MPS simulations often
become numerically exact. By construction, MPS concepts provide a direct access for
studying the entanglement dynamics of a system, and they have been used in that context
extensively, e.g. for spin-chain or Hubbard-type models in many-body physics [39, 40].

Here, using this numerical approach we study the femtosecond-scale dynamics of more
than 100 molecules with electronic transitions collectively strongly coupled to a cavity
mode (electronic strong coupling) after an incoherent photo-excitation (see Fig. 9.1 for
a sketch). We analyze a minimal disordered version of the Holstein-Tavis-Cummings
(HTC) model [43, 47, 48], which despite its simplicity includes the main ingredients for
microscopically understanding physical mechanisms in polaritonic chemistry. We find
that disorder enhances excitation transfer from the initially excited state to a number
of molecules selected by a resonance condition [see Fig. 9.1(b/c)] [49–51]. This leads
to coherent out-of-phase oscillations of the vibrational modes of these molecules. As a
consequence, disorder enhances entanglement between vibrations and electronic degrees
of freedom several-fold [see sketch in Fig. 9.1(d)]. This effect is largest in a regime where
disorder is energetically comparable to collective cavity-couplings. Importantly, we find
that the disorder-induced focused excitation transfer to a few molecules leads to an
enhanced cavity-modified vibrational dynamics on the single molecule level, compared
to a disorder-less scenario where the excitation is diluted among all coupled molecules
equally. This effect crucially depends on whether the initial incoherent excitation is ab-
sorbed by a single molecule or the cavity, and we analyze both scenarios [see Fig. 9.1(b)].
We further relate large entanglement to modifications of the shape of the nuclear wave
packets, which become broadened and non-Gaussian. In this respect, the vibrational
entanglement may have direct consequences for chemical processes.

9.2. Theoretical Model
We consider a system of N toy model molecules coupled to a single mode optical

cavity, i.e. a disordered version of the Holstein-Tavis-Cummings (HTC) model [43, 47,
48]. Here, each molecule has two electronic energy levels. Different nuclear equilibrium
configurations in the ground and excited state result in two displaced harmonic one
dimensional potential energy “surfaces” as shown in Fig. 9.1a. We further include an
inhomogeneous broadening, i.e. disorder of the electronic energy stemming from random
energy spacings of the electronic levels [52], typically induced by the environment in
experiments. The disordered HTC Hamiltonian reads [43]

Ĥ = ĤTC + Ĥvib + ĤH + Ĥdis . (9.1)

The coupling of the cavity is described by the Tavis-Cummings (TC) Hamiltonian, which,
in a frame rotating at the cavity frequency ωC, reads (~ = 1 throughout this paper)
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Figure 9.1. – Setup and main physics. a We consider toy-model molecules with two
harmonic potential energy surfaces (vibrational level spacing ν). Both
surfaces are energetically separated by the electronic level spacing ω and
displaced by

√
2λ along the reaction coordinate x. b An ensemble of

molecules is coupled to a cavity with collective strength gc. We analyze
dynamics after incoherent photo-excitation of either an individual molecule
(red, left) or the cavity (blue, right). An energy level scheme for electro-
photonic excitations is sketched. Disorder leads to inhomogeneous broad-
ening by W (left). The coupling of N electronic excitation states (left;
gray, red, cyan, orange lines) and a single cavity excitation (right; blue
line) lead to new eigenstates (center) that are superpositions with contri-
butions indicated by the different colors. For gc � W , two polariton states
at energies ±gc are formed (half grey, half blue), as well as N − 1 dark
states (other lines). Due to disorder, the dark states are superpositions
of a few energetically resonant electronic excitations. All dark states also
acquire a small photon weight (very small blue contribution). After in-
coherent excitation, energy is transferred through the coupled eigenstates
as indicated by straight arrows (transfer probability ξ). For a molecule
excitation, energy is predominantly transferred through dark states, for a
cavity excitation through polariton states (arrow thickness). c Disorder
enhances the transfer away from the initially excited state after molecular
(red) or cavity (blue) excitation. The plot shows a time averaged transfer
probability ξ = ν/(2π)

∫ 2π/ν

0
dt [1−〈Ô†Ô〉(t)] where Ô = σ̂−

1 , â in a system
with 100 molecules. d Excitation transfer leads to a coherent out-of-phase
oscillation of different molecules and thus large entanglement entropy, Svib,
between electro-photonic (left) and vibrational (right) degrees of freedom.
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ĤTC =
N∑
n=1

∆σ̂+
n σ̂

−
n + g

N∑
n=1

(
âσ̂+

n + â†σ̂−
n

)
, (9.2)

where â is the destruction operator for a cavity photon, σ̂±
n are the raising/lowering

operators for the electronic level of the n-th molecule. ∆ = ω − ωC is the detuning
between the electronic transition frequency at the Condon point ω and ωC, chosen to be
∆ = 0 in the remainder of this paper. The coupling strength of a single molecule to the
cavity is given by g ≡ gc/

√
N . In the single-excitation Hilbert space considered here,

the TC Hamiltonian has two polariton eigenstates |±〉 = â†/
√
2±
∑

n σ̂
+
n /
√
2N |0〉exc+ph

for the ground state |0〉exc+ph without any excitations, split by the Rabi splitting of 2gc.
The other N − 1 eigenstates are degenerate dark states with zero energy.

The nuclear coordinates are described by harmonic potentials

Ĥvib = ν

N∑
n=1

b̂†nb̂n , (9.3)

where b̂n is the lowering operator of the n-th molecule and ν the molecular oscillation
frequency. The eigenstates of Ĥvib are Fock states

∏
n(b̂

†
n)
an |0vib〉 with an vibrational

quanta on the n-th molecule and the total (undisplaced) vibrational ground state |0vib〉.
We define dimensionless oscillator position and momentum variables as x̂n = (b̂n+b̂

†
n)/
√
2

and p̂n = −i(b̂n − b̂†n)/
√
2, respectively.

The nuclear coordinate of each molecule is coupled to its electronic state by a Holstein
coupling

ĤH = −λν
N∑
n=1

(
b̂n + b̂†n

)
σ̂+
n σ̂

−
n . (9.4)

This corresponds to a shift of the excited state potential energy surface. The dimen-
sionless Huang-Rhys factor λ2 quantifies the minimum of the excited state harmonic
potential at position

√
2λ with energy ω − λ2ν.

Finally, we include disorder by

Ĥdis =
∑
n

εnσ̂
+
n σ̂

−
n , (9.5)

where εn = ωn−ω is the deviation of the electronic transition energy of the n-th molecule
from the mean. We take the εn as independent, normally distributed random variables
with mean 0 and variance W 2.

Dynamics & Entanglement – In the following, we analyze the short-time Hamil-
tonian dynamics on the scale of a single nuclear vibration period, 0 ≤ t ≤ 2π/ν for two
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different initial states. In one case, a single molecule (n = 1) is excited by the incoher-
ent absorption of a photon, i.e. we consider the initial state |ψm0 〉 = σ̂+

1 |0〉ph |0〉exc |0〉vib
[Fig. 9.1(b), left]. In the other case the photon is incoherently absorbed by the cavity,
|ψc0〉 = â† |0〉ph |0〉exc |0〉vib [Fig. 9.1(b), right]. Here, |0〉exc,vib,ph denote the respective
ground states of the bare electronic, vibrational and photonic Hamiltonian.

In order to analyze entanglement between electro-photonic and nuclear degrees of
freedom, we separate the full Hilbert space as H = Hph ⊗ Hexc ⊗ Hvib into three sub-
Hilbert spaces for the cavity photon, electronic excitations, and vibrations, respectively.
For a pure state |ψ〉, the entanglement between the two subsystems Hph⊗Hexc and Hvib

can be quantified by the von Neumann entropy of either subsystem [39, 40], e.g.

Svib = −Tr [ρ̂vib log2(ρ̂vib)] , (9.6)

where ρ̂vib is the reduced density matrix which can be obtained from the state |ψ〉
by tracing over Hph ⊗ Hexc: ρ̂vib = Trph+exc(|ψ〉 〈ψ|). In the case of a product state
(or “mean-field”) assumption, the state of the system would be assumed to factorize
throughout the evolution of the system

|ψ(t)〉 = |φph+exc(t)〉 ⊗ |φvib(t)〉 . (9.7)

In this scenario, ρ̂vib(t) = |φvib(t)〉 〈φvib(t)| and Svib(t) = 0 at all times. An entangled
state |ψ〉 is a linear superposition of many such terms, resulting in Svib > 0. The von
Neumann entropy Svib can be readily computed in the MPS framework (see Appendix).
It is noteworthy that this product state assumption is equivalent to the one made in
mean-field Ehrenfest dynamics, where in addition the nuclear motion is treated classi-
cally. Since in our case the nuclear wavefunction always stays coherent and thus follows
classical equations of motion, our product state results are equivalent to mean-field
Ehrenfest results.

9.3. Parameter Regimes
We choose parameter values that are motivated by a setup with Rhodamine 800,

for which strong coupling has been demonstrated [53], and which has been previously
considered in tensor network studies of strong coupling experiments [45]. In particular,
we set 0.1 ≤ λ ≤ 0.5 and ν = 0.3gc. For an experimentally demonstrated vacuum
Rabi splitting of 2gc = 700meV [9], this corresponds to ν = 105meV and reorganization
energies 1meV . λ2ν . 26meV, similar to measured values [54]. Thermal excitation
fractions ∼ exp(−ν/kBT ) are negligible at room temperature (kBT ≈ 26meV). Although
the Rabi splitting of 700meV falls into the ultra-strong coupling regime for the relevant
electronic transition of Rhodamine 800 at ∼ 2eV [53], we do not include counter-rotating
terms here in order to derive general results which are relevant for strong coupling
experiments.
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For our case of λν � ν � gc, the Hamiltonian Eq. (9.1) can be categorized into
strong (W � gc) and weak (W � gc) coupling regimes depending on the relative
magnitude of ĤTC and Ĥdis. The strong coupling regime features polaritonic and dark
eigenstates of ĤTC which are mixed perturbatively (Fig. 9.1a). In perturbation theory
we find that “gray” states |d〉 acquire photo-contributions of

∑
d |〈d|1ph〉|

2 ∼ λ2ν2/(2g2c )
and

∑
d |〈d|1ph〉|

2 ≈ W 2/g2c due to small vibronic coupling and disorder, respectively
(see Appendix and [51, 52, 55, 56] for details). In the weak coupling regime, polariton
states cease to exist and all eigenstates are structurally similar to the “gray” states in
Fig. 9.1a. We vary 0 ≤ W ≤ 1.5gc analyzing both weak and strong coupling scenarios.
The timescale of vibrational evolution t ∼ 2π/ν corresponds to tens of femtoseconds,
and can be faster than dissipative mechanisms which we do not include explicitly. For
quality factors Q & 1000 which have e.g. been achieved for distributed Bragg reflectors,
cavity decay is negligible on these timescales [57]. Similarly, relaxation of molecular
excitation into vibrational or electromagnetic reservoirs typically occurs on even slower
timescales of picoseconds or nanoseconds, respectively [48]. In fact, on a microscopic
level the coherent dynamics due to disorder and vibronic coupling terms Ĥdis and ĤH that
we simulate here can be considered as one of the mechanisms responsible for electronic
dephasing.

9.4. Main Results
Fig. 9.2 visualizes the main feature of the entanglement and vibrational dynamics

after initial molecular (|ψm0 〉, panels a,c,e), and cavity (|ψc0〉, panels b,d,f) excitation.
Strikingly, in both scenarios we find that increasing the disorder in the range 0 ≤ W ≤ gc
leads to a drastically enhanced entanglement entropy build-up, seen in the evolution of
the disorder averaged entropy Svib in Fig. 9.2a,b. For W = 0, the entanglement entropy
remains below values of one, and, in the cavity excitation case only, exhibits oscillatory
features which we can attribute to collective Rabi oscillation due to a predominant
excitation transfer to the polariton states. For W > gc/2 those features disappear
and we observe a strong increase to a maximum value at t ∼ 2π/ν and t ∼ π/ν in
Fig. 9.2a and b, respectively. This entanglement build-up is matched by modifications
of the phase space dynamics (Fig. 9.2c,d) and the shape of the probability distribution
Pi(xi, t) (Fig. 9.2e,f) of the reaction coordinate. Below, we will relate all three effects to
disorder enhanced excitation transfer. We will see that neither the entanglement build-
up nor the distribution shape changes can be captured by a product state assumption
Eq. (9.7), i.e. they go beyond the mean-field Ehrenfest dynamics.

Fig. 9.2c,d shows the phase space dynamics of the disorder averaged expectation values
xi and pi of the reaction coordinate position and momentum operators x̂i and p̂i on
molecule i, respectively. In the molecular excitation case in Fig. 9.2c, we observe phase
space circles for the initially excited molecule (i = 1). In the disorder-less case W = 0,
we find an oscillation around the displaced equilibrium position of the excited state
oscillator,

√
2λ ≈ 0.57. In this case the evolution is very close to the no-cavity scenario
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Figure 9.2. – Main results. a,b Time evolution of the disorder averaged entanglement
entropy Svib in the time-range 0 ≤ t ≤ 2π/ν for disorder strengths 0 ≤
W ≤ gc (from light to dark W = 0, gc/4, gc/2, 3gc/4, gc). Stars indicate
the final time t = 2π/ν. The left panels (red lines) correspond to the initial
molecule excitation state |ψm0 〉, the right panels (blue lines) to the initial
cavity excitation |ψc0〉. c,d Vibrational phase space evolution. Shown are
the disorder averaged expectation values xi and pi of the oscillator position
and momentum operators, x̂i and p̂i, for values of W correpsonding to a.
The gray dashed-line shows the no-cavity case. In c the dynamics of the
initially excited molecule is shown, in d an additional average over all
molecules is taken. e,f Averaged probability distributions of the reaction
coordinate x at time t = 2π/ν (stars in other panels, gray dashed line:
no-cavity case). In all panels, we average over 64 disorder realizations,
N = 100, ν = 0.3gc, λ = 0.4.
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(gray dashed line), for which we obtain a perfect circle around
√
2λ corresponding to

the usual coherent harmonic oscillator evolution.
However, the situation changes drastically for W > 0. Now, the centers of the phase

space circles dynamically shift to smaller values of x1. We note that this behavior can
be rationalized without requiring the large entanglement build-up seen in Fig. 9.2a.
Assuming the product state ansatz from Eq. (9.7), one would expect that the Holstein
term ĤH [Eq. (9.4)] leads to an effective excited state oscillator equilibrium position of√
2λ〈σ̂+

1 σ̂
−
1 〉 and thus effectively to a time-dependent shift of the minimum depending

on 〈σ+
1 σ̂

−
1 〉(t). For W = 0 the initial state |ψm0 〉 is almost a dark eigenstate of ĤTC,

such that cavity induced excitation transfer is strongly suppressed and the excitation
remains on the molecule, 〈σ̂+

1 σ̂
−
1 〉(t) ∼ 1 (see Appendix). In contrast, for finite disorder

W > 0, the excitation transfer is significantly enhanced and we perturbatively derive
1−〈σ̂+

1 σ̂
−
1 〉(t) ∼ Wt/N for g � W � gc (see Appendix). This is in qualitative agreement

with recent results predicting that disorder can enhance excitation transfer in models
without vibrations [49–51].

For an initial cavity excitation |ψc0〉, the phase space evolution traces much smaller
circles. As expected, for W = 0 the phase space evolution is approximately centered at
xi ∼

√
2λ/(2N), and exhibits oscillations at polariton Rabi frequencies. For increasing

disorder W → gc, the center of the circle now shifts in the opposite direction compared
to Fig. 9.2c, to roughly twice the value xi →

√
2λ/N . This can again be rationalized by

looking at the evolution of the expected local molecule excitations 〈σ̂+
i σ̂

−
i 〉(t). For W =

λν = 0, the hybrid nature of the polariton states induces Rabi oscillations between the
initial cavity photon state and a collective excitation of all molecules, such that for each
molecule the excitation fraction oscillates according to 〈σ̂+

i σ̂
−
i 〉(t) = cos2(gct)/N , leading

to the observed phase space evolution for W = 0. Finite disorder, however, leads to a
photo-contribution of all dark states (perturbatively ∼ W 2/g2c ). Therefore, excitations
are now transferred quickly (timescale 1/gc) from the cavity to individual molecules, and
one thus expects a disorder averaged excitation population on each molecule 〈σ̂+

i σ̂
−
i 〉 →

1/N for sufficiently large W . This explains the observed shift.

Fig. 9.2e,f shows the probability distribution Pi(xi, t) of the reaction coordinate at time
t = 2π/ν. Without cavity, at this time the distribution is a Gaussian centered at x1 = 0
with variance 1/2, corresponding to a coherent state (grey dashed line). We find that
in a cavity and for W = 0, the distribution is extremely close to the no-cavity scenario.
For increasing W , however, for the molecular excitation |ψm0 〉, the distribution of the
reaction coordinate of the initially excited molecule P1(x1, t = 2π/ν) clearly shifts to
smaller values of x1. In addition, the distribution broadens and acquires an asymmetric
shape in Fig. 9.2e. For an initial cavity excitation |ψc0〉, we observe that finite W leads
to modifications in the tails of the distribution only, i.e. for large values of xi (Fig. 9.2f).
Note that the tail modifications in Fig. 9.2f seem very small, since a single molecule only
receives a ∼ 1/N contribution of the excitation energy (here, N = 100). However, below
we see that the cumulative effect on the wave function shape can still have important
consequences for many molecules.
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Figure 9.3. – Excitation transfer dynamics. a Microscopic phase space evolution of
100 molecular oscillators for a single disorder realization with W = gc/2.
The black star and line correspond to the initially excited molecule, the
other lines to the 99 initially un-excited ones. The gray line (barely visible
around the origin) represents the W = 0 reference. The cyan square and
orange diamond are two example molecules with most strongly modified
vibrational dynamics, also identified in b. b Excitation probability ñ(i)

ex =
〈σ̂+

i σ̂
−
i 〉(t = 2π/ν) as a function of the energy off-set εi of the respective

molecule. The inset shows the disorder-averaged excitation probability as
a function of the energy difference to the initially excited state. The gray
horizontal lines are the W = 0 reference. c,d identical plots for a cavity
excitation. Parameters: N = 100, ν = 0.3gc, λ = 0.4, disorder drawn from
a normal distribution with width W , 256 disorder realizations.
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9.5. Excitation Transfer Dynamics

In Fig. 9.3, we now exemplify the connection between the time-dependent local molec-
ular excitation and the phase space evolution for an intermediate disorder strength
W = gc/2 microscopically. Fig. 9.3a shows the vibrational evolution of each of the 100
molecules for a single disorder realization, after exciting one molecule initially (line with
star: excited molecule, other red/cyan/yellow lines: 99 initially unexcited molecules).
Strikingly, we observe that the molecules whose dynamics is modified most strongly
correspond to the ones with a random energy very close to the initially excited one.
The reason for this is seen in comparison with Fig. 9.3b where we plot the excitation
numbers of the molecules at t = 2π/ν as function of their random energy offset εi. There
we identify the molecules with the strongest phase space modification (cyan square and
orange diamond), and the initially excited one (blue star and vertical line). Crucially,
the excitation fraction of these molecules, and thus their phase space dynamics, is much
larger than for the homogeneous disorder-less case with W = 0 (gray lines in Fig. 9.3a,b,
barely visible in a). The same behavior is generally seen also after disorder-averaging
(see inset). We attribute a visible asymmetry towards smaller energies in Fig. 9.3b to
additional resonances with states of higher vibrational energies. It is also interesting to
point out that in contrast to the initially excited molecule, the phase space variables of
the other molecules generally do not complete one revolution until t = 2π/ν (Fig. 9.3a),
and all molecular oscillators evolve out-of-phase.

A similar picture presents itself when initially exciting the cavity-mode (Fig. 9.3c,d).
The excitation is again primarily transferred from the cavity to several molecules, but
now with energies εi ∼ ±gc close to resonance with the bare polaritons in the strong
coupling regime. These molecules acquire much larger excitation fractions than the no
disorder reference (gray line in Fig. 9.3d). As a result, molecular oscillations of molecules
with an energy offset εn ∼ ±gc are most strongly modified, as confirmed in Fig. 9.3c.

We can deduce the following microscopic picture from our analysis in Fig. 9.3: While
in the W = 0 case the initial excitation is generally diluted throughout the system,
disorder W > 0 leads to a strongly enhanced excitation transfer to a few molecules
in the energetic vicinity of either the initially excited molecule or the polariton states,
depending on the scenario (as sketched in Fig. 9.1b). In a product state picture, this
then modifies the vibrational dynamics of those molecules depending on the amount
of local excitation, 〈σ̂+

i σ̂
−
i 〉. However, the product state assumption contradicts the

build-up of large vibrational entanglement seen in Fig. 9.2a/b. Rather, the out-of-phase
oscillator dynamics should be considered quantum-mechanically coherent, leading to the
large entanglement entropies. In the following we will study the direct implications of
this entanglement.
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9.6. Reaction Coordinate Distribution Shapes
We are now interested in the time evolution of the full reaction coordinate distri-

bution Pn(xn, t) of molecule n and in particular, we will analyze the evolution of its
tails in Fig. 9.4. In a product state ansatz [Eq. (9.7)], the instantaneous nuclear po-
tential corresponds to a shifted harmonic oscillator. Then, nuclear wave packets of
the individual molecules would always stay in a Gaussian shape. Crucially, this is not
the case if we allow for finite entanglement. Then, in general, the Holstein coupling
∝ x̂nσ̂

+
n σ̂

−
n does not factorize and thus modifies the wave packet shape over time (see

e.g. Fig. 9.2e). To exemplify this, consider a single molecule n with a constant excitation
fraction β (without cavity coupling). The time evolution under the Holstein Hamilto-
nian [Eq. (9.4)] leads to the following state at time t: |φβ(t)〉 =

√
1− β |0〉exc |0〉vib +√

β exp[iφ(t)] |1〉exc |x(t) + ip(t)〉vib with the coherent state |α〉vib = exp(αb̂†n−α∗b̂n) |0〉vib
and the phase φ(t) due to the energy difference between states |0〉exc and |1〉exc. For
β 6= 0, 1, this is generally an entangled state, and the shape of the nuclear wave packet
(after tracing out the spin degree of freedom) is modified from the Gaussian shape,
dependent on β.

In order to numerically study the shape of Pn(xn, t) with our exact MPS method, we
define its tails by xn < xlthr and xn > xrthr, respectively. Here we choose a threshold
value such that the tails of a ground state molecule include one percent of the weight
η0 = {1 ± erf[x

l/r
thr]}/2 = 10−2, which corresponds to x

l/r
thr ≈ ∓1.6. We have confirmed

that the underlying physics is generally independent of the specific choice of η0 for
0.1 > η0 > 10−4, however the relative magnitude of the changes generally increases for
decreasing η0. We define the time-dependent tail weights:

ηl/r(t) = ∓
∑
n

∫ ∓∞

x
l/r
thr

dxn Pn(xn, t) . (9.8)

In a simplified reaction picture, ηl/r(t) may be related to a reaction probability, e.g. for
dissociation, if the coordinate x corresponds to the stretching of a critical bond in the
system [24].

Without cavity, we can analytically solve the dynamics of the tail weights. For an
initial single molecular excitation, the (N − 1) ground state molecules exhibit no dy-
namics, and the excited molecule oscillates between x1 = 0 and x1 = 2

√
2λ according

to x1(t) =
√
2λ[1 − cos(νt)]. The tails are then given by ηl/r(t) = (N − 1) × η0 + {1 ±

erf[x
l/r
thr−x1(t)]}/2, with erf(x) = 2

∫ x
0
dz exp(−z2)/

√
π the error function. This is shown

as gray dashed lines in Fig. 9.4.
The influence of cavity and disorder on the evolution of ηl/r(t) is shown in Fig. 9.4

for both an initial molecule excitation (Fig. 9.4a,b) and the cavity excitation scenario
(Fig. 9.4c,d). We first discuss the disorder-less case W = 0. For the molecule excitation
(light dash-dotted lines in Fig. 9.4a/b), we observe only a minimal modification from the
no-cavity case (gray dashed line). In contrast, for an initial cavity excitation (Fig. 9.4c/d,
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Figure 9.4. – Tail weight dynamics. a,b Time evolution of the cumulative left tail
weight ηl (a) and the right tail weight ηr (b) as defined in Eq. (9.8) for
an initial molecule excitation. The dark red solid line is the disorder-
averaged exact time evolution for W = gc/2, whereas the red dotted line
shows equivalent results computed with a product state approximation
[Eq. (9.7)]. The light red dash-dotted line displays the results for W = 0.
The grey dashed line is the no-cavity reference. c,d Results for an initial
cavity excitation with analogous line styles. The parameters are N = 100,
λ = 0.4, and ν = 0.3gc. Averaged over 256 disorder realizations.
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we find a strong suppression, in particular of the right tail weights due to the cavity.
This is a manifestation of the polaron decoupling [43].

For W = gc/2, in contrast, we find a distinctively different behavior. Focusing first
on the right tail, we observe that disorder on average leads to a reduction of the tail
at t ∼ π/ν compared to the no-cavity scenario, followed by an increase at later times,
seen in Figs. 9.4b,d. This effect is significantly more pronounced for an initial cavity
excitation (Fig. 9.4d) than for a molecule excitation (Fig. 9.4b). We attribute the dy-
namics observed in Fig. 9.4b/d to the out-of-phase oscillation of the different molecular
vibrations (cf. Fig. 9.3). It implies that reaction coordinates reach large values of xn at
different times and thus reduce the maximum weight of ηr at t ∼ π/ν, but lead to a
larger tail weight on average at later times. Importantly, we point again out that this
out-of-phase oscillation should be considered as a quantum coherent process, i.e. the
time-dependent state is a large superposition where the vibrational degrees of freedom
enter as linear superposition, as for the single molecule state |φβ〉, but with molecule
and time-dependent excitation fractions. The importance of vibrational entanglement
for modeling the exact dynamics of the nuclear distribution is strikingly illustrated by
the fact that product state simulations in Fig. 9.4 (dotted lines) fail to describe the
correct dynamics.

We note that when we consider a time integration of the right tail-weights, ηravg =∫ 2π/ν

0
dt ηr(t), i.e. the surface under the curves in Fig. 9.4b/d, we find that for large W ,

the exact ηravg approximately agrees with the no-cavity scenario. This phenomenon can
be rationalized by the fact that, although the excitation is time-dependently distributed
over many molecules, in total there still only approximately remains one molecular
excitation driving vibrational dynamics. Interestingly, this is not the case when time
integrating the left tail weight, ηlavg. In fact, this integrated weight increases significantly
compared to the no-cavity case, which highlights the importance of the broadening and
the non-Gaussian shapes of the nuclear distributions.

9.7. Parameter Scaling
Lastly we want to systematically investigate the importance of the effects introduced

in this paper as function of disorder strength W , vibronic coupling strength ∝ λ, and
molecule number N . In Fig. 9.5 we focus on the entanglement entropies and the right tail
weights at time t = 2π/ν (red: initial molecule excitation, blue: initial cavity excitation).
We find that the entanglement entropy Svib and the right tail weight ηr scale extremely
similarly with all parameters (comparing left a,c,e and right b,d,f panels in Fig. 9.5,
respectively). This confirms the close relation between both quantities. Furthermore, we
find that for sufficiently large λ and W , the product state approximation (dotted lines in
Fig. 9.5) breaks down completely and predicts only negligible modifications compared to
the exact MPS simulations. This coincides with large values of Svib, and thus underlines
the essential role of entanglement between electro-photonic and vibrational degrees of
freedom in the dynamics.
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Figure 9.5. – Parameter scaling. The left panels (a, c, e) show the entanglement
entropy Svib, while the right panels (b, d, f) show the right tail weight ηr
[defined in Eq. (9.8)] as a function of vibronic coupling strength λ (a, b),
disorder width W (c, d), and molecule number N (e, f), evaluated at time
t = 2π/ν. Red “×” symbols correspond to a molecular excitation, blue
“+” symbols correspond to a cavity excitation. The symbols represent
individual disorder realizations. The continuous line is a guide to the
eye through averages of all 256 disorder realizations. The dotted lines in
panels b, d, and f represent the disorder averaged product state results for
reference. η0 = 10−2 is the tail weight in the ground state. Parameters are
N = 100, ν = 0.3gc, λ = 0.4, and W = gc/2 unless specified.
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We observe that both Svib and ηr grow with λ (see Fig. 9.5a,b. As discussed above,
both entanglement and modifications to the right tail can be directly attributed to ĤH ,
which scales with λ [Eq. (9.4)]. For small disorder W < gc/2, i.e. in the strong coupling
regime, we find that increasing disorder results in an increase of entanglement entropies
and right tail weights (Fig. 9.5c,d), consistent with disorder enhanced excitation transfer.
Interestingly, Svib and ηr exhibit a peak between the weak and strong coupling limits.
It becomes only weakly dependent on W in the weak coupling regime, i.e. for W > gc.
This behavior and the clear difference between excitation scenarios exemplifies the rich
physics in the intermediate coupling regime.

Strikingly, we also observe different scaling behaviors with the molecule number N
between both initial states (Fig. 9.5e,f). For an individually excited molecule, the en-
tanglement and the right tail weight decrease for large N [we subtract the ground state
contribution (N − 1)η0 from the tail weight], in line with the analytical estimate for the
scaling of excitation transfer between molecules ∼ Wt/N in the strong coupling regime.
In contrast, for an initial cavity-excitation, the entanglement and tail weight remain ap-
proximately constant for large N . Here, the excitation transfer from cavity to molecules
occurs on the same timescale as Rabi oscillations, and the total amount of excitation
transferred is perturbatively given by W 2/g2c in the strong coupling regime, and thus to
first order independent of N . This further highlights the important distinction between
the two initial states, especially for large molecule numbers.

9.8. Conclusion and Outlook
In summary, we have analyzed the coherent femtosecond dynamics in a disordered

Holstein-Tavis-Cummings model after incoherent photo-excitation. This minimal model
features necessary ingredients for analyzing key quantum processes in polaritonic chem-
istry, including dynamics of electronic, vibrational, and photonic degrees of freedom [43].
Using a matrix product state approach we have simulated the exact quantum many-body
dynamics for realistic parameter regimes for mesoscopic system sizes. We have shown
that disorder-enhanced excitation transfer [49–51], both between the molecules and from
the cavity to molecules, leads to coherent out-of-phase oscillations of the individual vibra-
tional modes. Disorder thus strongly enhances the build-up of vibrational entanglement
and modifications of the time-dependent nuclear probability distributions, which are not
captured in a product state (mean-field Ehrenfest) picture where electronic and nuclear
degrees of freedom are treated as separable. We have highlighted that for large molecule
numbers, an initial excitation in the cavity leads to much larger modifications than an
initial molecular excitation. In general, disorder-enhanced entanglement is a remark-
able effect, since typically disorder is known to lead to a suppression of entanglement in
various quantum many-body models [58].

Our results have direct implications for understanding the role of collective and
quantum-mechanical effects in cavity modified chemistry. While approximations based
on wave-functions which are separable between the electronic and the vibrational Hilbert
space can provide useful insight in disorder-free systems, our work implies that the pres-
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ence of disorder leads to a breakdown of such approaches. Our work emphasizes that
for cavity-modified photo-chemistry with incoherent excitations, it is crucial to distin-
guish scenarios where the cavity or individual molecules are activated by the photon.
The observation of large-scale entanglement entropy build-up on very short femtosec-
ond timescales suggests that quantum effects can play an important role in polaritonic
chemistry experiments on timescales faster then the cavity-decay, and thus for exper-
imentally feasible cavities with quality factors of Q & 1000. Our work highlights the
general importance of disorder for understanding polaritonic chemistry [59–61].

In the future it will be interesting to consider more realistic molecular models, in-
cluding beyond-harmonic potential energy landscapes with more than one reaction co-
ordinate, and featuring chemical reactions e.g. via electron transfer between multiple
electronic levels, or conical intersections of energy surfaces. It will be interesting to ex-
tend our analysis to much longer times, when disorder enhanced transfer becomes even
more relevant [62]. Our numerical approach further allows to also access regimes with
multiple excitations, which will be an interesting regime to explore. Furthermore our
method can also easily include dissipative mechanisms, e.g. using a quantum trajectory
approach [63], which has been proposed to lead to further modifications of the involved
chemistry [31, 64–67], an interesting prospect for future research.
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Appendix

9.A. Matrix product state method
We write the time-dependent quantum state on the full electro-photonic-vibrational

Hilbert space in the form

|ψ(t)〉 =
∑

{in=0,1}

nvmax∑
{bn=0}

npmax∑
a=0

ci1,i2,...,iN ;b1,b2,...,bN ;a (9.9)

|i1, i2, . . . , iN〉exc ⊗ |b1, b2, . . . , bN〉vib ⊗ |a〉ph

Here, the different indices denote electronic excitation numbers for molecule n, in =
0, 1, the vibrational excitation number on molecule n, bn = 0, . . . , nvmax and the cavity
mode occupation number, a = 0, . . . , npmax. While in principle nv/pmax → ∞, in practice
the vibrational Hilbert space can be truncated at some reasonable occupation number.
For this work we found that to capture all relevant physics of the tails of the nuclear
coordinate distributions, nvmax = 10 is sufficient (see below). Due to our choice of initial
state and the conservation of

∑
n σ̂

+
n σ̂

−
n + â†â, furthermore we can set a photon cutoff at

nvmax = 1 without any approximation. For N = 100 molecules, this implies a full Hilbert
space size of 11N2N+1 & 10134, clearly out of reach for any classical computer memory. In
order to still make the high-dimensional complex state tensor c amenable for storage in
computer memory, we utilize a decomposition into products of smaller tensors, a matrix
product state (MPS) [46]. In particular we utilize an MPS with 2N + 1 tensors:

ci1,i2,...,iN ;b1,b2,...,bN ;a = (9.10)
χ∑

α1,...,α2N=1

Γ[p];α0,α1
a

N∏
n=1

(
Γ
[n];α2n−1α2n

in
Γ
[v];α2nα2n+1

bn

)
.

Here we introduced 3-dimensional tensors for the photonic, electronic and vibrational
degrees of freedom, Γ[p];α0α1

a , Γ[n];αmαm+1

in
, and Γ

[v];αmαm+1

bn
, respectively. The tensors are

connected by the virtual indices αm with m = 0, . . . , 2N + 1 and bond dimension χ
(except for the edge indices, which are trivially α0 = α2N+1 = 1). The MPS can be
brought, and updated, in a canonical form. Then, the virtual indices αm correspond to
an orthonormal basis, which is the eigenbasis of the reduced density matrix of the two
blocks that the index connects [46]. This effectively limits the entanglement entropy
between the two blocks to < log2(χ). For the MPS decomposition to become exact,
one would need to choose very large values for χ ∼ exp(N). However, limiting χ
to computationally treatable magnitudes allows to effectively simulate dynamics on a
truncated Hilbert space with restricted entanglement. In our simulations, we verified
that all results converge with increasing χ, and therefore that our simulations capture
all necessary entanglement and are quasi-exact. In practice, we use χ = 128 for all
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plots (see below for convergence plots). In our MPS form, tensors can be updated using
the time-evolving Block decimation (TEBD) algorithm [69]. Then, HTC coupling terms
can be incorporated with “nearest-neighbor” gate updates, while cavity-couplings can
be incorporated using index-swap gates between the tensors and nearest-neighbor gates.
In practice, we choose a second order TEBD decomposition of the Hamiltonian with
a time step of gc/100, which we have verified to be sufficiently small for errors due
to a finite time step to be negligible (see Appendix). In case of spin-boson dynamics,
TEBD in combination with swap gates have been previously shown to exhibit very well
behaved convergence, which are preferable compared to updates that use variational
concepts [63]. Similarly, in order to compute Svib we re-organize all vibrational degrees
of freedom into a single block (using swap gates) and compute the entropy over the
virtual index into that block. The excitation number conservation can be exploited to
enhance the efficiency of tensor contractions and decompositions.

9.B. Dark state contribution to |ψm0 〉 without disorder
The eigenstates of ĤTC are given by two polaritons |±〉 = â†/

√
2±
∑

n σ̂
+
n /
√
2N |0〉exc+ph,

andN−1 degenerate dark states, for which any orthonormal basis ofHph⊗Hexc that does
not contain the polaritons may be chosen. The most straightforward way to compute
the dark state contribution of a state |ψ〉 is thus

∑
d |〈d|ψ〉|

2 = 1− |〈+|ψ〉|2 − |〈−|ψ〉|2.
We find

∑
d|〈d|ψm0 〉|2 = 1− 1/N .

9.C. Perturbative photo-contribution to the dark states
In this section, we compute the photo-contribution to the dark states perturbatively

in the regime gc � W, ν, λν. Starting from the analytically solvable Hamiltonian
Ĥ0 = ĤTC + Ĥvib given by Eqs. (9.2) and (9.3) of the main text, we compute the
perturbative corrections to the photo-contribution of the polaritons. The perturba-
tive photo-contribution to the dark states can then be computed as

∑
d|〈d|1〉ph|2 =

1− |〈+|1〉ph|2 − |〈−|1〉ph|2, analogous to the previous section.
The eigenstates of Ĥ0 are product states of the eigenstates of ĤTC and the eigenstates

of Ĥvib, because the two sub-spaces remain uncoupled. The eigenstates of ĤTC are
the two polaritons |±〉 and the N − 1 degenerate dark states, for which we choose a
momentum basis |k〉 =

[∑N
n=1 exp(−2πikn/N)σ̂+

n /
√
N
]
|0〉exc+ph. The eigenstates of

Ĥvib are Fock states (
∏

n (̂b
†
n)
in/
√
in!) |0〉vib with in vibrational excitations on the n-th

molecule.

Disorder
We first compute the perturbative corrections due to disorder Ĥdis, only. In this case,

the vibrations are not entangled with the photo-electronic degrees of freedom, and we
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can restrict the perturbative analysis to the photo-electronic degrees of freedom, only.
The second order corrections to the states |±〉 are given by [70]

|±〉 =
∣∣±(0)

〉
+
∣∣±(1)

〉
+
∣∣±(2)

〉
+O(W 3/g3c ) (9.11)〈

ψ(0)
∣∣φ(1)

〉
=

{
0 for ψ = φ〈

ψ(0)
∣∣Ĥdis

∣∣φ(0)〉
E

(0)
φ −E(0)

ψ

else (9.12)

〈
ψ(0)

∣∣φ(2)
〉
=


−1

2

∑
η 6=φ

〈
ψ(0)

∣∣Ĥdis

∣∣η(0)〉〈η(0)∣∣Ĥdis

∣∣φ(0)〉(
E

(0)
φ −E(0)

η

)2 for ψ = φ∑
η 6=φ

〈
ψ(0)

∣∣Ĥdis

∣∣η(0)〉〈η(0)∣∣Ĥdis

∣∣φ(0)〉(
E

(0)
φ −E(0)

η

)(
E

(0)
φ −E(0)

ψ

) −
〈
ψ(0)

∣∣Ĥdis

∣∣φ(0)〉〈φ(0)∣∣Ĥdis

∣∣φ(0)〉(
E

(0)
φ −E(0)

ψ

)2 else

(9.13)

with
∣∣ψ(0)

〉
and E(0)

ψ the eigenstates and eigenenergies for W = 0, and
∣∣ψ(n)

〉
the correc-

tions to the eigenstates at order (W/gc)
n. We find〈

∓(0)
∣∣±(1)

〉
= ∓ ε̃0

4gc
, (9.14)〈

k(0)
∣∣±(1)

〉
= ± ε̃k√

2gc
, (9.15)

〈
±(0)

∣∣±(2)
〉
= − |ε̃0|

2

32g2c
−

N−1∑
k=1

|ε̃k|2

4g2c
, (9.16)

〈
∓(0)

∣∣±(2)
〉
= −

N−1∑
k=1

|ε̃k|2

4g2c
, (9.17)

with ε̃k = [
∑N

n=1 exp(2πikn/N)εn]/N the Fourier transform of the random energies.
Using |1ph〉 = (

∣∣+(0)
〉
+
∣∣−(0)

〉
)/
√
2, we find further

|〈1ph|±〉|2 =
1

2
∓ ε̃0

4gc
− 1

2

N−1∑
k=1

|ε̃k|2

g2c
+O

[
(ε̃/gc)

3
]
. (9.18)

and finally for the photon weight of the dark states∑
d

|〈1ph|d〉|2 =
N−1∑
k=1

|ε̃k|2

g2c
. (9.19)

Until here, the results are independent of the specific disorder model. We now assume
that the energies εi are distributed according to a Gaussian with mean zero and standard
deviation W . Then, we can further use that the discrete Fourier transform of a set of
N Gaussian random variables is a set of N complex Gaussian random variables with
real and imaginary part mean zero and standard deviation W/

√
2N , as can be straight-

forwardly shown by Fourier transforming the definition of P (ε̃k). Taking the disorder
average leaves us with∑

d

|〈1ph|d〉|2 =
(N − 1)W 2

Ng2c
+O(W 3/g3c )

N→∞−−−→ W 2

g2c
. (9.20)
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Vibronic coupling

We now proceed to compute the corrections due to vibronic coupling ĤH for W = 0.
ĤH couples states with different numbers of vibrations, so that we need to take the vibra-
tions into account explicitly. We write the states as |ψ〉 = |ψexc+ph, nvib, v1, . . . , vnvib

〉 ≡
N |ψexc+ph〉

∏nvib

i=1

∑
n exp(2πivin/N)b̂†n |0〉vib, where ψexc+ph = ±, k is the state in the

electro-photonic sub-space, nvib is the number of vibrations, and vi is the Fourier mode
of the vibration and N is a normalization factor. We are specifically interested in the
contribution of the initial state |ψc0〉 = |1ph, 0〉 to the dark states. Plugging ĤH instead
of Ĥdis into Eqs. (9.11) to (9.13), we find

〈
±(0), 1, 0

∣∣±(1), 0
〉
=

λ

2
√
N
, (9.21)〈

∓(0), 1, 0
∣∣±(1), 0

〉
=

±λν
2
√
N(2gc ∓ ν)

, (9.22)

〈
k(0), 1,−k

∣∣±(1), 0
〉
=

−λν√
2N(gc ∓ ν)

, (9.23)

〈
±(0), 0

∣∣±(2), 0
〉
= − λ2

8N
− λ2ν2

8N(2gc ∓ ν)2
− (N − 1)λ2ν2

4N(gc ∓ ν)2
, (9.24)

〈
∓(0), 0

∣∣±(2), 0
〉
= ± λ2ν

8Ngc
− λ2ν2

8Ngc(2gc ∓ ν)
− (N − 1)λ2ν2

4N(gc ∓ ν)gc
, (9.25)

〈
±(0), 0

∣∣±(2), 2, 0, 0
〉
=

√
2λ2

8N
±

√
2λ2ν

8N(2gc ± ν)
, (9.26)

〈
±(0), 0

∣∣±(2), 2, k,−k
〉
= ± λ2ν

4N(gc ± ν)
, (9.27)

〈
∓(0), 0

∣∣±(2), 2, 0, 0
〉
= ∓

√
2λ2ν

8N(gc ± ν)
−

√
2λ2ν2

8N(2gc ± ν)(gc ± ν)
, (9.28)

〈
∓(0), 0

∣∣±(2), 2, k,−k
〉
= − λ2ν2

4N(gc ± ν)2
, (9.29)〈

±(0), 0
∣∣±(1), 1, 0

〉
= − λ

2
√
N
, (9.30)〈

∓(0), 0
∣∣±(1), 1, 0

〉
= ± λν

2
√
N(2gc ± ν)

. (9.31)
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Analogous to above, we can compute the dark state amplitude of the state |1ph, 0〉
including an arbitrary number of vibrations as∑

d

|〈1ph, 0|d〉|2 = 1− |〈1ph, 0|+, 0〉|2 − |〈1ph, 0|+, 1, 0〉|2 − |〈1ph, 0|+, 2, 0, 0〉|2

−
∑
k

|〈1ph, 0|+, 2, k,−k〉|2

− |〈1ph, 0|−, 0〉|2 − |〈1ph, 0|−, 1, 0〉|2 − |〈1ph, 0|−, 2, 0, 0〉|2

−
∑
k

|〈1ph, 0|−, 2, k,−k〉|2 . (9.32)

Using |1ph, 0〉 = (
∣∣+(0), 0

〉
+
∣∣−(0), 0

〉
)/
√
2, the only non-vanishing term for large N reads

|〈1ph, 0|±, 0〉|2 =
1

2
− λ2ν2

4(gc ∓ ν)2
− λ2ν2

4(gc ∓ ν)gc
+O

[
(λν/gc)

3
]
. (9.33)

As a result, the photo-contribution to the dark states is approximately

∑
d

|〈1ph|d〉|2 ≈
λ2ν2

4(gc ∓ ν)2
+

λ2ν2

4(gc ∓ ν)gc
≈ λ2ν2

2g2c
, (9.34)

where we used ν � gc in the last step.

9.D. Excitation Transfer Estimates
In the following, we derive analytical estimates for excitation transfer away from the

initially excited molecule for the initial state |ψm0 〉 = σ̂+
1 |0〉 (see main text). We consider

disorder induced transfer only, i.e. we set λ = 0. We further restrict the analysis to the
perturbative case by assuming W � gc.

W = 0

We start by analyzing the disorder-free scenario. For W = λ = 0, the electro-photonic
state evolves with the Tavis-Cummings Hamiltonian ĤTC, only. By diagonalizing ĤTC =
(gc |+〉 〈+| − gc |−〉 〈−|), we compute the time-dependent excitation probability of the
initially excited molecule

〈σ̂+
1 σ̂

−
1 〉(t) = 〈0| σ̂−

1 exp
(
iĤTCt

)
σ̂+
1 σ̂

−
1 exp

(
−iĤTCt

)
σ̂+
1 |0〉

=
(N − 1)2

N2
+

2(N − 1)

N2
cos(gct) +

1

2N2
+

1

2N2
cos(2gct) (9.35)

= 1 +
2

N
[cos(gct)− 1] +O

(
1

N2

)
. (9.36)
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9.D.1. W > 0

In the following we compute the excitation probability of the initially excited molecule
for finite disorder. Here, we choose a box disorder model, because the finite probability
for a single molecule to have extreme energies (i.e. εi > +gc or εi < −gc) adds significant
complexity to the analytical treatment. In particular, we assume a uniform probability
P (εi) = 1/(2W ) for −W < εi < W , and P (εi) = 0 otherwise. We do not expect this
choice for P (εi) to modify the overall scaling of our results with respect to the Gaussian
choice in the rest of the paper.

In order to compute the time-dependent excitation probability of the first molecule,
we treat the cavity coupling of the first molecule g(σ̂+

1 â+ σ̂−
1 â

†) as a perturbation. The
unperturbed Hamiltonian is given by Ĥ0 = ĤTC + Ĥdis − g(σ̂+

1 â + σ̂−
1 â

†). In this case,
the perturbation condition becomes that the single molecule coupling g is smaller than
the energy differences between different states, which is on the order of ∼ W for most
pairs of states. As g = gc/

√
N becomes very small for large N , this condition is fulfilled

for most energy levels. However, a few resonant energy levels do typically not fulfill this
condition, with implications discussed below.

One eigenstate of Ĥ0 is the initial state
∣∣1(0)〉 ≡ |ψm0 〉. For W < gc, the other

eigenstates can be classified as polaritons and dark states. Although we cannot compute
these states exactly, we can make sufficient statements about their statistics [49, 51, 62]
to compute the time evolution of 〈σ̂+

1 σ̂
−
1 〉. In particular, we can perturbatively compute

their average photo contribution for W < gc and large N as in the previous section. We
find |〈1ph|+〉| ≈ 1/2 −W 2/(24g2c ) and |〈1ph|di〉|2 ∼ W 2/(12Ng2c ), where the additional
factor of 12 comes in due to the different disorder model. The eigenstates of Ĥ0 are thus∣∣1(0)〉 = σ̂+

1 |0〉 , (9.37)∣∣±(0)
〉
=

[√
1−W 2/(12g2c )

2
â† ±

N∑
n=2

b±n σ̂
+
n

]
|0〉 , (9.38)

∣∣∣d(0)i 〉 =

[
W√
12Ng

â† +
N∑
n=2

c(i)n σ̂
+
n

]
|0〉 , (9.39)

where we took the disorder-average of the photon-contribution on the state level. This
approximation may be valid due to self-averaging for sufficiently large N , and it is
validated by the agreement of the final results with the numerical simulations. The b±n
and c(i)n are constants that determine the excitation probability of the specific molecules
and are not needed in the following. The corresponding eigenenergies are

E
(0)
1 = ε1 , (9.40)

E
(0)
± = ±gc , (9.41)

E
(0)
d,i ≡ Ei , (9.42)

where the dark state energies Ei follow the same distribution as the random molecular
excitation energies [51].
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Importantly, all states
∣∣±(0)

〉
and

∣∣∣d(0)i 〉 have no excitation probability for the first
molecule. As a result, there are no corrections to the eigenenergies at first order. The
perturbative corrections to the states are

∣∣1(1)〉 = √
1−W 2/(12g2c )g√

2(ε1 − gc)
∣∣+(0)

〉
+

√
1−W 2/(12g2c )g√

2(ε1 + gc)

∣∣−(0)
〉

+
∑
i

W√
12N(ε1 − Ei)

∣∣∣d(0)i 〉 , (9.43)∣∣∣d(1)i 〉 =
W√

12N(Ei − ε1)
∣∣1(0)〉 , (9.44)

∣∣±(1)
〉
=

√
1−W 2/(12g2c )g√
2(±gc − ε1)

∣∣1(0)〉 , (9.45)

〈
1(0)
∣∣1(2)〉 = −1

2

〈
1(1)
∣∣1(1)〉 . (9.46)

Here, unphysical divergences appear for the resonance condition ε1 → Ei. These are re-
lated to the perturbation assumption g � |ε1 − Ei|. We will deal with these divergences
below.

The time evolution is computed as

〈σ̂+
1 σ̂

−
1 〉(t) = 〈ψm0 | exp

(
iĤt
)
σ̂+
1 σ̂

−
1 exp

(
−iĤt

)
|ψm0 〉

=
〈
1(0)
∣∣ exp(iĤt) ∣∣1(0)〉 〈1(0)∣∣ exp(−iĤt) ∣∣1(0)〉 . (9.47)

We expand exp(iĤt) =
∑

ψ |ψ〉 〈ψ| exp(iEψt) and keep terms only up to second order in
W . We furthermore ignore second order corrections to the energies, which would lead
to higher order corrections of the final result. We find〈

1(0)
∣∣1〉 exp(iε1t) 〈1∣∣1(0)〉 =[

1− g2c −W 2/12

2N(ε1 − gc)2
− g2c −W 2/12

2N(ε1 + gc)
2 −

∑
i

W 2

12N2(ε1 − Ei)2

]
exp(iε1t) , (9.48)

〈
1(0)
∣∣±〉 exp(±igct) 〈±∣∣1(0)〉 = g2c −W 2/12

2N(±gc − ε1)2
exp(±igct) , (9.49)

〈
1(0)
∣∣di〉 exp(iEit) 〈di∣∣1(0)〉 = W 2

12N2(ε1 − Ei)2
exp(iEit) . (9.50)

These terms lead to oscillations of the energy between the initially excited molecule
and the other states at frequencies gc ± ε1 for the polaritons, and Ei − ε1 for the dark
states, respectively. The combined effect of the slightly out-of-phase oscillations of the
large number of dark states leads to an effective dephasing and a resulting unidirectional
transfer of energy away from the initially excited molecule on timescales analyzed in the
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paper. This behavior can be computed as∑
i

〈
1(0)
∣∣1〉 exp(iε1t) 〈1∣∣1(0)〉 〈1(0)∣∣di〉 exp(iEit) 〈di∣∣1(0)〉+ h.c.

=
∑
i

W 2

6N2(Ei − ε1)2
cos[(Ei − ε1)t] . (9.51)

We finally take the disorder average Ei →
∫
dE/W to find:

N × W

6N2

∫ W/2

−W/2
dE

cos[(E − ε1)t]
(E − ε1)2

=
Wt

6N

∫ (W/2−ε1)t

(−W/2−ε1)t
d∆

cos(∆)

∆2
, (9.52)

where we substituted (E − ε1)t → ∆. Note that again an unphysical divergence arises
due to the perturbation assumption g2 � (Ei − ε1)

2, which we ignore here as we are
only interested in the overall scaling behavior. As the integrand scales like 1/∆2, the
integral becomes time independent for diverging boundaries, i.e. sufficiently large t. In
this case, the population of the first state evolves like 1− 〈σ̂+

1 σ̂
−
1 〉 ∼ Wt/N in addition

to Rabi-oscillations. By straightforwardly evaluating all other terms we find that this
term is indeed the largest contribution to the energy transfer. Botzung et al. [49] derived
similar results in the long time limit for N →∞.

9.E. Convergence of MPS simulations
Fig. 9.6 shows the time evolution of Svib, the phase space evolution, and ηr computed

with increasing bond dimension χ for a single disorder realization. We find that the
vibrational entanglement Svib generally reaches larger values for larger χ < 128, and
for χ = 128, 256, 512 the data points overlap perfectly. This indicates convergence for
χ = 128. For both the phase space evolution and the right tail the trajectories overlap
for χ > 16 (χ > 8 for a molecular excitation), indicating much faster convergence for
these observables. We attribute the slow convergence of Svib with χ to the large number
of swap operations ∼ N2 and the unfavorable MPS structure when computing Svib.

Fig. 9.7 shows the time evolution of the same observables computed using different
time steps dt used in the second order sweep. All lines overlap, indicating that conver-
gence is already reached for dt = 0.2. The small differences in the final data points are
rounding errors ∼ dt for the choice of final time.

Fig. 9.8 shows the time evolution of the same observables computed with different
cutoffs for the number of vibrational excitations per molecule nvmax. We find again that
all lines overlap, indicating convergence for nvmax > 6.
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Figure 9.6. – Convergence with the bond dimension χ. a,b Time evolution of
the vibrational entropy Svib for an initial molecular (left, red) or cav-
ity (right, blue) excitation. Darkness indicates χ on a log-scale (χ ∈
{2, 4, 8, 16, 32, 64, 128, 256, 512}). Trajectories already fully overlap for for
χ ≥ 128 indicating convergence. In a,b, the lines are a guide to the eye,
whereas in c-f the lines represent additional data points. c,d Phase-space
evolution of a single molecule. Same color-code as in a,b. e,f Time evolu-
tion of the right tail weight ηr (see paper for definition). Same color-code
as in a,b. Parameters for all plots: N = 100, λ = 0.5, ν = 0.3gc, W = gc/2,
dt = 0.01, nvmax = 10. Results for a single disorder realization.
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9.E. Convergence of MPS simulations

Figure 9.7. – Convergence with the time step dt of the simulation. a,b Time
evolution of the vibrational entropy Svib for an initial molecular (left, red)
or cavity (right, blue) excitation. Darkness indicates dt on a log-scale
(dt × gc ∈ {0.2, 0.1, 0.04, 0.02, 0.01, 0.005, 0.0025}). Fully overlapping tra-
jectories indicate convergence for dt < 0.2. In a,b, the lines are a guide
to the eye, whereas in c-f the lines represent additional data points. c,d
Phase-space evolution of a single molecule. Same color-code as in a,b. e,f
Time evolution of the right tail weight ηr (see paper for definition). Same
color-code as in a,b. Parameters for all plots: N = 100, λ = 0.5, ν = 0.3gc,
W = gc/2, χ = 128, nvmax = 10. Results for a single disorder realization.
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Figure 9.8. – Convergence with the maximum number of vibrations nvmax. a,b
Time evolution of the vibrational entropy Svib for an initial molecular (left,
red) or cavity (right, blue) excitation. Darkness indicates nvmax. (nvmax ∈
{6, 8, 10, 12}). Overlapping of the trajectories indicates convergence for
nvmax > 6. In a,b, the lines are a guide to the eye, whereas in c-f the lines
represent additional data points. c,d Phase-space evolution of a single
molecule. Same color-code as in a,b. e,f Time evolution of the right tail
weight ηr (see paper for definition). Same color-code as in a,b. Parameters
for all plots: N = 100, λ = 0.5, ν = 0.3gc, W = gc/2, χ = 128, dt = 0.01.
Results for a single disorder realization.
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10. Multi-Excitation Holstein Tavis
Cummings Model

In this chapter, the Holstein-Tavis-Cummings model is analyzed for multiple excita-
tions. This chapter is very similar to the previous one, however without any disorder.
Section 10.1 provides a short introduction of the system that is analyzed and gives an
overview over the main results. In Section 10.2, the different methods used to approx-
imate the dynamics are introduced. Then, the exact and approximate dynamics of the
vibrations, excitations, and entanglement are discussed in Section 10.3. The regimes of
validity of these methods are determined in Section 10.4. Large system sizes are then
analyzed using the approximations in Section 10.5. Finally, Section 10.6 concludes this
chapter.

10.1. Introduction
A series of breakthrough experiments in the group of Thomas Ebbesen in Strasbourg

have demonstrated that chemical reactions can be modified by coupling electronic [1] or
vibrational [2, 3] molecular transitions to a cavity mode. Understanding this effect has
been a longstanding theoretical challenge, which is complicated by the large number of
photonic, electronic, and vibrational degrees of freedom.

In the previous chapters, I have introduced the Holstein-Tavis-Cummings model as a
toy mode for describing electronic strong coupling experiments, and I have summarized
previous numerical studies. So far, most research in polaritonic chemistry (experimental,
numerical, and analytical) is focused on the low excitation regime. In this regime,
polaritons are well described as bosonic quasi-particles. This can be seen e.g. from the
commutator [p̂±, p̂†±] = 1/2−Ŝz/N with p̂± = â/

√
2±Ŝ−/

√
2N the polariton annihilation

operators, which is approximately 1 for small excitation fractions. Ŝ±,z =
∑
σ̂±,z are the

collective spin operators for single spin raising, lowering, and z operators σ̂±,z. Then,
if the excitations do not interact, as is typically the case for organic materials, neither
do the polaritons [4]. Physically speaking, exciting the symmetric mode multiple times
is possible without corrections for large ensembles of molecules, since each molecule
individually has a low excitation probability.

However, if the excitation probability becomes large, saturation effects become rele-
vant, in other words, the polaritons effectively interact [4–7]. This type of saturation
effects has been argued to be a source of the blue shift in organic polariton conden-
sates [4, 8], where excitation fractions up to 6% have been reported [8]. At the same
time, vibrational strong coupling experiments have reached excitation fractions of up to
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40% [9, 10].

I analyze the multi-excitation dynamics in the Holstein-Tavis-Cummings model, which
was introduced in detail in Chapter 7. The Hamiltonian is given by [11, 12] (~ = 1)

ĤHTC = ∆â†â+ g

N∑
n=1

(
σ̂+
n â+ σ̂−

n â
†)+ ν

N∑
n=1

b̂†nb̂n − λν
N∑
n=1

σ̂+
n σ̂

−
n

(
b̂n + b̂†n

)
. (10.1)

Here, ∆ is the detuning between cavity and electronic transition, g is the single molecule
cavity coupling strength, ν is the vibrational frequency, and λ is the square root of the
Huang-Rhys factor. We further label ĤTC = ∆â†â + g

∑N
n=1(σ̂

+
n â + σ̂−

n â
†), Ĥvib =

ν
∑N

n=1 b̂
†
nb̂n, and ĤH = −λν

∑N
n=1 σ̂

+
n σ̂

−
n (b̂n + b̂†n). We also define the dimensionless

vibrational position and momentum operators x̂n = (b̂n + b̂†n)/
√
2 and p̂n = −i(b̂n −

b̂†n)/
√
2, respectively.

The short-time dynamics is analyzed after an initial excitation of Nexc molecules, with
N −Nexc molecules remaining in the ground state

|ψ(t = 0)〉 =

(
Nexc∏
i=1

σ̂+
i

)
|0〉ph ⊗ |0〉exc ⊗ |0〉vib . (10.2)

Here, |0〉ph is the vacuum state of the cavity, the state |0〉exc indicates that all electrons are
in the ground state, and |0〉vib is the non-displaced vibrational ground state. This initial
state is illustrated in Figure 10.1(a). Such states could be experimentally prepared by
starting from a ground state ensemble, and then instantaneously pumping Nexc molecules
in the excited state, e.g. by a π/2 laser pulse or by an incoherent light pulse much shorter
than any time scale of the system. If the laser pulse overlaps with the all molecules,
then Nexc = N , whereas if it only overlaps with a part of the molecules, Nexc < N .
An incoherent light pulse will not create a state with well-defined Nexc, but rather an
incoherent mixture with different Nexc, which evolve independently.

In the analysis, I focus on the vibrational dynamics, which is chemically relevant, and
on the entanglement between the different subsystems, which is important for numerical
simulations (see Chapter 4). This is illustrated in Figure 10.1(b), where the system is
split into photonic, electronic, and vibrational degrees of freedom, which can be entan-
gled with each other. The entanglement of a bipartition into subsystems X and X̄ for a
pure state |ψ〉 can be quantified by the von Neumann entropy of either subsystem [13, 14]

SX = −Tr[ρ̂X log2(ρ̂X)] , (10.3)
ρ̂X = TrX̄ |ψ〉 ψ̄ . (10.4)

Here, TrX̄ indicates the partial trace over the degrees of freedom of that subsystem.
I find that the vibrational dynamics is reduced compared to the no-cavity scenario [see

Figure 10.1(c)]. I relate this to a reduced excitation fraction, as shown in Figure 10.1(d).
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10.1. Introduction

Figure 10.1. – Overview of the setup. (a) Schematic setup and initial state. (b) Il-
lustration of the degrees of freedom and the entanglement entropies Sph

and Svib. (c) Phase space evolution in the different models, in units of
the zero-point motion. For comparison, also the no cavity line is shown
(grey dash-dotted) (d) Excitation number in the different models. The
Rotating Polariton Approximation treats the excitation as constant. (e)
Evolution of the entanglement entropy of different partitions of the sys-
tem.
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Finally, I show that in a large parameter regime, the entanglement between vibrational
and electro-photonic degrees of freedom remains small [Figure 10.1(e)]. Based on this
observation, a product state between vibrational and photonic degrees of freedom can be
assumed, and I show that this assumption reproduces the excited state and vibrational
dynamics well, as can be seen in Figures 10.1(c/d). In addition, by averaging out the
fast excited state oscillations, I implement the rotating polariton approximation (RPA),
which correctly predicts the reduction of the vibrational dynamics, but cannot reproduce
its details.

The small vibrational entanglement is related to the permutations symmetry of dif-
ferent molecules, which keeps the Hilbert space small. This symmetry is also used for
efficient simulations. Partially breaking this permutation symmetry due to excitation
of only a subset of molecules then significantly enhances the entanglement. Ultimately,
these results together with works on disorder enhanced transport in cavities [15, 16] moti-
vated us to investigate energetic disorder as a means of breaking permutation symmetry.
This is the topic of the next chapter.

This is a toy model, which does not capture all relevant effects. In particular, any
dissipation or dephasing is neglected. This is realistic for cavities with a sufficiently large
quality factor, such as distributed Bragg reflectors [17, 18]. I also neglect any symmetry
breaking effects between the molecules caused by molecular orientations, interactions,
and spatial distribution, such as local cavity coupling constants or inhomogeneous broad-
ening [15, 16, 19–21], the latter of which is analyzed in Chapter 9.

10.2. Methods
Matrix Product States

In order to simulate the dynamics exactly, I use a simulation based on matrix product
state (MPS), which were introduced in Chapter 4. In particular, the system is mapped
to a chain with the cavity on the first site on the left, followed by the electronic and
vibrational degrees of freedom of each molecule directly next to each other shown in
Figure 10.2. In this layout, the vibronic coupling ĤH can be implemented directly, and
the cavity coupling ĤTC can be included by swapping the cavity through the system as
indicated in Figure 10.2(b).

This simulation was implemented by Dr. Johannes Schachenmayer analogous to simu-
lations of vibrations in ion-arrays [22]. For each molecule n, first the gate corresponding
to the photo-electronic interaction is applied, and then the gate corresponding to the
vibronic interaction. Subsequently, the cavity is swapped with both sites corresponding
to the nth molecule, and the procedure is repeated with the (n + 1)th molecule. Upon
reaching the Nth molecule, the process is reversed, swapping the cavity back and ap-
plying first vibronic and then photo-electronic gates. This is a second order algorithm
in the time step.

In order to compute the entanglement entropies of a sub-system, the respective sub-
system is swapped to one end of the chain. The entanglement entropy of the respective
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10.2. Methods

Figure 10.2. – Schematic illustration of the MPS algorithm. (a) Default layout of the
MPS. The cavity site is labeled by C and drawn in green, the site corre-
sponding to the electronic degree of freedom of the nth molecule is labeled
by En and drawn in orange, and the corresponding nth vibrational degree
of freedom is blue labeled by Vn. (b) The cavity gates are implemented
by swapping the cavity to the corresponding excitation (indicated by
the green arrows) and then applying the corresponding gate for half a
timestep (red). After reaching the last site, the cavity is swapped back
and the other half of the timestep is applied (not shown). (c) MPS layout
used to compute the entanglement entropy Svib.
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subsystem is then the bipartite entropy at the respective cut of the chain. This is
schematically illustrated in Figure 10.2(c) for the vibrational and photonic entangle-
ment. The electronic entanglement is computed by swapping the cavity to the center
of the chain in this configuration. As a side-note: In order to reach the configuration
shown in Figure 10.2(c), O(N2) swaps are necessary, making the entropy calculation the
bottleneck of the simulation for large N .

Product State Approximation
Alternatively, any type of entanglement between the vibrational Hilbert space Hvib

and the rest of the system can be directly neglected by making the product state ansatz
|ψ〉 = |ψ〉ph+exc |ψ〉vib. Beyond the numerical observation of low vibrational entangle-
ment, this is motivated by previous results predicting that the coupling between spins
and vibrations is reduced to ∼ λν/(2

√
N) in the collective strong coupling regime for

perturbative λν in the single excitation limit [12]. Assuming these results are also valid
in the multi-excitation regime, for not too large λν [23], the entanglement between vi-
brational and electro-photonic degrees of freedom should remain small. The equations
of motion then become:

∂t |ψ〉ph+exc = −i
〈
Ĥ
〉
vib
|ψ〉ph+exc (10.5)

= −i

(
ĤTC −

√
2λν

∑
n

〈x̂n〉 σ̂+
n σ̂

−
n

)
|ψ〉ph+exc (10.6)

∂t |ψ〉vib =
〈
Ĥ
〉
ph+exc

|ψ〉vib (10.7)

= −i

(
Ĥvib −

√
2λν

∑
n

〈
σ̂+
n σ̂

−
n

〉
x̂n

)
|ψ〉vib (10.8)

With the partial or “mean-field” expectation values 〈Ô〉X ≡ 〈ψ|X Ô |ψ〉X.
In principal, the dimensions of both |ψ〉ph+exc and |ψ〉vib still scale exponentially with

the system size, which would make a direct simulation of Equation (10.6) and (10.8)
intractable for large N . However, this complexity is significantly reduced by the per-
mutation symmetry of the Hamiltonian Equation (10.1) and the partial permutation
symmetry of the initial state in Equation (10.2) with respect to the initially excited and
ground state molecules.

First, consider a fully excited initial stateNexc = N . In this case, both the Hamiltonian
and the initial state are symmetric with respect to the exchange of any two molecules
n and n′. As a consequence, the states |ψ〉exc and |ψ〉vib remain permutation symmetric
at all times. For the electronic subspace, these states were introduced as Dicke states
in Chapter 3, which are uniquely defined by the spin-z-component of the collective
spin M (with J = N/2). As the number of electro-photonic excitations is conserved,
this excitation number immediately defines the photon number N/2 − M , and thus
the state |ψ〉ph+exc. In the vibrational state |ψ〉vib, only the symmetric vibrational mode
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(
∑

n b̂n)/
√
N is populated. This can be directly seen from Equation (10.8), since 〈σ̂+

n σ̂
−
n 〉

is independent of n. Furthermore, Equation (10.8) simply describes a displaced harmonic
oscillator potential. Since the initial state is a coherent state (in particular, the un-
displaced vibrational vacuum state), the vibrational state always remains coherent and
is well described by just two real numbers, its position and momentum. The resulting
state |ψ〉ph+exc ⊗ |ψ〉vib is thus described by just N + 2 complex numbers.

For Nexc < N , the initial state is only symmetric with respect to a permutation
of molecules n and n′ if either both n, n′ ≤ Nexc or both n, n′ > Nexc. Due to this
permutation symmetry, two Dicke states and two coherent states (one for each the
initially excited and initial ground state manifold) are needed to fully describe the states
|ψ〉ph+exc and |ψ〉vib, respectively. The details of how to write the states and operators
in this basis are given in Appendix 10.B.

This method is equivalent to the mean-field Ehrenfest method, which has been pre-
viously used to simulate molecular dynamics in the strong coupling regime in the low
excitation limit [24, 25]. There, in addition to the product state assumption, the nuclear
dynamics is treated classically, which however does not modify the result for a coherent
state in a harmonic oscillator, as analyzed here.

Rotating Polariton Approximation
If the states |ψ〉ph+exc oscillate at a much higher frequency than the vibrations |ψ〉vib

— this corresponds to the limit
√
Ng � ν, λν — one can additionally assume that the

vibrational dynamics depends only on the time averaged exciton number. In particular,
the term 〈σ̂+

n σ̂
−
n 〉 in Equation (10.8) can be replaced by its time average 〈σ̂+

n σ̂
−
n 〉. For-

mally, this approximation can be derived analogous to the rotating wave approximation
in quantum optics. Here we closely follow the derivation given in Reference [26].

Starting from the full Hamiltonian in Eq. (10.1), we transform into the interaction
picture with respect to ĤTC by applying the unitary transform U = exp

(
−iĤTCt

)
so

that

|ψint〉 = U−1 |ψ〉 , (10.9)

Ĥint = U−1ĤU + i
dU−1

dt
U , (10.10)

Ôint = U−1ÔU . (10.11)

Note that the unitary transform acts only on Hph ⊗ Hexc, such that any operators
measuring the vibrational dynamics remain unchanged.

The Hamiltonian Ĥint reads

Ĥint = ν
N∑
n=1

b̂†nb̂n − λν
∑
n,φ,ψ

(
b̂†n + b̂n

)
× 〈φ| σ̂+

n σ
−
n |ψ〉 |φ〉 〈ψ| e−i(Eψ−Eφ)t (10.12)
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where the sum over φ and ψ runs over all pairs of eigenstates of ĤTC, and Eψ is the
eigenenergy corresponding to state |ψ〉: ĤTC |ψ〉 = Eψ |ψ〉. If now the energy differences
Eψ − Eφ lead to oscillations much faster than the time scale of the system dynamics,
the cross terms |ψ〉 6= |φ〉 oscillate quickly and can be neglected (see Appendix 10.A for
details).

Neglecting the cross terms Ĥint reads

Ĥ
(0)
int = ν

N∑
n=1

b̂†nb̂n − λν
∑
n,ψ

(
b̂†n + b̂n

)
〈ψ| σ̂+

n σ
−
n |ψ〉 |ψ〉 〈ψ| . (10.13)

This Hamiltonian does not couple different electro-photonic states. As a consequence,
the resulting dynamics is a purely vibrational dynamics. Furthermore, the vibrational
dynamics of all N molecules is just that of independent harmonic oscillators that are
displaced by the time averaged excitation number. In principal, this approximation
can be made for both full excitation and partial excitation scenarios. However, in this
chapter it is only applied to the full exitation case.

Conceptionally, this approximation is close to the Born-Oppenheimer (BO) approxi-
mation. However, in contrast to the RPA, in the BO approximation the photo-electronic
subspace is diagonalized at each value of the vibrational coordinate including the vibronic
shift, leading to eigenstates |ψ〉 and eigenenergies Eψ which depend on the vibrational
coordinate. Therefore, the BO approximation should be slightly more accurate than the
RPA. However, this comes at the added computational cost of needing to diagonalize at
every point in space. Since this correction is small for |Eψ − Eφ| � ν, and both approx-
imations are only valid if this condition is fulfilled, the errors of the RPA and the BO
approximation should generally be similar. Hence, the additional cost is not justified for
us. In particular, mean-field Ehrenfest dynamics is generally seen as more accurate than
BO dynamics much in the same way that the product states are a better description
than the RPA. As a result, the hierarchy considered here is sufficient to analyze the
dynamics.

10.3. Exact Results

Full Excitation
First, consider a scenario in which all molecules are initially excited. Figure 10.3 shows

the dynamics over one vibrational oscillation period starting in the state |ψ(t = 0)〉
as defined in Equation (10.2). Panels (a) to (c) show the entanglement entropies for
different bipartitions of the system for increasing vibronic coupling λν. In all cases,
both the cavity entropy and the electronic entropy quickly rise to a value Sph/exc ∼ 3
and then oscillate synchronously, indicating that the cavity and the electronic degrees
of freedom quickly build up entanglement between each other. The apparent change
in oscillation frequency between the panels is actually a change in time-scale, which is
given in units of the inverse vibrational frequency.
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10.3. Exact Results

Figure 10.3. – Entanglement and vibrational dynamics in the HTC model. We consider
10 molecules with Nexc = N , and set gc = 1. (a) to (c) show the time evo-
lution of the von Neumann entropies Svib (blue, continuous), Sexc (orange,
dashed), and Sph (green, dotted) for different values of λ and ν indicated
in (d). (d) shows the dependence of the time averaged vibrational en-
tropy Svib on λ and ν . (e) to (g) show the phase space trajectories of the
vibration of a single molecule computed with MPS (continuous, blue), PS
(dashed, orange), and RPA (dotted, green), for different values of λ and
ν. Figure (h) gives the χ2 value between the trajectories corresponding
to MPS and PS on a logarithmic scale, according to Equation (10.14).
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For small λν, the vibrational entropy remains very small at all times Svib ∼ 0, indicat-
ing that the system is well-described by a product state [panel (a)]. For increasing λν,
the vibrational entropy increases, and even becomes comparable to the cavity entangle-
ment in the extreme case. In this case, the electronic entropy also increases to Sexc ∼ 4,
indicating that the vibrations are entangled with the electronic, but not directly with
the photonic degrees of freedom, as indicated in Figure 10.1(b).

Panel (d) shows the time averaged value of Svib for various λ and ν. For small λ and
ν, Svib vanishes. For increasing λ and ν, Svib can become large, and the entanglement
entropy grows similarly with respect to changes of λ and ν.

These results are explained by the vibronic coupling ĤH = −λν
∑

n σ̂
+
n σ̂

−
n (b̂n + b̂†n),

which couples electronic and vibrational degrees of freedom. For small λν, this cou-
pling vanishes, and the dynamics becomes separable. However, for increasing λν, the
vibronic coupling becomes important and leads to entanglement between vibrational and
electronic degrees of freedom.

Panels (e) to (g) show the phase space dynamics of the (quantum mechanical) mean
position and momentum of the vibration simulated with the different methods introduced
in Section 10.2, which is identical for all molecules. For small λ and ν, the phase
space dynamics is essentially circular for all methods. In addition, small oscillations
around this circular dynamics can be seen for PS and MPS simulation. For increasing
ν, the number of these additional oscillations decreases and the deviation from the RPA
increases [Figure 10.3(f/g)]. Finally, for very large λν, the oscillation does not return to
0, as expected for a time dependent displacement.

The circular dynamics corresponds to a displaced harmonic oscillator, and the oscilla-
tions stem from Rabi oscillations between the cavity and the electronic excitation, which
are averaged out in the RPA. As these oscillations occur on a timescale ∼ gc indepen-
dently of ν, for increasing vibrational oscillation frequency fewer Rabi oscillations fit into
a single vibrational period. The increase in ν also means the separation of timescales is
less accurate, leading to stronger deviations between the RPA and exact dynamics.

Intriguingly, in all cases, the PS and MPS simulations match well. Panel (h) is a
parameter scan over the summed up error of the product state approximation, defined
as the time averaged deviation in phase space coordinates

χ2 = ν/(2π)×
∫

dt[(xPS − xMPS)
2 + (pPS − pMPS)

2] . (10.14)

Here, x(M)PS and p(M)PS are the expectation values of the position and momentum of a
single molecule according to (M)PS simulation, respectively. This error is smallest for
small λν, but it remains small for all values of λ and ν considered (note the logarithmic
color scale).

This can be explained by the entanglement modifying the probability distribution
along the vibrational coordinate, but not the mean. This assumption is analyzed in
detail in Chapter 9 in the presence of disorder.

196



10.3. Exact Results

Figure 10.4. – Same as Figure 10.3, but for Nexc = 2. In (e) to (g) the inner trajectory is
for a molecule initially in the ground state, whereas the outer trajectory
describes a molecule that is initially in the excited state. The χ2 integral
in (h) is readjusted to average initial excited and ground state molecules
according to Equation (10.15).

Partial Excitation

In this section, I discuss an initial excitation of Nexc < N molecules at the example
N = 10 and Nexc = 2 in Figure 10.4. In panels (a) to (c) the entanglement entropies are
shown. Sph reaches vales Sph ∼ 1, much smaller than in the full excitation scenario, and
oscillates quickly. The vibrational entanglement is significantly enhanced compared to
the full excitation scenario, and is largest for large λν. Sexc is larger than both Svib and
Sph and shows features of both.

The oscillations of Sph/exc and the scaling with λν is analogous to the full excitation
scenario. However, the much smaller photonic Hilbert space dim(Hph) = Nexc+1 leads to
an overall reduction in entanglement entropy, which is limited by Sph ≤ log2[dim(Hph)].
Analogously, the increase of Svib is attributed to the breaking of permutation symmetry,
which results in a larger part of the vibrational Hilbert space being accessible.

Figure 10.4(d) gives a parameter scan of the time averaged Svib. As in the fully
excited case, the entanglement is small for a small interaction λν, but increases with the
interaction strength. Interestingly, there is an additional peak at ν = gc/10, for which
the entanglement is comparatively large. This peak may be due to a resonance between
electronic and vibrational transitions (e.g. between electronic states from a different J
manifold), and will be interesting to investigate in more detail.

Panels (e) to (g) show the mean phase space dynamics for the excited and ground
state molecules with product state and MPS simulation. Due to permutation symmetry
among excited and ground state molecules, only one representative is shown in either
case. For all parameters, the phase space dynamics is predominantly located on the
initially excited molecules. However, with increasing λν, the relative dynamics of the
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initial ground state molecules increases slightly.
The asymmetry between the vibrational dynamics of initially excited and ground state

molecules is due to negligible excitation transfer from initially excited to initial ground
state molecules discussed in more detail below. Large vibrational coupling reduces this
trapping, leading to a larger relative oscillation (see also Chapter 9).

Importantly, with increasing λν, also the product state approximation becomes less
accurate. While for small and intermediate coupling [panels (e) and (f)] the product
states only slightly overestimate the dynamics of the initially excited and slightly under-
estimate the dynamics of the initial ground states, for large λν [panel (g)], the product
state significantly deviates from the exact results. This effect is systematically analyzed
in panel (h).

In order to include both initially excited and ground state, χ2 is re-defined as the
average of the χ2 for the initially excited and ground states

χ2 = ν/(2π)×
∫
dt(Nexc/N)[(xexcPS − xexcMPS)

2 + (pexcPS − pexcMPS)
2]

+ (Ngs/N)[(xgsPS − x
gs
MPS)

2 + (pgsPS − p
gs
MPS)

2] , (10.15)

where xexc/gs(M)PS is the expectation value of the position of an initially excited/ground state
molecule according to (M)PS simulation, respectively, and p

exc/gs
(M)PS is the corresponding

momentum. For all parameters, the matching is drastically worse than in the fully ex-
cited state, and especially for large λν the two curves are expected to differ significantly.

We attribute this discrepancy to the large vibrational entropy for large λν. Fur-
thermore, the excitation transfer between initially excited and ground states may be
mediated by the vibrations especially for large λν, an effect discussed in more detail in
the next chapter. This contribution to the excitation transfer is completely neglected in
the product state picture, leading to large errors for large λν.

10.4. Validity of Product States
In this section, I discuss and compare different methods to quantify the errors made by

the product state approximation. As discussed in the previous section, the error of the
product state assumption is directly given by the entanglement between the vibrational
and electro-photonic degrees of freedom, which can be quantified by Svib. Furthermore
χ2 was introduced as the error of the mean dynamics.

Another method is based on the fact that in the product state approximation, only
the symmetric vibrational modes are populated. As a consequence, the population of the
anti-symmetric modes can be seen as a measure of the deviations of the vibrational state
from a product state. More fundamentally, it can be shown that the dominant deviations
from the product state equations are due to scattering into these modes, making them
a good witness of general deviations from the product state approximation. The anti-
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symmetric vibrational modes are computed as
Nexc−1∑
k=1

ˆ̃b
(e)†
k

ˆ̃b
(e)
k +

N−Nexc−1∑
k=1

ˆ̃b
(g)†
k

ˆ̃b
(g)
k , (10.16)

with

ˆ̃b
(e)
k =

1√
Nexc

Nexc∑
n=1

exp(ikn/Nexc)b̂n , (10.17)

ˆ̃b
(g)
k =

1√
N −Nexc

N∑
n=Nexc+1

exp[ikn/(N −Nexc)]b̂n . (10.18)

The three quantities mentioned above (χ2, Svib, anti-symmetric vibrations) can only be
computed if the exact results are known. In order to estimate the error of the product
state approximation in regimes where exact simulations are not viable, we compute
the relative magnitude of the deviation of the product state from the exact dynamics
in Appendix 10.C. Importantly, quantity can be computed knowing the product state
result, only. We find ∥∥∥[∂t |ψ〉](ps) − ∂t |ψ〉∥∥∥2∥∥∥[∂t |ψ〉](ps)∥∥∥2 =

〈
∆Ĥ2

〉
〈
Ĥ2
〉 , (10.19)

where [∂t |ψ〉](ps) is the evolution described by the product state ansatz, ∆Ĥ = Ĥ−Ĥ(ps),
and Ĥ(ps) is the Hamiltonian describing the product state evolution. This formula is
evaluated according to Equations (10.41) and (10.42) in Appendix 10.C.

Figure 10.5(a) and (b) compare the different error measures for varying N for Nexc =
N/2 (a) and Nexc = 2 (b). Since the displayed quantities are fundamentally different
quantities, only the scaling with N can be meaningfully compared, but not the absolute
values. For constant excitation fraction, all four measures rise strongly for small N and
then flatten (on a log-scale) for N & 10. In particular χ2 and 〈∆Ĥ2〉/〈Ĥ2〉 become
approximately constant, whereas Svib the asymmetric vibrational population rise more
slowly. This can be understood since the entropy and the number of vibrational quanta
are measures for the total error, whereas the relative deviation and the averaged error
of the means measure the error on a the individual molecule level.

This relative scaling changes drastically if Nexc is kept constant [panel (b)]. In this
case, Svib, the asymmetric mode population, and χ2 decrease with increasing N , with
χ2 decreasing the fastest of the three quantities. Interestingly, in contrast to the other
measures, 〈∆Ĥ2〉/〈Ĥ2〉 remains constant.

Figure 10.5(c) now extrapolates the error estimate 〈∆Ĥ2〉/〈Ĥ2〉 to large system sizes.
For these sizes, direct comparison to exact simulations is not possible since only prod-
uct state results are available. In contrast to the results for small systems, For large
systems the error estimate decreases also for this measure, with the largest errors for
intermediate size systems at intermediate excitation fractions. As a result, the product
state simulations can be expected to be reliable for large systems.
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Figure 10.5. – Dependence of errors on the system size. (a/b) Errors of the product
state simulation time-averaged over one oscillation period quantified by
per molecule deviation χ2 (blue solid), vibrational entanglement entropy
Svib (orange dashed), the population of the asymmetric vibrational modes
(purple dotted), and the relative error of each time step (green dash-
dotted). Panel (a) shows the results for Nexc = N/2, panel (b) shows
the results for Nexc = 2. The y-axis is logarithmic. (c) Averaged relative
error of each time step over one oscillation period computed for different
molecule numbers N and excitation fractions Nexc/N . We choose param-
eters λ = 0.4, ν = 0.3gc.

10.5. Large Systems and Size Scaling

Figure 10.6 shows the scaling of the time-averaged mean excitation number and dis-
placement of the initially excited and ground state molecules as a function of N and
Nexc/N . In general, the displacement is found to be almost exactly proportional to the
excitation fraction, as expected from the Holstein coupling ∼ σ̂+

n σ̂
−
n x̂n, considering e.g. a

mean-field picture. For small excitation fractions Nexc/N . 0.3, the excitation remains
well localized on the initially excited molecules, and only the initially excited molecules
oscillate significantly. For Nexc/N ∼ 1/2, around half the excitation is transferred to
the initial ground state molecules, and both have a similar displacement. Increasing
Nexc further, a larger fraction of excitations remains on the initially excited molecules,
leading to a smaller fraction on the initial ground state molecules.

For small Nexc, a large fraction of the excitation is trapped in dark states |d〉. These are
states in the bottom of the Dicke ladder that cannot interact with the cavity, i.e. |d〉 ∼
|J,M = −J〉 and Ŝ− |d〉 = 0 (see Chapter 3 for details). These states do not undergo
any dynamics, and, as a consequence, the excitation remains trapped in the initially
excited states. For Nexc/N = 1/2, in contrast, only a small fraction of the excited state
population is in such a state. Instead, the symmetry between initially excited and ground
states leads to a fast exchange of excitation with no preference for either site, and thus
an approximately equal distribution of excitation. Increasing Nexc beyond that breaks
the symmetry between initially excited and ground states, and thus restores preference
for the excitation to remain where they were initially. However, the excitation is not
trapped, but instead partially transferred to the initially ground state molecules.
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Figure 10.6. – Scaling of the displacement and excitation fractions with molecule num-
ber and initial excitation fraction. gc = 1, λ = 0.4, ν = 0.3. N̂

(1)
exc =∑Nexc

n=1 σ̂
+
n σ̂

−
n . N (1) = Nexc, N (2) = N −Nexc Product state simulations.

201



10. Multi Excitation Dynamics

10.6. Conclusion
In this chapter, the short-time dynamics in the Holstein-Tavis-Cummings model was

analyzed beyond the single excitation limit. For small vibronic coupling λν, the en-
tanglement between vibrational and electro-photonic degrees of freedom remains small,
and the states can be well approximated by product states. If all molecules are initially
excited, even for larger λν product states are sufficient to approximate the dynamics
of simple expectation values. For Nexc/N < 1, the vibrational entanglement is signifi-
cantly enhanced, and the accuracy of the product state approximation decreases. This
has been attributed to a breaking of permutation symmetry. Within the product state
approximation and for large molecule numbers, vibrational dynamics is most efficiently
transferred from the initially excited to ground state molecules for Nexc/N ∼ 1/2. This
effect is linked to the excitation transfer, which is largest in this regime For smaller
excitation fractions, the transfer is almost negligible, while for larger Nexc it remains
significant but still supressed.

On the computational level, I have developed a method to simulate large numbers of
molecules within the product state approximation based on permutation symmetry. I
have furthermore shown that in the extreme regime gc � ν, λν, the dynamics can be
approximated by averaging the quick oscillations in a rotating polariton approximation.

More generally, I have shown that the permutation symmetry plays a crucial role in
the dynamics. Breaking the permutation symmetry, e.g. by introducing an asymmetry
between initially excited and ground states, can significantly enhance excitation transfer
between molecules and vibrational entanglement. Similar results for excitation transfer
in the presence of energetically disordered spins coupled to a cavity motivated us to look
at the Holstein-Tavis-Cummings model with disorder, which is the topic of the previous
Chapter 9.

For the future it will be interesting to investigate in which experimental setups such
an excitation dependent transfer of vibrational dynamics and vibrational entanglement
may be observed. In vibrational strong coupling setups large excitation fractions have
been experimentally observed [9], however, these setups are not generally described by
the HTC model, which would need to be adapted. Alternatively, organic molecules
electronically coupled to cavities may offer a more natural platform [4]. As a third
option, cold and ultracold molecules offer a toolbox with good experimental control and
much more precise measurements [27–31].

10.A. Cross Terms in the Rotating Polariton
Approximation

In order to formally derive the approximation, we write down the von Neumann
equation in the interaction picture

∂tρ̂int = −i
[
Ĥint, ρ̂int

]
(10.20)
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with ρ̂int = |ψint〉 〈ψint|. We define an intermediate time scale 1/(Eψ−Eφ)� ∆t� 1/ν,
on which we resolve the system dynamics. The integrated equation then reads

ρ̂int(t+∆t)− ρ̂int(t)
∆t

=
−i
∆t

∫ t+∆t

t

dt′
[
Ĥint(t

′), ρ̂int(t
′)
]

(10.21)

=
−i
∆t

∫ t+∆t

t

dt′[Ĥint(t
′), ρ̂int(t) +O(ν∆t)] (10.22)

=
−i
∆t

∫ t+∆t

t

dt′[Ĥint,0, ρ̂int(t)]

+
iλν

∆t

∑
n,φ 6=ψ

∫ t+∆t

t

dt′e−i(Eψ−Eφ)t′

×
[(
b̂†n + b̂n

)
〈φ| σ̂+

n σ
−
n |ψ〉 |φ〉 〈ψ| , ρ̂int(t)

]
+O(ν2∆t) (10.23)

= −i
[
Ĥ

(0)
int , ρ̂int(t)

]
+O

(
ν

(Eψ − Eψ)∆t

)
+O(ν2∆t) (10.24)

with

Ĥ
(0)
int = ν

N∑
n=1

b̂†nb̂n − λν
∑
n,ψ

(
b̂†n + b̂n

)
〈ψ| σ̂+

n σ
−
n |ψ〉 |ψ〉 〈ψ| (10.25)

This is Eq. (10.13) of the main text. Because the dynamics introduced by the Hamil-
tonaian Eq. (10.25) is on the order of ν (as long as λ . 1), the oscillating terms in
Eq. (10.12) can be neglected if a time scale ∆t can be defined such that ν∆t � 1 and
(Eψ − Eφ)∆t � 1. Importantly, this condition is not fulfilled in general, however, in
the other cases the overlap 〈φ| σ̂+

n σ
−
n |ψ〉 is small so that also these terms contribute

negligibly.

10.B. Double Dicke States
We start by constructing a basis for the electro-photonic states that accounts for

the permutation symmetry within the subsets {1, . . . , Nexc} and {Nexc + 1, . . . , N} that
accounts for the permutation symmetry based on separate Dicke states in each sub-
space (Chapter 3). First, note that a product of two Dicke states |Iexc〉 and |Igs〉 with
|Iex〉 = |J = Nexc/2,M = −Nexc/2 + Iexc〉 a Dicke state for molecules 1,…,Nexc and |Igs〉
analogously a Dicke state for molecules Nexc + 1,…,N fulfills the required permutation
symmetry. Furthermore, the set of all product states |Iex〉 |Igs〉 with 0 ≤ Iex ≤ Nexc

and 0 ≤ Igs ≤ N − Nexc is a complete basis of all electronic states with the required
permutation symmetry. The states are given by

|Iex, Igs〉 = |J = Nexc/2,M = −Nexc/2 + Iex〉
⊗ |J = (N −Nexc)/2,M = −(N −Nexc)/2 + Igs〉 , (10.26)
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which are product states between the initially excited and ground states.
As the excitation number â†â +

∑
n σ̂

+
n σ̂

−
n is a conserved quantity, we have the addi-

tional condition Iex+Igs ≤ Nexc, and we can infer the photon number 〈Iex, Igs| â†â |Iex, Igs〉 =
Nexc − (Iex + Igs). Thus, a basis of the electro-photonic states is given by {|Iex, Igs〉 :
(Iex + Igs ≤ Nexc) ∧ (0 ≤ Igs ≤ N − Nexc)}. The corresponding Hilbert space has di-
mension (Nexc + 1)(Nexc + 2)/2 for Nexc ≤ N/2 and (N − Nexc + 1)(3Nexc − N + 2)/2
for Nexc ≥ N/2. For numerical efficiency, we cast each state into a single vector of the
Hilbert space dimension.

Next, we compute the action of the relevant operators on |Iex, Igs〉. We already saw

â†â |Iex, Igs〉 = (Nexc − Iex − Igs) |Iex, Igs〉 . (10.27)

Analogously, we find ∑
n

σ̂+
n σ̂

−
n |Iex, Igs〉 = (Iex + Igs) |Iex, Igs〉 . (10.28)

In order to compute the action of Ŝ−â† and Ŝ+â, we note Ŝ− =
∑N

n=1 σ̂
−
n =

∑Nexc

n=1 σ̂
−
n +∑N

n=Nexc+1 σ̂
−
n ≡ Ŝ−

ex + Ŝ−
gs. This makes it easy to see that

â†Ŝ− |Iex, Igs〉 =
√

(Nexc − Iex + 1)Iex(Nexc − Iex − Igs + 1) |Iex − 1, Igs〉

+
√

(N −Nexc − Igs + 1)Igs(Nexc − Iex − Igs + 1) |Iex, Igs − 1〉 (10.29)

âŜ+ |Iex, Igs〉 =
√

(Nexc − Iex)(Iex + 1)(Nexc − Iex − Igs) |Iex + 1, Igs〉

+
√

(N −Nexc − Igs)(Igs + 1)(Nexc − Iex − Igs) |Iex, Igs + 1〉 (10.30)

Note that with these results recover the correct formulas for Nexc = N .
Considering the vibrational states, the two symmetric vibrational modes, defined sep-

arately for molecules 1,…,Nexc and Nexc + 1, . . . , N , give all symmetric states. As in the
fully excited case, the initial state of both vibrational modes is a coherent state (the
vacuum state), and the Hamiltonian is a displaced harmonic oscillator. Thus, all states
during the evolution are coherent states, and we can describe the vibrations by two
complex numbers (two positions and momenta). Eq. (10.8) is then separately valid for
the initially excited and the initial ground state molecules.

10.C. Error of the Product State Approximation
In this section, we derive an estimate for the error made with the product state ansatz.

In particular, we compute ∥∥∥[∂t |ψ〉](ps) − ∂t |ψ〉∥∥∥2∥∥∥[∂t |ψ〉](ps)∥∥∥2 =

〈
∆Ĥ2

〉
〈
Ĥ2
〉 , (10.31)
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where [∂t |ψ〉](ps) is the evolution described by the product state ansatz, ∆Ĥ = Ĥ−Ĥ(ps),
and Ĥ(ps) is the Hamiltonian describing the product state evolution. Note that ∆Ĥ is
time dependent. Note also that this is only the instantaneous error. I particular, in order
to compute the error of the wavefunction at time t, also correlations

〈
∆Ĥ(t)∆Ĥ(t′)

〉
will be important. We choose the offset of Ĥ(ps) such that 〈∆Ĥ〉 = 0, in particular

Ĥ(ps) = ĤTC + Ĥvib − λν
∑
n

〈
b̂†n + b̂n

〉
σ̂+
n σ̂

−
n

− λν
∑
n

(
b̂†n + b̂n

) 〈
σ̂+
n σ̂

−
n

〉
+ λν

∑
n

〈
b̂†n + b̂n

〉 〈
σ̂+
n σ̂

−
n

〉
, (10.32)

∆Ĥ = −λν
∑
n

[
σ̂+
n σ̂

−
n

(
b̂†n + b̂n

)
−
〈
σ̂+
n σ̂

−
n

〉 (
b̂†n + b̂n

)
−σ̂+

n σ̂
−
n

〈
b̂†n + b̂n

〉
+
〈
σ̂+
n σ̂

−
n

〉 〈
b̂†n + b̂n

〉]
. (10.33)

The square is then given by

∆Ĥ2 = λ2ν2
∑
n,n′

[
σ̂+
n σ̂

−
n σ̂

+
n′σ̂

−
n′

(
b̂†n + b̂n

)(
b̂†n′ + b̂n′

)
−
〈
σ̂+
n σ̂

−
n

〉
σ̂+
n′σ̂

−
n′

(
b̂†n + b̂n

)(
b̂†n′ + b̂n′

)
− σ̂+

n σ̂
−
n

〈
σ̂+
n′σ̂

−
n′

〉 (
b̂†n + b̂n

)(
b̂†n′ + b̂n′

)
− σ̂+

n σ̂
−
n σ̂

+
n′σ̂

−
n′

〈
b̂†n + b̂n

〉(
b̂†n′ + b̂n′

)
− σ̂+

n σ̂
−
n σ̂

+
n′σ̂

−
n′

(
b̂†n + b̂n

)〈
b̂†n′ + b̂n′

〉
+
〈
σ̂+
n σ̂

−
n

〉 〈
σ̂+
n′σ̂

−
n′

〉 (
b̂†n + b̂n

)(
b̂†n′ + b̂n′

)
+
〈
σ̂+
n σ̂

−
n

〉
σ̂+
n′σ̂

−
n′

〈
b̂†n + b̂n

〉(
b̂†n′ + b̂n′

)
+
〈
σ̂+
n σ̂

−
n

〉
σ̂+
n′σ̂

−
n′

(
b̂†n + b̂n

)〈
b̂†n′ + b̂n′

〉
+ σ̂+

n σ̂
−
n

〈
σ̂+
n′σ̂

−
n′

〉 〈
b̂†n + b̂n

〉(
b̂†n′ + b̂n′

)
+ σ̂+

n σ̂
−
n

〈
σ̂+
n′σ̂

−
n′

〉 (
b̂†n + b̂n

)〈
b̂†n′ + b̂n′

〉
+ σ̂+

n σ̂
−
n σ̂

+
n′σ̂

−
n′

〈
b̂†n + b̂n

〉〈
b̂†n′ + b̂n′

〉
−
〈
σ̂+
n σ̂

−
n

〉 〈
σ̂+
n′σ̂

−
n′

〉 〈
b̂†n + b̂n

〉(
b̂†n′ + b̂n′

)
−
〈
σ̂+
n σ̂

−
n

〉 〈
σ̂+
n′σ̂

−
n′

〉 (
b̂†n + b̂n

)〈
b̂†n′ + b̂n′

〉
−
〈
σ̂+
n σ̂

−
n

〉
σ̂+
n′σ̂

−
n′

〈
b̂†n + b̂n

〉〈
b̂†n′ + b̂n′

〉
− σ̂+

n σ̂
−
n

〈
σ̂+
n′σ̂

−
n′

〉 〈
b̂†n + b̂n

〉〈
b̂†n′ + b̂n′

〉
+
〈
σ̂+
n σ̂

−
n

〉 〈
σ̂+
n′σ̂

−
n′

〉 〈
b̂†n + b̂n

〉〈
b̂†n′ + b̂n′

〉]
.

(10.34)

In the evolution described by the product state Hamiltonian Ĥ(ps), we stay in a product
state between spin-cavity and vibrations, and only two vibrational modes are in a non-
vacuum state: the zero momentum vibrations for the initially excited and initial ground
state molecules (see Appendix 10.B). These two modes are not entangled and each mode
is in a coherent state. With this, it is straightforward to proof the following identities
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for expectation values: 〈
X̂(1)X̂(2)

〉
=
〈
X̂(1)

〉〈
X̂(2)

〉
, (10.35)〈[

X̂(i)
]2〉

=
〈
X̂(i)

〉2
+
N (i)

2
, (10.36)∑

n

〈(
b̂†n + b̂n

)
σ̂+
n σ̂

−
n

〉
=
∑
n

√
2 〈x̂n〉

〈
σ̂+
n σ̂

−
n

〉
, (10.37)∑

n,n′

〈
σ̂+
n σ̂

−
n σ̂

+
n′σ̂

−
n′

(
b̂†n + b̂n

)〉〈
b̂†n′ + b̂n′

〉
=
∑
n,n′

〈
σ̂+
n σ̂

−
n σ̂

+
n′σ̂

−
n′

〉 〈
b̂†n + b̂n

〉〈
b̂†n′ + b̂n′

〉

=

2
〈
X̂(1)

〉2〈[
N̂

(1)
exc

]2〉
[N (1)]

2 +

2
〈
X̂(2)

〉2〈[
N̂

(2)
exc

]2〉
[N (2)]

2

+
4
〈
X̂(1)

〉〈
X̂(2)

〉〈
N̂

(1)
excN̂

(2)
exc

〉
N (1)N (2)

, (10.38)∑
n,n′

〈
σ̂+
n′σ̂

−
n′

〉 〈
σ̂+
n σ̂

−
n

(
b̂†n + b̂n

)(
b̂†n′ + b̂n′

)〉
=
∑
n,n′

〈
σ̂+
n′σ̂

−
n′

〉 〈
σ̂+
n σ̂

−
n

〉 〈(
b̂†n + b̂n

)(
b̂†n′ + b̂n′

)〉

=
2
〈
N̂

(1)
exc

〉2 〈
X̂(1)

〉2
[N (1)]

2 +

〈
N̂

(1)
exc

〉2
N (1)

+
2
〈
N̂

(2)
exc

〉2 〈
X̂(2)

〉2
[N (2)]

2 +

〈
N̂

(2)
exc

〉2
N (2)

+
4
〈
N̂

(1)
exc

〉〈
N̂

(2)
exc

〉〈
X̂(1)

〉〈
X̂(2)

〉
N (1)N (2)

,

(10.39)

∑
n,n′

〈(
b̂†n + b̂n

)(
b̂†n′ + b̂n′

)
σ̂+
n σ̂

−
n σ̂

+
n′σ̂

−
n′

〉
=
〈
N̂ (1)

exc

〉
+

2

〈[
N̂

(1)
exc

]2〉〈
X̂(1)

〉2
[N (1)]

2

+
〈
N̂ (2)

exc

〉
+

2

〈[
N̂

(2)
exc

]2〉〈
X̂(2)

〉2
[N (2)]

2 +
4
〈
N̂

(1)
excN̂

(2)
exc

〉〈
X̂(1)

〉〈
X̂(2)

〉
N (1)N (2)

, (10.40)

where all the sums run from 1 to N , and the superscripts (1) and (2) indicate the
initially excited and ground state subspace, respectively, in particular N (1) = Nexc and
N (2) = N −Nexc. It is then straightforward to calculate

〈
∆Ĥ2

〉
= λ2ν2

〈N̂ (1)
exc

〉
+
〈
N̂ (2)

exc

〉
−

〈
N̂

(1)
exc

〉2
Nexc

−

〈
N̂

(2)
exc

〉2
N −Nexc

 . (10.41)

This shows that
〈
∆Ĥ2

〉
scales linear in N .
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We further compute

Ĥ2 =
∑
n,n′

g2
(
âσ̂+

n + â†σ̂−
n

)(
âσ̂+

n′ + â†σ̂−
n′

)
+ 2gν

(
âσ̂+

n + â†σ̂−
n

)
b̂†n′ b̂n′

− 2gλν
(
âσ̂+

n + â†σ̂−
n

)(
b̂n′ + b̂†n′

)
σ̂+
n′σ̂

−
n′ + ν2b̂†nb̂nb̂

†
n′ b̂n′

− 2λν2b̂†nb̂n

(
b̂n′ + b̂†n′

)
σ̂+
n′σ̂

−
n′ + λ2ν2

(
b̂n + b̂†n

)
σ̂+
n σ̂

−
n

(
b̂n′ + b̂†n′

)
σ̂+
n′σ̂

−
n′ .

(10.42)

All terms can straightforwardly be brought into a form that can be evaluated directly
from the product state wave function. In order to avoid bias through the arbitrary choice
of energy offset, we choose the offset such that 〈Ĥ〉 = 0, i.e. we compute 〈Ĥ2〉 − 〈Ĥ〉2
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11. Logarithmic Growth of Operator
Entanglement under Dephasing

In Chapters 9 and 10, MPS methods were used to numerically study many-body
dynamics in closed quantum systems. However, as emphasized throughout this thesis,
most quantum systems are not closed, and environment interactions play a crucial role
in the dynamics. This chapter discusses a recent project to numerically study open spin
chains under dephasing using MPS methods [1].

This chapter is organized as follows: The model is introduced in Section 11.1. Then,
operator entanglement is discussed as an open system alternative to entanglement en-
tropy in Section 11.2. Section 11.3 contains the main numerical finding of logarithmic
operator entanglement growth at long times, which is analytically explained in the clas-
sical (large dephasing) limit in Section 11.4. Finally, the implications of this finding are
discussed in Section 11.5, which concludes this chapter.

11.1. Model
We analyze an spin-1/2 chain, where spins interact with their nearest neighbors and

the environment, as schematically indicated in Figure 11.1. We assume a Markovian
interaction with the environment, sucha that the time evolution is described by the
Lindblad master equation (~ ≡ 1 throughout this chapter)

∂tρ̂ = Lρ̂ = −i
[
Ĥ, ρ̂

]
−
∑
n

(
L̂†
nL̂nρ̂+ ρ̂L̂†

nL̂n − 2L̂nρ̂L̂
†
n

)
. (11.1)

Here, Ĥ is the system Hamiltonian, and L̂n are local Lindblad operators acting on site
n (see Chapter 2).

We focus on three paradigmatic spin models: the XXZ model, the XYZ model, and
the transverse field Ising model. Most of our analysis will be centered on the XXZ model
with Hamiltonian

ĤXXZ =
1

4

∑
i

(
Jσ̂xi σ̂

x
i+1 + Jσ̂yi σ̂

y
i+1 + Jzσ̂

z
i σ̂

z
i+1

)
. (11.2)

Here, σ̂x,y,zi are the Pauli matrices, while J and Jz are the nearest neighbor interaction
strengths. Alternatively, this model may be thought of as (distinguishable) hard core
particles, such as atoms in an optical lattice. Then, J is the tunneling rate and Jz is
nearest neighbor repulsion (or attraction for Jz < 0).
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Figure 11.1. – Schematic model and simulation. (a) We consider an infinite spin chain
with nearest neighbor interactions (green double arrows) and dephasing
(blue arrows), which is initially in a Néel state. (b) After some time
evolution, the system evolves from a pure state into a mixed states with
correlations between the spins, indicated by the red connections. (c) The
spin chain is simulated using an infinite MPS as described in Section 4.5.
The operator entanglement is determined by the λ tensors, as indicated
in red.

In addition, we will also consider the more general XYZ model

ĤXXZ =
1

4

∑
i

(
Jσ̂xi σ̂

x
i+1 + Jyσ̂

y
i σ̂

y
i+1 + Jzσ̂

z
i σ̂

z
i+1

)
, (11.3)

and the transverse field Ising model

ĤXXZ =
1

4

∑
i

(
Jσ̂xi σ̂

x
i+1

)
+
hz
2

∑
i

σ̂zi . (11.4)

Here, hz is the field strength of a transverse field.
We consider an environment interaction that leads to dephasing, i.e.

L̂n =

√
γ

2
σ̂zn . (11.5)

Dephasing generally arises when the environment coupling conserves magnetization.
This is for example the case in optical lattices, where off-resonant scattering of lattice
laser photons can localize atoms without leading to loss [2, 3].

We are interested in the non-equilibrium dynamics of highly excited states. In partic-
ular, we will focus on the Néel state in z direction

ρ̂(t = 0) =
⊗
i

(
|↑〉 〈↑|2i ⊗ |↓〉 〈↓|2i+1

)
. (11.6)
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11.2. Operator Entanglement

For later comparison, we will further consider the Néel state in x direction ρ̂(t = 0) =⊗
i |←〉 〈←|2i ⊗ |→〉 〈→|2i+1, with |←〉 = (|↑〉+ |↓〉)/

√
2 and |→〉 = (|↑〉 − |↓〉)/

√
2.

The time evolution of this state is simulated using an iTEBD method for density
matrices with re-orthogonalization, as introduced in Chapter 4 [4]. In particular, we
write the density matrix as

ρ̂ =
∑
{in}

∑
{χn}

∏
n

λ[n]χnχnΓ
[n][in]
χnχn+1

ρ̂[in]n . (11.7)

Here, the ρ̂[in]n are a basis for the local density matrix of the nth spin given by the Choi
isomorphism, and the λ and Γ tensors are the standard tensors for a canonical form [5].
The translation invariant tensor network structure is indicated in Figure 11.1(c).

To simulate the XXZ chain with initial Néel state in z direction, we further take
advantage of the conservation of the total magnetization Ŝz = (

∑
n σ̂

z
n)/2, that is LŜz =

0. This was discussed in Scection 4.3. In short, the density matrix is split into symmetry
sectors according to the magnetization of the right half of the chain ŜRz = (

∑
n>0 σ̂

z
n)/2,

i.e. ρ̂ =
∑

MR
ρ̂MR

with ŜRz ρ̂MR
=MRρ̂MR

. This splitting leads to a block sparse form of
the Γ tensors, and an increased efficiency.

11.2. Operator Entanglement
For closed quantum systems, bi-partite entanglement entropies indicate whether the

system can be efficiently simulated using MPS methods, as was done in Chapters 9 and
10 [6] (see Reference [7] for the limits of this interpretation). For open system simulation
using (vectorized) Matrix Product Density matrices, the equivalent quantity is Operator
Space Entanglement Entropy, or simply Operator Entanglement (OE) [8]. This quantity
is computed analogous to the (von Neumann) entanglement entropy for states according
to

SOP = −
∑
χ

(
λ[n]χχ
)2

log2

[(
λ[n]χχ
)2]

, (11.8)

where the λ[n] are the Schmidt values defined in Equation (11.7). Despite its name, OE
does not measure quantum entanglement, but accounts for any correlation between the
sub-systems.

11.3. Numerical Results
In the XXZ model, for not too large γ and Jz, we find an initial fast growth of

operator entanglement at short times. This initial growth is followed by a decay, and
a long time logarithmic growth of entanglement [see Figure 11.2(a)]. For larger γ and
Jz, the initial peak is suppressed, but the logarithmic growth at long times persists.
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11. Logarithmic Growth of Operator Entanglement under Dephasing

Figure 11.2. – Time evolution of operator entanglement SOP. (a) Time evolution for dif-
ferent parameter in the XXZ model starting in a Néel state in z direction
(logarithmic time axis). At long times, we find logarithmic growth with
prefactor 1/4. (b) Operator Entanglement for different scenarios. Blue
solid line: XXZ model with initial Néel state in x direction (Jz = −J/2,
γ = J/2); red dashed line: transverse field Ising model with initial Néel
state in z direction (hz = J , γ = J/2); greed dash-dotted line: XYZ model
with initial Néel state in z direction (Jy = 0.8J , Jz = −J/2, γ = J/2).
(c),(d) Prefactor of the logarithmic growth at long times. The tangents
to the operator entanglement curves in panel (a) η log2(tJ)+S0 at time t0
are computed as a function of inverse time. In panel (c), Jz = −J is fixed
and γ is varied, while in panel (d), γ = J is fixed and Jz is varied. The
grey dashed lines are analytical estimates in the limit of large dephasing
and long time.
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11.4. Analytical Explanation

This logarithmic growth is in contrast to different models and initial states, for which
we find that the operator entanglement generally remains bounded [Figure 11.2(b)]. We
further find that the logarithmic growth has an universal prefactor 1/4, independent of
the dephasing strength or the an-isotropy [Figure 11.2 (c) and (d), respectively].

11.4. Analytical Explanation
In this section, we explain the logarithmic growth of operator entanglement in the

limit of large dephasing. The crucial property for this explanation is that the total
magnetization Ŝz is conserved, which is in contrast to the other models considered in
Fig. 11.2(b). Using this conservation law, the total OE can be separated into one
contribution within symmetry sectors with given NR, and one due to the mixing of
different symmetry sectors as [1]

SOP =
∑
MR

pMR
Sres(MR)− p(MR) log2[p(MR)] . (11.9)

Here p(MR) = Tr(ρ̂MR
) is the probability that the system is in the symmetry sector

MR, and Sres(MR) is the symmetry resolved operator entanglement [9]. At long times,
Sres(MR) remains bounded and the operator entanglement is determined by the second
term, only [1].

In the case of large dephasing γ � J, Jz, Cai and Barthel showed that the XXZ
model reduces to a model with classical spin flips between two neighboring sites [10].
This model is equivalent to the simple symmetric exclusion process, which is known to
exhibit anomalous spin diffusion. In particular, it was shown that at long times [11]

p(MR; t) ∼ exp

(
−M

2
R√
t

)
. (11.10)

This result straightforwardly yields

SOP ∼ −
∑
MR

p(MR) log2[p(MR)] ∼
1

4
log2(t) . (11.11)

11.5. Conclusion
We have shown that in a XXZ spin chain with dephasing, operator entanglement ex-

hibits universal logarithmic growth with a prefactor of 1/4 at long times. In the classical
limit, this finding is analytically explained by anomalous diffusion of particles on a line.
We note again that the operator entanglement observed here is not genuine quantum
entanglement, but instead describes classical correlations between the magnetization on
both sides of the chain. This finding demonstrates the efficient classical simulability of
quantum models under dephasing.
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12. Conclusion and Outlook
In this thesis, I have investigated the quantum many body dynamics of cavity coupled

molecular ensembles. By investigating simple models, collective and dissipative effects
were analyzed in detail, and it was shown how they can be utilized to steer chemical
reactions, both inside and outside the ultra-cold regime. We have further analyzed en-
tanglement dynamics to better understand the role of quantum effects and the computa-
tional complexity of these systems. I have focused on entanglement between vibrational
and electro-photonic degrees of freedom, which is neglected in common mean-field ap-
proximations. We show that this entanglement can be enhanced by electronic disorder
or large (but not too large) initial molecular excitation fractions. In the last project, we
have analyzed the time evolution of operator entanglement in open spin chains subject
to dephasing. There, after an initial rise and fall, the interplay of number conservation
leads to a long-time logarithmic growth of operator entanglement.

Methodically, it was demonstrated how established methods from quantum optics can
be adapted to tackle polaritonic chemistry problems. It was shown that these methods
are particularly useful to analyze collective and dissipative effects, which play a crucial
role in experimental setups.

Cold and ultra-cold molecules offer the potential to readily observe many of the pre-
dictions made in this thesis. We already proposed a scheme to create an ensemble of
ultra-cold molecules coupled to a cavity. The resulting diatomic molecules have a single
vibrational coordinate, so that the predictions made with the Holstein-Tavis-Cummings
model may be directly observable. For these molecules, the vibrational coordinate is
generally not harmonic. This anharmonicity may steer the vibration further out of a
coherent (classical) state and it will be interesting to investigate this further in the fu-
ture. In cold molecule experiments, entanglement of nuclear and electronic degrees of
freedom can be measured [1], and disorder can be introduced in a controlled manor in
optical lattice setups [2]. Such entanglement studies are not only fundamentally inter-
esting, but also offer potential applications, such as quantum sensing [3]. For example,
entanglement induced by a cavity has been used for enhanced measurement precision,
breaking the standard quantum limit [4]. Such experiments combining cavities and ultra-
cold molecules are being set up, providing the ultimate opportunity to verify theoretical
methods [5].

Furthermore, the MPS simulations can be easily adapted to study the formation of
ultra-cold molecules proposed in this thesis, investigating effects of noise in more detail.
Two particularly interesting prospects would be the creation of molecules outside an
optical lattice, simplifying the experimental requirements. A second prospect is to push
beyond the adiabatic regime, investigating a potential speed-up of molecular formation
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12. Conclusion and Outlook

using high intensity laser pulses.

Concerning polaritonic chemistry, the finding of disorder enhanced vibrational entan-
glement is directly relevant for future numerical studies. For large scale simulations,
vibrational entanglement is often neglected in mean-field simulations. Previously, it has
been analytically argued that collective effects should suppress such entanglement [6].
It is an interesting prospect to numerically verify these approximations, and to analyze
under which conditions entanglement becomes important. In this respect, it will be
particularly insightful to combine the MPS tools for cavities (Chapters 9,10) and open
systems (Chapter 11) to understand how the environment influences the predictions of
this thesis.

From another perspective, entanglement is a resource for quantum technologies appli-
cations. Polaritonic setups are currently under investigation as potential candidates for
quantum computation and quantum simulation [7, 8]. For example, Bose-Einstein con-
densation at room temperature has been demonstrated in organic polaritonic setups [9].
Demonstration of entanglement would be another big step towards the realization of
room temperature quantum technologies. In these setups in particular, the investiga-
tion of the effects of environment interactions are very important, as those are generally
the limiting component for quantum technologies.

A natural extension of the work presented in this thesis is an extension of the MPS
simulations to more general models. This may include anharmonic vibrational degrees
of freedom, different vibrational frequencies for ground and excited states, and multiple
electronic states or vibrational coordinates, which can all be readily implemented. For
example, by including excited singlet and triplet states, the simulations may be directly
relevant to understand modified singlet-triplet transitions inside a cavity, that have been
observed in different scenarios [10]. Another interesting extension would be to include
multiple cavity modes, since there is never just a single coupled cavity mode, and multiple
cavity modes have been shown to have inportant consequences for multi-level particles
coupled to a cavity [11].

It will also be interesting to combine the simple reaction models analyzed in the
first part of this thesis with vibrational degrees of freedom included in the second part.
In such systems, adiabatic elimination could be used to eliminate the vibrations and
compute effective reaction rates analytically, similar to the elimination of the excited
states. Such analytical estimates could then be directly verified by MPS simulations,
where dissipation can be readily implemented as discussed in the final part of this thesis,
and may even make numerical simulations more efficient.

These type of noisy simulations may also be interesting for the simulation of vibra-
tional strong coupling experiments. Here, the reactions are thermally induced, making
thermal noise an integral part of the system. Ultimately this may even help to answer
the question whether the observed effects are fundamentally quantum mechanical in
nature, or can be explained classically.
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David Wellnitz
Collective Quantum Dynamics of Molecular

Ensembles coupled to a Cavity

Résumé L’objectif central de cette thèse est de développer une compréhension
théorique plus approfondie de la dynamique quantique collective et dissipative d’en-
sembles moléculaires couplés à des cavités en trois parties : Dans la première partie,
nous utilisons une cavité pour améliorer l’efficacité de formation de molécules ultra-
froides dans leur état fondamental en exploitant la dissipation et les effets collectifs,
et nous simulons efficacement la dynamique de jusqu’à 106 molécules. Dans la
deuxième partie, l’analyse est étendue à la température ambiante. Les régimes de
dynamique de réaction modifiée sont identifiés dans le cas d’une réaction simple de
transfert d’électrons photo-induite. En plus, nous démontrons que l’intrication entre
les différents degrés de liberté peut être significativement augmentée en introduisant
du désordre dans le système avec des simulations de réseaux de tenseurs. Dans la
troisième partie, nous démontrons que le déphasage conduit à une croissance loga-
rithmique de l’intrication des opérateurs dans une chaîne de spin ouverte.

Mots clés: QED en cavité, dynamique quantique à N corps, chimie polaritonique,
molécules ultra-froides, états de produits matriciels, systèmes quantiques ouverts,
intrication.

Abstract This thesis aims to develop a deeper theoretical understanding of the
collective, dissipative quantum dynamics of cavity-coupled molecular ensembles in
three parts: First, a cavity is used in a novel scheme for dissipative formation of
ultra-cold ground state molecules with collectively enhanced efficiency, which can
be efficiently simulated for very large (> 106 molecules) ensembles. Secondly, the
analysis is extended to room-temperature polaritonic chemistry. Here, regimes for
modified reaction dynamics are identified for a simple photo-induced electron trans-
fer reaction under incoherent pumping. Then, it is shown that entanglement between
vibrational and electro-photonic degrees of freedom can be significantly enhanced
by introducing disorder into the system using matrix product state simulations. For
the disorder-less regime, further efficient approximations methods are developed.
Thirdly, in a recent project, the build-up of operator entanglement is studied in an
open spin-chain with dephasing, which is found to exhibit logarithmic growth.

Keywords: Cavity QED, Many-body Quantum Dynamics, Polaritonic Chemistry,
Ultra-cold Molecules, Matrix Product States, Open Quantum Systems, Entangle-
ment
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